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Abstract

We study the problem of desighing at minimum cog a two-connecte network suchthat
eachedge belorgsto a cycle usingat mostK edges. This probem is a particular caseof the
two-comectal networks with bounded meshegproblem studied by Fortz, Labke and Maffi-
oli [6].

In this paper we compue alower bound on thenumbe of edgesin afeasble solution, we
shaw thatthe probdem s strondy NP-completdor arny fixedK, andwe derive new classe of
facetdefininginequalities. Numericd resuts obtainedwith a brarch-ard-cutalgorithm using
theseinequaliies showtheir effectivenesdor solving the problem.

Keywords: network design,combinatoriabptimization,branch-and-cut

1 Introduction

Telecommurgation network planninghasbecomein the last decadean importantproblemarea
for developng andapplyingoptimization models. Telephonecompaniesave initiatedextensve
modelingandplanningefforts to expandandupgradeheir transmisionfacilities.

Recently Fortz et al. [6] introduced a new modelfor the topologcal designof backbone
telecommurgationnetworks. The two-connectedhetwork with boundedrings (or meshesprob-
lem (2CNBR) consiss in designng a minimum costnetwork N with thefollowing constraints:

1. N containsatleasttwo node-disjint pathsbetweerevery pair of nodeq2-connectivitycon-
straints),
and

2. eachedgeof N mustbelongto atleastonecycle whoselengthis boundedy a given constant
K (ring consteints).
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In the mostcommonmathematal modelfor topologcal network design,agraphG = (V, E)
is consideredvhereV is the setof nodesthathave to be connectedaindE is the setof edgesthat
is the setof potentiallinks betweermodes.Eachedgee of E hasa fixed nonneative costce and
the objectve is to find the subset- of E of minimum total cost, suchthat the resultingnetwork
N = (V,F) satisfiessomesurvivability requirement. This requirementcan be that the network
be eitherk-edge-connectear k-node-connectedvhich meanghatthe removal of ary (k— 1) or
fewer edgeqrespectrely, nodes)eavesG connected.

In mostcasestwo-connectedetworks have beenfound to provide a sufficient level of sur
vivahlity. Hence,a considerableamountof researchhasfocusedon so-calledlow-connectivity
constained network designproblems,i.e. problemsfor which eachnodej is characterizé by a
requirements; € {0, 1,2} andmin{ry,ry} node-disjint pathsbetweerevery pairof distinctnodes
v, w arerequired. Work on this kind of problemgoesfrom the early contritutionsof Steiglitz et
al. [12] to the morerecentarticlesof GrotschelandMonma|7], Boyd andHao[3], Monma and
Shallcrosq10], Grotscheletal. [8, 9], andothers.For in depthsuneys in this areathe readeris
referredto Fortz [4] andGrotscheletal. [9].

The minimum-costtwo-connectedhetwork is oftena Hamiltoniancycle. Therefore ary edge
failure would requireto reroutethe flow that passedhroughthatedge,usingall the edgesof the
network, anobviously undesirabldeature.Fortz etal. [6] proposedo addring constraintgo limit
theregion of influenceof thetraffic which is necessaryo rerouteif a connections broken. They
implenenteda first branch-and-cualgorithmto solve the problemaswell asseveral constructve
heuristics.More recently Fortz andLabbe [5] studiedthe structureof the underlyingpolyhedra,
derving new classe®f facet-defning inequalites.

An importantapplicationof ring constraintsaappeairin topologesusingthe recenttechnology
of self-healingiings. Self-healingingsarecyclesin thenetwork equippedn suchaway thatarny
link failurein thering is automattally detectecandthe traffic reroutedby the alternatve pathin
thecycle. Dueto technologicaktonstraintsthe lengthof self-healingrings mustbe limited. This
is equivalentto seta boundonthelengthof theshortestycle includingeachedge.In practice the
lengthof thering is compued asthe numberof hops i.e. the numberof nodesthatcomposehe
ring. This correspondso the particularcaseof 2CNBR thatariseswhena unit lengthis givento
eachedge.

In this paper we derive additionalpropertiesfor this particularcase. The next sectionintro-
ducessomenotationand a mathematial formulation for our model. In Section3, we compute
a lower boundon the numberof edgesin ary feasiblesolution This boundis usedin Section4
to shaw thatthe problemis NP-completeavenfor K fixed,andis thenextendedto a new classof
validinequalitesin Sectiornb. Theseparatiomproblemfor thesanequalitesis studiedn Sectiong,
andabranch-and-cualgorithmis outlinedin Section7. Numericalresultswith this algorithmare
presentedn Section8.

2 Notation and model

As mentionedbefore,we representhe given setof nodesand possille cableconnectionsdy an
undirectedgraphG = (V, E). Throughouthispapern := [V| andm:= |E| will denotethenumber
of nodesandedgesf G.



GiventhegraphG = (V,E) andW C V, theedgeset
W) :={{i,i} €E|ieW, jeV\W}

is calledthecutinducedby W. We write dg(W) to make clear— in caseof possibleambiguties—
with respectto which graphthe cut inducedby W is considered.The degree of a nodev is the
cardinalityof d(v). Theset

EW):={{i,jl€E|ieW, jeW}

is the setof edgeshaving bothendnodesin W. We denoteby G(W) = (W, E(W)) the subgraph
inducedby edgeshaving bothendnodesn W. If E(W) is empty W is an independenset G/W
is the graphobtainedfrom G by contractingthe nodesin W to a nev nodew (retainingparallel
edges).

We denotebyV —z:=V \ {z} andE — e:= E )\ {e} thesubset®btainedoy removingonenode
or oneedgefrom thesetof nodesor edgesandG — zdenoteghegraph(V —z E\ 8({z})), i.e. the
graphobtainedby remaoving a nodez andits incidentedgesdrom G. This is extendedto a subset
Z C V of nodesby thenotationG—Z := (V\ Z,E\ (8(Z) UE(Z))).

Eachedgee = {i, j} € E, hasafixedcostce := ¢jj representinghe costof establishig the
directlink connectionThecostof anetwork N = (V, F) whereF C E is asubsebf possibleedges
is denotedby c(F) := ZF Ce. Thedistancebetweentwo nodesi andj in this network is denoted

ec

by dr (i, j) andis givenby the minimumnumberof edgesn apathlinking thesetwo nodesin F.

A usefultool to analyzefeasiblesoluions of 2CNBR s therestrictionof a graphto bounded
rings. GivenagraphG = (V, E) anda constanK > 0, we definefor eachsubsebf edges~ C E
its restrictionto boundedingsFx as

Fe = {ee = e belonggo atleastonecycle }

of lengthlessthanor equalto K in F

ThesubgraplGk = (V, Ex) istherestrictionof G to boundedings. Remarkthatanedgee € E\ Ex
will never belongto afeasiblesolutionof 2CNBR.

In orderto formulatethe 2CNBR problem we associatevith every subsef C E anincidence
vectorxt = (£ )eck € {0,1}/El by setting

F. | 1 ifeekF,
Xe = 0 otherwise.

Corversely eachvectorx e {0,1}/Fl inducesa subset
F*:={e€E|x=1}.
Furtherwe denoteby Dg k thesetof incidencevectorsx™ with F C E suchthat
1. F is two-connected,

2. F =K.



Then,the2CNBR problemconsistan

min{ EEcexe:xe Q)G,K}.
ec

Sinceall costsce, e € E areassumedo be posiive, therealways exists an optimal solution
of 2CNBR whoseinducedgraphis minimal with respectto inclusion. Hence,2CNBR can be
equialently formulatedas

min{ Z;cexe : X € Z" andthereexistsy € Dok - y< x} .
ec

For arny subsebf edged- C E we define

X(F) = eg:xe

We alsodenoteby g thei-th unit vectorin R".

If asubsetof edgesS C E is suchthat (G — S)k is not two-connectedthen G — S doesnot
containa feasiblesoluion, andthereforeeachfeasiblesolution containsat leastoneedgefrom S.
As we areonly interestedn minimal feasiblesoluions, this is sufficient to formulatethe 2CNBR
problemasthefollowing integerlinearprogram:

min egEcexe
S.t.
XS >1 SCE, (G- S)k is nottwo-connected (1)
Xe>0 eckE, 2
Xe integer ecE. (3)

Constraintg1) arecalledsubsetonstrints andprovide a setcoveringformulation of the2CNBR
problem.This formulation wasintroducedby Fortz andLabbke [5]. They alsocharacterizedvhich
subsetonstraintarefacet-definingor

P := conv{x € REl : x satisfie1) — (3)},

the polyhedronassociatedo the 2CNBR problem.This polyhedronis fully dimensonal.

3 A lower bound on the number of edges

In this section,we computea lower boundon the numberof edgesin ary feasiblesoluion of
2CNBR.Thisresultis usefulfor shaving thatthe problemis NP-completdor ary fixedK > 3 and
for deriving new valid inequalites.

We first needthe following definitionsand propertiesfrom graphtheory Let G = (V,E) be
a connectedgraphwith n = |V| nodesand m = |E| edges,andlet T be a spanningtreein G.
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€1 & €3 & |6 & € €& &
1 0 0 01 1 0 1 O
C=1 0 1 0 0|0 O 1 1 O
0 01 0j1 11 0 1
0 0 0112 11 01

Figurel: An exampleof graphandits fundamentatycle matrix

The additionof anedgeto T createsexactly onecycle, calleda fundamerdl cycle Sincethere
arem—n+ 1 chordsin G, thereare exactly m— n+ 1 fundamentakyclesassociatedvith each
spanningree.

Now, supposehe edgesof G are orderedasey,..., e, andwe have a setof cyclesai, i =
1,...,k. Then,we candefineacyclematrixC = (Gij)kxm in which

N 1 if oj containsedgesg;,
71 0 otherwise.

If the cycleso; arethe fundamentakyclesassociatedo a spanningtree T, this matrix is called
fundamenthacycle matrix. Moreover, if edgesin G are numberedstartingfrom the edgesnot
belongingto T, andthefundamentatyclesarenumberedaccordinglythenthefundamentatycle
matrix hasthefollowing form :

C= (IUaCt) ’
wherel, is an identity matrix of dimensionp= m—n+1, andC; is the remainingmatrix of
dimensiom px (n— 1) correspondingo theedgesf T.

Figurel shavs an exampleof graphwith its associatedundamentaktycle matrix, wherethe
fundamentatyclesaredefinedby thespanningreedravn in bold.

It is clearthatthe rank of the fundamentaktycle matrix C is u= m—n+ 1. With respecto
scalarsin {0,1} andthe additionmodub 2 (that we denoteby &), the fundamentakyclesare
independentandwe candefinea vectorspacdor whichthefundamentatyclesform abasis.This
vectorspaceis calledthe cycle space andall the othercyclesin G canbe obtainedasa linear
combinatia of rowsrepresentinghefundamentatyclesin C. Thedimensim p of thecycle space
is alsocalledthe cyclomaticnumberof thegraph.

More detailsaboutfundamentatyclesandthe cycle spacecanbefounde.g.in Berge[2].
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We cannow prove thefirst importantresultof this section.

Theorem 1 Let G = (V,E) be a two-edgeconnectechetworkwith n = |V| nodesand m = |E|
edees. If there existsa covering of the edgesof the networkby cyclescontainng at mostK nodes
ead, thenthere existssud a coveringusingat mosty = m— n+ 1 independentycles.

Proof. SinceG is two-edge-connecte@achedgebelongsto a cycle, which canbe obtained
by a linear combinationof the elementf a basisof the cycle space.This meanghateachedge
mustbelongto at leastonecycle in a basis,or, in otherwords, that a basisof the cycle space
coversthe edgeof thenetwork. Moreover, eachcycle matrix of rank p definesa basisof thecycle
space.Thisimpliesthatthe setof cyclesdefinedby ary cycle matrix of ranku— andin particular
fundamentatycles— coversthe edgesof the network.

Let C be a fundamentaktycle matrix for G. If a subsetf the fundamentaktyclesthatuseat
mostK nodescoversthe edgesjt formstherequesteaovering. Otherwise we transformC in a
cycle matrix C’ of rank 4 suchthatthe subsebf cyclesof C’ thatuseat mostK nodescoversthe
network.

In orderto obtainthat transformationwe now showv that a cycle matrix of rank , defining
r(r < p) cyclesusingat mostK nodes,andsuchthattheser cyclesdo not cover the setof edges
E, canbetransformednto a cycle matrix of rank , definingr + 1 cyclesusingat mostK nodes.
By applyingthis constructionteratively to the fundamentatycle matrix C, we createa sequence
of matricesof rank, thuscoveringthe edgesof the network by independentycles,andsuchthat
thenumberof cyclesusingat mostK nodess increasedy oneat eachstep.We stopwhenthese
cyclesusingatmostK nodescoverthenetwork, i.e. theseform therequestedovering. Thisoccurs
in afinite numberof stepssincein theworstcasewe endwith a matrix containingu cycles,each
usingat mostK nodesandthatcover all theedges.

Let C; bea x mcycle matrix of rankpt andsuppos therearer cyclesusingat mostK nodes
in C;. Withoutlossof generalitywe cansupposehesecyclesform ther firstrowsof Cq, i.e.Cy is

of theform
C
Ci =
1 ( Ct >7

whereC; is ar x mcycle matrix suchthateachcycle definedby C; usesatmostK nodesandC; is
a(n—r) x mcycle matrix suchthateachcycle definedby C; usesatleastK + 1 nodes.
Supposeyclesin C, do not cover the network, i.e. thereexists anedgee € E which doesnot
belongto arny cyclein C;. This edgemustbelongto a cycle o usingat mostK nodes.SinceC; is
of rank |, 0 canbe obtainedby a linear combinationof its rows. Moreover, sinceno cycle in C,
usese, thelinearcombinationusesat leastonerow of C;. Replacingthis row of C; by thelinear
combinatia of rows definingo, we obtaina new cycle matrixC, of samerankp anddefiningr 4+ 1
cyclesusingatmostK nodes. O

Interestingly Theoreml still holdsif thegraphG containamultiple edges Notethatthecycles
in thecoverdo notnecessarilgorrespondo aspanningree. Theconstructve proof of Theoreml
isillustratedby thefollowing example.Considethegraphof Figure2 with thefundamentatycles
associatedtb thespannimg treedravn in bold, andsuppos theringsmustuseat most3 nodes.The



Figure2: An illustrationof Theoreml

fundamentatycle matrixis

€162636465 | €5€7€3€9€10€11€12
10000/01100 0 0 |o1
01000{10001 0 0 |o
001000000011 o3
00010(11101 11 o4
000011111111 o5

ThematrixC; of cyclesusingatmost3 nodesconsiss of thefirst 3rows of C. However, thecolumn
correspondingdo e4 in C; is null, meaninge, is notcoveredby C;. Butes € 6 = {e4, 65,69} ando
is obtainedoy combinng 04 andos. We canthusreplaceo, by @ andwe obtainthe nev matrix

€162€36465 | €5€7€3€9€10€11€12
1000001100 0 0 |o;
01000{10001 00 |o2
0010000000 1 1 o3
000110001000 |0
000011111111 o5

Cyclesusingatmost3 nodesaregiven by thefirst 4 rows, andno columnof thecorrespondingub-
matrixis null, meaningo1, 02,03 andc form a coveringof thenetwork asrequested Theoreml.
Theoreml is thekey to establisithe mainresultof this section.

Theorem 2 Let G = (V, E) be a two-connecteahetworkwith n = |V| nodesand m= |E| edges,
sud thatthere existsa coveringof the networkby cyclesusingat mostK nodes.Then,

: n—K n
> =
m> M(n,K) n—l—mln( K 2 ' K_1 ), (4)

i.e. G containsat leastM(n,K) edges.
Proof. = FromTheoreml, thereexists a coveringof G by atmostm— n+ 1 independentycles
usingat mostK nodes.We considertwo disjointcases
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Figure3: Combinatonsof a cycle o andanoutsidepathP to generateycleso; andos

1. Thee existsa coveringsatis{/ing Theoem1 andusingat mostm— n cycles.

In this case,the sumof the numberof edgesusedin eachcycle is greaterthanor equalto
m, sincethe cyclescoverthe network. Moreover, sinceeachcycle usesat mostK edgeswe
have

m< (m—n)K,

andtheintegrality of m allowsto concludethat

n
K—-1

m>n+

(5)

2. All coveringssatisfyig Theoem1 useexactlym— n+ 1 cycles.

It meanghatthereexists sucha coveringwhich is alsoa basisof the cycle space.We first
shav that eachcycle in this covering sharesat leastone edgewith the others. Supposat
is not the casefor somecycle o in the covering. Sincethe network is two-connectedthere
exist two nodesu andv in the subsebf the nodesof o adjacento nodesthatdo not belong
to o (theboundaryof o) andthatarelinkedby a pathP with no edgein commonwith o, as
depictedn Figure3. Two otherpathsP; andP, betweeru andv form . Combinirg P with
P, andP, respectiely, we obtaintwo new cycleso; = P& P; ando, = P& P,. Sincethe
coveringdefinesa basis,01; ando» canbe obtainedoy a linearcombinationof the cyclesin
thecovering.

If we suppose¢heedgesareorderedstartingfrom thosein Py thenP,, andfinally theremain-
ing edgesthevectorcorrespondingo o hastheform

(l_..._l l_..._l O...O)
Py P>

while the othercyclesin the basishave theform

(0...00...0 x...x )
P P2



sincewe suppose@ hadnoedgein commonwith ary othercyclein thecovering. Moreover,
thevectorcorrespondingo o1 hastheform

(1...10...0x...x).
Py P2

It is clearfrom theform of thosevectorsthato; cannotbe obtainedby alinearcombinaton
of cyclesin the covering,which leadsto a contradiction.

Soeachcycle in the basissharesat leastoneedgewith someothercycle in the basis. The
sumof thenumberof edgeausedin eachcycle is thusgreaterthanor equalto 2m—n, since
atleastm— n repetitionsof edgeoccurin this counting. This sumis alsolessthanor equal
to (m—n+ 1)K sinceeachcycle usesat mostK edgesWe canconcludethat

2m—n< (m—n+1)K,

or, sincemis integral,
- K-2 °
Sinceone of thesetwo caseanustoccut (5) or (6) is satisfied ,thusthe numberof edgesm
satisfieq4). a

Theorem?2 providesalower boundon the numberof edgesn afeasiblesolution. Thisbound
is tight, aswe will seein the proof of Theorem6, andit is usefulfor shaving thatthe problem
is NP-completewhich is donein the next section.Moreover, a similar applicationof Theoreml
leadsto someclasse®f strongvalid inequalitiesghataredescribedn Sectionb.

4 Complexity

In this section,we shaw thatthe recognitionversionof the 2CNBR problemis NP-completefor
ary fixedvalueof theboundK.

Problem 3 (R2CNBR) LetG = (V,E) beagraph,K > 3 a givenconstantandB > 0 aninteger.
To eath ede e € E is associ@ed a costce and a unit lengthde = 1. Doesthere existsa subset
F C E of edgessud that Fk is two-connecte@ndc(F) < B ?

Theorem 4 R2CNBRs NP-completdor anyK > 3.

Proof.

It is easyto seethat R2ZCNBR belongsto NP. We shav that the Hamiltonian cycle problem
reduceso R2CNBR for ary fixedK > 3. LetG = (V, E) beagraphwith n= |[V| nodesandm= |E|
edgesandsupposé/ = {vy,...,vp}. The Hamiltoniancycle problemconsistsn determiningif
thereexistsa Hamiltoniancyclein G.

This problemis NP-completeandit canbetransformednto R2ZCNBRin thefollowing way.



Vi V2

Ve V3

Vs Vg

Figure4: Transformatiorof Hamiltoniancycle into 2CNBR
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If K > n, finding aHamiltoniancycle is equialentto finding atwo-connectechetwork of cost
lessthanor equalto n, for thesamegraph with unitedgecosts.But K > nimpliesthatR2CNBRis
equialentto thetwo-connecteaetwork problem sincetheconstraintontheringsareredundant.
Thusthe Hamiltoniancycle problemreducedo R2ZCNBRIif K > n.

If K n,defineagraphG = (V',E’) with

K 2
V= VK whereVK={\k,... K}, k=0,....,K—2,
k O
and
K 3n
E'= {0 AWV 2 (v 21 {{V V)
i,j: vi,vj €E k 0i O

A unit costis againassignedo eachedge.Thistransformatia is illustratedin Figure4 for K = 5.
G’ iscomposeadf n’ = (K — 1)n nodesandnm’ = 3m+ (K — 2)n edgesThetransformatiorcan
thusbeperformedn polynomal time andspace We will shav thatthereexists afeasiblesolution
of 2CNBR of costlessthanor equalto Kn in G’ if andonly if thereexists a Hamiltorian cycle in
G, andcorversely
Supposehereexistsa solution F of 2CNBR of costlessthanor equalto Knin G’. Sinceedge
costsareunitary, thenumberof edgesn F is equalto thecostof thesolution c(F). By Theoren?,

wethushave Kk .
n — n
F)>n' +min i
C()_+I<K—2’K—1>

Butn' = (K —1)n, sowe have

nl
=n
K-1
and
n’—K_(K—l)n—K_n+n—K>n_ n’
K—2 K-2 N K-2 K=1
sincen > K andK > 3. Thus,
/
Kn>c(F)>n'+ K1 =(K—=1)n+n=Kn,

andF containsexactly Kn edges.

SinceF is two-connectedthe degreeof eachnodein this solutian is at leasttwo. Moreover,
for eachv}‘, i=1,...,n, k=1,...,K—3,thereareonly two possille edgesandtheseedgeanust
belongto ary feasiblesoluion. Thereare (K — 2)n suchedgeshatform n pathsof lengthK — 2,
(vio,vil,...,v}< 2), asillustratedin bold in Figure5. Sinceeachedgein thesepathsmustbelong
to a cycle usingat mostK nodesjwo edges(vi 2 ,w) and(w,?) mustbein the solution to close
eachpathandform afeasiblecycle. It is clearthattheonly possilbe choicefor wis anodev? eVo.

In this way, we geta subgraph(V’,F) with Kn edgeswith exactly n edgesin F(V?), corre-
spondingto edgesn E. We shaw thattheseedgesorm a Hamiltoniancycle in G. Sincethereare
exactly n edgesit is sufficient to shav thattheseinducea two-connectesgubgraplof G, i.e. that
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Edgesthatmustbelongto ary feasibk solution

_____ TSPsolution for the original graph

Figure5: A solution of R2ZCNBRandthe correspondingdamiltoniancycle

F (V) is two-connectedLet VY andv) beary two nodesin V°. In F, therearetwo node-disjont
pathsfrom vlO to v? sinceF is two-connectedlf thesepathsuseonly nodesin V9, the expected

resultholds. Otherwise gachnodeof thesepathsnot belongingto V° mustappearn a sequence
of theform V2, vi,..., vk 2,v. By our previousconstructionthis imply that (v¥, ) is alsoin the
solution. Replacingeachsequencef the form vO,v,%,...,vE 2,V|O usingnodesoutsice VO by the
correspondinghortcut(v), ) leadsto two disjoint pathsfrom v? to V¥ in E(V?).

So,F (V) is two-connectedndthen edgesn F (V°) correspondo a Hamiltoniancyclein G.

Corversely it is easyto seethatwe cancompleteanedgesetF (V°) correspondingo a Hamil-
toniancycle in G, definedby the sequenceof nodesvi,,Vi,,...,Vi,, Vi, ; = Vi;, into a feasible
soluton F of 2CNBRwith Kn edgesby addingthepathsv? vi,... v 20 fork=1,...,nto
theedgesalreadyin F (V).

This concludeghe proof of Theoreny. O

5 Cyclomaticinequalities

Fromthelower boundonthe numberof edgesn afeasiblesoluion obtainedn Section3, we can
concludethat

. n— n
> M(n,K) =n+min
2. ez MK +I(K—2’K—1>

is a valid inequality for 2CNBR. In this section,we extend this resultto new classesof valid
inequalitesfor 2CNBR.
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Figure6: A graphG, the contractecgraphG andthe two stepsof G constructionwith a bound
K=4.

Ourfirst resultis anextenson of Theorem?2 to a partition of V.

Proposition 5 LetG = (V, E) beagraphwithn=|V| nodesK > 3agivenconstantandWy,W,...,W, (p>
2) apartitionofV. Then

1P
3 3 X(G0W) 2 M(p.K) ™
is a valid inequality for 2CNBR.

Proof. Let F be a feasiblesoluton to the 2CNBR problemand et G denotethe contracted
graph(V,F)/Wy/ ... /W,, andrh thenumberof edgesn G. We show thath > M(p,K).

It is easyto seethat G is two-edge-connecteandthateachedgein G belongsto a cycle using
atmostK edges.

If G is two-connectedTheorem2 holdsfor G, i.e fh> M(p,k). Otherwise G containsg > 1
articulationpoints. Let z be one of thesenodes,obtainedafter the contractionof a subseZ C V
of nodesin G (Figure6(a,b)). SinceF is two-connectedthe boundaryof Z containsat leasttwo
nodes.Let u be oneof thesenodes.Replacingz by two nodesz; andz,, andreplacingeachedge
incidentto z by anedgeconnectedo z; if thecorrespondingdgein G wasconnectedo u, andby
anedgeconnectedo z, otherwisewe obtaina graphwith onearticulationpointless,asillustrated
in Figure6(c). However, it is possilte thatthis new graphcontainssomeedgesot belongingto
a cycle usingat mostK edges. In this case,let e be one of theseedges. Before replacingz, e
belongedo at leastonefeasiblecycle. Eachof thesecycleshasbeenreplacedoy a pathfrom z;
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F1 R

Figure7: Fy andF forn=12andK =4

to 2. It is easyto seethat one of thesepathsmustcontainat mostK — 1 edges,otherwisethe

correspondingedgein F cannotbelongto a feasiblecycle. Therefore,addingan edgelinking z;

andz is sufficientto createafeasiblecycle containinge (Figure6(d)). Repeatinghis construction
for eacharticulationpoint, we obtaina two-connectedjyraphG suchthateachedgein G belongs
to a cycle usingat mostK edges.SinceG hasp+ g nodes;jt containsatleastM (p+ q,K) edges
by Theorem2, andby our constructio, it containsat mostm+ g edges.Therefore,

5 . p+g—-K pP+q
> — = >
m>M(p+0,K)—q p+m|n< K3 K_1 )_M(p,K),

andwe have proved Propositiorb. a

Inequalitiey(7) arecalledcyclomaticinequaliies. The next theoremshaws thatthe inequality
boundingthetotal numberof edgeqi.e. p = n) is facet-definingor completegraphs.

Theorem 6 Let G = (V,E) be a completegraphwithV = {v1,...,vy}, and3 < K nagiven
constant.Thenx(E) > M(n,K) definesa facetof P k.

Proof. We considerseparatelythe two casescorrespondingo the two possibé valuesof
M(n,K).

M(n,K)=n+ 25 .

Let b"x > B be a facet-definingnequalitysuchthat the faceinducedby x(E) > M(n,k) in
Pk Is containedn the facetF, inducedby bTx > B. Ouraimis to shav thatbe hasthe
samevaluefor all e € E.

Considerapermutatio {iy,...,in} of {1,...,n}, andthetwo following setsof edges

n 1

Foo= v vy 3 U{{Mpvin b} U {{Vip, Vic 3}

i1
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2K 2

U {{Vinle’Vinlez}}
i1
s 1

U {{Vinl ik 20 VK jx 2}}7
i1

n 1l

F = {{Vijﬂvij JHU{{vig,vind}
i 2
U{{Vi17ViK}}U{{Vi27ViK 1}}

n 1
7K 2
U {{vie i1k 2°Ving gk >}
i1
iy 1
U {{Vinle 2 Vi jk 2 1}
i1

Theseconstructionsareillustratedin Figure7 for n = 12andK = 4. It is easyto seethat
F1 andF, definefeasiblesoluions of 2CNBR, andthat |F;| = |F;| = M(n,K). Therefore,
theincidencevectorsof F; andF; lie in F,. SinceF, is obtainedfrom F; by replacingedge

{Vi;, Vi, } by {Vvi,, Vi ,}, we obtainthatb Vipvi, =B v, -

Considerthreedistinct nodesv;, vj andvk. Sincethe permutationdefinedabove was arbi-
trary, ary permutatio suchthati; =i,i> = jandixy1 =k leadsto b, =b . If
Vi, Vj, ik andy; are four distinct nodes,we obtain by transitvity thatb ; y,

= b ViV =
JEALS
by »andthereforebe hasthesamevaluefor all e € E.

M(n,K)=n+ 5 .

Let b"x > B be a facet-definingnequalitysuchthat the faceinducedby x(E) > M(n,k) in

Pc x Is containedn the facetF, inducedby bTx > B. Ouraimis to shav thatbe hasthe
samevaluefor all e € E.

Considerapermutatio {iy,...,in} of {1,...,n}, andthetwo following setsof edges

n 1
Fs = {{vi, Vi }U{{Vis,Vin « 2}V {{Vij’vij g}

i1

1 1
U {{w, i1k 10V gk L
i1

n 1
Fa = {{Vip,Vin} }U{{Vip,Vin « 2}V {{Vijﬂvij g}
j 1

]
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Vigg Vig Vigg Vi
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Figure8: F3 andF4; forn=15andK =4

A1
U {{vi, i1k 1oV gk nis
i1
Theseconstructionsareillustratedin Figure8 for n = 15andK = 4. It is easyto seethat
Fs andF, definefeasiblesoluions of 2CNBR, andthat |Fs| = |F4| = M(n,K). Therefore,
the incidencevectorsof F3 andF, lie in F,. Since k4 is obtainedfrom F3 by replacing
edges{vi;, vi,.} and{vi;, i, « ,} by {Vi,,Vi,} and{vi,, i,  ,}, we obtainthatb .+

=b Vi Vi +b VigVip K 2

Considerfour distinct nodesvi, vj, vk andv;. Sincethe permutatiordefinedabove wasarbi-
trary, any permutatn suchthati; =i,io = j,in = kandiy k42 =1 leadsto

VigVin k 2

bym vy =0y +byy -

Similarly, ary permutatiorsuchthati,; = k,io =1,in =i andi, k42 = j leadsto
byw +Pvyu =bvy +byy -

Thisleadstob ., =b iy -

It remaingo beshowvn thattwo edgeshaving acommonendpointhave the samecoeficient.
If vi, Vvj, Vi, i andvp, arefive distinctnodesye obtainby transitvity thatb vy = Dyvvm =
b v v » andthereforebe hasthesamevaluefor all e € E.

6 Separation of cyclomatic inequalities

Themaindifficulty thatappearsvhentrying to separateyclomatc inequalitesis thefactthatthe
right-hand-sié of theinequalityis notlinearin the numberp of subsetshatdefinethe partition.
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To overridethis difficulty, we decidedto approximateM (p, K) by alinearfunctionof theform
a(p—1). Thereforewetry to find a mostviolatedinequalityof theform

12 Xe
- =>p-1,
2 izleeézw a P

which canbe performedin polynomal time usingBarahonas algorithm[1] for partitioninequal-
ities. If suchaviolatedinequaliy is found,it is suffiicientto checkthatthe cyclomaticinequality
definedby the samepartitionis alsoviolated.

The effectivenesf this proceduredepend$eavily onthechoiceof ain orderto have agood
approximatbn of M(p, K). Our choicewasto take

nkK
(n—1)(K-1)

which leadsto a(p— 1) = n+ &5 for p = n. Figures9 and10 illustratethis approximatia for
K =4andK = 7, respectiely, andn = 50. We canobsenethattheapproxinationis quiteaccurate,
andgives goodresultsin practice.

7 Implementation of the Branch-and-Cut algorithm

In this section,we describesomestrategic choicesthatwere madein the implementationof our
Branch-and-Cualgorithmfor the 2CNBR problem. Our aim hereis not to describein detailthe
generalBranch-and-Cuframework, but to emphasizehe problem-spcific aspectof our algo-
rithm. For a generalintroduction to Branch-and-Cutwe refer the readerto Thienel [13] or to
NemhauseandWolsey [11] for a morecompletesurvey on combinateial optimizationandpoly-
hedraltheory

The algorithmwasimplementedin C++, usingversion2.0 of the ABACUS library (Thienel
[13, 14]), andCPLEX 4.0asLP-soler.

Theinitial linear programis definedby degreeconstraing x(d(v)) > 2 for all v € V andthe
lower boundon the numberof edge(E) > M(n,K).

An importantissuein the effectivenessf a Branch-and-Cualgorithmis the compuation of
goodupperbounds. Due to the effectiveressof the Talu Seart heuristicpresentedn [4], we
perform600 iterationsof Taku Searchin parallelwith the Branch-and-Cualgorithmto obtaina
goodupperbound.

Moreover, we try to transformeachLP-solutionobtainedin the Branch-and-Cuto a feasible
solution by roundirg up to 1 all the variableswith fractionalvalue.

The pool usedto storegeneratednequalitesis the standardoool in ABACUS. We startwith
a pool size equalto 100 timesthe numberof nodesin the network, and we allow this size to
be increasedlynamicallyif necessaryAll the generatednequalitiesare putin the pool andare
dynamic,i.e. they areremoved from the currentLP whenthey arenot actve. The separatiorof
valid inequalitesis performedasfollows. We first separatéenequalites from the standardool. If
all theinequalitesin the pool aresatisfiedby the currentLP-solutin, we separaténequalitiesin
thefollowing order:
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T
50

Figure9: Approximatian of M(p, 4) for n= 50

Figure10: Approximatbn of M(p,7) for n=50
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. cyclomatc inequalities;

. subsetnequalites;

1
2
3. cutconstrains;
4. ring-cutinequalities;
5

. node-partitioninequalities;
6. metricinequalities.

Subsetcut, ring-cut, node-partitbon andmetricinequalites arestudedin [5]. The orderof sepa-
rationwaschoseraftera seriesof numericalexperimentsthechoiceof inequalitiesseparatedirst
seeminglybeingthebesttrade-of betweerseparatiortime andefficiency of the cuts.

Moreover, we goto thenext classof inequalitiesonly if thenumberof generateduttingplanes
is lessthan50. Otherwise we solve the LP againandrestartthe separatiomprocedure.

All inequalitesareglobal(i.e. valid in all thetree),exceptring-cutinequalitesthatarevalid
locally.

8 Computational Results

We presentin this sectionnumericalresultsobtainedfor the 2CNBR problemwith the Branch-
and-Cutalgorithm

The Branch-ad-Cutwas implementedusing ABACUS 2.0 and CPLEX 4.0, and testedon
a SUN SparcUItra 1 workstationwith a 166 Mhz processorand 128 Mo RAM. We fixed the
maximumCPUtime to 10 hours,exceptfor randomlygenerategbroblemswith 40 and50 nodes,
whereit waslimitedto 3 hours,dueto thelarge numberof problemso solve. Moreover, for these
large problemswe noticedthatthe boundsdid notimprove muchafter3 hours.

We considercostsequalto the roundedEuclideandistance. Testswere madefor differ-
ent valuesof the bound, for instancescoming from real applicatiors, with 12, 17, 30 and 52
nodes,and for random problemswith nodesuniformly generatedn a squareof size 250 x
250. Randomproblemswith 10 to 50 nodeswere generated,and we testedfive instances
of eachsize. Data on the randomly generatedest problemsare available at the Web page
http://s  mg.ulb.ac.b e/ 'bfortzz  2cnbm/data. html . The CPUtimesreporteddo notinclude
the Talu Seard procedureasit wasrunin parallelon anothemprocessar

Table 2 reportsresultsobtainedfor problemscoming from real applications, while Table 4
reportsthe averageresultsobtainedfor randomlygenerategroblems.Abbreviations usedin the
tablesaresumnarizedin Tablel.

For 20 nodesor less, all problemscould be solved to optimalty. For larger problems we
remarkthatthe problemswith a smallvalueof K aremuchharder thelower boundat the root of
the Branch-and-Bountreebeingfar from the optimum

Problemswith alargevalueof K areeasieto solve dueto thefactthattheseproblemsarecloser
to the two-connectechetwork problem(without ring constrainty which canbe solved efficiently
usingcutandnode-partitiorinequalites(for theinstancesve considered)Themostdifficult cases
seento befor K betweer and5, andespeciallyfor K = 4.
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V| numberof nodesin thegraph

|E| numberof edgesafterpreprocessing

K boundonthelengthof cycles

p/o for randomproblemstotal numberof problems/nmberof problems
solvedto optimalty

#ineq. numberof inequalitiesgenerated

#B&B nodes numberof Branch-and-Bund nodesexamined(including the root
node)

LB (root) lower boundobtainedat theroot nodeof the Branch-and-Bundtree

LB (final) globallower boundatthe endof the optimization

uB bestupperboundfound

Gap gapbetweerthefinal upperandlower bounds

100UB LB

gap=—-rip
CPUtime time spentin the Branch-and-@t (without the Talu Search)

Tablel: List of abbreviations

Theseanstancesverenottestedn [6] and[5]. Ourmainnew contrikutionis theintroductian of
cyclomatt inequalities.To testtheirimpacton the efficiency of ouralgorithm we testedthesmall
instancescoming from real applications(12 and 17 nodes)without the cyclomatt inequalites.
The maximumCPU time wassetto 30 minutessinceall theinstancesvere solved to optimaliy
within thistime limit usingthe cyclomaticinequalities Resultsarereportedn Table3 andclearly
shav thattheuseof cyclomaticinequalitesconsiderablymprovesthelowerboundsanddecreases
thecomputhgtimes.

9 Conclugon

In this paper we studythe particularcaseof the 2CNBR problemin which eachedgehasa unit
length. This problemis harderto solve thanits weightedcounterpartWe presentherenew struc-
tural propertiesof this problem,leadingto new facet-definingnequalities.Numericalresultsob-
tainedwith a branch-and-cuélgorithmusingthesenew inequalitesaswell asinequalitesintro-
ducedin Fortzetal. [6] andFortzandLabbke [5] arereported Fromtheseresultswe canconclude
thatthe Branch-and-@t algorithmis ableto solve to optimality instancef smallsize (up to 30
nodes).However, problemswith a smallvalue of the bound(3 to 5) remaindifficult to dealwith
andshouldprobablyneedspecificmethods
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V K E #ineq.#B&B LB LB UB Gap Gap CPUtime
nodes (root) (final) (root) (final) (hh:mm:ss)
12 39 3 179 31 740 794 794 7.3 0.0 0:0009
12 39 4 288 105 647 681 681 53 0.0 0:0018
12 39 5 73 7 598 606 606 1.3 0.0 0:0001
12 39 6 53 5 563 568 568 0.9 0.0 0:0001
12 39 8 39 13 521 537 537 3.1 0.0 0:0001
12 39 10 27 7 517 521 521 0.8 0.0 0:0001
12 39 16 24 1 496 496 496 0.0 0.0 0:0001

17 88 3 1570 3521 1034 11001100 6.4 0.0 0:1829
17 88 4 2549 5381 907 966 966 6.5 0.0 0:2937
17 88 5 270 61 837 855 855 2.2 0.0 0:0026
17 88 6 75 1 797 797 797 0.0 0.0 0:0002
17 88 8 222 105 752 766 766 1.9 0.0 0:0022

17 88 10 36 1 715 715 715 0.0 0.0 0:0G01
17 88 16 13 1 711 711 711 0.0 0.0 0:0001
30 200 3 8481 38011 1310 14171431 9.2 1.0 10:0000
30 200 4 23545 33837 1171 12271326 13.2 8.1 10:0000
30 200 5 2280 35693 1078 11271176 9.1 4.3 10:0000
30 200 6 2683 2721 1018 10551055 3.6 0.0 0:4522
30 200 8 1957 1049 930 956 956 2.8 0.0 0:1821
30 200 10 315 9 895 901 901 0.7 0.0 0:0041
30 200 16 1650 781 843 861 861 2.1 0.0 0:0831
52 622 3 4143 11115 1630 16741870 14.7 11.7 10:0000
52 622 4 5129 5783 1411 1457166317.9 14.1 10:0000
52 622 5 6474 3781 1303 1354147813.4 9.2 10:0000

6

8

52 622 5233 4099 1256 12921362 8.4 5.4 10:0000
52 622 5974 3049 1178 12091246 5.8 3.1 10:0000
52 622 10 7535 3933 1136 11601208 6.3 4.1 10:0000
52 622 16 10117 4693 1074 10911104 2.8 1.2 10:0000

Table2: Branch-and-Cutesults realapplications, unit edgelengths

21



V K E #ineq#B&B LB LB UB Gap Gap CPUtime
nodes (root) (final) (root) (final) (hh:mm:ss)
12 39 3 566 371 689 794 794 152 0.0 0:01:14
12 39 4 1203 1311 606 681 681 124 0.0 0:02:%4
12 39 5 542 265 565 606 606 7.3 0.0 0:00:0
12 39 6 221 67 544 568 568 4.4 0.0 0:00:@8
12 39 8 105 33 513 537 537 4.7 0.0 0:00:@
12 39 10 94 19 501 521 521 4.0 0.0 0:00:00
12 39 16 24 1 496 496 496 0.0 0.0 0:00:L
17 88 3 295% 5449 965 1057110814.8 4.8 0:30:@0
17 88 4 6015 513 853 911 966 13.2 6.0 0:30:@
17 88 5 1960 1773 798 855 855 7.1 0.0 0:08:3
17 88 6 784 189 772 797 797 3.2 0.0 0:.01.17
17 88 8 1134 567 731 766 766 4.8 0.0 0:02:19
17 88 10 71 9 709 715 715 0.8 0.0 O0:00:@
17 88 16 217 113 693 711 711 2.6 0.0 0:00:13

Table3: Branch-and-@t resultsfor unit edgelengthswithout cyclomatt inequalites
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V E K plo #ineq. #B&B Gap Gap CPUtime
nodes (root) (final) (hh:mm:ss)
10 256 3 5/5 1778 64.2 57 0.0 0:00:38
10 256 4 55 936 350 4.7 0.0 0:00:8
10 256 5 5/5 720 206 25 0.0 0:00:@
10 256 6 5/5 488 146 3.6 0.0 0:00:0
10 256 8 55 170 54 1.0 0.0 0:00:0

10 25.6 105/5 3.2 1.0 0.0 0.0 0:00:a
20 74.4 3 5/4 2763.8 171922 8.0 1.1 2:15%
20 68.7 4 5/5 6454.4 241282 8.4 0.0 2:29:38
20 68.7 5 5/5 582.8 4774 4.4 0.0 0:02:3
20 68.7 6 5/5 355.0 169.8 3.7 0.0 0:00:38
20 68.7 8 5/5 322.8 169.4 3.4 0.0 0:00:2
20 68.7 105/5 228.8 37.8 2.1 0.0 0:00:19
20 68.7 16 5/5 686 7.0 0.7 0.0 0:00:0
30 179.4 3 5/2 4845.6 261014 10.8 3.9 7:54:3
30 179.4 4 5/1 153262261654 12.2 6.3 8:46:36
30 179.4 5 5/1 153100215766 11.1 5.3 8:03:4%6
30 179.4 6 5/4 7763.2 137398 6.4 1.0 5:03:46
30 179.4 8 5/5 2471.2 2261.4 4.1 0.0 0:55548
30 179.410 5/5 2652.8 1824.6 3.1 0.0 0:43:14
30 179.416 5/5 2264.0 7054 2.7 0.0 0:16:Z
40 231.6 3 5/0 2237.4 867/.0 10.7 5.8 3:00:@M
40 231.6 4 5/0 3790.6 708.0 109 7.0 3:00:0
40 231.6 5 5/0 4203.8 6433.8 10.3 5.8 3:00:@™
40 231.6 6 5/0 4863.0 70%.2 8.6 4.3 3:00:0
40 231.6 8 5/2 433%6.4 4258.2 56 14 2.07:Z
40 231.6 10 5/2 4573.8 30%6.0 5.7 1.6 2:00:23
40 231.616 5/4 38%0.8 188.8 3.1 04 1:1411
50 337.2 3 5/0 2089.4 4400.6 12.8 9.3 3:00:0
50 337.2 4 5/0 3123.6 37%.2 15.9 12.2 3:00:@0
50 337.2 5 5/0 3680.6 3312.2 13.3 9.7 3:00:0
50 337.2 6 5/0 3871.6 3417.4 12.3 8.9 3:00:@0
50 337.2 8 5/0 4227r.4 2871.4 8.1 49 3:00:0
50 337.210 5/0 4315.8 2744.2 5.8 2.8 3:00:@0
50 337.216 5/1 4448.4 2290.2 35 13 2:28:®

Table4: Branch-and-Cutesults randomnetworks, unit edgelengths
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