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Abstract

Line search methods for nonlinear programming using Fletcher and Leyffer’s filter method,
which replaces the traditional merit function, are proposed and their global and local convergence
properties are analyzed. Previous theoretical work on filter methods has considered trust region
algorithms and only the question of global convergence. The presented framework is applied to
barrier interior point and active set SQP algorithms. Under mild assumptions it is shown that
every limit point of the sequence of iterates generated by the algorithm is feasible, and that there
exists at least one limit point that is a stationary point for the problem under consideration.
Furthermore, it is shown that the proposed methods do not suffer from the Maratos effect if
the search directions are improved by second order corrections, so that fast local convergence to
strict local solutions is achieved. A new alternative filter approach employing the Lagrangian
function instead of the objective function with identical global convergence properties is briefly
discussed.

Keywords: nonlinear programming — nonconvex constrained optimization — filter method —
line search — SQP — interior point — barrier method — global convergence — local convergence —
Maratos effect — second order correction

1 Introduction

Recently, Fletcher and Leyffer [12] have proposed filter methods, offering an alternative to merit
functions, as a tool to guarantee global convergence in algorithms for nonlinear programming (NLP).
The underlying concept is that trial points are accepted if they improve the objective function or
improve the constraint violation instead of a combination of those two measures defined by a merit
function. The practical results reported for the filter trust region sequential quadratic programming
(SQP) method in [12] are encouraging, and soon global convergence results for related algorithms
were established [10, 13]. Other researchers have also proposed global convergence results for
different trust region based filter methods, such as for an interior point (IP) approach [26], a
bundle method for non-smooth optimization [11], and a pattern search algorithm for derivative-
free optimization [1].
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In this paper we propose and analyze a filter method framework based on line search which
can be applied to barrier IP methods as well as active set SQP methods. The motivation given by
Fletcher and Leyffer for the development of the filter method [12] is to avoid the necessity to deter-
mine a suitable value of the penalty parameter in the merit function. In addition, assuming that
Newton directions are usually “good” directions (in particular if exact second derivative informa-
tion is used) filter methods have the potential to be more efficient than algorithms based on merit
functions, as they generally accept larger steps. However, in the context of a line search method,
the filter approach offers another important advantage regarding robustness. It has been known
for some time that line search methods can converge to “spurious solutions”, infeasible points that
are not even critical points for a measure of infeasibility, if the gradients of the constraints become
linearly dependent at non-feasible points. In [23], Powell gives an example for this behavior. More
recently, the authors demonstrated another global convergence problem for many line search IP
methods on a simple well-posed example [29]. Here, the affected methods generate search direc-
tions that point outside of the region Z defined by the inequality constraints because they are
forced to satisfy the linearization of the equality constraints. Consequently, an increasingly smaller
fraction of the proposed step can be taken, and the iterates eventually converge to an infeasible
point at the boundary of Z, which once again is not even a stationary point for any measure of
infeasibility (see also [19] for a detailed discussion of “feasibility control”). Using a filter approach
within a line search algorithm helps to overcome these problems. If the trial step size becomes
too small in order to guarantee sufficient progress towards a solution of the problem, the proposed
filter method reverts to a feasibility restoration phase, whose goal is to deliver a new iterate that
is at least sufficiently less infeasible. As a consequence, the global convergence problems described
above cannot occur.

This paper is organized as follows. For easy comprehension of the derivation and analysis of
the proposed line search filter methods, the main part of the paper will consider the particular case
of a barrier IP method. At the very end of the paper we will show how the presented techniques
can be applied to active set SQP methods. The presented barrier method can be of the primal
or primal-dual type, and differs from the IP filter algorithm proposed by M. Ulbrich, S. Ulbrich,
and Vicente [26] in that the barrier parameter is kept constant for several iterations. This enables
us to base the acceptance of trial steps directly on the (barrier) objective function instead of only
on the norm of the optimality conditions. Therefore the presented method can be expected to be
less likely to converge to saddle points or maxima than the algorithm proposed in [26]. Recently,
Benson, Shanno, and Vanderbei [2] proposed several heuristics based on the idea of filter methods,
for which improved efficiency compared to their previous merit function approach are reported.
Their approach is different from the one proposed here in many aspects, and no global convergence
analysis is given.

In Section 2 we will motivate and state the algorithm for the solution of the barrier problem
with a fixed value of the barrier parameter. The method is motivated by the trust region SQP
method proposed by Fletcher et. al. [10]. An important difference, however, lies in the condition
that determines when to switch between certain sufficient decrease criteria; this modification allows
us to show fast local convergence of the proposed line search filter method.

We will then show in Section 3 that every limit point of the sequence of iterates generated
by the algorithm is feasible, and that there is at least one limit point that satisfies the first order
optimality conditions for the barrier problem. The assumptions made are less restrictive than those
made for previously proposed line search IP methods for NLP (e.g. [9, 30, 25]).

In Section 4 the local convergence properties of the algorithm will be discussed. As Fletcher
and Leyffer pointed out in [12], filter methods can also suffer from the so-called Maratos effect [18],
which leads to short step sizes arbitrarily close to a solution of the problem, and hence to a poor



local convergence behavior, in particular in an SQP framework. We will show that full steps for
search directions, possibly improved by a second order correction, will eventually be accepted in the
neighborhood of a strict local solution of the problem satisfying the usual second order optimality
conditions. As a consequence, fast local convergence can be established for the solution of the
barrier problem with a fixed value of the barrier parameter.

In Section 5.1 we propose an alternative measure for the filter acceptance criteria. Here, a trial
point is accepted if it reduces the infeasibility or the value of the Lagrangian function (instead of
the objective function). The global convergence results still hold for this modification.

Having presented the line search filter framework on the example of a barrier method we will
finally show in Section 5.2 how it can be applied to SQP methods preserving the same global and
local convergence properties. In Section 5.3 we briefly point out that our local convergence analysis
can also be applied to a slightly modified version of the trust region filter SQP method proposed
by Fletcher et. al. [10].

Notation. We will denote the i-th component of a vector v € R™ by v(. Norms || - || will
denote a fixed vector norm and its compatible matrix norm unless otherwise noted. For brevity,
we will use the convention (z,)\) = (27, A\T)T for vectors z,\. For a matrix A, we will denote
by omin(A) the smallest singular value of A, and for a symmetric, positive definite matrix A we
call the smallest eigenvalue Apin(A). Given two vectors v,w € R™, we define the convex segment
[v,w] ;== {v+t(w—v) : t € [0,1]}. Finally, we will denote by O(tx) a sequence {vy} satisfying
|lvg]| < B i for some constant § > 0 independent of k, and by o(tx) a sequence {vy} satisfying
|lvg]l < Brtx for some positive sequence {3y} with limy G, = 0.

2 A Line Search Filter Approach for a Barrier Method

The algorithm that will be discussed in Sections 2, 3, and 4 is a barrier method. Here, we assume
that the optimization problem (NLP) is stated as

min  f(z) (1a)
st.  c(x)=0 (1b)
z >0, (1c)

where the objective function f : R™ — R and the equality constraints ¢ : R® — R" with m < n
are sufficiently smooth. The algorithm can be changed in an obvious way if only some or none of
the variables have bounds.

A barrier method solves a sequence of barrier problems

min  @u(x) = f() — p ) () (20)
i=1
st.  c(z)=0 (2b)

for a decreasing sequence p; of barrier parameters with lim; y; = 0. Local convergence of barrier
methods as ;r — 0 has been discussed in detail by other authors, in particular by Nash and Sofer [20]
for primal methods, and by Gould, Orban, Sartenaer, and Toint [15, 16] for primal-dual methods.
In those approaches, the barrier problem (2) is solved to a certain tolerance e > 0 for a fixed value
of the barrier parameter . The parameter p is then decreased and the tolerance € is tightened for
the next barrier problem. It is shown that if the parameters p and e are updated in a particular
fashion, the new starting point, enhanced by an extrapolation step with the cost of one regular



iteration, will eventually solve the next barrier problem well enough in order to satisfy the new
tolerance. Then the barrier parameter p will be decreased again immediately (without taking an
additional step), leading to a superlinear convergence rate of the overall interior point algorithm
for solving the original NLP (1).

Consequently, the step acceptance criterion in the solution procedure for a fixed barrier param-
eter u becomes irrelevant as soon as the (extrapolated) starting points are immediately accepted.
Until then, we can consider the (approximate) solution of the individual barrier problems as in-
dependent procedures (similar to the approach taken in [4] and [5]). The focus of this paper are
the properties of the line search filter approach, and we will therefore only address the convergence
properties of an algorithm for solving the barrier problem (2) for a fized value of the barrier pa-
rameter p, and only give some additional comments on the overall IP method in Remark 6 at the
end of Section 3.

The first order optimality conditions, or Karush-Kuhn-Tucker (KKT) conditions, (see e.g. [22])
for the barrier problem with a value of the barrier parameter y (from now on fixed) are

Vi) —puX et AN = 0 (3a)
cz) = 0 (3b)
where X := diag(z), and the symbol e denotes the vector of all ones of appropriate dimension.

We denote with A(x) := Ve(x) the transpose of the Jacobian of the constraints c¢. The vector A
corresponds for the Lagrange multipliers for the equality constraints (2b). Since at a local solution
zk of (2) we have z& > 0, this inequality is enforced for all iterates, i.e.

x>0 (4)

for all k.

Given an initial estimate xg with xg > 0, the line search algorithm proposed in this paper
generates a sequence of improved estimates zj, of the solution for the barrier problem (2). For this
purpose in each iteration k a search direction dj is computed from the linearization of the KKT

conditions (3),
] () =T ) .

Here, Ay, := A(w), and Hy, denotes the Hessian V2, L, (xx, \;) of the Lagrangian
L(2,)) = @u(x) + c(x)TA (6)

of the barrier problem (2), or an approximation to it, where Ay is some estimate of the optimal
multipliers corresponding to the equality constraints (2b). )\z in (5) can be used to determine
a new estimate Ag4p for the next iteration. Note that also primal-dual barrier methods (see e.g.
[30, 14, 26]) fall into this class. In this case we have Hyp = Wy + X,;le, with W being the
Hessian of the Lagrangian of the original NLP (1) and Vj, := diag(vg) an approximation for some
dual variables vy ~ pX; le. As is common for most line search methods, we will assume that
the projection of the Hessian approximation Hj onto the null space of the constraint Jacobian is
sufficiently positive definite.
After a search direction dj has been computed, a step size oy € (0, 1] is determined in order to
obtain the next iterate
Thy1 = T + ogdy. (7)



The step size oy has to be chosen so that also the next iterate satisfies the positivity requirement (4).
For this purpose we determine the largest step size a** € (0,1] that satisfies the fraction-to-the-
boundary rule, that is

ap®™ :=max{a € (0,1] : o + ad > (1 — 7)zy} (8)

for a fixed parameter 7 € (0,1), usually chosen close to 1.

Furthermore, we want to guarantee that ideally the sequence {zj} of iterates converges to a
solution of the barrier problem (2). In this paper we consider a backtracking line search procedure,
where a decreasing sequence of step sizes ax; € (0,0 (I = 0,1,2,...) is tried until some
acceptance criterion is satisfied. Traditionally, a trial step size oy, is accepted if the corresponding
trial point

Tr(a) = ok + agdy 9)
provides sufficient reduction of a merit function, such as the exact penalty function [17]
Pp(x) = pu(x) + p 0(2) (10)
where we define the infeasibility measure 6(x) by
0(x) = |lc(@)]|- (11)

Under certain regularity assumptions it can be shown that a strict local minimum of the exact
penalty function coincides with a local solution of the barrier (2) if the value of the penalty parameter
p > 0 is chosen sufficiently large [17].

In order to avoid the determination of an appropriate value of the penalty parameter p, Fletcher
and Leyffer [12] proposed the concept of a filter method in the context of a trust region SQP
algorithm. In the remainder of this section we will describe how this concept can be applied to the
line search barrier framework outlined above.

The underlying idea is to interpret the barrier problem (2) as a bi-objective optimization problem
with two goals: minimizing the constraint violation f(x) and minimizing the barrier function ¢, (x).
A certain emphasis is placed on the first measure, since a point has to be feasible in order to be an
optimal solution of the barrier problem. Here, we do not require that a trial point xj(ay,) provides
progress in a merit function such as (10), which combines these two goals as a linear combination
into one single measure. Instead, the trial point xj(ay,) is accepted if it improves feasibility, i.e. if
O(xi (o)) < O(zk), or if it improves the barrier function, i.e. if ¢, (2 (k1)) < ¢u(zk). Note, that
this criterion is less demanding than the enforcement of decrease in the penalty function (10) and
will in general allow larger steps.

Of course, this simple concept is not sufficient to guarantee global convergence. Several pre-
cautions have to be added as we will outline in the following; these are closely related to those
proposed in [10]. (The overall line search filter algorithm is formally stated on page 9.)

1. Sufficient Reduction. Line search methods that use a merit function ensure sufficient progress
towards the solution. For example, they may do so by enforcing an Armijo condition for the
exact penalty function (10) (see e.g. [22]). Here, we borrow the idea from [10, 13] and replace
this condition by requiring that the next iterate provides at least as much progress in one of the
measures 6 or ¢, that corresponds to a small fraction of the current constraint violation, 6(xy).
More precisely, for fixed constants vg,7, € (0,1), we say that a trial step size oy, ; provides sufficient
reduction with respect to the current iterate xy, if

(1= 0)0(xx) (12a)

<
< pular) = vp0(x). (12b)

or oulr(ak))

ot



In a practical implementation, the constants ~yg,~, typically are chosen to be small. However,
relying solely on this criterion would allow the acceptance of a sequence {z} that always provides
sufficient reduction with respect to the constraint violation (12a) and converges to a feasible, but
non-optimal point. In order to prevent this, we change to a different sufficient reduction criterion
whenever for the current trial step size ay; the switching condition

mk(a;@l) <0 and [—mk(ak,l)]s“’ [Oz]@l]l_s‘P >0 [G(xk)]se (13)
holds with fixed constants d > 0,s9 > 1,5, > 259, where
my(a) == thpM(:ck)Tdk (14)

is the linear model of the barrier function ¢, into direction di. We choose to formulate the switching
condition (13) in terms of a general model my () as it will allow us later, in Section 5.1, to define
the algorithm for an alternative measure that replaces “p,(z)”.

If the switching condition (13) holds, instead of insisting on (12), we require that an Armijo-type
condition for the barrier function,

u(@r(ar)) < pulzr) + neme (o), (15)

is satisfied (see [10]). Here, n, € (0,1) is a fixed constant. It is possible that for several trial step
sizes apy with [ = 1,... .1 condition (13), but not (15) is satisfied. In this case we note that for
smaller step sizes the switching condition (13) may no longer be valid, so that the method reverts
to the acceptance criterion (12).

The switching condition (13) deserves some discussion. On the one hand, for global convergence
we need to ensure that close to a feasible but non-optimal point Z a new iterate indeed leads to
progress in the objective function (and not only the infeasibility measure). Lemma 2 below will
show that my(a) < —ae for some ¢ > 0 and all a € (0,1] for iterates xj in a neighborhood of
z. Therefore, the switching condition is satisfied, if ay; > (6/€%)[0(x1)]*?. The fact that the
right hand side is o(f(zy)) allows us to show in Lemma 10 that sufficient decrease in the objective
function (15) is indeed obtained by the new iterate close to . On the other hand, in order to show
that full steps are taken in the neighborhood of a strict local solution x4 we need to ensure that
then the Armijo condition (15) is only enforced (i.e. the switching condition is only true) if the
progress predicted by the linear model my is large enough so that the full step, possibly improved
by a second order correction step, is accepted. This is shown in Lemma 14 below, and it is crucial

for its proof that the switching condition with oo = 1 implies §(zy) = O(HdkH%) = o(||dk]|?).
Note that the switching conditions used in [10, 13] do not imply this latter relationship (see also
Section 5.3).

2. Filter as taboo-region. It is also necessary to avoid cycling. For example, this may occur between
two points that alternatingly improve one of the measures, 6 and ¢, and worsen the other one.
For this purpose, Fletcher and Leyffer [12] propose to define a “taboo region” in the half-plane
{(0,¢,) € R?: 0 > 0}. They maintain a list of (6(x), ¢, (xp))-pairs (called filter) corresponding to
(some of)) the previous iterates x, and require that a point, in order to be accepted, has to improve
at least one of the two measures compared to those previous iterates. In other words, a trial step
x(oy,) can only be accepted, if

O(rp(omg)) < O(xp)
or opzr(ars) < pulrp)



for all (0(zp), pu(xp)) in the current filter.

In contrast to the notation in [12, 10], for the sake of a simplified notation we will define the
filter in this paper not as a list but as a set Fj, C [0,00) x R containing all (6, ¢,)-pairs that are
“prohibited” in iteration k. We will say, that a trial point zx(ag,) is acceptable to the filter if its
(0, ¢p)-pair does not lie in the taboo-region, i.e. if

(9(%(%1))7 w(xk(ak,l))> Z Fr. (16)

During the optimization we will make sure that the current iterate x; is always acceptable to the
current filter Fy.

At the beginning of the optimization, the filter is initialized to be empty, Fy := () , or — if one
wants to impose an explicit upper bound on the constraint violation — as Fy := {(6,¢) € R?: 0 >
Omax } for some Opax > 0(xp). Throughout the optimization the filter is then augmented in some
iterations after the new iterate x,1 has been accepted. For this, the updating formula

Frrr = Fip U {(9, P) ER2:0>(1—v)0(zx) and o> gu(zp) — 7¢9(xk)} (17)

is used (see also [10]). If the filter is not augmented, it remains unchanged, i.e. i1 := Fj. Note,
that then Fj, C Fiyq for all k. This ensures that all later iterates will have to provide sufficient
reduction with respect to z as defined by criterion (12), if the filter has been augmented in iteration
k. Note, that for a practical implementation it is sufficient to store the “corner entries”

(1= 20)6(r), wulzr) = 1:00)) (18)

(see [10]).

It remains to decide which iterations should augment the filter. Since one motivation of the
filter method is to make it generally less conservative than a penalty function approach, we do not
want to augment the filter in every iteration. In addition, as we will see in the discussion of the
next safeguard below, it is important for the proposed method that we never include feasible points
in the filter. The following rule from [10] is motivated by these considerations.

We will always augment the filter if for the accepted trial step size ay; the switching condi-
tion (13) or the Armijo condition (15) do not hold. Otherwise, if the filter is not augmented, the
value of the barrier objective function is strictly decreased (see Eq. (37) below). To see that this

indeed prevents cycling let us assume for a moment that the algorithms generates a cycle of length
l

TR, TKALy -y TE A1, LKl = TKy TR 4141 = TK415 - - - (19)

Since a point zp can never be reached again if the filter is augmented in iteration k, the existence
of a cycle would imply that the filter is not augmented for all £ > K. However, this would imply
that ¢, (xy) is a strictly decreasing sequence for k > K, giving a contradiction, so that (19) cannot
be a cycle.

3. Feasibility restoration phase. If the linear system (5) is consistent, dj satisfies the linearization
of the constraints and we have (zy (o)) < 6(xi) whenever ap; > 0 is sufficiently small. It is
not guaranteed, however, that there exists a trial step size aj; > 0 that indeed provides sufficient
reduction as defined by criterion (12). Furthermore, if the search direction dj, points outside of the
non-negative orthant {x € R : z > 0} and zy, is close to the boundary of this region, it is possible
(e.g. in the example problem in [29]) that the first trial step size g = a® with o) from (8)
is already too small to allow sufficient decrease in 6 and .



In this situation, where no admissible step size can be found, the method switches to a feasibility
restoration phase, whose purpose is to find a new iterate x,1 merely by decreasing the constraint
violation 6, so that xzj,1 satisfies (12) and is also acceptable to the current filter. In this paper,
we do not specify the particular procedure for this feasibility restoration phase. It could be any
iterative algorithm for decreasing 6, possibly ignoring the objective function, and different methods
could even be used at different stages of the optimization procedure.

Since we will make sure that a feasible iterate is never included in the filter, the algorithm for
the feasibility restoration phase usually should be able to find a new acceptable iterate xx1q > 0
unless it converges to a stationary point of #. The latter case may be important information
for the user, as it indicates that the problem seems (at least locally) infeasible. If the feasibility
restoration phase terminates successfully by delivering a new admissible iterate xy1 > 0, the filter
is augmented according to (17) to avoid cycling back to the problematic point xy.

In order to detect the situation where no admissible step size can be found and the restoration
phase has to be invoked, we propose the following rule. Consider the case when the current trial
step size oy, is still large enough so that the switching condition (13) holds for some o < ay;. In
this case, we will not switch to the feasibility restoration phase, since there is still the chance that
a shorter step length might be accepted by the Armijo condition (15). Therefore, we can see from
the switching condition (13) and the definition of my (14) that we do not want to revert to the
feasibility restoration phase if Vi, (vx)Tdy < 0 and

510 ()]
[=Veu(zr)Tdi]®e
However, if the switching condition (13) is not satisfied for the current trial step size oy, and all

shorter trial step sizes, then the decision whether to switch to the feasibility restoration phase is
based on the linear approximations

Qg >

O(z, +ady) = O(zy) — ab(zg) +O(a®)  (since ALdy + c(xy) = 0) (20a)
oulzr +ady) = pu(xk) + anpu(xk)Tdk + 0(a?) (20b)

of the two measures. This predicts that the sufficient decrease condition for the infeasibility mea-
sure (12a) may not be satisfied for step sizes satisfying ay; < ~g. Similarly, in case Vi, (zx)Tds, < 0,
the sufficient decrease criterion for the barrier function (12b) may not be satisfied for step sizes
satisfying

Yo0(@k)
o) < ——=——F— 7
7v90u($k)Tdk
We can summarize this in the following formula for a minimal trial step size

: Y0 (k) 6[6(zx )]0

win {0, 8 e |
Qi =y if Vo, (zx)Tdr <0 (21)

Yo otherwise

and switch to the feasibility restoration phase when ay; becomes smaller than agﬂ“. Here, v, €
(0,1] is a safety-factor that might be useful in a practical implementation in order to compensate
for the neglected higher order terms in the linearization (20) and to avoid invoking the feasibility
restoration phase unnecessarily.

It is possible, however, to employ more sophisticated rules to decide when to switch to the

feasibility restoration phase while still maintaining the convergence properties. These rules could,



for example, be based on higher order approximations of ¢ and/or ¢,. We only need to ensure
that the algorithm does not switch to the feasibility restoration phase as long as (13) holds for a
step size a < ay; where oy is the current trial step size, and that the backtracking line search
procedure is finite, i.e. it eventually either delivers a new iterate xjy; or reverts to the feasibility
restoration phase.

The proposed method also allows to switch to the feasibility restoration phase in any iteration,
in which the infeasibility 6(z) is not too small. For example, this might be necessary, when the
Jacobian of the constraints Al is (nearly) rank-deficient, so that the linear system (5) is (nearly)
singular and no search direction can be computed.

We are now ready to formally state the overall algorithm for solving the barrier problem (2) (for a
fixed value of the barrier parameter pu).

Algorithm 1

Given: Starting point xg > 0; constants Omax € (6(20),0]; 70,7 € (0,1); 6 > 0; 7o € (0,1];
s> 158, >289;0< 7 <19 < 1.

1. Initialize.

Initialize the filter Fo := {(6,¢) € R? : > Oax} and the iteration counter k « 0.

2. Check convergence.
Stop, if xy is a local solution (or at least stationary point) of the barrier problem (2), i.e. if it
satisfies the KKT conditions (3) for some A € R™.

3. Compute search direction.
Compute the search direction dj from the linear system (5). If this system is (almost) singular,
go to feasibility restoration phase in Step 9.

4. Apply fraction-to-the-boundary rule.

Compute the maximal step size o}'** from (8).
5. Backtracking line search.

5.1. Initialize line search.
Set a0 = ap® and [ « 0.
5.2. Compute new trial point.

If the trial step size becomes too small, i.e. o < a}fin with a};“in defined by (21), go to the
feasibility restoration phase in Step 9.

Otherwise, compute the new trial point (o) = p + oy dy.
5.3. Check acceptability to the filter.
If z1, (g ) € Fi, reject the trial step size and go to Step 5.5.
5.4. Check sufficient decrease with respect to current iterate.
5.4.1. Case I. The switching condition (13) holds:
If the Armijo condition for the barrier function (15) holds, accept the trial step and

go to Step 6.
Otherwise, go to Step 5.5.



5.4.2. Case II. The switching condition (13) is not satisfied:
If (12) holds, accept the trial step and go to Step 6.
Otherwise, go to Step 5.5.

5.5. Choose new trial step size.

Choose oy 1+1 € [T 1, T2 ), set |« 1+ 1, and go back to Step 5.2.

6. Accept trial point.

Set oy == ayy and xp11 = xp (o).

7. Augment filter if necessary.

If one of the conditions (13) or (15) does not hold, augment the filter according to (17); otherwise
leave the filter unchanged, i.e. set Fpy1 := F.

(Note, that Step 5.3 and Step 5.4.2 ensure, that (0(xr+1), Pu(r+1)) € Fry1-)

8. Continue with next iteration.

Increase the iteration counter k «— k + 1 and go back to Step 2.

9. Feasibility restoration phase.

Compute a new iterate xp4; > 0 by decreasing the infeasibility measure 0, so that ., satisfies
the sufficient decrease conditions (12) and is acceptable to the filter, i.e. (§(y+1), pu(Trt1)) &
Fi. Augment the filter according to (17) (for xj) and continue with the regular barrier iteration
in Step 8.

Remark 1 From Step 5.5 it is clear that lim; oy, = 0. In the case that 6(xy) > 0 it can be seen
from (21) that a}gmn > 0. Therefore, the algorithm will either accept a new iterate in Step 5.4, or
switch to the feasibility restoration phase. If on the other hand 6(x) = 0 and the algorithm does not
stop in Step 2 at a KKT point, then the positive definiteness of Hy on the null space of Ay implies
that Vo, (zi)Td, < 0 (see e.g. Lemma 4). Therefore, o™ = 0, and the Armijo condition (15)
is satisfied for a sufficiently small step size oy, i.e. a new iterate will be accepted in Step 5.4.1.
Overall, we see that the inner loop in Step & will always terminate after a finite number of trial
steps, and the algorithm is well-defined.

Remark 2 The mechanisms of the filter ensure that (0(xy), ¢u(xr)) € Fi for all k. Furthermore,
the initialization of the filter in Step 1 and the update rule (17) imply that for all k the filter has
the following property.

0.0) ¢ F = (0,0) & Frif0<0 and p <. (22)

Remark 3 For practical purposes, it might not be efficient to restrict the step size by enforcing
an Armijo-type decrease (15) in the objective function, if the current constraint violation is not
small. It is possible to change the switching rule (i.e. Step 5.4) so that (15) only has to be satisfied
whenever O(xy) < Ogm) for some Oy > 0 without affecting the convergence properties of the method

[28].

Remark 4 The proposed method has many similarities with the trust region filter SQP method
proposed and analyzed in [10]. As pointed out above, we chose a modified switching rule (13)
in order to be able to show fast local convergence in Section 4. Further differences result from
the fact, that the proposed method follows a line search approach, so that in contrast to [10] the
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actual step taken does not necessarily satisfy the linearization of the constraints, i.e. we might have
AT (zr, — 241) # c(xr) in some iterations. As a related consequence, the condition when to switch
to the feasibility restoration phase in Step 5.2 could not be chosen to be the detection of infeasibility
of the trust region QP, but had to be defined by means of a minimal step size (21). Finally, since
we are considering a barrier method, the inequality constraints (1c), that are only implicitly present
in the barrier problem (2) and are handled by means of the fraction-to-the-boundary rule (8), allow
certain quantities, such as Ve, (), to potentially become unbounded. Due to these differences,
the global convergence analysis presented in [10] does not apply to the proposed line search filter
method.

Notation. In the remainder of this paper we will denote the set of indices of those iterations, in
which the filter has been augmented according to (17), by A C N; i.e.

Fr G Frna = ke A

The set R C N will be defined as the set of all iteration indices in which the feasibility restoration
phase is invoked. Since Step 9 makes sure that the filter is augmented in every iteration in which
the restoration phase is invoked, we have R C A. We will denote with Ri,. € R the set of those
iteration counters, in which the linear system (5) is too ill-conditioned or singular, so that the
restoration phase is invoked from Step 3.

3 Global Convergence

3.1 Assumptions and Preliminary Results

Let us first state the assumptions necessary for the global convergence analysis of Algorithm I.
Since the barrier objective function (2a) and its derivatives become unbounded as xj approaches
the boundary of the non-negative orthant {x € R" : x > 0}, it is more convenient to scale the first
rows and columns of the linear system (5) by X} to obtain

[ f{“ %k ] ( ;l*:* ) = ‘( XWJ;EZ; o ) (23)

where A, := /I(.ibk) with fl(x) = X A(x), dy = Xk_ldk, and Hj, := X, Hp Xp.
We first state the assumptions in technical terms, and will discuss afterwards their practical
relevance.

Assumptions G. Let {x} be the sequence generated by Algorithm I, where we assume that the
feasibility restoration phase in Step 9 always terminates successfully and that the algorithm does
not stop in Step 2 at a first-order optimal point.

(G1) There exists an open set C C R™ with [vy,x + af**dy] € C for all k € Rine, so that f
and c are differentiable on C, and their function values, as well as their first derivatives, are
bounded and Lipschitz-continuous over C.

(G2) The iterates are bounded, i.e. there exists My > 0 with ||zk|| < M, for all k.

(G3) The matrices Hy, approximating the Hessian of the Lagrangian in (5) are uniformly bounded
for all k & Rine.

11



(G4) There ezists a constant Oinc, so that k & Rinc whenever 6(xy) < Oine, i.e. the linear system
(5) is “sufficiently consistent” and the restoration phase is not invoked from Step 3 close to
feasible points.

(G5) There exists a constant M4 > 0, so that for all k & Rinc we have

Jmin(Ak) > My.

(G6) The scaled Hessian approzimations Hy, are uniformly positive definite on the null space of the
scaled Jacobian Az. In other words, there exists a constant Mg > 0, so that for all k & Rine

Amin (Z;Zﬁszk> > My, (24)

where the columns of Zj, € R™ =) form an orthonormal basis matriz of the null space of
i,

Assumptions (G1) and (G3) merely establish smoothness and boundedness of the problem data.
Assumption (G2) may be considered rather strong since it explicitly excludes divergence of the
iterates. In particular in an interior point framework this might constitute a problematic issue.
However, it is necessary in our analysis to make this assumption as it guarantees that the barrier
objective function (2a) is bounded below. Note, that this assumption is also made in [9, 26, 30, 31].
As we will see later in Lemma 2, Assumption (G6) ensures a certain descent property and it is
similar to common assumptions on the reduced Hessian in SQP line search methods (see e.g. [22]).
To guarantee this requirement in a practical implementation, one could compute a QR-factorization
of A, to obtain matrices Z; € R™ (™) and Y, € R™™ so that the columns of [Zk ffk] form an
orthonormal basis of R™, and the columns of Z, are a basis of the null space of A} (see e.g. [14]).
Then, the overall scaled search direction can be decomposed into two orthogonal components,

de = qn+ D, where (25a)
qr = f/}qu and pg = Zkﬁk, (25b)
with
_ o]
qr = — [Ak Yk} C(i[}k) (26&)
_ = s 7
o= = |ZEmZ] 2D (XY f (k) - pe + o) (26b)

(see e.g. [22]). The eigenvalues for the reduced scaled Hessian in (26b) (the term in square brackets)
could be monitored and modified if necessary. However, this procedure is prohibitive for large-
scale problems, and in those cases one instead might employ heuristics to ensure at least positive
definiteness of the reduced Hessian, for example, by monitoring and possibly modifying the inertia
of the iteration matrix in (5) or (23) (see e.g. [27]). Note, on the other hand, that (24) holds in
the neighborhood of a local solution z% satisfying the sufficient second order optimality conditions
(see Assumption (L2) in Section 4), if Hj approaches the exact Hessian of the Lagrangian of the
barrier problem (2). Then, close to z, no eigenvalue correction will be necessary and fast local
convergence can be expected, assuming that full steps will be taken close to z&. The question, how
the eigenvalue corrections (and the constant My in (24)) have to be chosen as y is driven to zero
in the overall interior point method, is beyond the scope of this paper.

12



The regularity requirement (G5) ensures that, whenever the scaled gradients of the constraints
become (nearly) linearly dependent, the method has to switch to the feasibility restoration phase
in Step 3. In practice one could monitor the singular values of ffkalk in (26a), which are identical
to the singular values of A, as a criterion when to switch to the restoration phase in Step 3.

Note that for x > 0, rank-deficiency of the scaled Jacobian X A(x), i.e. omin(XA(z)) = 0,
is equivalent to the statement that the gradients of the equality constraints and of the bound
constraints active at x,

Ver(x), ..., Ve (o), and e for i € {j : 29 =0}, (27)

are linearly dependent. With this in mind we can replace Assumptions (G4) and (G5) by the
following assumption.

(G5*) At all feasible points x the gradients of the active constraints (27) are linearly independent.

If (G5*) holds, there exists constants by, bs > 0, so that
0(zy) < by = Tmin(Ar) > by

due to the continuity of opin (X A(z)) as a function of x and the boundedness of the iterates. If we
now decide to invoke the feasibility restoration phase in Step 3 whenever amin(flk) < b3l (zy) for
some fixed constant bz > 0, then Assumptions (G4) and (G5) hold.

In contrast to most previously analyzed interior point methods for general nonlinear program-
ming (with the exception of [4]), this allows the treatment of degenerate constraints at non-feasible
points. Assumption (G5*) is considerably less restrictive than those made in the analysis of
[9, 26, 30, 31], where it is essentially required that the gradients of all equality constraints and
active inequality constraints (27) are linearly independent at all points, and not only at all feasible
points. The assumptions made in [25] are weaker than this, but still require at all points linear
independence of the gradients of all active equality and inequality constraints, also at infeasible
points. Also note that Assumption (G5*) is satisfied in the problematic example presented by the
authors in [29].

Similar to the analysis in [10], we will make use of a first order criticality measure x(z) € [0, 0]
with the property that, if a subsequence {zy,} of iterates with x(xj,) — 0 converges to a feasi-
ble limit point x4, then z corresponds to a first order optimal solution (assuming that certain
constraint qualifications such as linear independence of the constraint gradients hold at z%; see
Assumption (G5*)). In the case of the barrier method Algorithm I this means that there exist A,
so that the KKT conditions (3) are satisfied for (zk, \{).

For the convergence analysis of the barrier method we will define the criticality measure for

iterations k & Riyc as
x(zk) = ||Pklly (28)

with p from (26b). Note that this definition is unique, since py in (25a) is unique due to the orthog-
onality of Y}, and Zj, and since ||pg||2 = [|[px]l2 due to the orthonormality of Zj. For completeness,
we may define y(zy) := 0o for k € Riyc.

In order to see that x(xj) defined in this way is indeed a criticality measure under Assump-
tions G, let us consider a subsequence of iterates {xy,} with lim; x(zg,) = 0 and lim; xy, = x4
for some feasible limit point 2% > 0. From Assumption (G4) we then have k; & Rinc for i suffi-
ciently large. Furthermore, from Assumption (G5) and (26a) we have lim; gy, = 0, and then from

lim; x(zx,) = 0, (28), (26b), and Assumption (G6) we have that

Tim |28 (X0, V f(an,) — pe) | = T (|28 X, Vegun, )| = 0. (29)
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Zy, = X, 1 Z4, is a null space matrix of the unscaled Jacobian AZZ_. If 2% > 0, then X !is uniformly
bounded, and from (29) we have lim; HZ,Z; Vou(xy,)|| = 0, which is a well-known optimality measure
(see e.g. [22]).

However, we also need to consider the possibility that the [-th component (z% )(l) of the limit
point x4 is zero. Since Y, and Z, in (25b) have been chosen to be orthogonal and Zj, is an

orthonormal basis of the null space of A;‘Q, premultiplying a vector by ZkTZ gives the orthogonal

projection of this vector onto the null space of the scaled Jacobian fl;‘g in the scaled space. Therefore,
we can write (29) equivalently as

= Tapx 17 e
lim H ((1 ' [AkiAki] A,%) (Xi,Vf(ar,) — pe)|| = 0.
Rearranging terms we then obtain
B
Jim X, (Vﬂxm — A [AL AL AT (X V(o) Me)> = pe. (30)

Since omin(Ay,) is uniformly bounded away from zero due to Assumption (G5), the expression in
the large round brackets on the left hand side of (30) is bounded, so that the I-th component of the
left hand side expression would converge to zero, whereas p is nonzero. This contradiction shows
that a limit point of a subsequence with x(zg,) — 0 actually satisfies 2% > 0.

Before we begin the global convergence analysis, let us state some preliminary results.

Lemma 1 Suppose Assumptions G hold. Then there exist constants My, Mg, My, My, > 0, such
that
ldrll < Mgz, lldill < Ma, NI <My, [mg(a)] < Mo (31)

for all k & Rine and a € (0,1]. Furthermore, there exists a constant &™** > 0, so that for all
k € Rine we have o™ > a™** > 0.

Proof. From (G1) and (G2) it is clear that the right hand side of (23) is uniformly bounded.
Additionally, Assumptions (G3), (G5), and (G6) guarantee that the inverse of the matrix in (23)
exists and is uniformly bounded for all k£ € Rin.. Consequently, the solution of (23), (dk, )\;), as
well as dj, = Xkdk are uniformly bounded. It then also follows that

mi(a)/a = Vo (xr)dy = (XpV f(@r) — pe) dy

is uniformly bounded.
The fraction-to-the-boundary rule (8) can be reformulated as

apd, > —Te.

Hence, since dj, is uniformly bounded for all k& € Rinc, of'®* is uniformly bounded away from zero
for all k € Rinc. O

The following result shows that the search direction is a direction of sufficient descent for the barrier
objective function at points that are sufficiently close to feasible and non-optimal.
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Lemma 2 Suppose Assumptions G hold. Then the following statement is true:

If {xk,} is a subset of iterates for which x(xp,) > € with a
constant € > 0 independent of © then there exist constants
€1,€3 > 0, such that

O(zy,) < e = my, (a) < —ean.
for all i and a € (0,1].

Proof. Consider a subset {zy,} of iterates with x(xx,) = ||pk,||2 > €. Then, by Assumption (G4),
for all zg, with 0(zg,) < Oinec we have k; & Rine. Furthermore, with g, = O(||c(x,)||) (from (26a)
and Assumption (G5)) it follows that for k; & Rinc

my, (a)/a = Veou(wr,)" dr,
= Veou(ar) " Xy, dy,

25
) Veou(er) " Xi, Zi, ok + Veou(er) " Xi,a,
26b N
) —Dr, [ZkTHk Zy, ] — Pr. 2} Hi,qr,
+ (szvf(xkz) - Me)T qk; (32)
(G3),(G6) o )
< —c1 1Pk, |5 + 2 (1P [l lle(r,) || + esllc(ow,)|]

< x(zg) <—6 c1 + cof(wy,) + %ﬂ%))

for some constants ¢y, ca, c3 > 0, where we used x(zy,) > € in the last inequality. If we now define

€1 :=min< Oipc, —— ¢,
2(cg €+ c3)
it follows for all xj, with 6(zy,) < €; that

2
my, (o) < a%x(xk ) < —af 261 =: —aey.

a

Lemma 3 Suppose Assumptions (G1) and (G2) hold. Then there exist constants Cy,C, > 0, so
that for all k & Rine and a < o™

|0(xr + ady) — (1 — a)f(xy)|
lou(@r + ady) — pu(zr) — mi(a)]

< Cpo® [ldg | (332)
< Cpd?||dg*. (33b)

Since the proof of this lemma is similar to the proof of Lemma 4 in [4], we omit it for the sake
of brevity.

Finally, we show that Step 9 (feasibility restoration phase) of Algorithm I is well-defined. Unless
the feasibility restoration phase terminates at a stationary point of the constraint violation it is
essential that reducing the infeasibility measure () eventually leads to a point that is acceptable to
the filter. This is guaranteed by the following lemma which shows that no (6, ¢)-pair corresponding
to a feasible point is ever included in the filter.
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Lemma 4 Suppose Assumptions G hold. Then
O(zr) =0 = mi(a) <0 and (34)

O :=min{f : (0,9) € Fr} >0 (35)
for all k and o € (0, 1].

Proof. If 0(x;) = 0, we have from Assumption (G4) that £ € Rinc. In addition, it then fol-
lows x(xx) > 0 because Algorithm I would have terminated otherwise in Step 2, in contrast to
Assumptions G. Considering the decomposition (25), it follows as in (32) that

my (o)

= Vou(zr) dy < —cix(zx)? <0,

i.e. (34) holds.

The proof of (35) is by induction. It is clear from Step 1 of Algorithm I, that the claim is valid
for k = 0 since Opax > 0. Suppose the claim is true for k. Then, if 6(zx) > 0 and the filter is
augmented in iteration k, it is clear from the update rule (17), that Oy > 0, since v € (0,1).
If on the other hand #(x;) = 0, Lemma 2 applied to the singleton {zj} implies that my(a) < 0
for all & € (0, a™**], so that the switching condition (13) is true for all trial step sizes. Therefore,
Step 5.4 considers always “Case I”, and the reason for aj having been accepted must have been
that «y satisfies (15). Consequently, the filter is not augmented in Step 7. Hence, ©y11 = O > 0.
O

3.2 Feasibility

In this section we will show that under Assumptions G the sequence 6(x)) converges to zero, i.e.
all limit points of {z}} are feasible.

Lemma 5 Suppose that Assumptions G hold, and that the filter is augmented only a finite number
of times, i.e. |A| < co. Then

lim 6(zy) = 0. (36)

k—o0
Proof. Choose K, so that for all iterations & > K the filter is not augmented in iteration k; in
particular, k € Rinc € A for k > K. From Step 7 in Algorithm I we then have, that for all £k > K
both conditions (13) and (15) are satisfied for aj. From (13) it follows with M, from Lemma 1
that

8[0(x1))* < [—mu(an)]**lag]' ™% < Mpf ay

and hence (since 1 —1/s, > 0)

sg—=8 1-L . o l_é
calf(ap)] " v < o] v with 4= <Mrsn“’> :
which implies
(15)
Ou(Trr1) —pul@e) < nemg(ag)
(13) 1 1— L 59
< e o] e [B(ak)] o
1

< bt ealBlan)). (37)
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Hence, for all i =1,2,...,

K+i—1

oul@ryi) = pulzk) + Z (Pu(@rs1) — ou(r))
= K+i—1

< pulex) —nrer S Bl
k=K

Since ¢, (2K +i) is bounded below (from Assumptions (G1) and (G2)), the series on the right hand
side in the last line is bounded, which in turn implies (36). ]

The following lemma considers a subsequence {xj, } with k; € A for all 7. Its proof can be found in
[10, Lemma 3.3].

Lemma 6 Let {xy,} be a subsequence of iterates generated by Algorithm I, so that the filter is
augmented in iteration ki, i.e. k; € A for all i. Furthermore assume that there exist constants
co, € R and Cy > 0, so that

(pll(‘rki) 2 Cp and g(ajkz) < Cy
for all i (for example, if Assumptions (G1) and (G2) hold). It then follows that

lim 6(zy,) = 0.

i—00
The previous two lemmas prepare the proof of the following theorem.

Theorem 1 Suppose Assumptions G hold. Then

lim 6(zy) = 0.

k—oo

Proof. In the case, that the filter is augmented only a finite number of times, Lemma 5 implies
the claim. If in the other extreme there exists some K € N, so that the filter is updated by (17) in
all iterations k > K, then the claim follows from Lemma 6. It remains to consider the case, where
for all K € N there exist k1, ko > K with k1 € A and ko € A.

The proof is by contradiction. Suppose, limsup, 6(z;) = M > 0. Now construct two subse-
quences {zy, } and {z;,} of {x} in the following way.

1. Set i+ 0 and k_1 = —1.

2. Pick k; > k;_1 with
Ore) > M2 (3%)

and k; ¢ A. (Note that Lemma 6 ensures the existence of k; ¢ A since otherwise 6(z,) — 0.)

3. Choose l; := min{l € A : [ > k;}, i.e. [; is the first iteration after k; in which the filter is
augmented.

4. Set i — i+ 1 and go back to Step 2.
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Thus, every xy, satisfies (38), and for each xy, the iterate x;, is the first iterate after xy, for which
(0(zy;), pu(y,)) is included in the filter.
Since (37) holds for all k = k;,...,l; — 1 ¢ A, we obtain for all i

1
oulry,) < ‘Pu($(ki+1)) < u(@r,) — npd e ca[ M/2]%. (39)

This ensures that for all K € N there exists some i > K with ¢,(
otherwise (39) would imply

Thiyy) = ula;) because
L S
qu(xk(i+1)) < gDu(ﬂfli) < so,u(xk@) - 77so55“" C4[M/2] o

for all ¢ and consequently lim; ¢, (xy,) = —oo in contradiction to the fact that {¢,(x)} is bounded
below (from Assumptions (G1) and (G2)). Thus, there exists a subsequence {i;} of {i} so that

Sou(xk(ij+1)) Z SOM (xlij ) (40)

Since Ths, 1) ¢ fk(¢j+1) 2 Fi;, and li; € A, it follows from (40) and the filter update rule (17), that
(T, 1)) < (1= 0)0(z1;, ). (41)

Since l;; € A for all j, Lemma 6 yields lim; 9(33%) =0, so that from (41) we obtain lim; G(xkij) =0
in contradiction to (38). O

3.3 Optimality

In this section we will show that Assumptions G guarantee that at least one limit point of {z} is
a first order optimal point for the barrier problem (2).

The first lemma shows conditions under which it can be guaranteed that there exists a step length

bounded away from zero so that the Armijo condition (15) for the barrier function is satisfied.

Lemma 7 Suppose Assumptions G hold. Let {zy,} be a subsequence with ki & Rinc and my, () <
—aeg for a constant ea > 0 independent of k; and for all « € (0,1]. Then there exists some constant
a > 0, so that for all k; and a < &

Sou(xki + adki) - (pu(wki) < 77<Pmki(a)' (42)

Proof. Let Mj a™® and C, be the constants from Lemma 1 and Lemma 3. It then follows for
all o < a with

C(pMdg
that
Puln, + ady,) — pular,) — mu, (@)
(33b) S
< Cpafldy || < a1 =y )er
< (1 =np)my,(a),
which implies (42). O

Let us again first consider the “easy” case, in which the filter is augmented only a finite number of
times.
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Lemma 8 Suppose that Assumptions G hold and that the filter is augmented only a finite number
of times, i.e. |A| < co. Then

lim yx(zx) = 0.

k—o0

Proof. Since |A| < oo, there exists K € N so that k ¢ A for all k > K. Suppose, the claim is not
true, i.e. there exists a subsequence {zj, } and a constant € > 0, so that x(zy,) > € for all . From
(36) and Lemma 2 there exist €1,e2 > 0 and K > K, so that for all k; > K we have O(zk,) < €1
and

my, (o) < —aey  forall € (0,1]. (43)

It then follows from (15) that for k; > K

‘Pu(wki-l—l) - SO/L(xk:i) < MM, (O‘kl) < —og €.

Reasoning similarly as in proof of Lemma 5, one can conclude that lim; oy, = 0, since ¢, (zy,) is
bounded below and since ,,(x}) is monotonically decreasing (from (37)) for all k > K. We can now
assume without loss of generality that K is sufficiently large, so that ap, < o™ with o™
Lemma 1. This means that for k; > K the first trial step a0 = a3 has not been accepted. The
last rejected trial step size oy, € [ow, /T2, ak, /1] during the backtracking line search procedure
then satisfies (13) since k; ¢ A and oy, j, > ag,. Thus, it must have been rejected because it violates

(15), i.e. it satisfies

from

Op(xr; + an1,dr,) — ou(Tr,) > nemi, (ak, 1,), (44)

or it has been rejected because it is not acceptable to the current filter, i.e.
(e(xkz + aki,lidki)v QOM(xki + aki,lidki)) € fki =Fk. (45)

We will conclude the proof by showing that neither (44) nor (45) can be true for sufficiently large
k.
To (44): Since lim; oy, = 0, we also have lim; oy, ;, = 0. In particular, for sufficiently large k;
we have ay, ;, < @ with & from Lemma 7, i.e. (44) cannot be satisfied for those k;.
0 (45): Let Ok := min{f : (§,¢) € Fx}. From Lemma 4 we have O > 0. Using Lemma 1
and Lemma 3, we then see that

9($ki + ak’i,lidki) < (1 - akiyli)a('rki) + C9M3[O‘ki,li]2'
Since lim; o, ;, = 0 and from Theorem 1 also lim; 6(z,) = 0, it follows that for k; sufficiently large
we have 0(xy, + oy, 1,dr,) < Ok which contradicts (45). O
The next lemma establishes conditions under which a step size can be found that is acceptable to

the current filter (see (16)).

Lemma 9 Suppose Assumptions G hold. Let {zy,} be a subsequence with k; ¢ Rinc and my, (o) <
—aeg for a constant ea > 0 independent of k; and for all o € (0,1]. Then there exist constants
cs,c6 > 0 so that

(0(zr; + ad,), pu(wr, + ady,)) & Fr,

for all k; and o < min{cs, ce0(xy,)}.
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Proof. Let Mgy, Mj a™*,Cy,C, be the constants from Lemma 1 and Lemma 3. Define c5 :=
1rnin{6yn"’”‘,62/(Md2 Cy)} and cg := 1/(M3 Cy).

Now choose an iterate zx,. The mechanisms of Algorithm I ensure (see comment in Step 7),
that

(O(zr,), ppu(n;) & Fi- (46)

e —mkj(a)
M2Cy = Colldy, |12’

For a < ¢5 we have a? < or equivalently

me(Od) + CLPQQHCZkiug < 07

and it follows with (33b) that

pu(r; + ady;) < pu(er,), (47)

since o < ¢5 < @™ < o™ Similarly, for o < c66(zg,) < Wiﬁ%’ we have —af(zy,) +
Cpa?||dy,||* < 0 and thus from (33a)

O(zk, + ady,) < 6(zg,). (48)

The claim then follows from (46), (47) and (48) using (22). O

The last lemma in this section shows that in iterations corresponding to a subsequence with only
non-optimal limit points the filter is eventually not augmented. This result will be used in the
proof of the main global convergence theorem to yield a contradiction.

Lemma 10 Suppose Assumptions G hold. Let {zy,} be a subsequence with x(xr,) > € for a con-
stant € > 0 independent of k;. Then there exists K € N, so that for oll k; > K the filter is not
augmented in iteration k;, i.e. k; € A.

Proof. Since by Theorem 1 we have lim; (x,) = 0, it follows from Lemma 2 that there exist
constants €1, ez > 0, so that

O(zr,) <er and my, (o) < —aer (49)

for k; sufficiently large and a € (0, 1]; without loss of generality we can assume that (49) is valid
for all k;. We can now apply Lemma 7 and Lemma 9 to obtain the constants &, c5,cg > 0. Choose
K €N, so that for all k; > K

1
5 S¢ 1 sg—1
0(x,) <min{01n07gac_5 [ﬁc%] ' } (50)

c6 o’

with 71 from Step 5.5. For all k; > K with 6(x,) = 0 we can argue as in the proof of Lemma 4
that both (13) and (15) hold in iteration k;, so that k; ¢ A.
For the remaining iterations k; > K with 6(xj,) > 0 we note that this implies that k; € Rinc,

 [0(z, )]0
M < rregb(a,) (51)
€2
(since sg > 1), as well as
cef(xr,) < min{a, cs}. (52)
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Now choose an arbitrary k; > K with 6(zg,) > 0 and define

52 .o
B = cob(ar,) = minfa, cs, cob(ar,)) (53)

Lemma 7 and Lemma 9 then imply, that a trial step size ay,; < By, will satisfy both

ou(r, (ar, 1) < ulzr,) +neme, (ax, 1) (54)

and
(9(9% (ki 1))s PulTr; (O‘kzi,l))) Z Fr,- (55)

If we now denote with oy, 1, the first trial step size satisfying both (54) and (55), the backtracking
line search procedure in Step 5.5 then implies that for o > oy, 1,

53 (51) 60 (xzy,. )%
a > 10, (53) Tic60(xg,) > |:(€+)]
2

and therefore for o > oy, 1,

(49)
S[0(xk,)]* < aey? = [a]' 75 (veg)®* 4§9 [a] 75 [—my, ()] .

This means, the switching condition (13) is satisfied for oy, and all previous trial step sizes.
Consequently, for all trial step sizes ax,; > o, 1, Case I is considered in Step 5.4. We also have
Qg > a‘kgin, i.e. the method does not switch to the feasibility restoration phase in Step 5.2 for
those trial step sizes. Consequently, ay, 7, is indeed the accepted step size ay,. Since it satisfies
both (13) and (54), the filter is not augmented in iteration ;. O

We are now ready to prove the main global convergence result.

Theorem 2 Suppose Assumptions G hold. Then

klim O(zr) = 0 (h6a)
and li]?infx(mk) = 0. (56b)

In other words, all limit points are feasible, and there exists a limit point zk > 0 of {xx} which is
a first order optimal point for the barrier problem (2).

Proof. (56a) follows from Theorem 1. In order to show (56b), we have to consider two cases:
i) The filter is augmented only a finite number of times. Then Lemma 8 proves the claim.

ii) There exists a subsequence {x, }, so that k; € A for all i. Now suppose, that lim sup; x(xx,) >
0. Then there exists a subsequence {xklj} of {xy, } and a constant € > 0, so that lim; G(xkij) =0
and X(l’kij) > ¢ for all k;;. Applying Lemma 10 to {l’kij }, we see that there is an iteration k;,
in which the filter is not augmented, i.e. k;; ¢ A. This contradicts the choice of {z,}, so that
lim; x(zx,) = 0, which proves (56b).

That a limit point z§ with 6(z4) = x (%) = 0 lies indeed in the interior of the non-negative orthant,
i.e. 2§ > 0, has been argued in the paragraph before the statement of Lemma, 1. O
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Remark 5 It is not possible to obtain a stronger result in Theorem 2, such as “limy x(zr) = 07
The reason for this is that even arbitrarily close to a strict local solution the restoration phase
might be invoked even though the search direction is very good. This can happen if the current
filter contains “old historic information” corresponding to previous iterates that lie in a different
region of R™ but had values for 6 and ¢, similar to those for the current iterate. For example, if
for the current iterate (0(xy), ¢, (xr)) is very close to the current filter (e.g. there exists filter pairs
(0,p) € Fr with < 0(zx) and ¢ ~ ¢,(z)) and the barrier function ¢, has to be increased in
order to approach the optimal solution, the trial step sizes can be repeatedly rejected in Step 5.8 so
that finally oy, becomes smaller than agﬁn and the restoration phase is triggered. Without making
additional assumptions on the restoration phase we only know that the next ilerate xyy1 returned
from the restoration phase is less infeasible, but possibly far away from any KKT point.

In order to avoid that xp,1 diverts from a strict local solution @ (satisfying the usual second
order Assumptions L below), we propose the following procedure. If the restoration phase is invoked
at points where the KKT error (the norm of the left hand side of (3)) is small, continue to take
steps into the usual search directions dy, from (5) (now within the restoration phase), as long as the
KKT error is decreased by a fized fraction. If this is not possible, we have to revert to a different
algorithm for the feasibility restoration phase. If xj is sufficiently close to xk, Assumptions L
ensure that z& is a point of attraction for Newton’s method, so that this procedure will be able to
eventually deliver a new iterate xy1 which is sufficiently close to feasibility in order to be accepted

by the current filter and at the same time approaches x¥, so that overall limy, x;, = % is guaranteed.

Remark 6 For the overall barrier method as the barrier parameter p is driven to zero, we may
simply re-start Algorithm I by deleting the current filter whenever the barrier parameter changes.
Alternatively, we may choose to store the values of the two terms f(x;) and ), ln(xl(l)) in the
barrier function y,(x;) separately for each corner entry (18) in the filter, which would allow one to
initialize the filter for the new barrier problem under consideration of already known information.
Details on such a procedure are beyond the scope of this paper.

4 Local Convergence

In this section we will discuss the local convergence properties of Algorithm I. As mentioned by
Fletcher and Leyffer [12], the filter approach can still suffer from the so-called Maratos effect
[18], even though it is usually less restrictive in terms of accepting steps than a penalty function
approach. The Maratos effect occurs if, even arbitrarily close to a strict local solution of the barrier
problem, a full step dj, increases both the barrier function ¢, and the constraint violation 6, leads
to insufficient progress with respect to the current iterate and is rejected. This can result in poor
local convergence behavior. As a remedy, Fletcher and Leyffer propose to improve the step dy, if it
has been rejected, by means of a second order correction which aims to further reduce infeasibility.

In the following we will show that second order correction steps are indeed able to prevent
the Maratos effect. For clarity, the analysis is still done for the barrier approach described in
Section 2 for a fized value of the barrier parameter p, even though strictly speaking the barrier
problem for a given value of the barrier parameter is only solved approximately in the overall
barrier method, and its overall local performance depends on its behavior as u converges to zero
(see e.g. [15, 16, 20]). More relevant is the avoidance of the Maratos effect in an active set SQP
method. Later in Section 5.2 we will show that the following local convergence results can also be
applied to those methods.
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4.1

Second Order Correction Steps

Let us first outline the procedure for the second order correction.

If in iteration k

i) o™ =1 with o) defined in (8),

ii) the first trial step size a0 = 1 has been rejected in Step 5.3 or Step 5.4 of Algorithm I, and

iii) O(z)) < Osoc for some fixed constant .. € (0, 00],

then, instead of immediately continuing with the selection of a shorter trial step size a4, 1 in Step 5.5,
we first compute a second order correction step and accept it if it satisfies our usual acceptance
criteria, as outlined next.

Algorithm SOC

5.1%.

5.2%.

5.3%.

5.4%.

Compute second order correction step.

Solve the linear system

HzOC AzOC diOC _ gzOC (57)
(AT 0 e c(ay, +di) + ¢ )

(particular admissible choices of H;¢, A3°¢, g3°¢, ¢;°¢

order correction step d;’¢ and define

are discussed below) to obtain the second

T41 = T +di + dzoc.

Check fraction-to-the-boundary rule.

If
T+ d + dzoc > (1 — T)xk (58)

is not satisfied, reject the second order correction step and continue with Step 5.5 (of Algo-
rithm I).

Check acceptability to the filter.

If Zxy1 € Fi, reject the second order correction step and go to Step 5.5.
Check sufficient decrease with respect to current iterate.
5.4.1*. Case I. The switching condition
m(l) <0 and [—m(1)]%% > & [0(xy)]™ (59)

holds:
If the Armijo condition for barrier function

Ou(Trr1) < pulrr) + nemi(1) (60)

holds, accept Zy11 and go to Step 6.
Otherwise, go to Step 5.5.
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5.4.2*. Case II. The switching condition (59) is not satisfied: If

0(Zrr1) < (1 —9)0(2r) (61a)
or ou(@ri1) < pular) — vp0(zk) (61b)

hold, accept Zx41 and go to Step 6.
Otherwise, go to Step 5.5.

If Z11 has been accepted by Algorithm SOC as the next iterate, we also replace Step 7 of Algo-
rithm I by

7*. If one of the conditions (59) or (60) does not hold, augment the filter according to (17); otherwise
leave the filter unchanged, i.e. set Fi11 := Fy.

It can be verified easily that this modification of Algorithm I does not affect its global convergence
properties.

Second order correction steps of the form (57) are discussed by Conn, Gould, and Toint in [7,
Section 15.3.2.3]. Here we assume that H}°¢ is uniformly positive definite on the null space of
(AEOC)T, and that in a neighborhood of a strict local solution we have

g = olldil), Ak~ AP =O(ldsl), = oldi]?). (62)

In [7], the analysis is made for the particular choices ¢j°¢ = 0, A}°° = A(xy + pg) for some p;, =
O(||dkl), and Hy, = V2, L, (g, \) in (5) for multiplier estimates \,. However, the careful reader
will be able to verify that the results that we will use from [7] still hold as long as

(WY — Hy)dy = o[ dil]), (63)

if x;, converges to a strict local solution % of the barrier problem with corresponding multipliers

M where
m

(6)
Wi = Vi, Lu(wr, M) = Viu(ar) Z V2 (). (64)
Popular choices for the quantities in the computation of the second order correction step in (57)
that satisfy (62) are for example the following.

(a) H* =1, gi°° =0, ¢f°° = 0, and A = Ay, or A} = A(xy, + dj;), which corresponds to a
least-square step for the constraints.

(b) H{PC = X2, gi°° = 0, ¢°° = 0, and A5°° = Ay, or A5°° = A(zy + dy,), which corresponds to
a least-square step for the constraints in a different norm which takes the proximity to the
boundary into account.

(c) Hi = Hy, g;°° =0, ¢i°° = 0, and A3°° = Ay, which is very inexpensive since this choice allows
to reuse the factorization of the linear system (5).

(d) H;°° being the Hessian approximation corresponding to xj, + dj, 93°¢ = Vo, (xr +di) + A(zi, +
dk)T)\+, 2¢ =0, and AP = A(xy, + di) which corresponds to the step in the next iteration,
supposing that T+ dy, has been accepted. This choice has the flavor of the watchdog technique
[6].

e) If d5°° is a second order correction step, and d5°¢ is an additional second order correction step
k k _
i.e. with “c(xp+di)” replaced by “c(xg+di+d;°¢)” in (57)), then d;°¢+d3°° can be understood
k k k
as a single second order correction step for dj, (in that case with ¢°¢ # 0). Similarly, several
consecutive correction steps can be considered as a single one.
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4.2 Local Convergence Analysis with Second Order Correction Steps

We start the analysis by stating the necessary assumptions.

Assumptions L. Assume that {xy} converges to a local solution xk > 0 of the barrier problem (2)
and that the following holds.

(L1) The functions f and c are twice continuously differentiable in a neighborhood of xk.
(L2) z satisfies the following sufficient second order optimality conditions.

o 1! is feasible, i.e. (k) =0,
o there exists Ny € R™ so that the KKT conditions (3) are satisfied for (zk, \Y),
e the constraint Jacobian A(z}) has full rank, and
e the Hessian of the Lagrangian WE = Vfwﬁﬂ(a}i‘, L) is positive definite on the null space
of A(zh)T.
(L3) In (57), H;°° is uniformly positive definite on the null space of (A)T, and (62) holds.
(L4) The Hessian approzimations Hy in (5) satisfy (63).

The assumption z; — & has been discussed in Remark 5 on page 22. Assumption (L4) is
reminiscent of the Dennis-Moré characterization of superlinear convergence [8]. However, this
assumption is stronger than necessary for superlinear convergence [3] which requires only that
ZF(WE — Hy)dg = o(||dg]]), where Zj, is a null space matrix for A7.

First we summarize some preliminary results.

Lemma 11 Suppose Assumptions G and L hold. Then there exists a neighborhood Uy of x¥, so
that for all xy, € Uy we have

di¢ = o(|ldkll) (65a)

ap®™ =1 (65b)
rp+dp+d¢ > (1—71)zy (65¢)
mi(1) = O(||dkl]) (65d)

oz +dp +dy°) = 0(||dkH2) (65e)

Proof. Since from Assumption (L3) the matrix in (57) has a uniformly bounded inverse and the
right hand side is o(||dx||), claim (65a) follows. Furthermore, since z{ > 0 and dj,d;*® — 0 as
zr, — &, we have (65b) and (65¢). (65d) follows from the boundedness of Vi, (z)) and (14).
Finally, from

clay +dp +di°) = e+ dy) + Alwg + di) T di + O(||de ()

(57) SOC SOC SOC SOC
= = = (AT + (Axg) + O(ldi )

+O(Id5°[I*)

(62) SOC SOC
= o(|ldkl*) + OClldillld>< 1) + Ol 1)
(65a)
=" o(llde]l?)
for zy, close to z¥ the last claim (65e) follows. O

25



In order to prove our local convergence result we will make use of two results established in [7]
regarding the effect of second order correction steps on the exact penalty function (10). Note, that
we will employ the exact penalty function only as a technical device, but the algorithm never refers
to it. We will also use the following model of the penalty function

1
Gp(1, d) = u(2x) + Vi (ap)Td + idTde +p HAgd + c(ay)||- (66)

The first result follows from Theorem 15.3.7 in [7].

Lemma 12 Suppose Assumptions G and L hold. Let ¢, be the exact penalty function (10) and q,
defined by (66) with p > ||\c||p, where || - ||p is the dual norm to || - ||. Then,

i @e(@k) = Gp(an + di + )
k—oo  qp(2r,0) — qp(Tk, di)

= 1. (67)

The next result follows from Theorem 15.3.2 in [7].

Lemma 13 Suppose Assumptions G hold. Let (dy, )\2') be a solution of the linear system (5), and
let p > |Af |l p. Then
9p(2k, 0) — qp(xk, di) > 0. (68)

The next lemma shows that in a neighborhood of ' Step 5.4.1* of Algorithm SOC will be successful
if the switching condition (59) holds.

Lemma 14 Suppose Assumptions G and L hold. Then there exists a neighborhood Uy C Uy of xk
so that whenever the switching condition (59) holds, the Armijo condition (60) is satisfied for the
step dy, + diP°.

Proof. Choose U; to be the neighborhood from Lemma 11. It then follows that for x; € U
satisfying (59) that (58) holds and that

0(zr) < 55 [—mi(1)] % 2V O(ldi]) ) = ol dl|?), (69)

since i—: > 2.
Since 7, < %, Lemma 12 and (68) imply that there exists K € N such that for all & > K we
have for some constant p > 0 with p > ||} ||p independent of k that

bp(wr) — Gp(Tp + di + i) > <% + 77@) (gp(zk,0) — gp(zk, d)) - (70)

We then have

QO#(l‘k) - ‘pu(xk +di, + d?coc)
= Gp(wr) — Gp(p + di + di7°) — p (O(xr) — O(zp + di + d}7°))

(70),(65¢),(69) /1 ,
> 5 T (ap(xk, 0) — qp(xp, di)) + o[|di]|)
66),(69 1 1
O (S n) (Voudan) T+ gl Hude) + o)
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Since my (1) = Ve, (zx)T dy, this implies with the boundedness of )\;:, Dk, and g (from (25)) that
Pulr) + nemi(l) — ou(zr + di + di’)

1 1

> =5 Veu(wr) d - (Z + %) di Hydy + o([|dy|1*)

G 1 T4 y+ L ne\ 1 2

= §(dkadk+d Ak)\ ) Z—i_? dkadk—FO(”dkH )

G (1 T 1 T+

2 (5 Qdm@zmwAwww>

69 1

pid ( >dTdek + ol dil|?)

(25) THT 5~

D (- %) 2L Zup+ Ol + ol i) ()
Finally, using repeatedly the orthonormality of [Z), Y] as well as the boundedness of {x}, we have

| (26a),(G5) 69 -
a = 0@ " 00@) Y olllanl?) = o(df dy)

(25b)
= opipk +acar) = o(|[pkl*) + o(llaxl®)
and therefore g, = o(||px||?), as well as

di "2 0(larll) + Olpell) "2 o(llpel)) + OCUlakl) = Ol

Hence, (60) is implied by (71), Assumption (G6) and 7, < 3, if 2, is sufficiently close to z¥. O

It remains to show that also the filter and the sufficient reduction criterion (12) do not interfere
with the acceptance of full steps close to . The following technical lemmas address this issue and
prepare the proof of the main local convergence theorem.

Lemma 15 Suppose Assumptions G and L hold. Then there exists a neighborhood Us C Uy (with
Us from Lemma 14) and constants p1, p2, p3 > 0 with

ps = (L="9)p2— (72a)
2902 < (1+70)(p2 — p1) — 27 (72b)
23 = (1+70)p1+ (1 —9)p2, (72¢)

so that for all zy, € Us we have |Af|[p < p; for i =1,2,3, and the second order correction step is
always tried in Algorithm SOC if xp + di. is rejected. Furthermore, for all xj, € Us we have

oc 1 _|_ 79 (68)

bps (k) — Gp; (ks + dip + d}) > (ap;(k, 0) — qp, (2, di)) = 0 (73)
for i =23 and all choices
GC = 4P, (74a)
B = opdi® + dynr + 0k B2, (74b)
4 = opdPC + disr + Ok 1 i) + diga + Oppadis, (74c)
or &y = opdPC + dp1 + o1 i + dira + Okpadid

+di+s + optsdiys, (74d)
with O, Ok+1, k42, 0kt3 € {0,1}, as long as x4 = x + dp + oy dy°¢ for 1 € {k,....k+ j} with

j€{-1,0,1,2}, respectively.
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Proof. Let U3 C U; be a neighborhood of z, so that for all z;, € Us we have 0(x)) < fsoc.
Therefore, due to (65b) and (65¢) the second order correction is always tried in Algorithm SOC
if z; + di has been rejected. Since )\;f is uniformly bounded for all k£ with z; € Us, we can find
p1 > H)\f:H with

o1 > NIl (75)

for all k£ with xj € Us. Defining now

14 v 3
= 7/?14- e
L= L —y

P2

and p3 by (72a), it is then easy to verify that ps, p3 > p1 > | A} ||p and that (72b) and (72c) hold.
Since (1 4 79) < 2, we have from Lemma 12 by possibly further reducing Us that (73) holds for
zy, € Us, since according to (d) and (e) on page 24 all choices of d;°° in (74) can be understood as
second order correction steps to dj. O

Before proceeding with the next lemma, let us introduce some more notation.
Let Uz and p; be the neighborhood and constants from Lemma 15. Since limy, z, = z&, we can
find K; € N so that x5 € Us for all £ > K. Let us now define the level set

L= A{z € Us: ¢py(2) < Py (@) + K}, (76)

where £ > 0 is chosen so that for all € L we have (6(z),¢,(z)) ¢ Fk,. This is possible, since
Ok, > 0 from (35), and since max{f(z) : z € L} converges to zero as k — 0, because z¥ is a strict
local minimizer of ¢,, [17]. Obviously, i € L. For later reference let Ky be the first iteration
Ky > K with zg, € L.

Furthermore, let us define for k£ € N
G = {(97 ©):0>(1—)0(xr) and ¢ > pu(xy)— '7909($k)}

and Il’jf ={l=ki,...,ka —1:1€ A} for k; < ky. Then it follows from the filter update rule (17)
and the definition of A that for k1 < ko

Fro =Fi, U | G- (77)

len?

Also note, that [ € I,]jf C Aimplies 6(z;) > 0. Otherwise, we would have from (34) that my(ag;) <
0, so that (13) holds for all trial step sizes «, and the step must have been accepted in Step 5.4.1
or Step 5.4.1*, hence satisfying (15) or (60). This would contradict the filter update condition in
Step 7 or 7*, respectively.

The last lemma will enable us to show in the main theorem of this section that, once the iterates
have reached the level set L, the full step will always be acceptable to the current filter.

Lemma 16 Suppose Assumptions G and L hold and let x > 0 and | > Ky with 6(x;) > 0. Then
the following statements hold.

If ¢,02 ($l) - ¢P2 (‘r) > 1-";0 ((:ZPQ (xho) — qps (xlv dl))’ (78)
then (0(x), pu(r)) € Gi.

If:L‘ € L and ¢p2(xK2) - ¢,02 (SL‘) > 1-"-279 (QPz(szvO) - sz(-TKzadKz)); } (79)
then (9(%’), ‘P#(x)) ¢ ~7:K2'
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Proof. To (78): Since p1 > ||A/||p we have from Lemma 13 that g,, (2,0) — gp, (21,d;) > 0, and
hence using definition for g, (66) and AT d; + c¢(x;) = 0 (from (5)) that

¢P2(xl) - ¢P2 (.I') > ! ‘;’Y@ (qP2($lao) - qu(xhdl))
= 2 (1,0 = g () + (2 = p1)0(01)
> 0, o). (80)

If pu(z) < pu(xr) — 7,0(x;), the claim follows immediately. Otherwise, suppose that ¢, (z) >
ou(x) — v,0(x;). In that case, we have together with 6(x;) > 0 that

(80),(10) 1
O(x) —0(z) = o

(02— p)O(E) + — (o) — Pula1))
P2

2p2

1+ Yo
> — O(x;) — —<0(x
> o (p2 — p1)0(z1) p (1)
(72b)
> _799(‘%1)7

so that (0(z), pu(x)) € Gi.
o (79): Slnce x € L, it follows by the choice of k that (0(z),¢u(x)) € Fk,. Thus, according

m
o (77) it remains to show that for all [ € IKf we have (0(x), ¢, (z)) € G. Choose [ € Ifgf As in
(80) we can show that

Spal) = Bpal0) 2 2 02— p1)0ery). 51)

Since = € L it follows from the definition of Ky (as the first iterate after K; with xx, € L) and the
fact that | < K5 that

(@) 2 ) D b (era) + (03— p2)0(ars)

(81) 1+ 1-—
> Gpy() + (p3 - 2%} p1— 279 p2) 0(zk,)
(72c)
> Ppy (). (82)

If pu(x) < ou(xr) — v,0(x;), we immediately have (6(x), p.(x)) € Gi. Otherwise we have ¢, (x) >
ou(xr) — v,0(x;) which yields
1
0(x) . (Pu(ar) + p3b(xr) — ou(x))

me(xl)
P2

=" (1 —=7)0(=),
so that (6(x), pu(x)) € G which concludes the proof of (79). O

After these preparations we are finally able to show the main local convergence theorem.

Theorem 3 Suppose Assumptions G and L hold. Then, for k sufficiently large full steps of the
form xp 1 = xp + di or Tpy1 = T) + dip + di°° will be taken, and xy converges to x superlinearly.
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Proof. Recall that Ky > K; is the first iteration after K; with xx, € L C Us. Hence, for all
k > Ko Lemma 11 and Lemma 15 imply that the second order correction step is always tried in
Algorithm SOC if x), + dy, is rejected, and that a?** = 1 and (58) hold, i.e. the fraction-to-the-
boundary rule is never active.

We now show by induction that the following statements are true for k > Ko + 2:

() Gno1) = Bpulen) 2 22 (45 (21,0) — g, a1, )
for i € {2,3} and Ky <1<k —2
(iiy) =axpel
(iiig) T = Tp_1 + dp—1 + op_1d3G with o1 € {0,1}.

We start by showing that these statements are true for k = Ko + 2.

Suppose, the point zx, + dg, is not accepted by the line search. In that case, define g, 1 :=
Tr, + dk, + d5. Then, from (73) with i = 3, k = Ky, and (74a), we see from zk, € L and
the definition of L that g, € L. After applying (73) again with i = 2 it follows from (79) that
O(Zryt1)s u(Tryt1)) & Fis, €. T,y is not rejected in Step 5.3*. Furthermore, if the switching
condition (59) holds, we see from Lemma 14 that the Armijo condition (60) with k = K> is satisfied
for the point Zg,+1. In the other case, i.e. if (59) is violated (note that then (34) and (59) imply
0(zk,) > 0), we see from (73) for i = 2, k = K>, and (74a), together with (78) for | = K>, that (61)
holds. Hence, Tk, is also not rejected in Step 5.4* and accepted as next iterate. Summarizing
the discussion in this paragraph we can write xx,+1 = Tx, + dx, + JKQdﬁgg with og, € {0,1}.

Let us now consider iteration Ko + 1. For ok, 41 € {0,1} we have from (73) for k = K3 and
(74b) that

@bpi (sz) - ¢pi (xK2+1 + dK2+1 + O'K2+1d§?20+1)

I+
> 9 (qpi (xK2 ’ 0) — dp; (':UK27 dKQ)) (83)
for ¢ = 2,3, which yields
TRoy+1 + dRo41 + OKky+1dR 1 € L (84)

If xx,4+1 + dk,+1 is accepted as next iterate x g, 42, we immediately obtain from (83) and (84) that
(ix,+2)—(ilig,+2) hold. Otherwise, we consider the case ok,+1 = 1. From (83), (84), and (79) we
have for TRy+2 '= Ty+1 + dKyt+1 + d?();—i-l that (9(@K2+2),ﬁp“(f[(2+2)) & Fr,- If Ko & III§22+1 it
immediately follows from (77) that (0(Zx,+2), 0u(Tro+2)) & Frot1. Otherwise, we have 0(zg,) >
0. Then, (83) for ¢ = 2 together with (78) implies (8(Zx,+2), Pu(Tk,+2)) & GK,, and hence with
(77) we have (0(Tx,+2), 0u(Tro+2)) € Frot1, s0 that T, o is not rejected in Step 5.3*. Arguing
similarly as in the previous paragraph we can conclude that T, is also not rejected in Step 5.4*.
Therefore, rx,12 = Tx,+2. Together with (83) and (84) this proves (ix,+2)—(ilix,+2) for the case
OKy+1 = 1.

Now suppose that (i;)—(iii;) are true for all K9 4+ 2 <[ < k with some k > Ko 4 2. If 23 + dj, is
accepted by the line search, define oy, := 0, otherwise oy, := 1. Set Tp11 := o} + dj, + 03 d;>°. From
(73) for (74c) we then have for i = 2,3

1+
2

¢Pi (xk—l) - d)Pz‘ (jk+1> > (qm‘(mk—lv 0) — 4p; (xk—l’dk—l)) > 0. (85)

Choose | with Ky <[ < k — 1 and consider two cases:
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Case a): If k = Ky + 2, then | = K>, and it follows from (73) with (74d) that for i = 2,3

14
2

¢ﬂi (wl) - ¢pi ('karl) > (qm ($l7 0) — 4p; (‘Tl’ dl)) > 0. (86)
Case b): If k > K5 + 2, we have from (85) that ¢,, (Tx4+1) < ¢p, (€r—1) and hence from (ip_;) it
follows that (86) also holds in this case.
In either case, (86) implies in particular that ¢,,(Zx+1) < ¢ps(2K,), and since zg, € L, we
obtain
Zps1 € L. (87)

If xj, + dj, is accepted by the line search, (ix41)—(iiig41) follow from (86), (85) and (87). If =y + d
is rejected, we see from (87), (86) for i = 2 and | = Ky, and (79) that (0(Zy1), ou(ZTrt1)) € Fk,-
Furthermore, for | € If(z we have from (85) and (86) with (78) that (0(Zr+1), Pu(ZTr+1)) € Gi, and
hence from (77) that Zx41 is not rejected in Step 5.3*. We can again show as before that Ty is
not rejected in Step 5.4%, so that xgy1 = Tp4q which implies (ix41)—(iiigt1)-

That {zx} converges to x4 with a superlinear rate follows from (63) (see e.g. [21]). O

Remark 7 As can be expected, the convergence rate of xy towards ¥ is quadratic, if (63) is
replaced by
(Wi — Hi)dy, = O(||dk||).

5 Alternative Algorithms

5.1 Measures based on the augmented Lagrangian Function

The two measures ¢, (x) and 6(x) can be considered as the two components of the exact penalty
function (10). Another popular choice for a merit function is the augmented Lagrangian function
(see e.g. [22])

(. 2) = pule) + Mew) + Sela) e(a), (88)

where X\ are multiplier estimates corresponding to the equality constraints (2b). If A are the
multipliers corresponding to a strict local solution x4 of the barrier problem, then there exists a
penalty parameter p > 0, so that z is a strict local minimizer of £,(z, Xy).

In the line search filter method described in Section 2 we can alternatively follow an approach
based on the augmented Lagrangian function rather than on the exact penalty function, by splitting
the augmented Lagrangian function (88) into its two components £, (x, \) (defined in (6)) and 6(x).
In Algorithm I we then replace all occurrences of the measure “p,(z)” by “L,(x,\)”. In addition
to the iterates x; we now also keep iterates \; as estimates of the equality constraint multipliers,
and compute in each iteration k a search direction dg for those variables. This search direction can
be obtained, for example, with no additional computational cost as dz = )\Zr — A\ with )\; from
(5) or (23). Defining

Ae(agy) = N + o dy,

the sufficient reduction criteria (12b) and (15) are then replaced by

Ly(r(ar), Melart)) < Lu(zr, A) — 700 (7k) and
Lp(r(ar), Melarg)) < Lu(zr, A) + npmp(ak,),

31



respectively, where the model my, for £, is now defined as

mp(a) = aVu(z)Td, — arfe(zr) + a(l — a)c(zy)Tdp (89)
= Lu(p+ adp, A + ady) — L(z, A) + O(?) (90)

which is obtained by Taylor expansions of ¢, (x) and ¢(x) around x, into direction dj and the use
of (5).

The switching condition (13) remains unchanged, but the definition of the minimum step
size (21) has to be changed accordingly. The only requirements for this change are again that
it is guaranteed that the method does not switch to the feasibility restoration phase in Step 5.2
as long as the switching condition (13) is satisfied for a trial step size o < ayy, and that the
backtracking line search in Step 5 is finite.

One can verify that the global convergence analysis in Section 3 still holds with minor modifi-
cations [28]. Concerning local convergence, however, it is not clear to us at this point whether fast
local convergence can also be achieved when the measure “L,(x,\)” is used.

5.2 Line Search Filter SQP Methods

In this section we show how Algorithm I can be applied to line search SQP methods for the solution
of nonlinear optimization problems of the form

min f(x) (91a)
TeR™
st. Fx)=0 (91b)
E(z) >0, (91c)
where the functions f and ¢ := (¢, %) have the smoothness properties of f and ¢ in Assump-

tions (G1) and (L1). A line search SQP method obtains search directions dj, as the solution of the
quadratic program (QP)

1
. Tao 24T H 9
min gi d+ 2d rkd (92a)
st (ADTd+ E(xp) =0 (92b)

(A7) d+ ¢ (xx) > 0, (92¢)

where gy, == V f(z1), A =V (xy), AL := VI (21), and Hy, is (an approximation of the) Hessian
of the Lagrangian
Lz, A\ v) = f(z) + (5 (2))"A = (F(2)Tv

of the NLP (91) with the Lagrange multipliers v > 0 corresponding to the inequality constraints
(91c). We will denote the optimal QP multipliers corresponding to (92b) and (92¢) with A} and
’U: > 0, respectively.

We further define the infeasibility measure by

=] 45:)

where for a vector w the expression w(™) defines the vector with the components max{0, —w®}.
Algorithm I can then be used with the following modifications.

)

i

1. All occurrences of “p,” are replaced by “f”.
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2. The computation of the search direction in Step 3 is replaced by the solution of the QP (92).
The restoration phase is invoked in this step, if the QP (92) is infeasible or not “sufficiently
consistent” (see Assumption (G5**) below).

3. The fraction-to-the-boundary rule is no longer necessary, i.e. in Step 4 we always choose

ap® =1.

In order to state the assumptions necessary for a global convergence analysis let us again consider
a decomposition of the search direction

di = Qi + Pk (93)
where ¢ is now defined as the solution of the QP

: T
min
soRn q 9
st. (ADTq+cE(xp) =0

(AT q + I (x) > 0,

TN

i.e. g is the shortest vector satisfying the constraints in the QP (92), and py is simply defined as
dr. — qr. With these definitions we can now replace Assumptions (G5) and (G6) by

(G5**) There exist constants Mg, My, M,, My > 0, so that for all k & Rinc we have

ldill < Ma, NI < My, ol < Mo, laill < Mb(a)

(G6**) There exists a constant Mg > 0, so that for all k € Rinc we have

df Hydy > Myd? dy,. (94)

Assumption (G5**) is similar to the assumption expressed by Eq. (2.10) in [10]. Essentially,
we assume that if the constraints of the QPs (92) become increasingly ill-conditioned, eventually
the restoration phase will be triggered in Step 3. Together with Assumption (G4) this assumption
also means that we suppose that the QP (92) is sufficiently consistent when feasible points are
approached.

Assumption (G6**) again ensures descent in the objective function at sufficiently feasible points.
This assumption has been made previously for global convergence proofs of SQP line search methods
(see e.g. [24]). However, this assumption can be rather strong since even close to a strict local
solution the exact Hessian might have to be modified in order to satisfy (94). In [28] an alternative
and more natural assumption is considered for the NLP formulation (1) which only allows bound
constraints as inequality constraints.

In order to see that the global convergence analysis in Section 3 still holds under the modified
Assumptions G, let us first note that the objective function of the nonlinear problem solved by
Algorithm I is now bounded since no “In”-terms appear in the NLP (91) in contrast to the barrier
problem (2). Therefore, the scaling (23) of the linear system (5) is no longer necessary. After
defining the criticality measure again as x(x) := ||pkll2 for k& & Rine, the proofs are valid with
minor straightforward modifications and with all occurrences of “p,” and “dy” replaced by “f”
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and “dg”, respectively. Only the proof of Lemma 2 deserves special attention. From the optimality
conditions for the QP (92) it follows in particular that

g + Hydy, + AN — Aol = 0 (95a)
T
(AT di + F(xr)) v = (95b)
vl > 0, 95¢
k

so that for all k & Rine

ghdy 2 —dlHyd, - dig AN + di Aol
92b),(95b
( ):( ) —d%dek + Cg(ﬂﬁk)T)\z — cI(xk.)Tv,j
(95¢) T £ T+ N+
< _dk dek+c (ﬂjk) )‘k + <CI(SUk) > Uy,
(93) )
< —Mp[x(z)]” + O (x(xx)0(zx)) + O(0(2))

where we used Assumptions (G5**) and (G6**) in the last inequality. This corresponds to the
second last line in (32), and we can conclude the proof of Lemma 2 as before.

Also the discussion of local convergence in Section 4 still applies if we assume that eventually
the active set is not changed. To guarantee this, the computation of the second order correction
step (57) and the feasibility restoration phase proposed in Remark 5 have to be adapted in order
to take the active inequality constraints into account.

5.3 Fast Local Convergence of a Trust Region Filter SQP Method

As briefly mentioned in Section 2, the switching rule used in the trust region SQP-filter algorithm
proposed by Fletcher et. al. [10] does not imply the relationship (69), and therefore the proof of
Lemma 14 in our local convergence analysis does not hold for that method. However, it is easy to
see that the global convergence analysis in [10] is still valid (in particular Lemma 3.7 and Lemma
3.10 in [10]), if the switching rule Eq. (2.19) in [10] is modified in analogy to (13) and replaced by

[my(di)]** A;ifs“" > kgl

where my, is now the change of the objective function predicted by a quadratic model of the objec-
tive function, Ay the current trust region radius, kg, > 0 constants from [10] satisfying certain
relationships, and the new constant s, > 0 satisfies s, > 2¢. Then the local convergence analysis
in Section 4 is still valid (also for the quadratic model formulation), assuming that sufficiently
close to a strict local solution the trust region is inactive, the trust region radius Ay is uniformly
bounded away from zero, the (approximate) SQP steps s; are computed sufficiently exact, and a
second order correction as discussed in Section 4.1 is performed.

6 Conclusions

A framework for line search filter methods that can be applied to barrier methods and active set SQP
methods has been presented. Global convergence has been shown under mild assumptions, which
are, in particular, less restrictive than those made previously for some line search IP methods. The
switching rule (13), differing from previously proposed rules, allows furthermore to establish that
the Maratos effect can be avoided using second order corrections. We also proposed an alternative
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measure for the filter, using the Lagrangian function instead of the objective function, for which
the global convergence properties still hold. However, it is subject to future research whether this
new approach leads also to fast local convergence, possibly without the need of a second order
correction step.

In a future paper we will present practical experience with the line search filter barrier method
proposed in this paper. So far, our numerical results are very promising [28].
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