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Abstract

Evolutionary Dynamic Weighted Aggrega-
tion (EDWA) has shown to be both effective
and computationally efficient [1] for multi-
objective optimization (MOO). Besides, it
was also found empirically and surprisingly
that EDWA was able to deal with multi-
objective optimization problems with a con-
cave Pareto front, which has proved to be
beyond the capability of the Conventional
Weighted Aggregation (CWA) methods [2].
In this paper, a theory on why CWA fails
for multi-objective problems with a concave
Pareto front is provided schematically. Ac-
cording to this theory, it can easily be ex-
plained why EDWA has worked well for both
convex and concave multi-objective prob-
lems. Simulation examples are conducted on
various test functions to support our theory.
It is concluded that EDWA is an effective and
efficient method for solving multi-objective
optimization problems.

1 Introduction

Evolutionary multi-objective optimization has been
widely investigated in the recent years [3, 4]. Gen-
erally speaking, there are three main approaches
to evolutionary multi-objective optimization, namely,
weighted aggregation approaches, population-based
non-Pareto approaches and Pareto-based approaches
[5].

Conventional weighted aggregation (CWA) based ap-
proaches two main weaknesses. Firstly, aggregation
based approaches can provide only one Pareto solu-
tion from one run of optimization. Secondly, it has
been shown that weighted aggregation is unable to

deal with multi-objective optimization problems with
a concave Pareto front [2].

One effort using weighted aggregation based approach
for multi-objective optimization (MOO) was reported
in [6]. In that work, the weights of the different objec-
tives are encoded in the chromosome to obtain more
than one Pareto solution. Phenotypic fitness sharing
is used to keep the diversity of the weight combina-
tions and mating restrictions are required so that the
algorithm can work properly.

An efficient and effective method called evolutionary
dynamic weighted aggregation (EDWA) was proposed
in [1]. The original idea in EDWA was straightfor-
ward, i.e. if the weights for the different objectives
are changing during optimization, the optimizer will
go through all points on the Pareto front. If the
found non-dominated solutions are archived, the whole
Pareto front can be achieved. This has been shown to
be working well for both convex and concave Pareto
fronts.

In this paper, a theory on evolutionary multi-objective
optimization using weighted aggregation is suggested.
Based on this theory, the reason why EDWA is able
to deal with MOO is revealed. Simulations are carried
out on different test functions both to support our the-
ory and to demonstrate the effectiveness of EDWA.

2 Multi-objective Optimization with
Weighted Aggregation

2.1 Definition of Multi-objective
Optimization

Consider a multi-objective optimization problem with
k objectives (fi,i = 1,2, ...,k) and n decision variables
(ziyi=1,2,...,n):

f(x) = (f1(x), -0, (%)), 1)
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(a) Convex Pareto front (b) Concave Pareto front

Figure 1: Convex and concave Pareto fronts.

The target of the optimization is to minimize f;(x),i =
1,2, ...,k subject to

g,(X) S O,Z = ]-aza ey M. (2)

Since the k objectives may be conflicting with each
other, it is usually difficult to obtain the global mini-
mum for each objective at the same time. Therefore,
the target of MOO is to achieve a set of solutions that
are Pareto optimal. The related concepts of Pareto
dominance, Pareto optimality, Pareto optimal set and
Pareto front are defined as follows [4]:

Pareto dominance: A vector u = (u1,...,ux)
is said to dominate v = (vy,...,v;) if and only if
u; < ;4 = 1,2,...,k and there exists at least one
element with u; < v;.

Pareto optimality: A solution x is said to be
Pareto optimal if and only if there does not exist
another solution x’ so that f(x) is dominated by f(x’).
All the solutions that are Pareto optimal for a given
multi-objective optimization problem are called the
Pareto optimal set (P*).

Pareto front: For a given multi-objective opti-
mization problem and its Pareto optimal set P*, the
Pareto front (PF*) is defined as:

PF* ={f(x) = (f1(x),.. ix)[x € P*}.  (3)

There are generally convex and concave Pareto fronts.
A Pareto front (PF”) is said to be convex if and only
if Vu,v € PF*,VX € (0,1),3w € PF* : M|u|| + (1 -
VI [[wl]-

On the contrary, a Pareto front is said to be concave
if and only if Yu,v € PF*,VA € (0,1),Iw € PF* :
Allal + (1 = NvI] < [[wl]-

For example, Fig.1(a) is a convex Pareto front and
Fig.1(b) is a concave Pareto front. Of course, a Pareto
front can be partially convex and partially concave.

2.2 Conventional Weighted Aggregation for
MOO

Conventional Weighted Aggregation (CWA) is a
straightforward approach to multi-objective optimiza-
tion. In this method, the different objectives are
summed up to a single scalar with a prescribed weight

F= Zwifz’(x); (4)

where w; is the non-negative weight for objective
fi(x),i = 1,...,k. Usually, a priori knowledge is
needed to specify the weights. During the optimiza-
tion, the weights are fixed in conventional weighted
aggregation method.

Using this method, only one Pareto optimal solution
can be obtained with one run of the optimization al-
gorithm. In other words, if one intends to obtain dif-
ferent Pareto solutions, one has to run the optimizer
several times. This is of course not allowed in a lot of
real world problems because it usually takes too much
time to run the optimization more than once.

What is worse, efficiency is not the only problem for
CWA. It was pointed out that CWA is not able to ob-
tain the Pareto solutions that are located in the con-
cave region of the Pareto front [2].

However, it is not as straightforward as one might
imagine to explain the reason why the solutions in the
concave region of the Pareto front cannot be obtained
using CWA. One attempt to explain this problem is
illustrated in Fig. 2, which was provided in [2]. In
the figure, line L denotes solutions with the same cost
and the slope of the line is determined by the weights.
According to this theory, the solutions in the concave
region between point A and B cannot be reached by
CWA based methods. Unfortunately, this illustration
is incorrect because the solutions outside the shaded
area are unreachable anyway and therefore, it is impos-
sible for the optimizer to proceed towards the Pareto
front from the origin, in particular for minimization
problems.

In [5], another illustration as shown in Fig. 3 is used.
However, from this illustration, it is still unclear why
the solutions in the concave region are not obtainable
with CWA methods. Further explanations are pro-
vided as follows. In Fig. 4 (a), it can be seen that
the line with equal cost will converge to a point on
a convex Pareto front when the slant of the line is
given, that is, when the weights are fixed. In contrast,
the line will continue to move after it reaches a point
(point C, which is corresponding to the given weights)



(a) Convex Pareto front.

(b) Concave Pareto front.

Figure 2: Geometrical representation of weighted sum
approach abstracted from [2].
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Figure 3: Line of equal cost introduced by the
weighted-sum approach abstracted from [4].

in the concave region of the Pareto front, until no fur-
ther minimization of the cost is possible. Finally, the
obtained solution will be either A or B.

In the following, a new explanation for this problem
is suggested. In our opinion, whether CWA is able
to converge to a Pareto-optimal solution depends on
the stability of the Pareto solution corresponding to
the given weight combination. If the Pareto solution
corresponding to a given weight combination is a sta-
ble minimum, then it can be obtained with CWA. To
explain this further, let us have a look at the prob-
lem from another point of view. We first discuss a
convex Pareto front. For a two-objective problem,
if the Pareto front is presented in the conventional
way, as shown in Fig. 5 (a), then point B is the sta-

(a) Convex Pareto front

(b) Concave Pareto front

Figure 4: Conventional weighted aggregation for
MOO. (a) Convex Pareto front, (b) Concave Pareto
front.

Figure 5: Convex Pareto front. All Pareto solutions
are stable minimum when the coordinate system ro-
tates. (a) 0 degree; (b) 45 degree; (¢) 90 degree.

ble minimum on the Pareto front. That is to say,
point B will be the solution obtained by CWA given
the weight combination of (wy,ws) = (0,1). If the
weight combination is changed in optimization, it is
equivalent to rotating the coordinate system together
with the Pareto front. Thus, when w; decreases and
ws increases, it is equal to rotate the coordinate sys-
tem counter-clockwise. If f = f5, then for a given
weight combination of (wi,w2) = (0.5,0.5), the co-
ordinate system rotates 45 degrees. In this case, C
is the stable minimum of the Pareto front that will
be obtained using CWA with (wq,w2) = (0.5,0.5), as
shown in Fig. 5 (b). Obviously, for a weight combina-
tion of (w1,w2) = (1,0), A is the stable minimum and
the coordinate system rotates 90 degrees. Therefore,
different Pareto solutions will be obtained using the
conventional weight aggregation with different weight
combinations if the Pareto front is convex. Since the
weights are always non-negative, the maximal rotation
angle is 90 degree. Without considering the time con-
sumption, the whole Pareto front can be obtained by
running the optimizer as many times as possible.

Now let us have a look at a concave Pareto front.
As illustrated in Fig. 6, all solutions located in the
concave region of the Pareto front are unstable when
the weight combination changes. As explained above,
Fig. 6 (a) corresponds to a weight combination of
(w1, w2) = (0,1) and the solution will be point B. For
all weight combinations that corresponds to a rotation
angle between 0 and 45 degrees, the solution to be ob-
tained will be B, whereas for all weight combinations
that correspond to a rotation angle between 45 and 90
degrees, the solution to be obtained will be A. The
weight combination that corresponds to a rotation an-
gle of 45 degree (if f¥ = f¥) is a dividing point (Point
C). If the weight combination exactly corresponds to
this dividing point, the result of the optimization can
either be A or B, depending on the initial condition
and dynamics of the optimizer. As a conclusion, only
point A and B are stable minima on the Pareto front
no matter how the weight combination changes.



Figure 6: Concave Pareto front. All Pareto solutions
are unstable minimum except the two points on both
ends when the coordinate system rotates. (a) 0 degree;
(b) 45 degree; (c) 90 degree.

According to the above discussions, we can draw the
following conclusions:

e For a convex Pareto front, each weight combi-
nation corresponds to a stable minimum on the
Pareto front.

e For a concave Pareto front, all solutions with ex-
ception to the two points on the two ends are
unstable when the conventional weighted aggre-
gation is used. Therefore, an optimizer is unable
to converge to the Pareto solution corresponding
to the weight combination.

e When the Pareto front is rotated slowly from 0 de-
gree to 90 degree, the optimizer will go along the
Pareto front from one stable minimum to another,
once it reaches any point of the Pareto front. If
the Pareto front is convex, the moving speed is de-
termined by the change of weights. If the Pareto
font is concave, the optimizer will stay on one sta-
ble minimum until this point becomes unstable.
In this case, the optimizer will move along the
Pareto front to the next stable minimum.

3 Evolutionary Dynamic Weighted
Aggregation

As it is pointed out in the last section, if we rotate the
Pareto front 90 degree, the optimizer will go from one
stable optimum to another. This can be done in two
ways:

e After the optimizer has converged to one stable
minimum, the Pareto front is rotated 90 degrees
abruptly. In the two-objective case, this corre-
sponds to the situation where w; is changed from
0 to 1 and wy from 1 to 0. We call it Bang-bang
Weighted Aggregation (BWA).

e The Pareto front is rotated gently, that is, the
weights are changed gradually. In this case, the

shortest path
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(a) Convex Pareto front

(b) Concave Pareto front

Figure 7: For a convex Pareto front (a), it is not the
shortest path between two points, whereas for a con-
cave Pareto front (b), it is the shortest.

optimizer will traverse the whole Pareto front and
all the solutions on the front will be obtained.
This was denoted as Generation-based Periodical
Variation of the Weights in [1]. In this paper, it
is called Dynamic Weighted Aggregation (DWA).

In both cases, the weights are changed periodically.
This may be helpful if the Pareto front is not uniform.
By uniform, we mean that if the distance in the weight
space is the same, then the distance on the Pareto front
is also the same.

3.1 Bang-bang Weighted Aggregation

Bang-bang weighted aggregation (BWA) can be seen
as a test of our theory proposed in the last section.
According to our theory, it is also possible to obtain
the whole Pareto front when we rotate it 90 degrees
abruptly, no matter whether it is convex or concave.
However, we expect that the optimizer may not nec-
essarily keep moving along the Pareto front if it is
convex, because the Pareto front is not the shortest
feasible path from one stable point to another, refer
to Fig. 7 (a). Very interestingly, if the Pareto front is
concave, the optimizer should keep moving along the
Pareto front because it provides the shortest feasible
path from one stable point to another, as illustrated
in Fig. 7 (b).

A bang-bang change of weights can be realized in the
following way for a two-objective minimization prob-
lem:

sign(sin(2nt/F)) (5)
1.0 — wy, (6)
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where t is the generation index and F' is the frequency
of the weight change. It is clear that F' should be large
enough to allow the optimizer to move from one stable
point to another.






