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Abstract

With every real valued function, of a real argument, can be as-
sociated a matrix function mapping a linear space of symmetric ma-
trices into itself. In this paper we study directional differentiability
properties of such matrix functions associated with directionally dif-
ferentiable real valued functions. In particular, we show that matrix
valued functions inherit semismooth properties of the corresponding
real valued functions.
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1 Introduction

Consider the linear space SP of p X p symmetric matrices. With a function
f R — R can be associate a matrix valued function £’ : §P — &SP defined
as follows. For a matrix X € SP denote by A;(X) > ... > A, (X) its eigen-
values, arranged in the decreasing order, and by e;(X), ..., e,(X) a set of the
corresponding orthonormal eigenvectors. Then we define

F(X) = Z FOu(X)) ei(X)ei(X)". (1.1)

Of course, the orthonormal eigenvectors e;(X),...,e,(X) are not defined
uniquely. However, the right hand side of (1.1) does not depend on a par-
ticular choice of the orthonormal eigenvector system of X, and hence the
function F'(X) is well defined. Matrix functions of the form (1.1) have been
studied extensively (see, e.g., [1, Chapter 6] and references therein). In par-
ticular, for f(z) := 2", n = 1,..., we have F(X) = X" in the sense of the
usual matrix multiplication. For analytic functions f(x) one can then define
F(X) by using power series expansions.

In this paper we investigate differentiability properties of the function
F(X) in cases where f(x) is directionally differentiable, but not necessarily
differentiable everywhere. In particular, we show that the matrix function
F(X) inherits semismoothness properties of the function f(x). For the func-
tion f(x) := |z|, directional differentiability and semismoothness of the corre-
sponding matrix function, denoted | X |, was shown by Sun and Sun [13]. For
f(z) := x4, where x; := max{0, z}, the corresponding mapping X +— F(X)
represents the metric projection of X onto the cone SY of p X p positive
semidefinite symmetric matrices. Semismoothness of that mapping (metric
projection) was shown in Pang, Sun and Sun [8]. So this investigation is
motivated by those papers.

Recall that a mapping g : R® — R™ is said to be directionally differen-
tiable, at a point z € R", if its directional derivative
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exists in every direction A € R"™. If, moreover, the directional derivative
g'(z,-) is linear, then g¢(-) is (Gateaux) differentiable at = and its differential
Dg(x)h = g'(z,h).



We assume throughout this paper that the function f(-) is directionally
differentiable. Since here z is real valued, directional differentiability of f(-)
simply means that f(-) is right and left side differentiable. In particular,
if f(-) is differentiable at a point z, then f'(z,h) = f'(x)h, where f'(z) =
df (x)/dx denotes the derivative of f() at .

There are several equivalent ways of defining semismoothness, originally
introduced in Mifflin [6], of a mapping ¢g : R™ — R™. We use the following
definition (cf., [7])

Definition 1.1 Let g : R® — R™ be a locally Lipschitz continuous and
directionally differentiable mapping. It is said that g(-) is semismooth at a
point z € R" if

g(@ +h) = g(x) = g'(x + b, h) + o([|1]]). (1.2)
It is said that g(-) is strongly semismooth at x if
g(x +h) = g(x) = ¢'(x + h, h) + O([|]]*). (1.3)

It is said that the mapping g(x) is positively homogeneous if g(tz) = tg(x)
for any € R™ and ¢t > 0. If g(z) is positively homogeneous, then ¢(0) = 0,
g(x) it is directionally differentiable at x = 0 and ¢'(h, h) = g(h), and hence
g(+) is strongly semismooth at x = 0. Moreover, if g(x) is locally Lipschitz
continuous and F : R¥ — R" is a twice continuously differentiable mapping
and F(Z) = 0, then the composite mapping g o F' : R¥ — R™ is strongly
semismooth at z (see [3],[7] for a discussion of these properties).

We use the following notation throughout the paper. For a matrix X € SP
we denote by o(X) = (A (X), ..., \p(X)) its spectrum. We study differen-
tiability properties of o(X) and F(X) in a neighborhood of a given matrix
X € 8. By ry,...,r, we denote the multiplicities and by p; > ... > p, the
distinct values of the eigenvalues \;(X), ..., \,(X), i.e., p; = )\SjH(X') =

= Xs;4r;(X), 7 =1,...,q, where

81 1= 0’ S 1=T1, ... ,8¢ = T1+---+7ﬂq71- (14>

Also by E;(X) we denote the p x r; matrix whose columns are formed by
the eigenvectors e, 41(X), ..., es,4,,(X), 7 = 1,...,¢q, and define P;(X) :=
E;(X)E;(X)T. Note that the matrix P;(X) represents the orthogonal pro-
jection onto the space generated by the eigenvectors e, 11(X), ..., €547, (X)
and is independent of a particular choice of E;(X). In particular, denote
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That is, P; is the orthogonal projection matrix onto the eigenvector space
corresponding to thg eigenvalue p;. We have then that PP, = 0 if ¢ # j,
P? = P, and }39_, P; = I,. Moreover,

Zu]PJ and F(X Zf wi) P (1.5)

7j=1

For a number x € R we denote by sign(x) its sign, i.e., sign(z) =1 if z > 0,
sign(z) = —1 if < 0 and sign(z) = 0 if x = 0. By I, we denote the p x p
identity matrix.

2 Analytic Functions

In this section we study the case where the function f(x) is analytic in a
neighborhood of every point p;, j =1,...,q. For z # u;, j =1, ...,q, we have
that the matrix 2/, — X is nonsingular and

q

(2L, = X)) =S (e =)' P (2.1)
j=1
Therefore, if we take a curve C; in the complex plane to be a sufficiently
small circle centered at p; and oriented in the anticlock direction, then by
Cauchy’s theorem,

- / Pty = X) 7z = ()P, (2:2)

Consider the curve C' := Uj_,Cj. It is well known that the eigenvalues
A(X), ..., A\p(X) are continuous, in fact even locally Lipschitz continuous,
functions of X € SP. Consequently, for all X in a neighborhood of X the
eigenvalues A\ (X),...,\,(X) are contained inside the curve C. It follows
that for all X in a neighborhood of X the matrix function F(X) can be
represented in the following integral form

F(X)= QLM./Cf(z)(zJp — X)) 'dz. (2.3)

The idea of using the above representation for studying matrix functions is
going back to Poincaré [9] and is used extensively in Kato [4].
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The integral representation (2.3) implies that the matrix function F'(X)
is analytic, and hence is twice continuously differentiable, in a neighborhood
of X. Tt follows that F(X) is strongly semismooth at X. For example, the
functions f(z) := |z| and f(x) := z, are analytic at every point = # 0.
Therefore, the corresponding matrix functions F'(X) are analytic, and hence
strongly semismooth, at every nonsingular matrix X.

It is also possible to use the integral representation (2.3) for calculation of
derivatives of F'(X). We have that if the matrix A := (zI,—X) is nonsingular,
then

(A—Hf1 :Afl—l—A*lHA*l—i-o(HHH), (2.4)
and hence

DF(X)H = 2m/ F() (21, — X) ' H (21, — X) 'dz. (2.5)

Together with (2.1) this implies

_ 1 < L
DEX)H =52 37 [ G —m) ™= m) BHPdz (26)
Gk i=17C

We also have that

0, if I#jandl#k,
f( )z =) Nz — )tz = ¢ B 1= jand £k,
(), if l=jandl=k.

1
27?2

It follows that (cf., [4])

DF(X)H = Ay (X, H) + 3 f/(u) PLHE, 2.7
where
=1 Z Fls) = fo) (P;HP, + P.HP;). (2.8)



It also follows that, for any j € {1, ..., ¢}, the mapping X — P;(X) is analytic
in a neighborhood of X and

q
DPy(X)H = (n; — )" (PHP: + PHP;) . (2.9)
k#j
K21

The assumption that f(z) is analytic at every p,; was essential in the
above analysis. In section 4 we discuss cases where f(x) may be even non-
differentiable at some points.

3 Differentiability of Eigenvalue Functions

By using the fact that the mappings P;(X) are analytic in a neighborhood of
X, it is possible to construct, for every j € {1, ..., ¢}, a mapping Z; : S? — S"i
with the following properties (a detail construction of this mapping is given
in [11, p.558] and [2, example 3.98, p.211]).

(i) The mapping =;(-) is analytic in a neighborhood of X,
(i) =5(X) =yl
(iii) D=Z;(X): 8P — 8" is onto and
DZ;(X)H = E] HE}, (3.1)
(iv) For all X € 8” in a neighborhood of X the following holds:
A +i(X) = vi(E5(X)), i=1,..,1, (3.2)
where v1(Y) > ... > 1, (Y) denote eigenvalues of matrix Y € S".
Consider a matrix H € SP. We have that
/(X +tH) = Z5(X) + tDE;(X)H + o(t) = p;l,, + tD=;(X)H + o(t).

Since the eigenvalues of a symmetric matrix are locally Lipschitz continuous,
it follows that for 7 = 1,...,7; and ¢ > 0 small enough,

Noj+i(X +tH) = v (plr; +tDZ(X)H) + o(t) = p; + tvi( DE;(X)H) + o(t).

Together with (3.1) this implies the following.
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Proposition 3.1 The directional derivatives )\’57_+i()_(,H), i=1,..1;, ex-
st and coincide with the corresponding eigenvalues of the matriz EJ«TH Ej
arranged in the decreasing order.

The above result, of course, is known, e.g., it is a particular case of a more
general result given in [5, Theorem 7).

Fori € {1,...,7;} the function Ay, ;(X) can be represented in a neighbor-
hood of X in the form

As;+i(X) = pj + v (0;(X)), (3.3)

where I';(X) := Z;(X) — p;I,;. We have that the mapping I';(X) is analytic
at X, I';(X) = 0, and the function v; : 8" — R is positively homogeneous.
As it was mentioned in the Introduction, composition of the positively ho-
mogeneous and locally Lipschitz continuous function v;(-) and the twice con-
tinuously diferentiable mapping T';(-) is strongly semismooth at a point X

such that I';(X) = 0. We obtain therefore the following.

Proposition 3.2 The eigenvalue functions \; : SP — R, i = 1,....p, are
strongly semismooth at every X € SP.

The above proposition implies that the spectral mapping X +— o(X) is
strongly semismooth at every X € SP. By a different technique this was
shown in Sun and Sun [12].

In the subsequent analysis we will need the following construction. For
a given (direction) matrix H € 8P and j = 1 consider the matrix ET HFE).
Note that the matrix £} is defined up to an orthogonal rotation, i.e., it can
be replaced by F;Q, where ) is an 71 x r; orthogonal matrix. Of course,
the eigenvalues of the matrix QT ET HE|(Q coincide with the corresponding
eigenvalues of ETHE,. Now let & = ¢;(X),...,&, = e, (X) be chosen in
such a way that:

(a) efHe; =0fori#j€e{l,..,m},

(b) élHeé,,...,eL Hé,, form the eigenvalues of the r; x r; matrix E{ HE)

arranged in the decreasing order.

That is, EfHEl is rotated to a diagonal form. Denote by El th~e pXrq matrix
whose columns are formed by vectors €y, ..., €,,. The matrix E; may still be
not defined uniquely, so we use this as a generic notation for such matrices.
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We have then that any accumulation point of Ey(X + tH), ast | 0, is a
matrix F; satisfying the above construction. This follows from Proposition
3.1 by passing to a limit (cf., [10]). Of course, the same procedure can be
performed for every j € {1, ..., q}.

4 Properties of Matrix Functions

In this section we study continuity and differentiability properties of the ma-
trix functions F'(X), of the form (1.1), for possibly nondifferentiable functions

f(@).

Proposition 4.1 Suppose that the function f(x) is locally Lipschitz con-
tinuous. Then the corresponding matriz function F(X) is locally Lipschitz
continuous.

Proof. Since P;j(X) = ZJJ;”H ex(X)er(X)T, we can write
q 8517
= > Fuy) Py +Z doIf = f ()] en(X)er(X)".
j=1 =1 k=s;+1

(4.1)
It follows that

I1E(X) = F(X)] <Z|fug!HP X) = Pi(X)]

£ W) — ) e X7,

j=1 k=s;+1

Since |ex(X)er(X)T| are uniformly bounded, the result then follows from
locally Lipschitz continuity of the eigenvalue functions A;(-) and of P;(-). 1

We assume in the remainder of this section that the function f(z) is
directionally differentiable. Consider functions v;(-) == f'(i,-), j =1, ...,q,
and let ¥; : 8" — S be the corresponding matrix functions.



Theorem 4.1 Suppose that the function f(x) is directionally differentiable
at every point pj, j = 1,..q. Then the corresponding matriz function F(z)
is directionally differentiable at X and

F'(X,H) = Ap(X, H) +By(X, H), (4.2)

where Ap(X, H) is defined in (2.8) and
Z E; [v; (ETHE;)] ET. (4.3)

J -

Proof. Consider the decomposition (4.1) with X := X +tH. We have

lim ¢~ 1Zf (1) [Py(X +tH) — Zf u))DP(X)H,  (4.4)
and by (2.9)
Zf p))DP(X)H = f P-Hpk+I5kHI3j)
=1 ki (4.5)
= Y f“f )(P HP, +PkHP) Ap(X, H).
1<j<k<q

Now for ¢t > 0 and j = 1 consider

S1+T1

A(t) =t Z [f (X +tH)) = f()] ex(X + tH)en(X + tH).

k=s1+1

As it was discussed at the end of section 3, any accumulation point of
Ey (X +tH) is a matrix F; whose columns éy, ..., &, satisfy the corresponding
conditions (a) and (b). We also have, for k = 1,...,7, that

lgfglt_l [f (WX +tH)) = f(pa)] = f (2, M(X, H))

and by Proposition 3.1

F (i, N(X H)) = f (a6 Héy) -



It follows that

s1+71
lim A (1) kZH f (. éfHE,) ééf = B, [V, (ETHE,)] Ef.  (4.6)

Note that the right hand side of (4.6) does not depend on a particular choice
of the columns e;(X), ..., e, (X) of the matrix E;.

The same Calculations can be performed for every j € {1,...,q}. The
required result then follows by (4.5) and (4.6). §

In particular, suppose that f(-) is differentiable at every point pu;, j =
1,...,q. Then f'(p;,h) = f'(p;)h and hence

E; [v; (Ef HE))| Ef = f'(1;) P HP;. (4.7)

It follows then that F'(X, H) is linear in H, and is given by the right hand
side of (2.7), and hence F(X) is Gateaux differentiable at X. Suppose further
that f(x) is locally Lipschitz continuous. Then, by Proposition 4.1, F/(X) is
also locally Lipschitz continuous, and hence Fréchet differentiability of F'(X)
at X follows.

Proposition 4.2 Suppose that the function f(x) is differentiable at every
point i, j = 1,..,q. Then F(X) is (Gateauz) differentiable at X and its
differential is given by formula (2.7). If, moreover, f(x) is continuously
differentiable at every point p;, j = 1,...,q, then F(X) is continuously dif-
ferentiable at X

Proof. Gateaux diferentiability follows by the above discussion. So let us
suppose that f(x) is continuously differentiable at every point i, j = 1,...,¢q.
Let X € SP be sufficiently close to X and consider the terms corresponding
to 7 = 11in (2.7). Suppose for the moment that \;(X) > ... > A\, (X). We
have then by the Mean Value Theorem that

2 Z e )2 fi(k<)X)) (X, H) = 3 Z f'(nie) (X, H),  (4.8)

where 7, is a point between the numbers \;(X) and A\ (X) and

i (X, H) = e;(X)ei(X)T Hen(X)er(X)T + en(X)er(X) T Hey(X)es(X)T.
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We also have that as X tends to X, the eigenvalues \;(X), ..., A, (X) tend
to p1 and hence the derivatives f'(n;x) tend to f’(u1). Moreover,

T1

2 TZI (X, H) = P(X)HP,(X) — Zei(X)ei(X)THei(X)ei(X)T.
7k i=1
ik=1
Consequently
(1 FON0) = FOW() *
P T T ax) el D o
limi i,k=1 — f/(,ul)Pall-

X—X

+ > FX))e(X)e(X)T Hei(X)es(X)"
\ i=1 7
Similar calculations can be performed if some of the eigenvalues \;(X),
i € {1,...,m}, are equal to each other, and for all j € {1,...,q}. Since
continuity of the cross terms of A;(X, H), for different values of the summa-
tion index j, clearly holds, continuity of DF(X) then follows.

Theorem 4.2 Suppose that the function f(x) is locally Lipschitz continu-
ous, directionally differentiable in a neighborhood of every pi;, and (strongly)
semismooth at every point p;, j = 1,...,q. Then the corresponding matriz
function F(z) is (strongly) semismooth at X.

Proof. By Proposition 4.1 we have that F'(X) is locally Lipschitz con-
tinuous, and by Theorem 4.1 that F(X) is directionally differentiable at
X. We give below derivations for the strong semismooth case, semismooth
case can be derived in a similar way. Consider the decomposition (4.1) with
X := X + H. Since Pj(-) are twice continuously differentiable near X we
have

> ) [P0 = P(D)] = 3 £ DBOH + O(HIP). (49)

Now since the eigenvalue functions () are strongly semismooth and f(-)
are strongly semismooth at pu; we have, for k € {s; + 1,...,s; + r;} and
j€{l,...,q}, that

FOW(X)) = fy) = [ (A(X), X (X, H)) + O(| H|]?). (4.10)

10



Since ||ex(X)er(X)T]| are uniformly bounded it follows that
F(X)=F(X) =) f(u)DP(X)H

+ 3 (XD, XX, H))e(X)es(X)T + O(|HIP).
(4.11)

We also have by the proof of Theorem 4.1 (see equations (4.5) and (4.6) in
particular) that

> flu)DP(X)H = Ay(X, H) + O(| H|7), (4.12)

J=1

and, for an appropriate choice of e;(X),
p
D (X)) N(X H) ) eo( X)ey(X)T = By(X, H). (4.13)
i=1

It follows that
F(X)—-F(X)=F(X,H)+O(|H|*),

Strong semismoothness of F(X) at X then follows. 1

Example 4.1 Consider function f(x) := x?. Then by (2.7) we have

q q )
DF(X)H =2 u; ;HP;+ 1) M=% (b P, + PHP) . (4.14)
= o M T
Gk=1

Now, since ) 1_, P; =1, and > i1 1; Py = X, we have
q q

22 -
%Zz]._Z:<PjHPk+PkHPJ):%Z(Hj+Uk)(PjHPk+PkHPj):
J

JFk J#k
Ji:k=1 j.k=1
q _ B _ 3 3 3 3 q _ B
Y B HI, = P+ (X = P)HP| = XH + HX =2 u; PHP;.
j=1 Jj=1
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It follows that
DF(X)H = XH + HX. (4.15)

Of course, we have here that F'(X) = X? in the sense of the usual ma-
trix multiplication, and the above formula (4.15) can be easily derived in a
straightforward way.

Example 4.2 Consider function f(x) := |z| and the corresponding matrix
function F'(X) = |X|. We have here that f(z) is differentiable everywhere
except © = 0, and f'(z) = sign(x) for x # 0 and f'(0, h) = |h|. Suppose that
the eigenvalues p, ..., fi,—1 are positive, u,, = 0 and pi,41, ..., g are negative.
Then we have by (4.2) that

g
F'(X,H) = Zsign(uj)ijPj +E,|E'HE,| EY

j= 1

(4.16)
+ Z sl =\l 5, 4 BB

itk My — ik

k=1

If all eigenvalues of X are nonzero, i.e., X is nonsingular, then the term
E, |EFHE,| EL in the right hand side of (4.16) should be omitted.
It follows from (4.16) that

|X|F’(X H) +F/(X | X| =
2ZMJP HP; +1 Z M(w + o)) (PHP, + BHP;) . (4.17)

j=1 7k Hi
7,k=1
Note that the right hand side of (4.17) coincides with the right hand side of
(4.14), and hence

| X|F'(X,H)+ F'(X,H)|X|=XH+ HX. (4.18)

If the matrix X is nonsingular, i.e., all its eigenvalues are different from zero,
then the linear system (4.18) defines F'(X, H) uniquely. This gives a formula
for F'(X, H) by using the inverse of the corresponding linear operator. That
formula was obtained in Sun and Sun [13, Theorem 4.6]. A general expression
for F'(X, H) was also given in [13, Theorem 4.7] and strong semismoothness
of F(X) = |X| was shown in [13, Theorem 4.13].
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