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Abstract

Primal-dual interior-p oint methods (IPMs) have showvn their power in solving large classes
of optimization problems. Howewer, at present there is still a gap betweenthe practical be-
havior of these algorithms and their theoretical worst-casecomplexity results, with respect
to the strategies of updating the duality gap parameter in the algorithm. The so-called
small-update IPMs enjoy the best known theoretical worst-caseiteration bound but work
very poorly in practice, while the so-calledlarge-update IPMs perform much better in prac-
tice but with relatively wealker theoretical results. In this paper, by restricting us to linear
optimization (LO), we rst exploit someinteresting properties of a proximity measurefunc-
tion that hasa key role in de ning the neighborhood of the certral path. Thesesimple but
important featuresof the proximity measurefunction indicate that, whenthe current iterate
is in a large neighborhood of the certral path, then the large-update IPM emergesto be
the only natural choice. Then, we apply theseresults to a speci ¢ self-regularity basedIPM
proposedrecertly by the authors of this work and C. Roos. Among others, we show that
this self-regularity basedIPM can also predict preciselythe changeof the duality gap asthe
standard IPM does. Therefore, we can directly apply the modi'ed IPM to the simpli ed
self-dual homogeneousnodel for LO. This provides a remedy for an implementation issueof
the proposedIPMs in [11]. A dynamic large-update IPM in large neighborhood is proposed.
Di®erert from the algorithm in [11], the new dynamic IPM always takes large-update and

doesnot utilize any inner iteration to get certered. An O ns log T iteration bound of the
algorithm is established.

Keyw ords:  Linear Optimization, Primal-Dual Interior-Point Method, Proximity Func-
tion, Polynomial Complexity, Self-RegularFunction.

AMS Subjet Classi cation: 90C05



1 Intro duction

Since Karmarkar's seminal paper [5], many researters have proposed and analyzed various
interior-p oint methods (IPMs) for solving large classesof optimization problems and numerous
exciting results have beenreported. For a survey of theseresults we refer to the recert books on
the subject ([13, 16, 17]). In this paper, we deal with primal-dual IPMs for solving the following
standard LO problem:

(P) minfc'x : Ax = b;x , Og;

where A 2 <M£N gatisTesrank(A) = m, b2 <™: ¢2 <", and its dual problem
(D) maxfb'y : ATy + s=c¢;s, Og:

Without lossof generality, we assumethat both (P) and (D) satisfy the interior point condition
(IPC), i.e., there exists an (x°; s%; y°) such that

AxP=b;x%> 0 ATy?+s=¢; %> o

For this and some other properties mentioned below, see,e.g., [13]. If the IPC holds, then
“nding an optimal solution of (P) and (D) is equivalent to solving the following system.

Ax = b; x, O
Aly+s=c; s, O 1)
xs = O

Here xs denotesthe coordinatewise product of the vectors x and s. The basic idea of primal-
dual IPMs is to replacethe third equation in (1) by the parameterized equation xs = e with

e= (1;:::;1)7. This leadsto the following system
Ax = b; x, O
Aly+s=c s, O 2)
Xs = le:

If the IPC holds, then for eadh * > 0, system (2) has a unique solution. This solution (denoted
by (x(*);s(*))) is called the * -certer of the primal-dual pair (P) and (D). The setof ! -certers
with all * > 0 givesthe central path of (P) and (D) [6]. It hasbeenshann that the limit of the
certral path (as! goesto zero) exists. Becausethe limit point satis es the complemenarity
condition, it naturally yields optimal solutions for both (P) and (D) [13].

Primal-dual IPMs follow the certral path (x(*);s(*)) approximately and approac the optimal
solution setof the underlying LO problem as! goesto zero. Let usbrie®y indicate how this goes.
Without lossof generality we assumethat the presert point (x; y;s) is in a certain neighborhood
of the certral path for somepositive!. We rst update! to 1, := (1 W?!, for someu2 (0;1).
Then we solve the following Newton system

At x = 0;
AT¢ey+ ¢s=0; )
s¢x+ xCts=1,ej xs

and get the unique seardt direction (¢ x; ¢ y; ¢ s). By taking a step along the seart direction
wherethe step sizeis de ned by someline seard rules, one constructs a new triple (x;y;s) that



is ‘closer'to (x(*+);y(*+);s(*+)). We repeat this procedure until the presern iterate is “close
enough'to (x(*+);y(*+);s(*+)) andthuswe canset! := 1,. Then! isreducedagain by the
factor 1| p and we apply Newton's method again targeting at the new * -certer, and so on.
This processis repeated until  is small enough.

Note that our primary target is to reduce the duality gap as fast as possible, which is done
by subsequetly decreasingthe parameter ! with a xed ratio 1 u at ead outer iteration of
the algorithm. As a consequencethe choice of the parameter 4 has an important role in the
designand analysis of IPMs. Usually, if i is a constart independert of n, the dimension of the
problem, for instance p = % then we call the algorithm a large-update (or long-step) method.
If udependson the problem dimension such as i = pl—ﬁ then the algorithm is named a small-
update (or short-step) method. At presen there is still a gap betweenthe practical performance
of IPMs and their theoretical worst—casecomplexityF;esults with respect to di®erert choicesof
K. The small-update method hasthe best known O(" nlog?®) iteration bound, while the large-
update method hasa worseO(n log %) iteration bound [13, 16, 17]. Howeer, large-update IPMs
perform much better in practice than small-update methods [1].

Se\eral strategieshave beenproposedby various investigators aiming at improving the theoret-
ical complexity of large-update IPMs [3, 4, 8, 11]. In this paper, we will focus on the approad
suggestedin [11] where new IPMs are induced based on the so-called self-regular proximity
functions. As we described earlier, in both the analysisand implementation of IPMs we needto
use someproximity functions to keep cortrol on the “distance' from the current iterates to the
current t -certers and to the boundary of the feasibleset. The basicideain [11]is to employ a
speci ¢ classof proximity functions and consequetly its induced seart directions in the algo-
rithm. To describe brie®y the algorithm in [11], we needto intro duce somenotation rst. For
any strictly feasibleprimal-dual pair (x; s) and any positive number * , we de ne

r r

XS Te

— -~ il — . 4
V. o v - (4)
to be the vectors whose i componerts are X5 and X5 respectively. The proximity
functions usedin [11] are de ned as follows:
X
O st)=3v)=  Av); ()

i=1

where A(t), the kernel function of the proximity function is a so-called univariate self-regular
function. For easeof reference,we also denote the seard direction in the scaledv-spaceas

dy = — ds = — (6)

Using this notation and (4), we canwrite the new seard direction introducedin [11] asa solution
of the following new system

Ady

AT¢y+ ds

dy + ds = jr 2(v);

o
o o

()

where A = LAVi1X: V = diag(v); X = diag(x). The algorithm in [11] can be outlined as
follows.



Algorithm 1 for LO

Input:
A proximity parameter ¢,
an accuracy parameter " > 0;
a xed barrier update parameter ; 0< pu< 1;
(x%;8%) and 1 9 = 1 such that ©(x%s%19) . ¢n.

begin
x = x0% s:= 8%t =10,
while n! | " do
begin
EEal G

while ©(x;s;t), n¢ do
Solwve the system (7) for ¢ x; ¢ y; ¢ s,
begin
Determine a step size®;
X=X+ ®CX;
s =s+ ®¢s;
y+ ®Cy.

end '
end
end

It should be noted that in the above algorithmic scheme,? is treated as an independert param-
eter. This is di®eren from what implemented in most IPM solvers, where ! is always chosen
as the duality gap % As we obsened in the thesis [10, Section 7.1], this might increasethe
cost for computing a seart direction when the algorithm is applied to the self-dual embedding
model for LO. A popular strategy usedin most IPM solvers is that they always employ the
large-update algorithm in the outer iteration but take only one or very few inner iterations to
getrecertered. Although sud a strategy works very exciently in practice, there is no theoretical
explanation for this phenomenon.On the other hand, although the proximity function 2( v) has
a dominant role in Algorithm 1, it doesnot give any indication why we should uselarge-update
IPMs and why they work sowell numerically.

The main motivation of this paper is to elaborate on the approac in [11] and then to provide
somepartial answersto theseissues.For this we needto explorethe rolesof the parameter! and
the duality gap in a self-regularity basedIPM and their relation. For simplicity of discussion,
we will fo&us onllh/zon a speci ¢ self-regular proximity measurefunction with the kernel function

A(t) = % ti T Among others, we will show that if the presen iterate is not in a small

neighborhood of the certral path, then the proximity function itself will naturally lead to a
large-update IPM. Moreover, a particular dynamic large-update version of the self-regularity
basedalgorithm can predict the change of the duality gap in the sameway asthe IPM based
on the standard Newton seard direction does. This provides a remedy for an implementation
issueof the IPMs in [11].



The paper is organized as follows. First, in Section 2, we explore the role of the parameter *

w.r.t. this speci ¢ proximity measurefunction. In particular, we will presen an interesting
obsenation that, whenthe current iterate is in a large neighborhood of the certral path and the
parameter?! is de ned by the duality gap X;—S the proximit y measurefunction will not increase
after a large update of 1. For a special large-update IPM, basedon our self-regular proximity
measurefunction, we will discusshow the duality gap changesalong the seard direction. In

Section 3, we proposea new IPM and establish its complexity. Finally, we closethis paper by
someconcluding remarks in Section 4.

A few words about our notation. Throughout the paper k ¢k denotlgs the 2-norm of vec-
tors. We denote by | the index setl = f1;2;:::;ngand xi Tsit = * , xisil Forany

componert of x.

2 Prop erties of the Proximit y Measure Function

In this sectionwe investigatethe properties of the proximit y measurefunction ©(x; s;*) or 2( v),
with respectto the argumert . Weare particularly interestedin the casethat the1presen iterate
(x; s) is far away from the certral path. For notational corvenience,! gap := *-° denotesthe

current duality gap and v92 denotesthe vector v92P ;= % Note that when the point (x; s)
is xed, then we can cast the proximity measurefunction ©(x; s;1) asa function of t, i.e.,

T 1
O(x;s;1) := %i n+ Ex‘ Tgi1:
If 1 = 14ap, from the choice of the kernel function we know that the value of the proximity mea-
sure function is determined by the product x"sxi Tsi 1. If (x; s) is not in a small neighborhood
of the certral path, we can assumewithout lossof generality that there existsa constart ¢ > 1
satisfying xTsxi Tsi 1 = ¢n?. It is easyto verify the following interesting relation that plays a
crucial role later in the designof our algorithmic scheme.

Prop osition 2.1 Supmsethat the iterate (x; s) > 0 is xed. Let' = 57, then we have

©(X; S}t gap) = ©(X; S;1 h):
Becauseboth x and s are positive vectors, the function ©(x; s;*) is corvex with respect to

1. Using the optimality condition for convex optimization problems, we can easily prove the
following results.

Prop osition 2.2 For any xed iterate (x; s) > 0, the proximity measure function ©(x; s;*) has
a glokal minimizer at the point

xTs _
XiTeil- eh

Obviously, when the iterate (x;s) is not on the certral path, then 1}, is always smaller than
! gap, and * © is the geometricmeanof * gap and * . Now, let usrecall that when the primal-dual



pair (x;s) is in a large neighborhood of the certral path, then usually x"sxi Tsi 1 = ¢n? holds
for somepositive constart ¢, > 1. This further implies that

1
gap _

h

é.

Therefore, when ¢, is a relatively large constart, then we can setour target in the outer iteration
as q
i1
; gap;
¢

which is equivalent to choosing the constart p = Qc—l in the update of the parameter * in

Algorithm 1. When ¢ > 2, we have u > % This leads naturally to a large-update method.
However, we know from Proposition 2.1 that the proximity measurefunction will still have the
samevalue.
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Figure 1: The neighborhoods of * gap and * , for a given point w = P XS

It shouldbe noted that in Proposition 2.1we only discussa speci ¢ caseof the proximit y function
when the iterate is far from the certral path. In practical implementations of IPMs, we also use
a large-update strategy if the iterate is closeto the certral path, or equivalertly the proximity
function ©(x; s;?! gap) Or the ratio 1;’% is bounded above by a certain constart. Thus, after one
update of 1, we needalso to investigate the growth behavior of the proximity function, which
is demonstrated by the following lemma.

Lemma 2.3 If

then m LT




Pro of: By the assumption of the lemma we can write * gop = ¢, for someg, - ¢. It follows
that

H . T . 1
n n
© xs -9 -, o
¢ 2! 2:h
_GiYn.on _ng (i Hn,
2 ' 27 2 2
which further concludesthe lemma. 2
In fact, for any positive ¢, > 1, if we de ne
1t = g 2XTS _ - A 2t gap . (8)
G+ DN+ (e+ 12027 &XTs' 5 xils|t o+ 1+ (e+ 12 4 gep=th
then it holds obviously ©(x; s;1¢) = % It is easyto verify that 1 = 1 if and only if

L gap=th = ¢. In particular, we have !, > 1 whenewer ! ggp=h < (.

Now we proceedto discussthe properties of the seard direction basedon our speci ¢ self-regular
proximity function for di®erent updatesof 1. Note that, due to the speci ¢ choice of the kernel
function A(t), we can rewrite system (7) in the original spaceas

At x =0
AT¢cy+ ¢s= 0 (9)
st x+ x¢s=12ilsi 1 xs:

Let us denote by (¢ x(*);¢ y(*); ¢ s(*)) the solution of system (9). The following two lemmas

discussthe changeof the duality gap along the seard direction (¢ x(*);¢ s(*)) for? = 1 and
1 =1
=1,

Lemma 2.4 Let (¢ x(*7);¢ s(* ")) be the solution of system(9) with * = 1°, Then the relation
xTesE™+sTex(™=0
holds.

Pro of: The Lemma follows immediately from the choice of 1 °. 2

The lemmaindicates that if * = 1 °, then the step won't changethe duality gap, i.e.,
(x+ ®x(1°) T (s+ @ s(*?) = x"s
for any feasiblestep size®.

Similarly, by the choice of ! , we readily get

Lemma 2.5 Let (¢ x(*h);¢ s(*h)) bethe solution of system(9) with * = 1. Then the relation

2

T 1 +T 1 — . T
X' ¢s(th)+ s ¢x(*n) GTgTi XS

holds.



Recall that in traditional IPMs based on the standard Newton direction, we need to solve
equation system (3) at ead iteration. In this case,if we set the target to 1 , = 1, then the
solution of system (3) will satisfy

xT¢s+s'¢x=nlyi x's:

This implies that if the targeted parameteris ! ,, then the seart direction basedon our speci ¢
self-regularproximit y function and the standard Newton direction will predict the changeof the
duality gap in the sameway.

3 A Dynamic Large-Up date IPM

In this section we considera speci ¢ variant of Algorithm 1. This variant is more °exible and
closerto what is implemented in IPM solvers, since we use large-update at ead iterate and
do not employ any inner iterations to recerter. It is worthwhile to mention that in practical
implementations of IPMs, we always stipulate that the iterate satis esthe condition min(x;s;) ,

"1 gap, Where * is a small constart. Otherwise we utilize corrector steps to obtain a point
satisfying such a requiremert. Note that if we choose™ = % then the above condition implies

©(x; s;min(x;sp)) - % On the other hand, one can easily seethat
©(X; S; gap) = ©(X;S;1h) - ©(X; s;min(XiS;)):

This relation demonstratesthat the neighborhood de ned by ©(x; s;* gap) - ¢n is larger than
the neighborhood generatedby ©(x; s; min(x;s;)) - ¢n. For example, let us considerthe case

but the proximity function ©(x; s;min(x;s;)) becomesas large as O(n?). This implies that, in
some extreme cases,imposing the condition ©(X; s;* gap) = ¢h on the proximity function is
probably too aggressie. Let us further consider an implementation issuein the algorithm.
Supposethat the presen point (x; s) is in a certain neighborhood of the certral path. We then
solve the linear system (9) for the seart direction (¢ x; ¢ s), from which we can estimate the
maximal feasible step size ®yax. A popular heuristics for choosing the step sizein IPM solvers
is to use a damped factor of ®nax, Saving 0:995R4x as a step size. Of course, if the value of
the corresponding proximit y function is too large for this step size,then we can reducethe step
size appropriately so that the value of the proximity function at the new iterate is below the
threshold. Note that it is also possiblethat the proximity function has a relatively small value
for the step size 0:995R,a¢. In this case,theoretically we can still increasethe step size such
that the value of the proximit y function remainsbelow a prescribed bound. Howewer, a practical
issueis that, sincethe step sizeis already quite closeto the maximal feasible step size, even
a small increaseof the step size might causesomenumerical problems or drive the iterate too
closeto the boundary of the feasibleregion. In this situation, it is better to use the default
value 0:995®,ax asthe step size. Note that after such a step, we obtain a point pair (x; s) with
a small proximity function value.

Motiv ated by the above obsenation, we changeslightly the procedureof Algorithm 1 asfollows.
We utilize a constart ¢, , 10 to keepcontrol on the update of the duality gap parameter *,
namely force the value of the proximity function to satisfy the following relation

(¢i 1)n:

©(X; S;t gap) = ©O(X; S;%h) - >



We alsostipulate that whenthe proximity measurefunction ©(x; s;* gap) have a relatively small
value, for instance, when ©(x; ;% gap) = ©(X; s;1h) - % or equivalertly *gap - §'h, we
choose! de ned by (8) asour targeted certer parameter to solve the system(9) for the seardh
direction. Otherwise, we choosethe targeted parameter * . Further, the step sizeis carefully
chosensothat the relation

(¢i Dn

2

holds for all the iterates. Note that in both cases,we have ! gap , %' where?! is the targeted
parameter. Hence,our algorithm is indeeda large-update onewhen¢, , 10. At ead step, wealso
stipulate that the step size should be chosensud that the proximity function ©(x(®); s(®);*+)
hasa suxcient decreasewhile the proximity function ©(x(®);s(®);?* 4ap(®)) is lessthan or equal
to % (or equivalertly ©(x(®);s(®);1%(®)) - (" ¢i 1)n). For simplicity we usethe notation
X(® = x+ ®& x; y(® :=y+ ®&y and s(® := s+ ®& s. The algorithm can be outlined as
follows.

©(X; S;* gap) -

Algorithm 2 for LO

Input:
A proximity parameters10< ¢,;
an accuracy parameter " > 0;
(x;8) = (x%;s%) such that x"sxi Tsil. ;n2
begin
while xTs, " do
begin
o= szxri‘Tsi 1;
Compute ¢ by (8);
If ¢ - 2épthen?t = 14;
otherwise! = 1;;
Solwe the system (9) for ¢ x; ¢ y; ¢ s,
begin
Determine a step sizethat
decrease®©(x(®);s(®);1) suxciently and
satis es ! gap(®) - ¢ h(®);
X = X(®);s = s(®);y = y(®).
end

end
end

Remark 3.1 In the algorithm it would be desirablethat the step size ® minimizes the proximity
function 2( x(®); s(®);*) while the constraint x(®)Ts(®)x(®)! Ts(®)i 1 - ¢n? is satis ed. How-
ever, this would require the exact solution of the subpioblem. Instead of this, in the presentalgo-
rithm we solve the subpioblem approximately so that the value of the function ©(x(®); s(®);* )
is decreasal suzciently and the constraint is satis ed. Theorem 3.7 will give a default value for
such a step size.



We proceedto analyze the complexity of the algorithm. The key of the analysis is to esti-
mate the value of the step size ® in Algorithm 2. For this we needto estimate the function
O(X(®); S(®); * gap(®)) With * gap(®) = OO "and hencex(®)Ts(@)x(®)i Ts(®)! 1, aswell as
the function ©(x(®); s(®);*¢).

To simplify the analysis, we use the notation v;dy;ds for the, system (7) when ! is chosenas
described in Algorithm 2. Let us further denote%= v vi 3°. We discussrst the decreasing
behavior of the proximity measurefunction ©(x(®);s(®);!¢) when 1 is used as the targeted
duality gap parameter. By specifying the kernel function to the special casein this paper and
modifying slightly the proof of Theorem 3.3.4in [10] or Theorem 3.6 in [11], we have

Theorem 3.2 Let¢, 10and(¢ x; ¢ s) bethe solution of system(9) with * = 1 in Algorithm 2.
Then the step size®; = 1—90% s<1is strictly feasible. Moreover, for any step size® - é% %,
the relation ®

OX(®);s(®);*n) - ©(sitn)i ¥

holds.

Pro of: We outline only the key stepsin the proof. The readeris referred to [10] or [11] for
the detailed proof. In order to estimate the decreaseof the proximity measurefunction after a
step, we rst give somebounds for the minimal componert vpi, of v and the maximal feasible
step size ®max. Recall that by using Lemma 2.13 and Lemma 3.2 of [11], we have

9

B 1 1
Y3 —¥ 3 10
v 100 (10)

.1
Vmin , (1+%'3,

wherethe secondinequality follows from LemmaA.1 of [11] or Lemma 1.3.1in [10], and the last
inequality is given by the fact that when¢ , 10is usedin Algorithm 2, the relation

o o

2 o 102
Yo, °vi vtz (¢i Dn, 9 (11)
holds. It follows immediately that
- 9. . 4
®mnax , Vmin¥4 "~ > E% 3. (12)

This provesthe rst statemert of the theorem. Now let us de ne

1
2

1 .
[v+ ®dy]i[v+ ®ds]’

12 ) o2 1 X
(@)= (v (@) (V)= i 5 5 e+ )+ 2

i2l

with v4 (®) = P (v + ®dy)(v + ®ds), wherethe secondequality follows from the orthogonality of
dx and ds. For any feasiblestep size®, by following a similar chain of reasoningasin the proof
of Lemma 3.3 in [11], we can shaow that

3%

FR®) - =5 (vmn i @' *:
Moreover, via simple calculus, we have
&%
f(0)=0; f%0) = ;;



which further gives

Z o2l
7 VRO .
(@ 1@ =i ot " (i 291 s
2 2 0 o0
Obviously, the function f1(®) hasthe global minimum at the point
v B3 ; al
®:= 0 1 1+ %3, °

Y
Moreover, for any ® - ®, by using Lemma 3.5 of [11] or Lemma 1.3.3 of [10], we have
f(® - f1(®) - | %‘/42; 8®- @
Therefore, the proof of the theorem will be nished if we can show that
® 1y (13)
9
By using Lemma A.1 of [11] and following a similar processasin the proof of Lemma3.4in [11],

we can concludethat

3

® Vr%ﬂne/4 Vo ¥ 1> Vi >1 1+%l’i%%%' (14)
S (ERVIE7 3%+ 1) " 6 ’

where the last two inequalities follow from (10). Recall that %, 3 whenewr ¢ , 10, it follows

1° RS
~1+ut o c 5
6 * 9

which, together with (14) yields inequality (13). 2

We merntion that the bound (12) for the maximal step size®ax is sharper than the onepreseried
in [11], becausewe could use some special features of the kernel function %(t i ti 1?2 and the
orthogonality of dyx and ds. Howewer, such a slight improvement doesnot allow to improve the
“nal complexity of the algorithm.

Next we proceedto estimate the proximity function ©(x(®); s(®);* gap(®)) or equivalertly the
function ©(x(®);s(®);!"(®)) for a feasible step size when 1 is used in Algorithm 2 as the
targeted parameter. For this it suxces to considerthe function ©(x(®);s(®);! 7), becausethe
inequality ©(x(®);s(®);*%(®)) - ©(x(®);s(®);! ") holds.

Theorem 3.3 Let¢, 10and(¢ x; ¢ s) bethe solution of system(9) with * = 1 in Algorithm 2.

Then the step size ® = minf ﬁ %g% 5<1is strictly feasible. Moreover, for any step size
® - ®y, the relation
O(x(®);s(®);* gap(®)) - ©(x;s;% 1)

holds.

Before we prove the theorem, it should be noted that there exist two caseswhen ! ; is usedas
the targeted duality gap parameter: (i) 1p = 1¢; (i) gap < S5

We start by discussingcase(i).

10



Lemma 3.4 Let (¢ x;¢5S) be the solution of the system(9) with * = *, = 1 in Algorithm 2.
Then the step size ®, = oDy +1) Yis< 1is strictly feasible. Moreover, for any stepsize® - ®;,

the relation
O(X(®); S(®);* gap(®)) - ©(X;s;*)

holds.

ro of:  First we obsene that from the assumptionthat *gsp = ¢ = ¢t we obtain *° =
¢th. Let usde ne

9(®) = ©ng(®) S(®); 1°)| O(x; s;* %) 0
Z X 1

(, 110 T _ v
e e G BT v @i+ )

It is straightforward to verify that

P—,
g(0) = 0; 90?®) = P of 0?®) : % (Vmin i ®3/9i *:

Moreover, from the de nition of v, we have °vi 1°2 = n, which further implies

o o o o o o o

Sy 322 syitelosyis, il otz @f g
This inequality, together with the fact that kvk® = ¢ °vi 1°2, gives
73 i 1X L 3R
g10) = | P %éf vi3vi3iovi) - P
¢ ¢ 2l ¢
It follows that
p_ ZoZ
/g ?/g ®“ » )
9(®) - gi(®) =i P _®+ ; . (Vmin | 2% 4dd»

By somecumbersomecalculus one can show that the equation g;(®) = 0 hastwo roots: ®= 0
and ® = —3—3/vm.n% 1. This further implies that

9@ - G(® - 0; 8. —mnT y .yt
A

On the other hand, from (10) and (11) we obtain

2

i Y Y 1 1 a4 1 1
— M0 Vmin . (1 W3, —— A+ ¥ s¥s 7E
rVE AT e AT TR iy

Hence, whenewer ® - D +1) Y 3, the inequality ©(x(®);s(®);1%(®)) - ©(x(®);s(®);!"(0))
holds. Now, by using the mequahty O(X(®); s(®); ! gap(®)) - ©(x(®); s(®);* °(®)), we can con-
clude the lemma. 2

Next we progressto discusscase(ii) where?! gap = ¢t h With ¢p < 5.
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Lemma 3.5 Let¢, 10and (¢ x; ¢ s) be the solution of system(9) with* = 1. If 1 gap = ¢épth
and ¢p < %(;. Then the stepsize®, = %3/2{ s<1is strictly feasible. Moreover, for any step size
®- ®, we have

O(X(®); S(®);* gap(®)) - ©(X; s;11):

Pro of: It suzcesto estimate the interval in which the proximity function satis es

OK(®@);5(®); gap(@) - (1™,
We start by consideringthe function
1 H 1t 2 1a g . 22
0:1(®) = ©(x(®);s(®);1 ") = 5 1 kvi (@K™ i 2n+ —°v. (®)' Lo
t

Note that, from the de nitions of 1 © and !, we know that

1 19 . 22 o

ke OK = v = g

On the other hand, by the choice of the seart direction we have
kvs (®)K? < kv, (0)k?

for any strictly feasiblestep size. It is easyto verify that

. o2 _ e 02
Vi (®) 1o (1 @vilayieyilem:
Combining the above two inequalities together, we can claim that
p_
(® - nC ¢i 1)

. _ e
for all ® satisfying (1 ®vi 13ji2. P 2- . Because

min
1 2 & =
* 8
one can further prove that if
1 .

then g1(®) - n(pzi 1). Note that from (10)

9. .1
. 3 3
Vmin , 10/5 3,

follows. This inequality implies that g;(®) - n(pzi 1) whenewer ® - %3/4 5. Recall that from
Theorem 3.2 we already know that this step sizeis strictly feasible. This completesthe proof of
the lemma. 2

Theorem 3.3 follows immediately from Lemma 3.4 and Lemma 3.5.

It remainsto considerthe behaviors of ©(x(®);s(®);*t) and ©(X(®);s(®);?* gap(®)) Whenty is
usedas the targeted duality gap parameter in Algorithm 2.
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Theorem 3.6 Let ¢ , 10 and (¢ x; ¢ s) be the soluth]n of systgm (9) with 1 = 1, &1, .

2
lgap < ¢th and i < 1y, Then the step size ® = min é; 3(&1) Yi5< 1is strictly feasible.
Moreover, for any step size®- ®3, we have
o Z
O(X(®);s(®);11) - ©(X;S;1y) i Zmax 1—t3/42;2©(x; s;ty) (15)
h
O(X(®); S(®);* gap(®)) - ©(X; ;% 1): (16)
In particular,
v 1 1 & 1
O(X(®3);S(®3);*t) - ©(X;s;tt) i min 5—4;m O(x;s;t¢)3 (17)
holds.

Pro of: We rst point out that the proof of Lemma 3.4 can beleasily adapted to prove relation
(16) in the theorem by substituting the parameter ¢, by ¢; = —%:E Therefore, in what follows
we focus only on inequalities (15) and (17).

In order to investigatethe behavior of the proximity function ©(x(®); s(®);* ) for a feasiblestep
size®, we de ne

h(®) = ©(X(®);s(®);*1) i ©(x(0);s{0):*1)

_®1hT tt L l
= 21t \Y/ (dX + ds) + o1 o - [V+ @hx] [V+ @hs:h
" T |
M L ; 12 X 1
= Lot dy + dg) + dx + d OVIO
R e gl et vV e

i2l
Now, by applying a procedure similar to the proof of Theorem 3.2 to the secondterm in the
above formulae, we can prove that for ® - 1% 3, the following relation

H )l
171 ®1
n® - 5 it BT d)i gt (18)
holds. Because
, o 402 My e S 2
VT(dx+ dS):i kvks + °v! 1o = #| 1 Vl 1.7, i oyi 1o :
for any ® - 1% 3, we have
My H N | Ho o M u o
®"1 o 02 1 Fo o2 o 02 ®, @®,"c o2
h(®) . | — _h ka2| ovl 1o + _t oVI 30 | oV| 1o | —hl t ° llo
4 1y h a4y
(@Mlh 1 |J§ ° ° gzﬂﬂ
= | Z 1_kvk2+ 1_t oyi 36 20V| 1o
t h
K ° ° 1
®" "1y 2 1,0 1°2
HE—— _kvk + ovl o . 2n
b7 T " i
®
= §©(x; S;1h):

On the other hand, from (18) we easily derive

.®1t32. l3'£.
h(®) g Y 80 U
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Combining the above two bounds, inequality (15) follows immediately, and we thus get the
required bound for the proximity function ©(x(®); s(®);* ). To prove (17), we obsene that (15)
implies

) 1 Ya 1/21 , 43/4
©(X 'S 1) - ©Ox;s;ty)i min —; ——— max —ts‘/‘;2©x;s;1 Y3 (19
(X(®3);s(®3); 1) - ©( t) i 36 6(z+ 1) 7 ( 0¥ 3 1 (19)
With little e®ort, one can show that
1/21 ¥4 Ap_ ! %

t.,2 4 2ty 1

max —¥8;20(x;s;1 )% 3 . ©O(x; s;1¢)3: (20)
h h

Now, let us recall the assumptionsin the theorem. If we de ne Lgap = ¢é2't, then we have
$ - ¢ < ¢ < ¢2. Moreover, by the de nition of *y one can easily seethat * gap - (¢ + 1),
which further implies

Yh
Ty

) +
2"_ 2 2+_?- 2:2; (21)
¢ (4

:.g<
<l

where the last inequality follows from the assumptionthat ¢, 10. It follows from (20) that

Vs Ya A p- !
1i.2 4 2ty B 1 2 L
max —¥#;20(x;s;1)% 3 O(x;s;11)3, ;O(X; 81 1)3:
th Yh 3
Combining this with (19) yields
% 1 Ya )
© ® . ® 1 . © ol . H . © ol 3. 22
(X(®);s(®); 1) (X;s;1t) i min 54’ 79(&_'_ 1 (X;s:1¢)3; (22)
which further completesthe proof of the theorem. 2

Finally, summarizing Theorem 3.2, Theorem 3.3 and Theorem 3.6 together, we have

Theorem 3.7 Let¢ , 10and (¢ x; ¢ s) be the solution of system(9) used in Algorithm 2. Then
the step size ®" = minf %; 3—2ég3/£l s<1is strictly feasible. Moreover, we have
O(X(®); S(€°); 1 gap(®)) - ©(x; ;1 1);
O(X(®");s(®");1y) - ©(x;s;1¢) i min

(23)
O(x; S;11)3: (24)

Yo 1 Ya

54'9(c + 1)

To obtain an upper bound for the total number of iterations of the algorithm, we need to
estimate the value of the step size ®” or the change of the parameter 1 ; before and after one
iterate. The following technical lemma will be usedin our estimation about ;. The lemmais
a direct consequencef [13, Lemma IV.36].

Lemma 3.8 Letv, = pl"l—_u for somep 2 (0;1). Then we have

WL oy |

1
A ve) —3(v)+ :
(v) 1iu() li u liu
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By applying Lemma 3.8 to Theorem 3.7, we can prove the following theorem.

Theorem 3.9 Let¢, 10and (¢ x; ¢ s) be the solution of system(9) and ® is the default step
sizede ned in Theorem 3.7. Then there exists a constant %2> 0 suchthat
H 1 T
© x(@);s(@); i O(x; s 1);
|

where p= %n 5.

By the choice of 1 we know that the proximity function ©(x; s;*) always keepsas a constart
at ead iterate. Let us denoteby *{ the target parameter value after one step. Then we have

©(x(0);s(0); * 1) = O(X(®); s(®);17):
On the other hand, we know that

O(X(®); S(®):* gap(®)) - OX(®);s(®);1();
OX(®);s(@);11) - OX(&F);s(@);*1):

Becauset{ - 1 gap(®"), from the above two inequalities we get

+ .

1t>1t

Therefore, by using Theorem 3.7, we can claim that
1y (L v 5)ty:

In light of this relation, we know that after at most O(n§ log %) iterations, we have 1y -
Therefore, the O(n§ log ) complexity of the algorithm follows directly.

4 Concluding Remarks

Someinteresting properties of the proximity function induced by the kernel function %(t i tih)2
have beenexplored. In particular, these attractiv e features of the proximity function indicate
that if the presen iterate is far from the certral path, then the large-update algorithm appears
to be a natural choice for nding a good seard direction and keeping cortrol on the value of
the proximity function. Furthermore, in someimportant casesthis self-regularity basedseard
direction can predict the change of the duality gap along the seart direction in the sameway
as the standard Newton direction does. Based on these obsenations, a dynamic primal-dual
large-update IPM for solving LO is proposedand the complexity of the algorithm match that of
its analoguepreseried in [11]. It worths mentioning that the dynamic IPM in this paper does
not use any inner processto get recertered. This is very closeto the algorithm implemented
in many IPM solvers and di®ereri from the algorithmic schemeusedin [11]. We mertion that
we have already had somepreliminary numerical tests for our new algorithm basedon a variant
of LIPSOL [18]. Compared with the standard large-update IPM, the number of iterations of
the dynamic algorithm is usually lessthan or equal to that of the large-update IPM basedon
the standard Newton direction. There is another di®erencebetweenthesetwo algorithms. We
utilize a line seard routine to nd a suitable step sizefor our seart direction. It is interesting
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to note that in most caseswe can really usethe default step size 0:95®my,¢. For this step size,
the proximity function at the new iterate still satis es ©(X; S;* gap) - % Nevertheless,
much more extensive numerical tests are neededto further ched the exciency of the dynamic

algorithm.

There are seweral ways to extend our results. The rst is to consider dynamic large-update
IPMs for semide nite optimization and second-orderconic optimization. For this we needto
investigate the properties of proximit y function in the coneof semide nite matrices and second-
order cone. Then we can combine the idea and techniquesin this paper with thosein papers
[11] and [12] together to carry out transparertly the analysisin the conic cases.

Another way to extend the results in this paper is to considerdynamic large-update IPMs based
on general self-regular functions. However, we would like to point out that it seemsvery hard
to design dynamic IPMs for the whole family of self-regular functions. Recall our results in
Section 2. Some properties of the proximity function rely on the strict corvexity of ©(x;s;1)
with respect to *. By the denition of ©(x;s;!), we know that if the function A(1= t) is
strictly convex, then ©(x; s;1) is strictly cornvexin t. For the speci ¢ choicein this paper, one
can easily verify thgt tI}; function % i 2+ % is strictly~ corvex. However, we can not obtain the
strict convexity of A(1=t) from the self-regularity of A(t). It is Wgrthwhile to explore for which
subclassof the self-regularfunctions, the strict convexity of A(1= t) holds. Becausethe analysis
in this paper is already considerablyinvolved, we leave such extensionsto the interested reader.

Finally, we remark that the neighborhood used in this paper and many other papers in the
literature are usually determined by a proximity function, like ©(x; s;* gap). However, as we
discussedearlier at the beginning of Section 3, the neighborhood de ned by ©(X; s;* gap) IS
possibly too large and very di®erent from what implemented in most IPM solvers. This also
indicates that there exists still a big gap betweenthe pure theoretical analysisof IPMs and their
practical implementation. We hope this paper can lead to some new investigations on IPMs
that can help us to bridge this gap.

Ac knowledgemen t The fact that a self-regularproximit y function might have an optimal value
at somepoint much lessthan the duality gap was rst obsened by Prof. Y. Nesteros during
his visit to McMaster University in Decenber 2000, and the presert work is inspired by his
obsenation.
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