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Abstra ct. We present a Branch-and-Cut algorithm where the volume algorithm is applied
instead of the traditionally used dual simplex algorithm to the linear programming relaxations
in the root node of the search tree. This means that we use fast approximate solutions to these
linear programs instead of exact but slower solutions. We present computational results with
the Steiner tree and Max-Cut problems. We show evidence that one can solve these problems
much faster with the volume algorithm based Branch-and-Cut code than with a dual simplex
based one. We discuss when the volume based approach might be more ecien t than the
simplex based approach.

1. Intr oduction

Sincethe early eighties, the Branch-and-Cut (B&C) algorithm has beenusedfor a variety of
combinatorial optimization problems, see[10] for a survey. In B&C, families of cutting planesare
added to the formulation to tighten the linear programming relaxation at eac seard tree node.
Traditionally theselinear programming (LP) relaxations are solved by the dual simplex method,
sincethe dual simplex method is well suited to warmstart the subsequeh LP relaxations. Many
authors have reported di culties due to degeneracyand to the number of denserows in the
LPs coming from combinatorial problems. In many casesmost of the computing time in B&C
methods is devoted to solve theseLPs. The main result of our paper is that when solving the LP
relaxations it can be advantageousto replacethe dual simplex method with a fast approximate
method, the volume algorithm [5].

Note that our aim wasto compare B&C codesbasedon the simplex method and the volume
algorithm when all elseare equal. The speedof a B&C code very heavily dependson the quality
of cut generation and primal heuristics. While we have implemented reasonableprocedures,our
main focuswason the LP enginecomparison. Our max-cut code happensto be very competitiv e
while the Steiner tree code is slower than the one preseried in [26].

The volume algorithm (VA) is an extension of the subgradiert method that produces an
approximate primal as well as a dual solution and lower bound for a minimization problem.
Note that the primal solution delivered by the VA algorithm to an LP relaxation is a fractional
approximate solution, which can then be usedin primal heuristics to produce integer solutions.
The traditional subgradiert method producesonly a dual solution and a lower bound for the
LP relaxation. Like the subgradiert method, the VA can be warmstarted using a dual feasible
solution.

The subgradiert method has beenextensively usedin combinatorial optimization, in cutting
plane proceduresit has been used under the name of \relax-and-cut", see[28, 29, 17, 20]. In
relax-and-cut the cutting planes are produced basedon a solution to the Lagrangean problem
(see(4) in Section2). This is a point usually outside the optimal face of the LP relaxation. The
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di erence with our procedureis that we produce the cutting planesbasedon a vector near the
certer of the optimal face. We claim that this makesthe cutting planesvery e ective. A further
discussionappearsin Section5. Note that a B&C code using an interior point method basedLP
engine should exhibit similar behavior as one basedon the VA, since both LP enginesproduce
primal solutions near the certer of the optimal face. Indeed, Mitc hell [31] has shown that this is
the case. However, interior point methods su er from the lack of warmstarting ability unlike the
VA, which can be warmstarted with the previous dual feasible solution.

For a B&C code to work e cien tly with an LP solver the following conditions have to be met.
The LP solver must provide a lower bound onthe LP optimum (for bounding); it must be possible
to warmstart the LP solver (for e ciency) and a primal solution of the linear program must be
produced by the LP solver (for cut generation and branching). This primal solution need not
necessarilybe optimal; it is up to the the cut generationroutine to separatethe fractional solution
from the integer programming (IP) polytope. If the cut generation routine cannot separatethe
primal solution (exact or approximate) from the IP polytope then branching is performed. The
VA satis es all three conditions, therefore a VA basedB&C code should be successfulfor any
problem which has an LP relaxation the VA is good at approximately solving. Besidesthe
problem classeddiscussedin this paper set partitioning type problemsalsofall into this category
(see[6]). We believe that other combinatorial optimization problems (where the matrix is a 0/1
matrix and the problem is dual and/or primal degenerate)should also exhibit this behavior.

Our B&C implementation usesBCP, a state of the art Branch-Cut-Price framework designed
to aid problem speci c mixed integer programming implementations. BCP handlesall general
B&C related tasks allowing us to focuson problem speci ¢ issueslike cut generation. Also, using
BCP madethe comparisonof the dual simplex and VA basedB&C easy since BCP already has
interfacesto both of these methods for solving the LP relaxations.

We have chosentwo combinatorial problemsfor which simplex-basedB&C algorithms are used
as the common practice, these are the Max-Cut and the Steiner tree problems. We shaw that
although the almost universal choiceis the dual simplex method, our VA basedcode outperforms
the other for the problem classesstudied here.

This paper is organizedasfollows. In Section2 we describe the volume algorithm. In Section3
we describe the BCP framework. Sections4 and 5 are devoted to the Steiner tree problem in
graphsand to computational results. Similarly, Sections6 and 7 deal with the Max-Cut problem.
Finally, conclusionsand insights into when it might be advantageousto jump-start the branch-
and-cut algorithm with the volume algorithm are given in Section 8.

2. Solving the linear programming relaxa tions with the volume algorithm

We use Lagrangeanrelaxation to deal with the arising linear programming relaxations during
the B&C run. Lagrangeanrelaxation hasbeenusedin combinatorial optimization sincethe sem-
inal papers of Held and Karp [21, 22] and Held, Wolfe and Crowder [23]. Lagrangeanrelaxation
for solving LPs hasbeenimplemerted via the subgradiert algorithm. We usean extensionof the
subgradiert algorithm, the volume algorithm [5]. This method producesnot only a lower bound
and a dual solution, but also an approximate (fractional) primal solution to the linear program.
The convergenceproperties of the VA have beenstudied in [3].
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At any stageof the the B&C algorithm the linear relaxation of the combinatorial problem can
be stated as

() min cx
) Ax b
3) 0 x 1

We use Lagrangian relaxation on inequalities (2). This approac has also beenusedin [6] for
solving set partitioning problems. For a vector of dual multipliers 0, a lower bound on the
minimum of (1) is given by
4) L()= mxin(c A)x+ b

0 x 1

In order to maximize the function L () we apply the volume algorithm sketched out in Algo-
rithm 1, seealso[5].

Algorithm  1: Volume algorithm

1t 1

2 Initilize 0.

3 Solve (4) with = to obtain x=x%andz= L( ).

4 while new iteration should be done do

5 Computevt = b Axand %= + sv! for a step sizes given by (6).
6 Yomax(0; 9

7 Solve (4) with = ' to getits solution x! and zt = L( ).
8 X x'+ (1 )x;where0< < 1.

9 if z> zthen

10 | .z z

11 [t t+1

Notice that in Step 10 we update only if z' > z, sothis is an ascent method. We are trying
to mimic the bundle method [27], but we want to avoid the extra e ort of solving a quadratic
problem at ead iteration.

One di erence between this and the subgradiert algorithm is the use of the primal update

yields
(5) x=x'+@ HIx'1+ +@ %

approximates an optimal solution of (1)-(3) is basedon a theorem in linear programming duality
that appearsin [5]. This says that the valuesof the primal variables correspond to the volumes
below the facesof the dual problem. With the primal update we estimate these volumes. Notice
the exponertial decreaseof the coe cien ts of this corvex combination; later vectorsthus receive
much larger weights than earlier ones. At ewery iteration the direction of movemert is being
updated basedon x, sothis is a method with \memory" that doesnot have the samezig-zagging
behavior asthe subgradiert method.

Here the formula for the step sizeis
T z

(6) S= ik
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where is a number betweenO and 2, and T is a targetvalue. We start with a small value for T,
and each time that z  0:95T, we increaseT to T = 1:05z. In our implementation we set the
value of basedon cournting how many iterations of the following typesare encourtered:

Red: Each time that we do not nd an improvemert (i.e. z!  z), we call this iteration
red. A sequenceof red iterations suggeststhe needfor a smaller step-size.
Yellow: If z' > z we compute

d=v' (b Ax'):

If d< 0it meansthat a longer stepin the direction vt would have given a smaller value
for z', we call this iteration yellow.

Green: Ifd Owecall this iteration green. A greeniteration suggestshe needfor a larger
step-size.

At ead greeniteration, we multiply by 1.1. If the result is greater than 2, we set = 2.
After two consecutiwe yellow iterations we alsomultiply by 1.1 and wesetit to minf ; 2g. After
a sequenceof 20 consecutive red iterations, we multiply by 0.66, unless < 0:0005, in which
casewe keepit constart.

The value of in the primal update formula is chosenas the solution of the following 1-
dimensional problem:

@) minko A(x'+ (1 )x)k
subject to
(8) u=10 u:

The value u is originally setto 0:1 and then every 100 iterations we ched if z hasincreasedby
at least 1%. If not, we divide u by 2, unlessu is already lessthan 10 °, in which caseit is kept
constart. This choice of is very similar to the one proposedin [36]; the di erence is in the
bounds u=10 and u.

3. The Branch-and-Cut framew ork

We usedBCP, a Branch-and-Cut-and-Price framework. BCP handlesall generalB&C related
tasks allowing us to focus on problem speci ¢ issueslike cut generation. Also, using BCP made
the comparison of the dual simplex and VA basedB&C easy since BCP already has interfaces
to both of these methods for solving the LP relaxations. To solve LPs with the simplex method
we have used CLP [18]. All thesecodes(an implementation of the Volume Algorithm, CLP and
BCP) are open sourcecodesand available from the COIN-OR project [12].

For the Steiner tree problem, when we branched, on one side we forced a non-terminal node
to becomea terminal, on the other branch we forced that node to not be included in the Steiner
tree. We usedthe strong branching technique introducedin [2]. Each time, v e nodeswere used
as branching candidates.

For the max-cut problem we branched on a fractional variable. We alsousedstrong branching,
choosing v e variables closeto 0.5 as branching candidates.

We alsousedreduced cost xing , see[32]. Namely, givena dual vector , let L( ) be the lower
bound given by (4). Let UB be an upper bound and denotec= ¢ A. With this notation if
L( )+ ¢ > UB for anindex j then x; = 0 can be xed and, respectively, if L( ) ¢ > UB
then x; = 1 canbe xed.
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We allowed a maximum of 2000 inequalities to be added at any particular iteration. An
inequality was removed if its dual variable had been zero for two consecutiw iterations and the
lower bound had increased.

Branching was used eat time the gap betweenlower and upper bounds did not decreaseby
at least 0.1%in the last three iterations.

In the volume basedcode we switched to the simplex method whentailing o (through seweral
consecutiw iterations the gap betweenthe lower and upper bounds doesnot shrink su cien tly)
in the root node wasdetectedand from then on we have usedthe simplex method. This is needed,
since the approximate lower bound given by the volume algorithm is 1-2% o of the exact LP
value and this inaccuracy preverts proving optimalit y.

4. Steiner tree problems in graphs

Given an undirected graph G = (V;E) and a subsetof the nodesT V called terminals, a
Steiner tree for T in G is an acyclic connectedsubgraph of G that spansT. Let ¢; O for eah
edgeij 2 E, be an edge-cost. The Steiner tree Problemin graphs asks for the Steiner tree of
minimum total edgecost. A natural formulation comesfrom looking at cuts in the graph that
separate terminals and write an inequality saying that at least one edgein the cut should be
taken. It has beenshown in [19] that the \cut formulation" assciated with a directed graph
gives a stronger linear programming relaxation than a similar formulation assaiated with an
undirected graph. For that reasonwe work with directed graphs, we chooseone terminal as a
root r and look for a Steiner arborescence.The linear programming relaxation is

9) mi)rg cX

(10) Xj 1, forallS V;rzS;S\TE6,;
izs; j2s

(11) 0 x &L

We deal with this relaxation in a cutting plane fashion. This formulation was proposedin [1]
and has beenusedin [11, 26]. An equivalent formulation has beenusedin [30. Although the
separation problem for inequalities (10) reducesto a minimum st-cut problem, we use a faster
heuristic as follows.

Let x be the current solution vector in the cutting plane procedure. De ne the weights on the
arcsasw; = dj (1 x5 ) (we will specify the multiplier d; later) and nd a minimum weight
arborescenceA. From A we derive cutting planesin two dierent ways. First, for eact arc of
A we remove it, thus dividing the node set of the graph into two parts, and test whether the
assaiated inequality is violated. Second,while we executeEdmonds' [16] algorithm for nding a
minimum weight arborescencewe repeatedly corntract cyclescreating a sequenceof supernodes.
We always test whether the inequality corresponding to the original nodesin a newly created
supernode is violated or not.

For selectingthe multipliers d; we employ three dierent methods: set all of them to 1, set
dj = ¢j andsetd; = ¢, the reducedcost of variable x;; . We have found that we got the best
results when we generated cuts basedon ead setting; none of them could be left out without
taking a performance hit.

Another advantage of using this heuristic instead of exact cut generation (besidesmuch faster
execution) is that we can alsoderive upper bounds simultaneously with the cut generation. Given
an arborescenceA we construct a Steiner tree by simply recursively deleting all arcs leading to
leavesthat are non-terminal nodes.
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To compensatefor possiblemissesof our heuristic we do run the exact cut generation routine
for every terminal node that is not separatedfrom the root by any of the heuristically generated
cuts. In our experiencethis rarely had to be done.

Another way to produce upper bounds is basedon a heuristic due to Takahashi-Matsuyama
[34] and is described in Algorithm 2. We have extended this algorithm as follows:

Given a starting vertex v, run the Takahashi-Matsuyama heuristic for the digraph D =
(V; A) with arc weights wij = (1  x; )c;j . The resulting Steinertree is T.

Find a minimum spanning tree in the subgraph induced by the vertices included in the
tree obtained in the previous step, consideringoriginal costsc; as weights.

Prune all non-terminal leaves.

Algorithm  2: Takahashi-Matsuyama Steiner tree heuristics
1 Chosean initial terminal vertex v.

2 Let T be a tree containing only v.

3 while there exists a terminal nodet 62T do

4 foreach terminal nodet 62T do

5 | Compute the shortest path from t to T.;

6 Add the terminal node is closestto T and the corresponding path to T.

Sincethis heuristic is computationally expensive, we ran it every 5 iterations of the cutting
plane procedure.

5. Comput ational Results on the Steiner tree problem

We ran all experiments on an IBM RS/6000 44P Model 270 workstation with a 375 MHz
processorand 1GB of core memory.

Our implemertation is very similar to the one preseried in [26], the main di erence is that
we use the VA to handle the linear programs. In Table 1 we present a comparison between
our simplex based code and our volume based code. We took instancesfrom Steinlib [25], a
library for Steiner tree problem in graphs. We did not treat the instancesin TablesVI and VI
of [26] becausethey were solved in [26] with a dierent technique. This consisted of running
a branch and cut code to x many variables and then restart the code from scratch when a
certain percertage of the variables can be xed. From the remaining problems treated in [26]
we chosethose instancesthat took more than 50 secondsto solve with either of our codes. A
few problems (alue7065,alue7080,alut2610, and alut2625) were too big even after preprocessing
to t into our matchine. We have useda pre-processingcode, obtained from T. Koch, which is
a successorof the one usedin [26]. Since the publication of [26] much stronger preprocessing
methods were designed(see[35] and [33]). With those methods many problemsin Steinlib canbe
reducedto near trivial size. However, we believe that preprocessingis orthogonal to comparing
the volume and simplex basedbranch and cut methods, thus we have not implemented thesevery
sophisticated preprocessingtechniques. Therefore our computational results are not comparable
to the onesin [35] and [33].

In the rst column of Table 1 we have the name of the instance, then we presen the number
of nodes, number of edges,and number of terminals after pre-processing. These numbers are
sometimesdi erent than those in [26] sincethe preprocessingcode has been updated since the
publication of that paper. Then we presen the time, lower bound, upper bound, the number
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of seard tree nodes and the number of iterations in the root node for the volume basedcode.
Finally we have the samedata for the simplex-basedcode. Note that two numbers are listed
for the number of iterations in the root node for the volume basedcode. The rst is the total
number of iterations while the secondis the number of times we usedthe volume algorithm to
solve the LP relaxation. We mark with a bullet ( ) all caseswherewe have a proof of optimalit y.
We had set a limit of 3 hours. Sincethe code cheded the time only after solving eac LP, the
times reported are sometimesslightly larger than 10800seconds.

Obsene that the volume based code is nearly always faster than the simplex based one,
frequertly signi cantly faster. The number of instances solved to optimality with the volume
based code is larger than the number of instances solved to optimality by the simplex based
code. There is only one problem (e12) the simplex basedcode solvesbut the volume basedone
doesnot. However when we have examinedthe log les, we found that when the simplex based
run was faster the primal heuristics in the volume basedrun found the optimal solution (or in
the caseof el2,did not happento nd it at all) very late. If the optimal solution value were
given to both runs then the volume basedruns would always have nished faster. Also notice,
that for those casesnot solved to optimality, the volume based code always produced a better
lower bound.

Figure 1 givesan even more striking picture of the superiority of the volume basedcode. Here
we chosese\eral instancesfrom Steinlib and plotted how the lower bound progressedin the root
node (plots for other instanceswould exhibit the samestructure). On these charts the results
basedon the VA are drawn with bold lines, those basedon dual simplex are drawn with thin
lines.

The charts on the left depict the value of the lower bound with respect to the elapsedtime.
It is clear that at any particular time the volume basedlower bound is signi cantly better.

In charts on the right we have plotted the lower bounds against the iteration count. Notice,
that the simplex basedruns almost always do fewer iterations showing that the volume based
runs take lesstime per iteration, i.e., the VA solvestheseLP relaxations faster. Also, we can see
that the lower bounds are better with VA at any given iteration as well (not only at any given
time).

The fact that the volume basedlower bounds are superior indicates that the cuts generated
from the primal solution provided by the VA are stronger. Notice that the primal vector used
for producing cutting planesis the convex combination showed in (5). This is a point near the
certer of the optimal face. We believe that this explains the superiority of the cuts produced by
the volume basedcode. A similar obsenation has beenmade in [31] when using a cutting plane
method basedon an interior point algorithm.

Finally, although we do not have exact gures, we have monitored the memory usageof the
running programsand the simplex basedruns used2-4 times the memory than the corresponding
volume basedruns (before they switched over to the simplex basedbounding).
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Ib
alue7066 Ib = [72, 1846]
I I I ]
0 2787 5574 8361 11148
Ib
alut2288 Ib = [334, 3548]
I I I ]
0 2814 5628 8442 11256
Ib
diw0778 Ib = [113,2018]
I I I ]
0 2756 5512 8268 11024
Ib
gap3128 Ib = [543,4127]
I I I ]
0 2802 5604 8406 11208
Ib
msm4312 lb = [49, 1789]
I I I ]
0 2918 5836 8754 11672
) ﬁ/
taq0014 lb = [704,5167]
I I I ]
0 2735 5470 8205 10940
Figure 1.

Ib = [72, 1846]

| T T |
34 68 102 136

Ib = [334, 3548]

| | |
19 38 57 76

/ i

Ib = [113,2018]

T T T T
32 64 96 128

Ib = [543,4127]

| T | T
18 36 54 72

Ib = [49, 1789]

T T T |
36 72 108 144

Ib = [704,5167]
I I I I
27 54 81 108

Lower bound vs. secondselapsed(left) in the root and

Lower bound vs. iteration court (right) in the root.
Bold lines: Volume Algorithm. Thin lines: simplex.
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6. The Max-Cut Pr oblem

Given a graph G = (V;E) with edgeweights, the max-cut problem is de ned as partitioning
the set of nodesinto two setsthat maximize the total weight of the edgesbetweenthe two sets.
B&C algorithms for complete or highly densegraphs have been preseried in [8, 15]. Max-cut
in complete graphs has also beentreated with Semide nite Programming in [24]. In this paper
we treat sparsegraphs. The linear programming relaxation of the Max-Cut problem for sparse
graphsis

maxc' x
bject to
srectioy

(12) Xe Xe JFj 1
e2F e2CnF
0 x 1

whereC isacycleand F  C with jFj= 2k + 1.

Here x should take the value 1 if the edgee appearsin the cut, and 0 otherwise. Constraints
(12) are called cycle inequalities and they ensurethat the intersection of a cycle and a cut has
even cardinality. A polynomial time separation algorithm for this classof inequalities has been
given in [9], however we use a faster heuristic from [7]. Let x be the vector to separate,de ne
weights

We = Ce max(Xe;1l Xe):

Then nd amaximum weighted spanningtree T with weights w. Foranedgee?2 T,ifXe 1 Xe
then the end-nades of e should be on opposite sidesof the cut. We give the label \A" to this
edge. Otherwise, if Xxe < 1 X then the end-nodes should be on the sameside of the cut and
we give the label \B" to the edge. Once every edgein T has beenlabeled the edgeswith label
\A" de ne a heuristic cut K. Then for an edgee 2 T we add it to T and look at the created
cycle C. If e2 K then we test the violation of the inequality (12), where the set F is given by
the A-edges.If e 2 K the setF is given by the A-edgesand the edgee.

7. Comput ational Results on the Max-Cut Pr oblem

We have run our experimerts on an IBM RS/6000 44P Model 270 workstation with a 375MHz
processorand 1GB of corememory and 1 hour time limit. We have consideredsix di erent classes
of sparsegraphs.

The rst four classesare max-cut problems arising from variations of the so called Ising spin
glassmodel, a model in statistical physics, that has been studied in [7, 4, 13, 14, 31]. In one
casethe corresponding problem is to nd the maximum cut in a toroidal grid where half of the
edgeweights in the grid are 1, the other half are -1. This problem classhas beenidentied as
a challenging casefor simplex basedcutting plane algorithms. In [14] the authors report that a
70x70grid takeson the order of 16 hours on a Sun SPARC 10 machine. (Our running times are
on the order of a minute on a roughly 30 times faster machine.) Toroidal grids have also been
treated with a cutting plane algorithm basedon an interior point algorithm in [31]. In that paper
times of the order of 2200secondsand 12000secondsre reported for 70x70and 100x100grids on
a Sun SPARC 20/71 (which correspondsto roughly 110 and 600 secondson our machine).

We have studied four variations of this problem. First the edgeweights are either randomly
generatedfrom f1; 1g or generatedwith a gaussiandistribution (keeping6 signi cant digits).
Also, an external magnetic eld canbe preser or not, this is modelled by an extra node connected
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solved by both solved by vol || solved by sim

size || # | vol time | sim time || # time || # time
70| O { {1 8 90.72 (| O {
80| O { {1 8 238.35( 0 {
Qi 0 { {1 8 313.13| O {
100 O { {1 8 491.14| O {
110 O { {1 8 785.48( 0 {
120 (| O { {| 6| 1701.34| O {
130 O { {1 5| 2295.42| 0 {

Table 2. Ising spinglassproblems: 1 weights, no external eld (8 instances/type)

solved by both solved by vol || solved by sim
size || # | vol time | sim time || # time || # time
40| 8 34.50 32.39| 8 34501 8 32.39
50| 8 62.47 79.28 | 8 62.47 | 8 79.28
60 || 8 129.55 186.40| 8 129.55| 8 186.40
70 || 8 171.88 448.72 || 8 171.88| 8 448.72
80| 8 282.21| 1267.05| 8 282.21| 8 1267.05
90 || 6 408.68| 2671.25| 8 427.68| 6 2903.43
1001l O { {] 8 868.23 (| O {
1101 O { {1 8 1254.86( O {

Table 3. Ising spinglassproblems: gaussianweights, no external eld (8 instances/type)

to every node in the grid (all the new edgeshave the sameweight, which represerts the strength
of the eld). All thesemodels have signi cance in physics.

Tables2{5 shaw the results of the Ising experiments. To somewhatsmooth out the randomness
in the experiments we have generated8 instancesfor eac entry where there is no external eld
and (due to the large number of distinct problem characteristics) 4 instanceswhen there was an
external eld. First the sizeof the toroidal grid is given (possibly followed by the eld strength).
Then we presert the instancesthat could be solved to optimality by both algorithms. For them
we presert the the number of instancessolved and for both codesthe averagerunning time of
the solved instances. Then for the volume basedalgorithm we presen the number of instances
solved to optimalit y, then we presert the averagerunning time among all instancesregardlessof
whether they were solved or not (for those not solved we use3600secondsastheir running time).
Finally, the sameinformation for the simplex basedcode is presered.

The fth setof instancesare quadratic 0-1 programming problemsthat have beentransformed
into max-cut problems, (for details see[8]). The results are displayed in Table 6 which has the
samelayout asthe previous tables.

Finally, we have received a set of eight spin glassesproblems that were reported to be very
dicult in [14]. Table 7 givesour running times for these problems.

These tables also show that it is advantageousto use the volume algorithm until it starts
to tail o, but the superiority is not as clear-cut asit was for the Steiner tree problem. This
is especially apparert for smaller sized Ising spinglassproblems when stronger external eld is
presern. For those problems the purely simplex basedcode consisterily outperforms the other
one. Upon examining the log les we have found the reasonfor this behavior, a reasonwhich is
very natural in hindsight.
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solved by both solved by vol || solved by sim

size| eld # | vol time | sim time || # time || # time
70| 0.3981| 4 264.62 572.78| 4 264.62| 4 572.78
0.5012| 4 155.10 19461 4 155.10(| 4 194.61
0.6310| 4 125.63 134.67| 4 125.63| 4 134.67
0.7943| 4 128.89 79.59 | 4 128.89 | 4 79.59
1.0000 | 4 108.77 61.62 | 4 108.77 || 4 61.62
1.2589( 4 77.39 36.42 | 4 7739 | 4 36.42
15849 4 46.13 2844 | 4 46.13 || 4 28.44
1.9953( 4 75.17 28.78 | 4 75.17 || 4 28.78
25119 4 17.99 8.69 | 4 17.99| 4 8.69

80| 0.3981| 4 318.55| 1171.19| 4 318.55| 4 1171.19
0.5012| 4 260.86 517.97| 4 260.86| 4 517.97
0.6310| 4 221.11 236.93| 4 221.11| 4 236.93
0.7943| 4 150.10 116.44 | 4 150.10(| 4 116.44
1.0000( 4 178.69 110.98| 4 178.69| 4 110.98
1.2589( 4 120.92 61.18 | 4 120.92 || 4 61.18
15849 4 75.42 43.63| 4 7542 | 4 43.63
1.9953( 4 106.33 4298 4 106.33|| 4 42.98
25119 4 30.92 12.39 || 4 3092 4 12.39

90 | 0.3981 | 3 583.74| 2361.65| 4 609.09| 3 2671.24
0.5012| 4 457.04 896.88 | 4 457.04 || 4 896.88
0.6310| 4 339.04 446.67| 4 339.04| 4 446.67
0.7943| 4 240.82 186.76 || 4 240.82| 4 186.76
1.0000( 4 360.57 185.18 4 360.57| 4 185.18
1.2589( 4 142.91 87.89| 4 14291 4 87.89
15849 4 124.27 68.16 | 4 12427 || 4 68.16
1.9953( 4 160.64 66.48 | 4 160.64 || 4 66.48
25119 4 46.98 18.45 | 4 46.98 || 4 18.45

100 | 0.3981 | 2 725.50| 324931 4 827.65| 2 3424.65
0.5012| 4 553.16| 1755.30| 4 553.16 | 4 1755.30
0.6310| 4 428.70 848.11| 4 428.70|| 4 848.11
0.7943| 4 342.21 33111 4 34221 4 331.11
1.0000 | 4 318.21 250.64 | 4 318.21| 4 250.64
1.2589( 4 252.32 130.23|| 4 252.32| 4 130.23
15849 4 185.65 10145 4 185.65( 4 101.45
1.9953( 4 219.37 107.28 | 4 219.37| 4 107.28
25119 4 52.33 2586 | 4 52.33|| 4 25.86

110 | 0.3981| O { {| 4| 1385.94| O {
0.5012| 3 794.66| 2486.20| 4 889.40| 3 2764.65
0.6310| 4 548.28 | 1020.89| 4 548.28 | 4 1020.89
0.7943| 4 554.24 502.86 | 4 554.24| 4 502.86
1.0000( 4 579.62 368.93| 4 579.62| 4 368.93
1.2589( 4 309.13 195.74 || 4 309.13|| 4 195.74
15849 4 203.00 137.80| 4 203.00|| 4 137.80
1.9953( 4 330.64 14539 4 330.64| 4 145.39
25119 4 78.09 3740 4 78.09 (| 4 37.40

Table 4. Ising spinglassproblems: 1 weights, external eld presen (4 instances/type)
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solved by both solved by vol || solved by sim

size eld # | vol time | sim time || # time || # time
40 | 0.01778| 4 253.73| 1160.88| 4 253.73| 4 1160.88
0.03162| 4 256.99 797.88( 4 256.99| 4 797.88
0.05623| 4 210.22 319.88| 4 210.22| 4 319.88
0.10000| 4 122.48 131.65( 4 12248 4 131.65
0.17783| 4 69.96 77.14 | 4 69.96 | 4 77.14
0.31623| 4 47.52 4031 4 4752 4 40.31
0.56234| 4 23.09 14.16 || 4 23.09| 4 14.16
1.00000| 4 11.14 715 | 4 11.14 || 4 7.15
1.77828| 4 7.00 3.78| 4 7.00( 4 3.78

50 | 0.01778|| O { {1 4 506.07 | O {
0.03162| 2 44259 | 1922.75| 4 536.82| 2 2761.38
0.05623| 2 212.81| 1741.23| 4 441.87| 2 2670.61
0.10000| 4 291.66 617.21| 4 291.66| 4 617.21
0.17783| 4 163.26 283.26 || 4 163.26 || 4 283.26
0.31623| 4 83.02 77.17 | 4 83.02| 4 77.17
0.56234| 4 45.67 28.00 (| 4 4567 | 4 28.00
1.00000| 4 25.52 15.89|| 4 2552 4 15.89
1.77828| 4 12.08 6.65| 4 12.08 | 4 6.65

60 | 0.01778|| O { {1 4 887.02| 0 {
0.03162| O { {1 4| 1039.82| O {
0.05623| 1 348.39| 2689.18| 4 694.35| 1 3372.30
0.10000|| 3 463.64| 1239.43| 4 602.55| 3 1829.58
0.17783| 4 270.89 549.34| 4 270.89| 4 549.34
0.31623| 4 202.14 328.31| 4 202.14 | 4 328.31
0.56234| 4 80.47 58.01| 4 80.47 | 4 58.01
1.00000| 4 44.69 30.05| 4 4469 | 4 30.05
1.77828| 4 19.64 11.87| 4 19.64 || 4 11.87

70| 0.01778|| O { {1 4| 1923.28| 0 {
0.03162| O { {1 3| 2040.43| O {
0.05623| O { {1 4| 1671.77| O {
0.10000| O { {1 4 935.32| O {
0.17783| 3 653.49| 2367.66| 4 634.84| 3 2675.75
0.31623| 4 260.91 499.81| 4 26091 4 499.81
0.56234| 4 137.87 104.60 | 4 137.87| 4 104.60
1.00000| 4 60.71 50.23 || 4 60.71| 4 50.23
1.77828| 4 38.26 21.87 | 4 38.26 || 4 21.87

80 | 0.01778|| O { {1 3| 2996.72| O {
0.03162| O { {1 3| 224055| 0O {
0.05623| O { {1 3| 2592.82| O {
0.10000| O { {1 4| 1551.79| O {
0.17783| 1 705.02| 2718.90| 4 829.74 | 1 3379.72
0.31623| 4 392.07 746.16 || 4 392.07| 4 746.16
0.56234| 4 242.04 187.32|| 4 242.04| 4 187.32
1.00000| 4 107.81 78.35( 4 107.81( 4 78.35
1.77828| 4 52.70 33.73|| 4 52.70 || 4 33.73

Table 5. Ising spinglassproblems: gaussianweights, external eld preser (4 instances/type)
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solved by both solved by vol || solved by sim

size| % of I's || # | vol time | sim time || # time || # time
60 20 4 9.18 12.34| 4 9.18 || 4 12.34
30 4 137.31 12389 4 13731 4 123.89

40 4 109.12 130.38( 4 109.12 || 4 130.38

50 4 349.85 417.58| 4 349.85| 4 417.58

60 4 521.01 752.20| 4 521.01| 4 752.20

70 3 491.15 650.46| 3 | 1268.37| 3 1387.85

80 20 4 231.84 272.00| 4 23184 4 272.00
30 4 236.16 412.35| 4 236.16 || 4 412.35

40 4 | 2083.01| 2442.76| 4 | 2083.01| 4 2442.76

50 4 828.84| 1445.77| 4 828.84| 4 1445.77

100 20 4 891.66| 1118.72| 4 891.66 | 4 1118.72
30 2 | 1631.98| 2361.07| 3 | 2471.69| 2 2980.53

40 2 511.06| 1879.82( 2 | 2055.53| 2 2739.91

Table 6. Quadratic 0-1 programming basedproblems (4 instances/type)

instance | simplex | volume
L7011 {| 139.72
L_702 { 66.48
L_70.3 {| 14135
L_704 {| 332.10
L_705 { | 238.52
L_70.6 { | 158.92
L_70_.7 {| 216.79
L_708 { | 205.18

Table 7. Instancesfrom [14]

If a problem can be solved in the root node quickly (in about 10 iterations) then the volume
basedcode is at a disadvantage since rst the volume algorithm hasto tail o, then we switch
over to the simplex method, and although that nearly always proves optimality, the extra 3-5
LPs solved with the volume algorithm slows down the code. On the other hand, if switching
over to the simplex method doesnot prove optimalit y and we have to explore a reasonablylarge
seard tree then it is more or lessrandom which code is faster (it dependson which oneis luckier
to nd an optimal solution sooner).

8. Conclusions

We have preseried B&C algorithms where the LP relaxations can be treated either with the
VA or with the simplex method. We rst consideredthe Steiner tree problem in graphs. The
volume based approach was able to solve to optimality substartially more instances. For the
instancesnot solved to optimality, the lower bounds produced by the volume based code were
always better than the lower bounds produced by the simplex basedapproach.

Then we preseried similar experiments with the max-cut problem. Again the superiority of
the volume basedapproad is clear as we could handle sizesthat had not been solved before.
However this problem classpresenried a better insight to when it is advantageousto jump-start
the B&C algorithm by solving the LP relaxations with the Volume Algorithm: wheneer the bulk
of the work is donein the root node (i.e., the seard tree is reasonablysmall), but the problem
cannot be solved in just a few cutting plane iterations.
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Most B&C methods are being implemented basedon the simplex method. For many combi-
natorial problemsthe resulting linear programs are extremely di cult to solve due to degeneracy
and numerical di culties. We expect that in these casesa volume basedapproach will be more
advantageous.
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