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Abstract
This paper presents a small example for which the Penalty Interior Point Method
converges to a non-stationary point. The reasons for this adverse behaviour are
discussed.
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1 Introduction

The Penalty Interior Point Algorithm (PIPA) of Luo, Pang and Ralph [2, Chapter 6.1]
solves Mathematical Programs with Equilibrium Constraints (MPECs) of the form

minimize  f(z,y,w,2)

subject to € X
Flz,y,w,z) =0 (1.1)
0<y L w>0,

where X C IR" is a polyhedral set, f and F' are twice continuously differentiable functions
and y,w € IR™.

In the remainder, d will denote the step or displacement computed by PIPA and
subscripts like d, will refer the part of d corresponding to the z-variables. Superscripts
are used to denote iterates or evaluation of functions at a particular point, e.g. Vf*¥ =
Vf(z*, y* wk, z*). Diagonal matrices are denoted by W = diag(w) and Y = diag(y) and
e=(1,...,1)T.

The algorithm solves the following direction finding problem at every iteration

minimize kaTd + %dikdz
subject to 2F4+d, e X
- .
Y*d, + Wkdy = —YFwr + U%@
lel? < e (1P + 52"t |
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where ¢ > 0 and o € (0,1) are parameters. PIPA can be summarized as follows.
Penalty Interior Point Algorithm (PIPA)

1. Initialization:
Choose parameters ¢ > 0, o,7v,p € (0,1),
choose a starting point (2 y° w?, 2%) such that y° w® > 0 suitably centered,
choose a penalty parameter a > 0 and set £ = 0.
REPEAT
2. Direction finding problem: Solve problem (1.2) for a trial step d = d*.
3. Step size determination: Find a step size 7 = 73 to:
3.1 Ensure centrality and positivity of (y,w) by finding the root of gx(7) in (1.3)
or setting 7 = 1 — € if this root does not exist or is greater than 1.
3.2 Ensure sufficient reduction in the quadratic penalty function P,(z,y,w, z)
in (1.4) by performing an Armijo-search on P,.
Let 7, be the step size determined in 3.1 and 3.2.
4. Update: (x*1 yF1 k! A1) = (2F yF wk, 2F) + Tk(di,ds,dﬁ),dk), k=Fk+1.
T1 |d] <«

The step size selection in Step 3. requires two functions, namely

kT, & d5T dk
Yy w .
+7 min d* dfi —pL v
1 m v

ge(m) = (1 =p)o (1.3)

which controls the rate at which y,w are changed and the quadratic penalty function
Po(z,y,w,2) = f(z,y,w,2) +a |[Fle,y,w,2)|* +y"w . (1.4)

More details of the algorithm can be found in [2, Chapter 6.1].  ote, that this presen-
tation of PIPA is less sophisticated than [2] which allows for instance o to vary with the
iteration.

Convergence of PIPA is established in [2] under the following two assumptions.

Strict complementarity of the solution y +w > 0.

onsingularity of the matrix

V,F V,F
A%

Theorem Theorem Suppose that the essian matrices W* are
bounded and that ¢ > 0. If the penalty parameter « is bounded, then every limit
point of (z*, y* w*, z¥) that satisfies and is a stationary point of (1.1).

In the next section, a small example is presented for which PIPA converges to a
non-stationary point, contradicting Theorem 1.1.
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c ution r
This section examines the behaviour of PIPA applied to the following small example
minimize z+w
subject to :1 f;f;: . (2.1)
0<y L w>0.

The solution of (2.1) is (z,y,w) = (—1,2,0). This solution satisfies the assumptions

(y +w =2>0)and , since
V,F' V, F 10
w Y 0 2

is nonsingular, so that the assumptions of [2, Theorem 6.1.1 | are satisfied.

Initiali ation
Let the starting point be (z°, 3% w®) = (0, 1,0.02) and assume that the following parame-
ters are chosen: ¢ =1,0 = 0.1,y =0.01,p = 0. and a = 2. ote, that the starting point
satisfies the linear equation, which implies that || F*|| = 0 for all subsequent iterations.

ire tion in ing Pro lem

The direction finding problem for this example can be simplified as follows

minimize d, +d,,
subject to —1 <zF4+d, <1

d: +d, =0
whd, + y*d,, = (o — 1)y*w*
- Yyt <d, < yruk

The aim is to show that the presence of the trust-region like bound on d, can under
certain circumstances prevent convergence to a stationary point.

ote that the direction finding problem is an LP. It can be seen that at the solution
of this LP, the two equations and the lower bound — y*fw* < d, are active. Thus the
optimal basis is given by

kol

1o 1 ! 0 1 —%
1 w* 0 = 0 0 y%
0 y* 0 ] w

<
ko

From this, multipliers can be computed as

kol
Eal

e o] N
= c = 0 0 y—z 0 = y—kk
(. R 1 14

<@
<@
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and optimality follows, since * > 0 for the only inequality constraint. The step d can
also be computed as

— YRk
dk — T k — ykwk ’
ﬁwk - w—: yrwk
y
where * = (0, —Eykwk, — ykwk)T is the right hand side of the active constraints.

te 1 e etermination

The step size rule ensures that 7 < 1. For this example, the root of gx(7) in (1.3) can be
shown to be given by

B 1 ykwk B (yk)Q
Wdidy (g 410 yReF)  yFur

Expanding 7 in terms of powers of w around w = 0 (using S function) gives

1 y 1 1 w1
- Y 0 -I-E—I_U——OOOE (w ?).
1772 5 661y

w
And it can be seen that, if y > 1 and w < 0.02, then 7 can be bounded by

10 2 10 200 + ()

=71 16 1\
Evaluating the right hand side shows it to be roughly 0.631 | so that the following bounds
on 7 hold

T =

—<r<l (2.2)

elow it will be shown that this step size is also acceptable in the Armijo test.

ate o aria le

Since 7 < 1, it follows that

F = 2 yhwk > 2F - Rk (
S = b ghuk < yF 4+ gRuk,
while 7 > - implies that
k k
K+l _ k koW Kok Lok w Kok
w = w T ——w - — w < —wh — —— wr. 2.
+ T Y <3 Y (2.)

Thus it is possible to bound the new complementarity violation after the step by

yEH R < <yk_|_ ykwk> (%wk——w—k ykwk>

IA I
—
Eend
Eead

It also follows, that y**! > y* > 1 and that w**!
for (2.2) remain satisfied.
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Penalty re  tion
The penalty update rule in [2, (6.1.24)] finds the smallest integer > 1 such that
kaTd —a (1 - J)ykka —a (1 — J)ykka —ykka

holds. Since kaTd 0 and a(l — o) > 1, this is always satisfied for = 1 and the

penalty parameter is never increased.
It remains to show that the step size (2.2) satisfies the conditions for the Armijo
search in Step 3.2. It can be seen that the actual reduction satisfies

P PF —rd, 4 7dy, + o yFTIm — yRut
Since yFtlwht! < %ykwk it follows that
kt1 k [
Pt — P gTdI—I—wa—oz§y w”,
which implies the sufficient reduction condition,
PHY — PR < yrd, + y7dy, — a(l — o)yyFw®,

since ¥ < 1 and (1 — o) % Thus, each step of PIPA generates new iterates which

7 <
satisfy the bounds (2.3), (2.4) and (2. ).

imit an n meri al e eriment

A lower bound on the global changes in the controls x can now be given

k k
e = b yhwb = 20— T oyw > 22— Y w

0 0

where the last inequality follows from 7 < 1. ext, using the fact that z° = 0 and the

bound y w < % yPuw? and youw® = 1%7 it follows that
L\
k sy
S N L_ youd = — 2 12
0 2 10 l—=
y taking the limit (k ) on the right, it follows, that all control iterates satisfy the
bound 5
> 2 04 2. (2.6)
10 2-1

Similarly, an upper bound can be derived for the y-iterates as

k > )"
k+1 2 1_<_§>

1
<y — 00 = 1+ —
Y _y+ . 2 Yy w —I_lo 1_15 9
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k z* yk wk ared pred
1 0 1 0.02

2 1-0.0 6022613 1.0 60226  0.00 644 -0.1 -0.13

3| -0.1 606 1.1 606 6 0.000163234 -0.0 4 -0.0 2
41 -0.1 1126 1.1 113 1.4 4 224E-0 -0.0143 -0.0143

-0.1 406 1.1 406 1.41 1 2 E-06 | -0.00421 -0.0042
6| -0.1 364 1.1 36 1.414 236E-0 -0.00131 -0.0013
-0.1 2 1.1 2 1.4223 33E-0 | -0.000412 -0.000411
0.1 0 3 1.1 0 1.43364 E-0 -0.00013  -0.00013
-0.1 4 1.1 4 1.4460 1 E-10 | -4.14e-0  -4.14e-0
10 -0.1 6304 1.1 63 14 6 2 E-11 | -1.32e-0  -1.31e-0

Table 1: Iterates, actual and predicted reduction of AMPL implementation of PIPA

which shows that 5
Ml ————— 14 2. 2.
Y - 10 2-1 (2)
These bounds can also be verified numerically.
Example (2.1) and PIPA has been implemented in AMPL [1] using the looping
extension which allows the convenient implementation of algorithms in AMPL. The

sequence that is generated is given in Table 1 and confirms the bounds given above.

A o nter e am le or PIPA

From the previous sections it follows that all iterates remain in a compact set, namely

0 = 29 > 28 > —042
1 = ¢ < ¢y*f < 142
% = v > wt > 0.

Thus, the sequence (z,y,w)* has a limit point (z,y,w) . From (2. ) it follows that

w' - — — yhwkt < —w
= 9~ Ty Y =9

so that w =0 and y "w =0. Therefore, PIPA converges to a limit point (z,y, w)
such that

0 > =z > —0.4 2
1 < vy < 1.4 2
W = 0.

This limit point satisfies complementarity and the linear constraints for problem (2.1)
(since (z,y,w)? satisfies the linear constraints). Moreover, this limit point also satisfies

the assumptions of Theorem 1.1. Assumption is satisfied, sincey +w >1>0
and Assumption holds, since

V,F' V,F 10

W Y 0y
isnonsingular forall 1 <y < 1.4 2 . owever, the limit point is clearly not a stationary

point, thereby contradicting Theorem 1.1.



€ en Yy ner r n € r

oncuion nd 1cu ion

In the previous section, a small example has been presented for which PIPA converges to
feasible but non-stationary limit point. This example seems to contradict [2, Theorem
6.1.1 ] which establishes the convergence of PIPA.

The reason for this apparent failure of PIPA is the trust-region type constraint

lal? < e (IFH] +90b) = 3.)

in the direction finding problem (1.2). The trust-region radius j converges to zero
as the iterates approach feasibility, thereby limiting the progress towards optimality in
the controls x. This adverse behaviour can be expected to occur whenever the iterates
approach feasibility faster than optimality.

Linking the trust-region radius to the feasibility of the problem is counter intuitive.

ormally,  is controlled by the algorithm, rather than by the iterates. In particular,

it should re ect how well the model problem (1.2) approximates the original problem,
measured for instance by the agreement between actual and predicted reduction. In this
example, actual and predicted reduction show near perfect agreement towards the end
(see last two columns in Table 1). Thus one would expect ; to be increased rather than
decreased.

The adverse situation in which (3. ) limits progress towards optimality can be easily
detected. The Lagrange multiplier of (3. ) indicates whether or not progress can be made
by relaxing this constraint. In the present example, this multiplier converges to 1.
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