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Abstract

Givenn customersanda setF of m potentialfacilities,the p-medianproblemconsistsin �nding a subset
of F with p facilitiessuchthat thecostof servingall customersis minimized. This is a well-known NP-
completeproblemwith importantapplicationsin locationscienceandclassi�cation(clustering).Wepresent
herea GRASP(GreedyRandomizedAdaptive SearchProcedure)with path-relinkingto �nd near-optimal
solutionsto thisproblem.Empiricalresultsoninstancesfrom theliteraturesuggestthatthis is averyrobust
algorithm,performingat leastaswell asothermethods,andoftenbetterin termsof bothrunningtime and
solutionquality.

1 Intr oduction

The p-medianproblemis de�ned asfollows. Givena setF of m potentialfacilities,a setU of n users(or
customers),a distancefunctiond : U � F ! R , anda constantp � m, determinewhich p facilitiesto open
soasto minimizethesumof thedistancesfrom eachuserto its closestopenfacility.

Several algorithmsfor the p-medianproblemhave beenproposed,including exact methodsbasedon
linearprogramming[2, 3, 8, 30], constructivealgorithms[3, 17, 38], dual-basedalgorithms[8, 21], andlocal
searchprocedures[13, 16,19, 24, 27, 35, 38]. Morerecently, metaheuristicscapableof obtainingsolutionsof
near-optimalqualityhavebeendevised.TabusearchprocedureshavebeenproposedbyVoss[37] andRolland
et al. [26]. The latter methodwas comparedin [29] with Rosingand ReVelle's heuristic concentration
method[28], whichobtainedcomparativelysuperiorresults.In [14], HansenandMladenovi ć proposeaVNS
(variableneighborhoodsearch)for theproblem,laterparallelizedby García-Lópezetal. in [10]. A variation
of thismethod,VNDS(variableneighborhooddecompositionsearch),wasproposedby Hansen,Mladenovi ć,
andPerez-Brito[15]. Heuristicsbasedon linearprogramminghavebeenproposedby duMerleetal. [4] and
by SenneandLorena[32, 33].

In this paper, we proposea hybrid GRASP(GreedyRandomizedAdaptive SearchProcedure)for the
p-medianproblem. GRASPis a randomizedmultistart iterative metaheuristic[5, 6, 7, 23], in which each
iterationconsistsof a constructivephase(whena greedyrandomizedalgorithmis performed)followedby a
localsearchphase.Thebestsolutionobtainedoverall iterationsis takenastheresultof thewholealgorithm.

Our algorithmenhancesthis basicapproachwith someintensi�cation strategies. We keepa pool with
someof the bestsolutionsfound in previous iterations,the so-calledelite solutions. In eachiterationof
the GRASP, the solutionobtainedafter the local searchphaseis combinedwith oneelite solutionthrough
a processcalled path-relinking. Furthermore,after all iterationsarecompleted,we have a second,post-
optimizationphasein which elite solutionsarecombinedwith eachother. Figure1 shows thepseudo-code
for ouroverallstrategy.
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function GRASP(seed;maxit;elitesize)
1 randomize (seed);
2 init (elite;elitesize)
3 for i = 1 to maxitdo
4 S randomizedBuild () ;
5 S localSearch (S);
6 S0 select (elite;S);
7 if (S06= NULL) then
8 S0 pathRelinking (S;S0);
9 add(elite;S0);
10 endif
11 add(elite;S);
12 endfor
13 S postOptimize (elite);
14 return S;
end GRASP

Figure1: Pseudo-codefor theGRASPprocedure

Of course,muchremainsto be speci�ed to turn this outline into an actualalgorithm. We studyeach
individual component(constructive algorithm,local search,andintensi�cation)separatelyin Sections3, 4,
and5, respectively. In Section6, we presentthe resultsobtainedby the �nal versionof our methodand
comparethemwith thoseobtainedby othermethodsin the literature. But �rst, in Section2, we discuss
importantissuesrelatedto the experimentswe conductedboth to evaluateindividual componentsand to
producethe�nal results.

2 Testing

2.1 Instances

We testedouralgorithmon � veclassesof problems:TSP, ORLIB, SL, GR, andRW.
Instancesin classTSP arejustsetsof pointson theplane.Originally proposedfor thetravelingsalesman

problem,they areavailablefrom theTSPLIB [22]. In thecontext of the p-medianproblem,theseinstances
were�rst usedby Hansenet al. [14, 15]. Every point is consideredbotha potentialfacility anda customer,
andthecostof assigningcustomerc to facility f is simply theEuclideandistancebetweenthepointsrepre-
sentingc and f . As in [15], threeinstancesareconsidered(�1400 , pcb3038, andrl5934, with 1400,3038,
and5934nodes,respectively), eachwith severaldifferentvaluesfor p (numberof facilitiesto open).

ClassORLIB (shortfor OR-Library)wasintroducedby Beasley in [2]. Eachof the40instances(pmed01,
pmed02, : : :, pmed40) in theclassis agraphwith a correspondingvaluefor p. Everynodeis acustomerand
apotentialfacility, andthecostof assigningacustomerto a facility is thelengthof theshortestpathbetween
thecorrespondingnodes.Thenumberof nodesin this classvariesfrom 100to 900,andthevalueof p from
5 to 200.

Thethird classwe consideris SL, a slight extensionto ORLIB proposedby SenneandLorenain [32]. It
containsthreenew instances,all basedon graphsfrom ORLIB: sl700 usesthe samegraphaspmed34, but
usesp = 233;sl800 is thesameaspmed37, with p = 267;andsl900 is pmed40 with p = 300[31].

Thefourthclassstudiedis GR, introducedby GalvãoandReVelle [9] andusedfor thep-medianproblem
by SenneandLorena[32]. Thisclasscontainstwo graphs,with 100and150nodes(namedgr100 andgr150,
respectively). Eightvaluesof p (between5 and50)wereconsideredin eachcase.

The�fth classwestudy, RW, wasoriginally usedin [24] andcorrespondsto completelyrandomdistance
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matrices. The distancebetweeneachfacility and eachcustomerhasan integer value taken uniformly at
randomfrom theinterval [1;n], wheren is thenumberof customers.1 In all instances,thenumberof potential
facilities(m) is equalto thenumberof customers(n). Four differentvaluesof n wereconsidered:100,250,
500,and1000(instancenamesare rw100, rw250, rw500, and rw1000, respectively). In eachcase,several
differentvaluesof p weretested.Theprogramthatcreatedtheseinstances,which usestherandomnumber
generatorby MatsumotoandNishimura[20], is availablefrom theauthorsuponrequest.

Costsareintegral in all classesexceptTSP, in which distancesare,in theory, real values. We did not
explicitly roundnor truncatevalues,whichwerekeptwith double precisionthroughoutthealgorithm.

Resultsobtainedby the �nal versionof our algorithmon all instancesareshown in Section6. We also
conductedexperimentswith several variationsof the algorithmto assesshow eachindividual component
(constructive algorithm,path-relinking,local search,amongothers)affectsthe overall performanceof the
method.In thoseexperiments,however, weusedonly a restrictedsetof instances.Thissetwaschosenwith
two goalsin mind. First,its instancesshouldbehardenoughto makeevidentthedifferencesbetweenvarious
parametersandcomponents.Someinstances,especiallyin classORLIB, canbesolvedto optimalityby local
searchalone,thusmakingit pointlessto includethemin theseexperiments.Oursecondgoalwasto keepthe
setsmallenoughsoasto allow statisticallymeaningfulexperiments(i.e.,with severalrandomseedsfor each
instance)on a relatively smallamountof CPUtime (no morethana few daysperexperiment).Giventhose
goalsandourexperiencefrom earlyversionsof ouralgorithm,wede�nedtherestrictedsetwith 10instances:
pmed15 andpmed40, bothfrom classORLIB; sl700, from classSL; �1400 (with p = 150andp = 500)and
pcb3038 (with p = 30 andp = 250),from classTSP; gr150 (with p = 25), from classGR; andrw500 (with
p = 25andp = 75), from classRW.

2.2 TestingEnvir onment

TestswereperformedonanSGIChallengewith 28196-MHzMIPSR10000processors(with eachexecution
of theprogramlimited to only oneprocessor)and7.6GB of memory. Thealgorithmwascodedin C++ and
compiledwith the SGI MIPSproC++ compiler(v.7.30)with �ags -O3 -OPT:Olimit=6586 . All running
timesshown in this paperareCPUtimes,measuredwith thegetrusage function. Unlessnotedotherwise,
running timesdo not include the time spentreadinginstancesfrom disk (in particular, in classesSL and
ORLIB, they do includethetime necessaryto computetheall-pairsshortestpathsfrom thegraphread).The
randomnumbergeneratorweuseis MatsumotoandNishimura'sMersenneTwister[20].

3 ConstructiveAlgorithms

The standardgreedyalgorithmfor the p-medianproblem[3, 38] startswith an emptysolutionand adds
facilitiesoneat a time; in eachiteration,it choosesthemostpro�table facility, i.e., theonewhoseaddition
causesthegreatestdropin solutioncost. Evidently, this methodcannotbeuseddirectly within theGRASP
framework: beingcompletelydeterministic,it wouldyield identicalsolutionsin all iterations.Weconsidered
thefollowing randomizedvariationsin ourexperiments:

� random (randomsolution):Selectp facilitiesuniformly at random.Theselectionitself requiresO(m)
time, anddeterminingwhich facility shouldserve eachcustomerrequiresO(pn) operations.2 There-
fore,theoverallcomplexity of thealgorithmis O(m+ pn).

� rpg (randomplusgreedy):Selecta fractiona (an input parameter)of the p facilitiesat random,then
completethe solution in a greedyfashion. The worst-casecomplexity of the algorithm is O((1 �
a)( pmn) + a(m+ pn)), which correspondsto O(pmn) if a is not very closeto 1. In our tests,a value
for a waschosenuniformly at randomin theinterval [0;1] in everyGRASPiteration.

1In particular, unlike all otherseries,thedistancefrom facility i to useri is not zero. Moreover, thedistancebetweenfacility i and
user j neednotbeequalto thedistancebetweenfacility j anduseri.

2Thiscanbemadefasterin somesettings,like sparsegraphsor pointsin theEuclideanplane.Theresultsin thispaper, however, do
notuseany suchmetric-speci�caccelerations.
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� rgreedy (randomizedgreedy):Similar to thegreedyalgorithm,but in eachstepi, insteadof selecting
the bestamongall m� i + 1 options,chooserandomlyfrom the da(m� i + 1)e bestoptions,where
0< a � 1 is aninputparameter. Notethatif a ! 0, thismethoddegeneratesinto thegreedyalgorithm;
if a ! 1, it turnsinto the randomalgorithm. In our tests,we selecteda uniformly at randomin the
interval (0;1] in eachGRASPiteration.ThisalgorithmtakesO(pmn) time.

� pgreedy (proportionalgreedy):Yet anothervariationof thegreedyalgorithm. In eachiteration,com-
pute,for every candidatefacility fi , how muchwould besaved if fi wereaddedto thesolution. Let
s( fi) be this value. Thenpick a candidateat random,but in a biasedway: theprobabilityof a given
facility fi beingselectedis proportionalto s( fi) � minj s( f j ). If all candidatesareequallygood(they
would all save the sameamount),selectoneuniformly at random. This methodalsotakesO(pmn)
time.

� pworst (proportionalworst): In this method,the �rst facility is selecteduniformly at random.Other
facilities areaddedone at a time as follows. Compute,for eachcustomer, the differencebetween
how muchits currentassignmentcostsandhow muchthe bestassignmentwould cost; thenselecta
customeratrandom,with probabilityproportionalto thisvalue,andopentheclosestfacility. Customers
for whichthecurrentsolutionis particularlybadhaveagreaterchanceof beingselected.Thismethod,
alsousedin [34], runsin O(mn) time.

� sample (samplegreedy):This methodis similar to thegreedyalgorithm,but insteadof selectingthe
bestamongall possibleoptions,it only considersq < m possibleinsertions(chosenuniformly at ran-
dom)in eachiteration.Themostpro�table amongthoseis selected.Therunningtimeof thealgorithm
is O(m+ pqn). The ideais to make q smallenoughsoasto signi�cantly reducetherunningtime of
thealgorithm(whencomparedto thepuregreedyone)andto ensurea fair degreeof randomization.In
our tests,weusedq = dlog2(m=k)e.

It was not clear at �rst which of thesemethodswould be most adequateas a building block of our
heuristic.To betteranalyzethis issue,weconductedanexperimenton therestrictedsetof instances(de�ned
in Section2.1).For every instancein thesetandeveryconstructiveprocedure,weranourheuristic10 times,
with 10 differentrandomseeds.In every case,we ran32 GRASPiterations,with 10 elite solutions,using
up:down asthecriteriontodeterminethedirectionof path-relinking(thiscriterionis de�nedin Section5.4.2).

To explain the resultsshown in Table1, we needsomede�nitions. For eachinstanceI , we compute
avg(I ), the averagesolutionvalue(obtainedby the entireGRASPprocedurewith post-optimization)con-
sideringall 60 executions(6 differentmethods,eachwith 10 randomseeds).Then,for eachmethod,we
determinetherelativepercentagedeviation for thatinstance:how muchtheaveragesolutionvalueobtained
by that methodis above (or below) avg(I ), in percentageterms. By taking the averageof thesedeviations
over all 10 instances,we obtain the average relativepercentage deviation for eachmethod;theseare the
valuesshown in column2 of Table1. Column4 wascomputedin a similar fashion,but consideringrunning
timesinsteadof solutionvalues.

Columns3 and5 werecomputedasfollows. For eachinstance,the methodsweresortedaccordingto
their relative percentagedeviations;thebestreceivedonepoint, thesecondtwo points,andsoon, until the
sixth bestmethod,with six points. Whentherewasa tie, pointsweredividedequallybetweenthemethods
involved.For example,if thedeviationswere� 0:03,� 0:02,� 0:02,0:01; 0:03,and0:03,themethodswould
receive1;2:5;2:5;4;5:5; and5:5 points,respectively. Thenumberof pointsreceivedby a methodaccording
to this processis its rankfor thatparticularinstance.Its normalizedrankwasobtainedby linearlymapping
the rangeof ranks(1 to 6, in this case)to the interval [� 1;1]. In theexampleabove, thenormalizedranks
wouldbe� 1; � 0:4; � 0:4;0:2;0:8; and0:8. Thenormalizedmustaddup to zero(by de�nition). If a method
is alwaysbetterthanall theothers,its normalizedrankwill be� 1; if alwaysworse,it will be1. Whatcolumns
3 and5 of Table1 show aretheaveragenormalizedranksof eachmethod,takenoverthesetof 10 instances.
Column3 refersto solutionquality, andcolumn5 to runningtimes.

Thecorrelationbetweenthesemeasuresis higherwhenonemethodis obviously better(or worse)than
othermethods.In general,however, having a lower averagenormalizedrankdoesnot imply having a better
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Table1: AverageGRASPresultswith differentconstructiveprocedures:Averagerelative percentagedevia-
tions(%DEV) andaveragenormalizedranks(NRANK) for solutionqualitiesandrunningtimes(bothreferring
to theentireGRASPprocedurewith post-optimization).Smallervaluesarebetter.

METHOD QUALITY TIME

DEV% NRANK DEV% NRANK

pgreedy -0.009 0.160 39.6 0.920
pworst -0.006 -0.400 -18.7 -0.480
rgreedy 0.020 -0.160 35.8 0.400
random 0.015 0.000 -24.9 -0.840
rpg 0.009 0.620 -12.3 -0.300
sample -0.029 -0.220 -19.5 -0.600

averagerelativepercentagedeviation,asthetableshows.
Thetablemakesit evidentthatthemethodsaredistinguishablemuchmoreby thetimethey takethanthe

quality of thesolutionsthey provide. As theanalysisof their worstcasecomplexitiessuggests,rgreedy and
pgreedy aremuchslowerthantheothermethods.In fact,they aresomuchslower that,asshown in thetable,
they make theentireGRASPheuristictake twice aslong on averagethanwhenusingfastermethods.The
othermethodwith O(pmn) worst-caseperformance,rpg, is muchfasterthanrgreedy andpgreedy in practice,
but it is still slower thanothermethodswithout �nding bettersolutionson average.We thereforetendto
favor thethreerelatively fastmethods:pworst, sample, andrandom. Amongthose,sample andpworst seem
to beableto �nd solutionsof slightly betterquality. We chosesample for the�nal versionof ouralgorithm,
althoughpworst wouldprobably�nd verysimilar results.

Onecannothelp but notice that this experimentrevealsan unusualfeatureof the p-medianproblem.
Generally, in theGRASPframework, therunningtimeof theconstructiveheuristicisnotanissue.It isusually
agoodideatocomeupwith randomizedconstructivemethodsthatproduceavarietyof high-qualitysolutions,
sincethiswould reducethenumberof iterationsof thegenerallymuchslower localsearchprocedure.In our
case,thelocal searchis sofast(andtheconstructivealgorithmsrelatively soslow), that investingextra time
building thesolutioncanactuallymakeGRASPmuchslowerwithoutany signi�cant gainin termsof solution
quality. We couldnotusetherandomizationstrategy normallyusedin GRASP, representedhereby rgreedy;
instead,wehadto developa fasteralternativebasedonsampling.

4 Local Search

Thestandardlocal searchprocedurefor the p-medianproblem,originally proposedby Teitz andBart [35]
andstudiedor usedby severalauthors[10, 14, 15, 16, 24, 38], is basedonswappingfacilities.Givenaninitial
solutionS, theproceduredetermines,for eachfacility f 62S, which facility g 2 S(if any) would improvethe
solutionthe most if f andg wereinterchanged(i.e., if f wereopenedandg closed). If thereis onesuch
“improving” move, f andg areinterchanged.Theprocedurecontinuesuntil no improving interchangecan
bemade,in whichcasea local minimumwill havebeenfound.

In [38], Whitakerdescribesanef�cient implementationof thismethod,whichhecalledfastinterchange.
A similarimplementationis usedby HansenandMladenović in [14] (andlater, by severalauthors,in [10] and
[15]). Theonly minor differencebetweenthemis thefactthatWhitaker prefersa �r st improvementstrategy
(thealgorithmmovesto aneighboringsolutionassoonasit �nds animproving one),while in theothercases
thepreferredstrategy is bestimprovement(all neighborsarecheckedandthevery bestis chosen).In either
case,therunningtimeof eachiterationis boundedby O(mn).

In [24], Resendeand Werneckproposean alternative implementationfor the local searchprocedure.
Althoughit hasthesameworstcasecomplexity asWhitaker's, it canbesubstantiallyfasterin practice.The
speedup(of up to threeordersof magnitude)resultsfrom theuseof informationgatheredin early iterations
of the algorithmto reducethe amountof computationperformedin later stages.This, however, requiresa
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greateramountof memory. While Whitaker's implementationrequiresO(n) memoryin theworstcase(not
consideringthedistancematrix), theimplementationin [24] mayuseup to O(mn) memorypositions.

In any case,we believe that thespeedupis well worth theextra memoryrequirement.This is especially
truefor methodsthatrely heavily on local searchprocedures,which includesnot only themethoddescribed
here(GRASP),but alsoVNS [14] andtabu search[26, 37], for example.Furthermore,oneshouldalsore-
memberthatwhile theextramemoryis asymptoticallyrelevantwhenthedistancefunctionis givenimplicitly
(asin thecaseof Euclideaninstances),it is irrelevantwhenthereis anactualO(mn) distancematrix (asin
seriesRW). Giventheseconsiderations,we optedfor usingin this paperthefasterversiondescribedin [24],
which requiresQ(mn) memorypositions.

Sinceit is hardly trivial, we abstainfrom describingthe implementationhere. The readeris referred
to [24] for detailsandfor anexperimentalcomparisonwith Whitaker's implementation.

5 Intensi�cation

In this section,we describethe intensi�cation aspectsof our heuristic. It works througha pool of elite
solutions, high-qualitysolutionsfoundduringtheexecution.Intensi�cationoccursin two differentstages,as
Figure1 shows. First,everyGRASPiterationcontainsanintensi�cationstep,in which thenewly generated
solutionis combinedwith a solutionfrom the pool. Then,in the post-optimizationphase,solutionsin the
pool arecombinedamongthemselves.In bothstages,thestrategy usedto combinea pair of solutionsis the
same:path-relinking. Originally proposedfor tabu searchandscattersearch[11, 12], this procedurewas
�rst appliedwithin the GRASPframework by LagunaandMartí [18], andwidely appliedever since(see
[23] for someexamples).Subsection5.1brie�y describeshow path-relinkingworks.Subsection5.2explains
therulesby which thepool is updatedandsolutionsaretakenfrom it. Finally, Subsection5.3describesthe
post-optimizationphase.

5.1 Path-relinking

LetS1 andS2 betwovalidsolutions,interpretedassetsof (open)facilities.Thepath-relinkingprocedurestarts
with oneof the solutions(say, S1) andgraduallytransformsit into the other(S2) by swappingin elements
thatarein S2 nS1 andswappingoutelementsthatarein S1 nS2. Thetotalnumberof swapsmadeis jS2 nS1j,
which is equalto jS1 nS2j; thisvalueis known asthesymmetricdifferencebetweenS1 andS2. Thechoiceof
whichswapto makein eachstageis greedy:wealwaysperformthemostpro�table (or leastcostly)move.

As mentionedin [23], theoutcomeof themethodis usuallythebestsolutionfoundin thepathfrom S1 to
S2. Herewe usea slight variation: theoutcomeis thebestlocal minimumin thepath. A local minimumin
thiscontext is asolutionthatis bothsucceeded(immediately)andpreceded(eitherimmediatelyor througha
seriesof same-valuesolutions)in thepathby strictly worsesolutions.If thepathhasno localminimum,one
of theoriginal solutions(S1 or S2) is returnedwith equalprobability. Whenthereis an improving solution
in the path,our criterion matchesexactly the traditionalone(returningthe bestelementin the path). It is
differentonly whenpath-relinkingis unsuccessful,in which casewe try to increasediversityby selecting
somesolutionotherthantheextremesof thepath.

In our implementation,we augmentedthe intensi�cation procedureby performinga full local search
on the solutionproducedby path-relinking. This is usuallymuchfasterthanapplicationson randomized
constructivesolutionsproducedduringGRASP, sinceit startsfrom a solutionthat is eithera local optimum
or very closeto beingone.A “side effect” of applyinglocal searchat this point is increaseddiversity, since
wearefreeto usefacilitiesthatdid notbelongto any of theoriginalsolutions.

It is interestingto notethat path-relinkingitself is remarkablysimilar to the local searchprocedurede-
scribedin Section4, with two main differences. First, the numberof allowed moves is restricted: only
elementsin S2nS1 canbeinserted,andtheonesin S1nS2 canberemoved.Second,non-improvingmovesare
allowed.However, thesedifferencesaresubtleenoughtobeeasilyincorporatedinto thebasicimplementation
of thelocalsearchprocedure.In our implementation,bothproceduressharemuchof theircode.
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5.2 Pool Management

An importantaspectof the algorithm is the managementof the pool of elite solutions. Empirically, we
observed that an applicationof path-relinkingto a pair of solutionsis less likely to be successfulif the
solutionsarevery similar. The longer the pathbetweenthe solutions,the greaterthe probability that an
entirelydifferentlocaloptimum(asopposedto theoriginalsolutionsthemselves)will befound.It is therefore
reasonableto takeinto accountnotonly solutionquality, but alsodiversitywhendealingwith thepoolof elite
solutions.

Thepoolmustsupporttwo essentialoperations:additionof new solutions(representedby theadd func-
tion in Figure1) andselectionof a solutionfor path-relinking(theselect functionin thepseudo-code).We
describeeachof thesein turn.

Updates. For a solutionS with costv(S) to be addedto the pool, two conditionsmustbe met. First, its
symmetricdifferencefrom all solutionsin thepool whosevalueis lessthanv(S) mustbeat leastfour (after
all, path-relinkingbetweensolutionsthatdiffer in fewer thanfour facilitiescannotproducesolutionsthatare
betterthantheoriginal ones).Second,if thepool is full, thesolutionmustbeat leastasgoodastheworst
elitesolution(if thepool is not full, this is obviouslynotnecessary).

If theseconditionsaremet,thesolutionis inserted.If thepoolis notfull andthenew solutionis notwithin
distancefour of any otherelitesolution(includingworseones),it is simplyadded.Otherwise,it replacesthe
mostsimilarsolutionamongthoseof equalor highervalue.

Selection. In every iterationof the algorithm,a solutionis selectedfrom the pool (Figure1, line 6) and
combinedwith S, the solutionmostrecentlyfound. An approachthat hasbeenappliedto otherproblems
with somedegreeof successis to selecta solutionuniformly at random[23]. However, this often means
selectingasolutionthatis toosimilartoS, thereforemakingtheprocedureunlikely to �nd goodnew solutions.
Therefore,insteadof pickingsolutionsfrom thepooluniformly, wetakethemwith probabilitiesproportional
to theirdifferencewith respectto S. In Section5.4.3,weshow thatthisstrategy doespayoff.

5.3 Post-optimization

In theprocessof lookingfor agoodsolution,aGRASPheuristicproducesnotone,but severaldifferentlocal
optima,whosevaluesareoftennot too far from thevalueof thebestsolutionfound. Thepost-optimization
phasein our algorithmtriesto combinethesesolutionsin orderto obtainevenbetterones.This phasetakes
asinput thepoolof elitesolutions,whoseconstructionwasdescribedin previoussections.Everysolutionin
thepool is combinedwith eachotherby path-relinking.Thesolutionsgeneratedby this processareadded
to a new pool of elite solutions(following the sameconstraintsdescribedin Section5.2), representinga
new generation. This processis repeateduntil it createsa generationin which thebestsolutionis not better
thanthebestfoundin previousgenerations.A similarmulti-generationpath-relinkingstrategy hasbeenused
successfullyin [1, 25].

5.4 Empirical Analysis

In this section,we analyzeempirically somedetailsrelatedto intensi�cation that were mentionedin the
previous subsections.First, in Section5.4.1we show how the executionof path-relinkingduring the �rst
stageof the algorithm(andnot only in the post-optimizationstage)canhelp us �nd goodsolutionsfaster.
Then,in Section5.4.2,weexaminethequestionof whichdirectionto choosewhenperformingpath-relinking
betweentwo solutionsS1 or S2: from S1 to S2, from S2 to S1, or both?Finally, in Section5.4.3,we examine
whichselectionstrategy shouldbeused.
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5.4.1 Path-relinking within GRASP

Our implementationis suchthat the randomizedconstructive solutionproducedin eachGRASPiteration
dependsonly on theinitial randomseed,regardlessof whetherpath-relinkingis executedor not. Therefore,
if thenumberof iterationsis thesame,theadditionof path-relinkingcannotdecreasesolutionquality when
comparedto a “pure” GRASP. It couldbe thecase,however, that theextra time spenton path-relinking,if
usedfor extrastandardGRASPiterationsinstead,would leadto evenbetterresults.

To test this hypothesis,we took a few representative instancesand ran both versionsof the heuristic
(with andwithout path-relinking)for a period100timesaslong astheaveragetime it takesto executeone
iteration(constructionfollowedby local search)withoutpath-relinking.We werethereforeableto compare
the qualitiesof the solutionsobtainedas the algorithmprogressed.The constructive algorithmusedwas
sample. Resultsin this testdo not includepost-optimization.We selectedone instancefrom eachclass
(�1400 from TSP, pmed40 from ORLIB, andrw500 from RW), andtestedeachwith sevenvaluesof p, from
10to roughlyonethird of thenumberof facilities(m). Thetestwasrun10timesfor eachvalueof p, with 10
differentseeds.

Figure2 refersto oneof theinstancestested,�1400 with p = 500.Thegraphshowshow solutionquality
improvesover time. Bothquality andtime arenormalized.Timesaregivenin multiplesof theaveragetime
it takesto performoneGRASPiterationwithout path-relinking(this averageis takenover all iterationsof
all 10 runs). Solutionquality is givenasa fractionof theaveragesolutionvaluefoundby the �rst GRASP
iteration(withoutpath-relinking).3
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Figure2: Instance�1400 , p = 500: Quality of thebestsolutionfoundasa fractionof theaveragevalueof
the �rst solutionfound. Timesaregivenasmultiplesof theaveragetime requiredto performoneGRASP
iteration.Smallervaluesarebetter.

Figures3, 4 and5 referto thesameexperiment.Eachcurvein thosegraphsrepresentsaninstancewith a
particularvalueof p. Timesarenormalizedasbefore,andquality ratio (shown in theverticalaxis)is simply

3Notethatthe�rst time valueshown is 2; At time1, not all ratiosarede�ned, sincein somecasesthe�rst iterationtakesmorethan
averagetimeto execute.
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the ratio of the averagesolutionquality obtainedwith path-relinkingto the oneobtainedwithout it, both
consideringthesamerunningtimes.Valuessmallerthan1.000favor path-relinking.
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Figure3: Instance�1400 (classTSP): Ratiosbetweenpartialsolutionsfoundwith andwithoutpath-relinking.
Timesarenormalizedwith respectto theaveragetimeit takestoexecuteoneGRASPiteration.Valuessmaller
than1.000suggestthatit is worthwhileusingpath-relinking.

Theseresultscon�rm whatshouldbeexpected.If only veryafew iterationsareperformed,path-relinking
is not especiallyhelpful; solutionsof comparablequality (or evenbetter)canbefoundusingGRASPalone.
However, if moretimeis to bespent,usingpath-relinkingis agoodstrategy, consistentlyleadingto solutions
of superiorquality within thesametime frame. This is especiallytrue for moredif�cult instances,thosein
which p hasa relatively high value. The caseof instancerw500 seemsto be an exception;as p becomes
greaterthan75,theinstanceapparentlybecomeseasier.

5.4.2 Dir ection

An importantaspectof path-relinkingis thedirectionin which it is performed.Giventwo solutionsS1 and
S2, wemustdecidein whichdirectionto performtherelink: from S1 to S2, from S2 to S1, or both.We tested
thefollowing criteria:

� random: Directionpickeduniformly at random.

� up: Fromthebestto theworstsolution(amongthetwo); this hasthepotentialadvantageof exploring
morecarefullythemostpromisingvicinity.

� down: Fromtheworstto thebestsolution;by exploringmorecarefullythevicinity of theworstsolu-
tion, it maybeableto �nd goodsolutionsthatarerelatively far from thebestknown solutions,thus
favoringdiversity.

� new: Alwaysstartfrom thenewly generatedsolution,notfrom theonealreadyin thepool(thisstrategy
appliesonly to the�rst stageof thealgorithm,not to thepost-optimizationphase).Again, thegoal is
to obtaingreatersolutiondiversity.
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Figure4: Instancepmed40 (classORLIB): Ratiosbetweenpartial solutionsfound with andwithout path-
relinking. Timesarenormalizedwith respectto the averagetime it takesto executeoneGRASPiteration.
Valuessmallerthan1.000suggestthatit is worthwhileusingpath-relinking.
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Figure5: Instancerw500 (classRW): Ratiosbetweenpartialsolutionsfoundwith andwithoutpath-relinking.
Times are normalizedwith respectto the averagetime it takes to executeone GRASPiteration. Values
smallerthan1.000suggestthatit is worthwhileusingpath-relinking.
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� none: Do notperformpath-relinking(doesnotapplyto post-optimization).

� both: Performpath-relinkingin bothdirectionsandreturnthebestresult. This method�nds thebest
possibleresultsin eachcase,but it takestwiceaslongastheothermethodsto run.

We testedall valid combinationsof thesemethodson the 10 instancesof the restrictedsetde�ned in
Section2.1, eachwith 10 differentrandomseeds.In eachcase,we ran GRASPwith 32 iterationsand10
elite solutions,usingsample astheconstructivemethod.Tables2, 3, and4 show theresultsobtainedin the
experiment.(Thede�nitions of average relativepercentage deviation andnormalizedrelativerank, usedin
thesetables,aregivenin Section3.)

Table2: GRASPsolutionqualitywith differentpath-relinkingstrategies:Averagerelativepercentagedevia-
tions.Eachvaluerepresentshow muchtheaveragesolutionvaluefoundby eachmethodis above(or below)
theaveragefoundby all methods.Smallervaluesarebetter.

GRASP POST-OPTIMIZATION METHOD

METHOD both down random up
none 0.056 0.056 0.033 0.024
both 0.005 0.009 -0.030 -0.007
down -0.010 0.007 -0.009 -0.012
random 0.001 0.004 -0.002 0.001
new -0.008 0.004 -0.007 -0.011
up -0.029 -0.032 -0.019 -0.022

Table3: GRASPsolutionqualitywith differentpath-relinkingstrategies:Averagenormalizedranks.Smaller
valuesarebetter.

GRASP POST-OPTIMIZATION METHOD

METHOD both down random up
none -0.017 0.565 0.448 0.465
both -0.117 -0.143 -0.270 0.174
down -0.357 0.270 -0.265 0.004
random -0.183 0.209 -0.100 0.161
new -0.387 -0.030 -0.135 0.078
up -0.283 -0.209 -0.061 0.183

Table4: GRASPrunningtimeswith differentpath-relinkingstrategies: Averagerelative percentdeviation
with respectto theaverage.

GRASP POST-OPTIMIZATION METHOD

METHOD both down random up
none 33.3 -12.2 -7.3 -6.9
both 27.8 -2.3 -0.5 -2.3
down 22.7 -9.4 -7.8 -9.4
random 20.1 -12.0 -9.7 -10.9
new 20.3 -8.7 -8.0 -11.1
up 23.1 -9.3 -10.0 -9.6

Notethatsomestrategiescanbediscardedfor beingtoo slow withoutany clearimprovementin solution
quality; thatis thecaseof thosethatusestrategy both in thepost-optimizationphase(and,alsoduringthe�rst
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stageof thealgorithm,althoughtheextra time in this caseis far lessrelevant). Furthermore,it seemsclear
thatusingpath-relinkingduring the �rst stageis important;eventhoughit is still possibleto obtainabove-
averagesolutionseventuallyif none is usedin the�rst stage,thiscanonly happenif both is thestrategy used
in thepost-post-optimizationphase— whichresultsin muchlongerrunningtimes.

Whentheotherstrategiesareconsidered,theresultsdonotshow any clearlydominantone.Severalcom-
binationsof new, up, down, andrandom seemlike reasonablechoicesfor thealgorithm.Of all combinations
thatdonotusethemoretimeconsumingmethodboth, � vehavebetter-than-averagequalityaccordingto both
measuresused:up:down (the �rst methodrefersto the �rst stageof the algorithm,the secondto the post-
optimizationstage),down:random, random:random, new:random, andup:random (seeTables2 and 3). We
decidedto useup:down in the�nal versionof ouralgorithm,sincethiswasthemethodwith thebestaverage
relative percentagedeviation anda goodaveragerank. This methodhasthe interestingfeatureof favoring
qualitywhendealingwith lower-qualitysolutions(duringthe�rst stageof thealgorithm),anddiversitywhen
theoverallsolutionquality is higher(duringthepost-optimizationstage).

5.4.3 SelectionStrategy

We have shown that applyingpath-relinkingduring the �rst stageof the algorithmhelps�nding goodso-
lutions faster. Here,we analyzethecriterionusedto choosethe elite solutionsto becombinedwith S, the
solutionobtainedafter local search.Recallthat theusualmethodis to selectthesolutionuniformly at ran-
dom,andthatweproposepickingsolutionswith probabilitiesproportionalto theirsymmetricdifferencewith
respectto S. We will call thesemethodsuniform andbiased, respectively.

Whenperformingpath-relinkingbetweenapairof solutions,ourgoalis to obtainathird solutionof lower
cost. We will considerthe combinationsuccessfulwhenthis happens.The ultimategoal of the selection
schemeis to �nd, amongthe elite solutions,onethat leadsto a successfulcombination. Betterselection
schemeswill �nd onesuchsolutionwith higherprobability.

We devisedthe following experiment,run for eachof the 10 instancesin the restrictedsetde�ned in
Section2.1, to determinewhich methodis betteraccordingto this criterion. First, run GRASP(without
path-relinking)until a pool with capacityfor 110 solutionsis �lled. Then,take the top 10 solutions(call
themE1;E2; : : : ;E10) obtainedandcreateanew pool. Denotetheremaining100solutionsby S1;S2; : : : ;S100.
Performpath-relinkingbetweeneachof these100solutionsandeachsolutionin thepool,anddecidebased
on theresultswhich selectionmethod(biased or uniform) would have a greaterprobabilityof successif we
hadto selectoneof the10 instances.

To calculatetheprobabilityof successof eachmethod,we needsomede�nitions. Let s(i; j) be1 if the
path-relinkingbetweenSi andE j is successful,and0 otherwise;also,let D(i; j) bethesymmetricdifference
betweenSi andE j . For agivensolutionSi, theprobabilityof successfor uniform, if it wereapplied,wouldbe

ui =
å 10

j= 1s(i; j)

10
:

On theotherhand,theprobabilityof successof biased wouldbe

bi =
å 10

j= 1[s(i; j) � D(i; j)]

å 10
i= 1D(i; j)

:

For eachof the10instances,theproceduredescribedabovewasexecuted10times,with 10randomseeds,
alwaysusingsample astheconstructivealgorithmandup asthepath-relinkingdirection.Therefore,for each
instance,1,000selectionsweresimulated(100for eachrandomseed).

Theresultsaresummarizedin Table5. For eachinstance,we show thepercentageof thecasesin which
a methodhasgreaterprobabilityof successthantheother(whentheprobabilitiesareequal,we considerthe
experimenta tie).

Notethatin all casesbiased hassuperiorperformance,sometimesby asigni�cant margin. It is interesting
to notethat in two casestheprobabilityof a tie wasalmost100%;this is dueto the fact thatpath-relinking
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Table5: Comparisonbetweentheuniform andbiased selectionschemes.Valuesrepresentpercentageof cases
in whichonemethodhasgreaterprobabilityof leadingto asuccessfulrelink thantheother.

INSTANCE SELECTION METHOD

NAME p uniform TIE biased
�1400 150 38.7 10.8 50.5
�1400 500 0.0 99.9 0.1
gr150 25 34.9 5.6 59.5
pcb3038 30 45.2 5.4 49.4
pcb3038 250 0.2 98.5 1.3
pmed15 100 14.5 4.5 81.0
pmed40 90 14.2 5.2 80.6
rw500 25 39.8 10.3 49.9
rw500 75 32.0 11.3 56.7
sl700 233 6.4 56.2 37.4

almostalwaysworksfor thoseparticularinstances— any selectionschemewould besuccessful.In thefew
situationsin which therewere“wrong” selections,biased wasbetterin avoiding them.

6 Final Results

This sectionpresentsdetailedresultsobtainedby the�nal versionof our method,built basedon theexperi-
mentsreportedin previoussections.It usessample astherandomizedconstructiveheuristic(seeSection3);
path-relinkingis executedin bothstagesof thealgorithm(Section5.4.1);path-relinkingis performedfrom
the bestto the worst solutionduring the �rst stageof the algorithm,andfrom the worst to the bestduring
post-optimization(Section5.4.2);andsolutionsareselectedfrom the pool in a biasedway during the �rst
stageof the algorithm(Section5.4.3). The resultsreportedhererefer to runswith 32 GRASPiterations
and10 elite solutions— of course,thesenumberscanbechangedto make thealgorithmfaster(if they are
reduced)or to obtainbettersolutions(if they areincreased).

We presentresultsfor all instancesmentionedin Section2.1. Sinceours is a randomizedalgorithm,
differentrunscanyield differentresults.In orderto avoid anomalousresults,we ran it ninetimesfor each
instancetested.All solutionvaluespresentedhererefer to the medianof the resultsobtained(this ensures
that the valueshown is indeedthe valueof a valid solutionto the problem),whereastimesarearithmetic
meanstakenoverall executions.Theresultsarepresentedin Tables6 to 12.

For reference,thetablescontainthelowestupperboundsonsolutionvaluespresentedin theliterature(to
thebestof our knowledge)for eachof theinstancestested.Theoptimumvaluesareknown for all instances
in threeclasses:ORLIB (provided in [2]), SL [32], andGR [32]. For classTSP, we presentthebestupper
boundslistedin theliterature,aswell asreferencesto thepapersthat�rst presentedtheboundsshown (they
arepresentedin theSOURCE columnin Tables6, 7,and8). Althoughthatis oftenthecase,theboundsdonot
necessarilycorrespondto solutionsfoundby themainheuristicsdescribedin thosepapers— in somecases,
they werefoundby other, moretime-consumingmethods.For severalinstances,at leastoneof thenineruns
of ourGRASPprocedurewasableto improvethebestboundknown. Whenthatwasthecase,theimproved
boundis presented,andthesourcecolumnis markedby a dash(—). Thesevaluesshouldnot beconsidered
the“�nal result” of our methodwhencomparedto others,sinceit representsespeciallysuccessfulruns;the
meaningfulresultsarethemedianslistedin thetables.BecauseclassRW wasrecentlyintroduced[24], there
areno resultsobtainedby heuristicsin the literature. Therefore,the BEST columnin Table12 presentsthe
bestsolutionsfoundby ouralgorithmwhenall ninerunsareconsidered.

Note that our methodfound solutionswithin 0.2% of the previous bestknown solutionsin all cases.
Thereweregreaterdeviationsfor classRW, but notethatthey arecalculatedwith respectto solutionsfound
by GRASPitself. However, it doessuggestthat our methodis capableof obtainingbetterresults— in
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Table6: Final resultsfor �1400 , anEuclideaninstancefrom classTSP with 1400nodes.

BEST KNOWN SINGLE-STAGE GRASP WITH POST-OPTIMIZATION

p VALUE SOURCE VALUE %ERR TIME VALUE %ERR TIME

10 101249.47 [15] 101249.55 0.000 117.1 101249.55 0.000 118.5
20 57857.55 [15] 57857.94 0.001 76.8 57857.94 0.001 83.5
30 44013.48 — 44013.48 0.000 76.0 44013.48 0.000 106.2
40 35002.52 — 35002.60 0.000 68.6 35002.60 0.000 101.3
50 29089.78 [15] 29090.23 0.002 58.8 29090.23 0.002 73.9
60 25161.12 — 25166.91 0.023 57.0 25164.02 0.012 91.5
70 22125.53 [15] 22126.03 0.002 50.6 22126.03 0.002 70.2
80 19872.72 — 19878.45 0.029 49.8 19876.57 0.019 78.1
90 17987.94 [15] 18006.83 0.105 48.7 17988.60 0.004 74.2

100 16551.20 [14] 16567.01 0.096 47.3 16559.82 0.052 82.4
150 12026.47 — 12059.12 0.271 48.7 12036.00 0.079 132.5
200 9359.15 — 9367.98 0.094 49.4 9360.67 0.016 101.3
250 7741.51 — 7754.50 0.168 54.5 7746.31 0.062 130.3
300 6620.92 — 6637.81 0.255 57.8 6623.98 0.046 167.1
350 5720.91 — 5749.51 0.500 59.6 5727.17 0.109 177.6
400 5006.83 — 5033.96 0.542 64.1 5010.22 0.068 157.5
450 4474.96 — 4485.16 0.228 68.3 4476.68 0.038 170.7
500 4047.90 — 4059.16 0.278 71.9 4049.56 0.041 210.9

Table7: Final resultsfor pcb3038, anEuclideaninstancesfrom classTSP with 3038nodes.

BEST KNOWN SINGLE-STAGE GRASP WITH POST-OPTIMIZATION

p VALUE SOURCE VALUE %ERR TIME VALUE %ERR TIME

10 1213082.03 — 1213082.03 0.000 1115.8 1213082.03 0.000 1806.3
20 840844.53 — 840844.53 0.000 647.9 840844.53 0.000 943.4
30 677306.76 — 678108.52 0.118 426.7 677436.66 0.019 847.0
40 571887.75 — 572012.44 0.022 312.6 571887.75 0.000 492.6
50 507582.13 — 507754.72 0.034 251.7 507663.80 0.016 472.4
60 460771.87 — 461194.61 0.092 218.2 460797.55 0.006 481.4
70 426068.24 — 426933.75 0.203 201.3 426153.31 0.020 470.9
80 397529.25 — 398405.57 0.220 188.5 397585.89 0.014 555.9
90 373248.08 — 374152.75 0.242 182.3 373488.82 0.064 380.8

100 352628.35 — 353576.86 0.269 174.0 352755.13 0.036 448.1
150 281193.96 [34] 282044.70 0.303 163.3 281316.82 0.044 402.5
200 238373.26 — 238984.42 0.256 162.0 238428.35 0.023 406.9
250 209241.25 [34] 209699.36 0.219 171.8 209326.83 0.041 407.5
300 187712.12 — 188168.32 0.243 184.4 187763.64 0.027 395.8
350 170973.34 [34] 171443.87 0.275 200.0 171048.03 0.044 412.0
400 157030.46 [34] 157414.79 0.245 203.4 157073.20 0.027 436.3
450 145384.18 — 145694.26 0.213 216.3 145419.81 0.025 462.3
500 135467.85 [34] 135797.08 0.243 231.1 135507.73 0.029 478.5
550 126863.30 — 127207.83 0.272 243.8 126889.89 0.021 514.0
600 119107.99 [15] 119428.60 0.269 258.3 119135.62 0.023 595.8
650 112063.73 — 112456.15 0.350 271.0 112074.74 0.010 619.0
700 105854.40 — 106248.00 0.372 284.0 105889.22 0.033 637.3
750 100362.55 [15] 100713.79 0.350 296.4 100391.53 0.029 649.3
800 95411.78 — 95723.00 0.326 286.6 95432.66 0.022 677.8
850 91003.62 — 91268.56 0.291 296.1 91033.10 0.032 689.3
900 86984.10 — 87259.78 0.317 306.4 87022.59 0.044 730.4
950 83278.78 — 83509.58 0.277 314.3 83299.22 0.025 780.5

1000 79858.79 — 80018.33 0.200 321.7 79869.98 0.014 806.2
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Table8: Final resultsfor instancerl5934, anEuclideaninstancefrom classTSP with 5934nodes.

BEST KNOWN SINGLE-STAGE GRASP WITH POST-OPTIMIZATION

p VALUE SOURCE VALUE %ERR TIME VALUE %ERR TIME

10 9794951.00 [15] 9794973.65 0.000 5971.1 9794973.65 0.000 8687.1
20 6718848.19 — 6719116.39 0.004 3296.8 6719026.03 0.003 4779.6
30 5374936.14 — 5379979.09 0.094 2049.8 5376040.45 0.021 4515.1
40 4550364.60 — 4550843.75 0.011 1470.4 4550518.95 0.003 2499.3
50 4032379.97 — 4033758.13 0.034 1195.3 4032675.94 0.007 2280.6
60 3642397.88 — 3646198.03 0.104 996.1 3642949.30 0.015 2244.0
70 3343712.45 — 3348834.92 0.153 872.5 3344888.24 0.035 2138.3
80 3094824.49 — 3099917.93 0.165 778.8 3095442.55 0.020 1792.4
90 2893362.39 — 2898721.66 0.185 708.8 2894954.78 0.055 1844.2

100 2725180.81 — 2730313.90 0.188 671.2 2725580.72 0.015 1892.6
150 2147881.53 — 2151985.53 0.191 560.2 2148749.47 0.040 1209.2
200 1808179.07 — 1812249.63 0.225 526.6 1808658.73 0.027 1253.0
250 1569941.34 — 1573800.83 0.246 526.2 1570445.77 0.032 1203.8
300 1394115.39 — 1397064.23 0.212 550.1 1394361.41 0.018 1042.7
350 1256844.04 — 1259733.85 0.230 575.6 1257098.17 0.020 1246.4
400 1145669.38 [15] 1148386.49 0.237 583.8 1145961.13 0.025 1157.6
450 1053363.64 — 1055756.67 0.227 619.2 1053729.79 0.035 1236.9
500 973995.18 — 975940.78 0.200 641.7 974242.08 0.025 1236.7
600 848283.85 — 849765.46 0.175 703.7 848499.21 0.025 1439.4
700 752068.38 [15] 753522.21 0.193 767.3 752263.82 0.026 1566.6
800 676795.78 — 678300.99 0.222 782.1 676956.64 0.024 1574.9
900 613367.44 [15] 614506.49 0.186 834.5 613498.64 0.021 1722.0

1000 558802.38 [15] 559797.83 0.178 877.7 558943.93 0.025 1705.3
1100 511813.19 [15] 512793.56 0.192 931.4 511928.86 0.023 1893.4
1200 470295.38 [15] 471486.76 0.253 988.1 470411.12 0.025 2082.0
1300 433597.44 [15] 434688.75 0.252 1033.4 433678.02 0.019 2147.8
1400 401853.00 [15] 402796.80 0.235 1072.4 401934.24 0.020 2288.7
1500 374014.57 — 374803.24 0.211 1029.7 374056.40 0.011 2230.3
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Table9: Final resultsobtainedfor classORLIB, graph-basedinstancesintroducedby Beasley [2].

INSTANCE SINGLE-STAGE GRASP WITH POST-OPTIMIZATION

NAME n p OPT VALUE %ERR TIME VALUE %ERR TIME

pmed01 100 5 5819 5819 0.000 0.5 5819 0.000 0.5
pmed02 100 10 4093 4093 0.000 0.4 4093 0.000 0.5
pmed03 100 10 4250 4250 0.000 0.4 4250 0.000 0.5
pmed04 100 20 3034 3034 0.000 0.4 3034 0.000 0.5
pmed05 100 33 1355 1355 0.000 0.4 1355 0.000 0.5
pmed06 200 5 7824 7824 0.000 1.8 7824 0.000 1.8
pmed07 200 10 5631 5631 0.000 1.4 5631 0.000 1.4
pmed08 200 20 4445 4445 0.000 1.2 4445 0.000 1.2
pmed09 200 40 2734 2734 0.000 1.2 2734 0.000 1.5
pmed10 200 67 1255 1255 0.000 1.3 1255 0.000 1.6
pmed11 300 5 7696 7696 0.000 3.5 7696 0.000 3.5
pmed12 300 10 6634 6634 0.000 2.9 6634 0.000 2.9
pmed13 300 30 4374 4374 0.000 2.4 4374 0.000 2.5
pmed14 300 60 2968 2968 0.000 2.9 2968 0.000 3.5
pmed15 300 100 1729 1729 0.000 3.3 1729 0.000 4.3
pmed16 400 5 8162 8162 0.000 8.1 8162 0.000 8.2
pmed17 400 10 6999 6999 0.000 6.1 6999 0.000 6.3
pmed18 400 40 4809 4809 0.000 5.5 4809 0.000 6.7
pmed19 400 80 2845 2845 0.000 6.3 2845 0.000 7.5
pmed20 400 133 1789 1789 0.000 7.1 1789 0.000 8.6
pmed21 500 5 9138 9138 0.000 12.2 9138 0.000 12.2
pmed22 500 10 8579 8579 0.000 10.7 8579 0.000 11.3
pmed23 500 50 4619 4619 0.000 9.4 4619 0.000 11.0
pmed24 500 100 2961 2961 0.000 11.4 2961 0.000 13.1
pmed25 500 167 1828 1828 0.000 13.4 1828 0.000 16.2
pmed26 600 5 9917 9917 0.000 20.5 9917 0.000 20.5
pmed27 600 10 8307 8307 0.000 16.4 8307 0.000 16.4
pmed28 600 60 4498 4498 0.000 14.6 4498 0.000 17.4
pmed29 600 120 3033 3033 0.000 18.0 3033 0.000 21.0
pmed30 600 200 1989 1989 0.000 21.1 1989 0.000 26.9
pmed31 700 5 10086 10086 0.000 28.8 10086 0.000 28.8
pmed32 700 10 9297 9297 0.000 22.8 9297 0.000 22.9
pmed33 700 70 4700 4700 0.000 20.6 4700 0.000 23.7
pmed34 700 140 3013 3013 0.000 25.8 3013 0.000 30.8
pmed35 800 5 10400 10400 0.000 36.7 10400 0.000 36.7
pmed36 800 10 9934 9934 0.000 31.7 9934 0.000 34.4
pmed37 800 80 5057 5057 0.000 28.8 5057 0.000 32.4
pmed38 900 5 11060 11060 0.000 52.9 11060 0.000 52.9
pmed39 900 10 9423 9423 0.000 36.5 9423 0.000 36.5
pmed40 900 90 5128 5129 0.020 36.6 5128 0.000 43.4

Table10: Final resultsfor classSL, graph-basedinstancesintroducedby SenneandLorena[32].

INSTANCE SINGLE-STAGE GRASP WITH POST-OPTIMIZATION

NAME n p OPT VALUE %ERR TIME VALUE %ERR TIME

sl700 700 233 1847 1848 0.054 30.2 1847 0.000 39.5
sl800 800 267 2026 2027 0.049 41.8 2026 0.000 53.2
sl900 900 300 2106 2107 0.047 54.1 2106 0.000 68.2
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Table11: Final resultsfor classGR, graph-basedinstancesintroducedby GalvãoandReVelle [9].

INSTANCE SINGLE-STAGE GRASP WITH POST-OPTIMIZATION

NAME p OPT VALUE %ERR TIME VALUE %ERR TIME

gr100 5 5703 5703 0.000 0.5 5703 0.000 0.5
10 4426 4426 0.000 0.6 4426 0.000 1.0
15 3893 3893 0.000 0.5 3893 0.000 0.8
20 3565 3565 0.000 0.4 3565 0.000 0.7
25 3291 3291 0.000 0.4 3291 0.000 0.7
30 3032 3032 0.000 0.4 3032 0.000 0.6
40 2542 2542 0.000 0.4 2542 0.000 0.6
50 2083 2083 0.000 0.4 2083 0.000 0.6

gr150 5 10839 10839 0.000 1.3 10839 0.000 1.3
10 8729 8729 0.000 1.1 8729 0.000 2.0
15 7390 7390 0.000 1.0 7390 0.000 1.7
20 6454 6462 0.124 0.9 6462 0.124 1.5
25 5875 5887 0.204 0.9 5875 0.000 1.7
30 5495 5502 0.127 0.8 5495 0.000 1.5
40 4907 4907 0.000 0.8 4907 0.000 1.2
50 4374 4375 0.023 0.8 4375 0.023 1.2

Table12: Final resultsfor classRW, randominstancesintroducedin [24].

INSTANCE SINGLE-STAGE GRASP WITH POST-OPTIMIZATION

NAME p BEST VALUE %ERR TIME VALUE %ERR TIME

rw100 10 530 530 0.000 0.7 530 0.000 1.3
20 277 277 0.000 0.5 277 0.000 0.7
30 213 213 0.000 0.4 213 0.000 0.5
40 187 187 0.000 0.3 187 0.000 0.5
50 172 172 0.000 0.3 172 0.000 0.4

rw250 10 3691 3691 0.000 6.1 3691 0.000 10.4
25 1364 1370 0.440 3.3 1364 0.000 5.8
50 713 718 0.701 2.1 713 0.000 3.9
75 523 523 0.000 1.9 523 0.000 2.6

100 444 444 0.000 1.8 444 0.000 2.2
125 411 411 0.000 1.5 411 0.000 2.0

rw500 10 16108 16259 0.937 33.1 16108 0.000 76.9
25 5681 5749 1.197 20.8 5683 0.035 46.9
50 2628 2657 1.104 14.1 2635 0.266 27.7
75 1757 1767 0.569 11.6 1757 0.000 20.5

100 1380 1388 0.580 11.5 1382 0.145 20.4
150 1024 1026 0.195 11.1 1024 0.000 15.4
200 893 893 0.000 11.8 893 0.000 14.4
250 833 833 0.000 9.6 833 0.000 11.6

rw1000 10 67811 68202 0.577 153.6 68136 0.479 256.3
25 24896 25192 1.189 111.1 24964 0.273 293.5
50 11306 11486 1.592 77.7 11360 0.478 169.1
75 7161 7302 1.969 60.2 7207 0.642 160.1

100 5223 5297 1.417 55.5 5259 0.689 109.8
200 2706 2727 0.776 57.5 2710 0.148 100.4
300 2018 2021 0.149 55.2 2018 0.000 71.5
400 1734 1734 0.000 61.8 1734 0.000 73.5
500 1614 1614 0.000 47.9 1614 0.000 55.9

17



absoluteterms— for instanceswith well-de�ned metrics(graphsandEuclideaninstances),thanon random
instances(suchclassRW). This is hardlysurprising,it just re�ects thebehavior of thebasicbuilding blocks
of ourmethod,thelocalsearchprocedureandthepath-relinkingmethod.

Other Methods. We now analyzeour methodsin relative terms:how it behavesin comparisonwith other
methodsin the literature. For simplicity, we refer to our own methodasGRASP, even thoughthe results
reportedhereincludepath-relinkingandthepost-optimizationphase.The resultstaken into accountin the
comparisonarethosepresentedin thethreelastcolumnsof Tables6 and12.

Othermethodsreferredto in thecomparisonare:

� VNS: VariableNeighborhoodSearch,by Hansenand Mladenovi ć [14]; resultsfor this methodare
availablefor the ORLIB series(all 40 instancesweretested,with runningtimesgiven for only 22 of
them),for �1400 (all 18 valuesof p), andpcb3038 (with only 10 valuesof p: 50;100;150; : : :;500).
Thevaluesusedherewerecomputedfrom thosereportedin Tables1, 2, and3 of [14].

� VNDS: VariableNeighborhoodDecompositionSearch,by Hansen,Mladenovi ć, andPerez-Brito[15].
Resultsareavailablefor all ORLIB andTSP instances.4

� LOPT: Local Optimizationmethod,proposedby Taillard in [34]. Themethodworksby heuristically
solving locally de�ned subproblemsin integratingtheminto a solutionto the generalproblem. The
authorprovidesdetailedresults(in Table7 of [34]) only for instancepcb3038, with ninevaluesof p,
all multiplesof 50between100to 500.

� DEC: DecompositionProcedure,alsostudiedby Taillard in [34] andbasedon thedecompositionof
theoriginalproblem.Resultsareprovidedby thesamenineinstancesasLOPT(in Table7 of [34]).

� LSH: Lagrangean-Surrogate Heuristic,describedby SenneandLorenain [32]. The papercontains
resultsfor six ORLIB instances(pmed05, pmed10, pmed15, pmed20, pmed25, pmed30), for nine
valuesof p for pcb3038 (thesamenineusedto testLOPT),andfor all instancesin classesSL andGR.
Thevaluesusedin ourcomparisonweretakenfrom Tables1, 2, and3 of [32].

� CGLS:ColumnGenerationwith Lagrangean/SurrogateRelaxation,studiedbySenneandLorenain [33].
Resultsareavailablefor 15 ORLIB instances(pmed01, pmed05, pmed06, pmed07, pmed10, pmed11,
pmed12, pmed13, pmed15, pmed16, pmed17, pmed18, pmed20, pmed25, andpmed30), for all three
SL instances,andfor � ve valuesof p in instancepcb3038 (300,350,400,450,and500). We consider
heretheresultsfoundby methodCG(t), takenfrom Tables1, 2, and4 of [33].

Westartourcomparisonby presenting,for eachof themethodsstudied,theaveragepercentagedeviation
with respectto the bestsolutionsknown (asgiven by Tables6 to 12 above). The resultsarepresentedin
Table13. Eachof the instancesof classTSP is shown separatelyto allow a morepreciseanalysisof the
algorithms.Somevaluesarein slantedfont asa reminderthatnot all instancesin thesetwereconsideredin
thepaperdescribingthemethod.A dash(—) is shown whenno resultfor theclassis available.ClassRW is
notshown, sincetheonly resultsavailablearethoseobtainedby ourmethod.

Thetableshows thatourmethodis theonly onewithin 0.04%of thebestvaluesknown for all instances.
Futhermore,even thoughour methoddid not obtainthe bestresultsfor every singleinstance,it did obtain
thebestresultson averagefor all six setsof instancespresentedin the table. It mustbesaid,however, that
thedifferenceis oftenverysmall.Many of themethodsarevirtually asgoodasoursin oneor anotherclass:
that is thecaseof VNDS for all threeTSP instances;of VNS andLSH for ORLIB instances;andof CGLS
for pcb3038. This revealsthegreateststrengthof our method:robustness. It wasableto obtaincompetitive
resultsfor all classesof instances.Noneof themethodstestedhasshown suchdegreeof consistency.

Of course,we alsohave to considertherunningtimesof themethodsinvolved. Findinggoodsolutions
wouldbehardlysurprisingif therunningtimesof ourmethodweresigni�cantly greaterthanthoseof others.

4Theauthorsof [15] alsotestedinstancesfrom [26]; unfortunately, wewereunableto obtaintheseinstancesat thetimeof writing.

18



Table13: Meanpercentagedeviationsfor eachmethodwith respectto the bestsolutionknown. Valuesin
slantedfont indicatethatnotall instancesin thesetweretestedby themethod.Smallervaluesarebetter.

series GRASP CGLS DEC LOPT LSH VNDS VNS
GR 0.009 — — — 0.727 — —
SL 0.000 0.691 — — 0.332 — —
ORLIB 0.000 0.101 — — 0.000 0.116 0.007
�1400 0.031 — — — — 0.071 0.191
pcb3038 0.025 0.043 4.120 0.712 2.316 0.117 0.354
rl5934 0.022 — — — — 0.142 —

To presenta meaningfulcomparisonbetweenthe methods,we adoptedthe following strategy. For each
instancein which a methodwastested,we computedtheratio betweenthetime it requiredandtherunning
time of our method.In Table14, we presentthegeometricmeansof theseratiostakenover theinstancesin
eachset(onceagain,only instancestestedby the relevantmethodareconsidered).We believe this makes
moresensethantheusualarithmeticmeanin thiscase:if a methodis twiceasfastasanotherfor 50%of the
instancesandhalf asfastfor the other50%, intuitively the methodsshouldbe consideredequivalent. The
geometricmeanre�ects that,whereasthearithmeticmeandoesnot.

Table14: Meanratiosbetweentherunningtimesobtainedby methodsin theliteratureandthoseobtainedby
ours. Althoughvaluesgreaterthan1.0 indicatethatour methodis fasteron average,differenceswithin the
sameorderof magnitudeshouldbedisregarded.Valuesin slantedfont indicatethatthereareinstancesin the
setfor whichtimesarenotavailable.

series GRASP CGLS DEC LOPT LSH VNDS VNS
GR 1.00 — — — 1.11 — —
SL 1.00 0.51 — — 24.20 — —
ORLIB 1.00 55.98 — — 4.13 0.46 5.47
�1400 1.00 — — — — 0.58 19.01
pcb3038 1.00 9.55 0.21 0.35 1.67 2.60 30.94
rl5934 1.00 — — — — 2.93 —

Oneimportantobservationregardingthevaluespresentedshouldbemade:for VNSandVNDS,thetimes
takeninto considerationaretimesin which thebestsolutionwasfound(asin thepapersthatdescribethese
methods[14, 15]); for all otheralgorithms(includingours),thetotal runningtime is considered.Thevalues
reportedfor our algorithmalso includethe time necessaryto precomputeall pairwisevertex distancesin
graph-basedclasses(ORLIB andSL).5

Valuesgreaterthanonein thetablefavor ourmethod,whereasvaluessmallerthanonefavor others.One
shouldnot take theseresultstoo literally, however. Sinceresultswereobtainedon differentmachines(see
Table15),smalldifferencesin runningtimeshouldnotbeusedto draw any conclusionregardingtherelative
effectivenessof the algorithms. Runningtimeswithin the sameorderof magnitudeshouldbe regardedas
indistinguishable.

7 Concluding Remarks

In this paper, we presenteda GRASPwith path-relinkingfor the p-medianproblem. We have shown that
it is remarkablyrobust, handlinga wide variety of instancesandobtainingresultscompetitive with those

5GR is alsoa graph-basedclass,but the instanceswe obtained,kindly providedby E. Senne,werealreadyrepresentedasdistance
matrices.
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Table15: Machinesin whichtimesusedin Table14wereobtained.

METHOD MACHINE

CGLS SunUltra 30
DEC SGIWorkstation(195MHz MIPSR10000)
GRASP SGIChallenge(196MHz MIPSR10000)
LOPT SGIWorkstation(195MHz MIPSR10000)
LS SunUltra 30
VNDS SunUltra I (143MHz UltraSparc)
VNS SunSparcStation10

obtainedby thebestheuristicsin the literaturein eachcase.This makesour heuristica valuablecandidate
for ageneral-purposesolver for the p-medianproblem.

We do not claim, however, thatour methodis thebestin every circumstance.Othermethodsdescribed
in the literatureareableto produceresultsof remarkablygoodquality, oftenat theexpenseof a somewhat
higherrunningtimes.VNS [14] is especiallysuccessfulfor graphinstances;VNDS [15] is particularlystrong
for Euclideaninstances,andis oftenfasterthanourmethod(especiallywhenthenumberof facilitiesto open
is very small); andCGLS[33] canobtainvery goodresultsfor Euclideaninstances,andhastheadditional
advantageof providing goodlowerbounds.An interestingresearchtopic would beto usesomeof theideas
exploredin this paper(suchasa fastimplementationof the local searchprocedureandthecombinationof
elitesolutionsthroughpath-relinking)with thosemethodsto obtainevenbetterresults.

Thegoalof our algorithmis to produceclose-to-optimalsolutions.Therefore,it shouldbesaidthatour
methoddoesnot handlewell really large instances.If the input is a graphwith millions of vertices,simply
computingall-pairsshortestpathswould be prohibitively slow. For that purpose,onewould probablybe
betterof relying on methodsbasedon samplingtechniqueslike theoneproposedby Thorup[36]. Methods
likethisaimto �nd solutionsthatare“good”, notnear-optimal,in areasonable(quasi-linear)amountof time.

However, if oneis interestedin solvinginstanceslargeenoughto precludetheapplicationof exactalgo-
rithms,but notsolargesoasto makeanythingworsethanquasi-linearprohibitive,ourmethodhasprovento
bea veryusefulalternative.
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[14] P. Hansenand N. Mladenović. Variableneighborhoodsearchfor the p-median. LocationScience,
5:207–226,1997.
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