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Abstract

Givenn customersnda setF of m potentialfacilities, the p-medianproblemconsistsn nding a subset
of F with p facilities suchthatthe costof servingall customerss minimized. This is a well-knovn NP-

completeproblemwith importantapplicationsn locationscienceandclassi cation(clustering).We present
herea GRASP(GreedyRandomized\daptive SearchProcedureyvith path-relinkingto nd nearoptimal

solutionsto this problem.Empiricalresultsoninstanced$rom theliteraturesuggesthatthisis averyrobust

algorithm,performingat leastaswell asothermethodsandoftenbetterin termsof bothrunningtime and

solutionquality.

1 Intr oduction

The p-medianproblemis de ned asfollows. Givena setF of m potentialfacilities,a setU of n users(or
customers)a distancefunctiond: U F! R, andaconstantp m, determinewhich p facilitiesto open
soasto minimizethe sumof the distancedrom eachuserto its closesiopenfacility.

Several algorithmsfor the p-medianproblemhave beenproposedjncluding exact methodsbasedon
linearprogramming?2, 3, 8, 30], constructve algorithmg[3, 17, 38], dual-basealgorithmg[8, 21], andlocal
searchprocedure§l3, 16,19, 24, 27, 35, 38]. Morerecently metaheuristiceapableof obtainingsolutionsof
nearoptimalquality havebeendevised. Talu searctprocedurebave beenproposedy Voss[37] andRolland
et al. [26]. The latter methodwas comparedn [29] with Rosingand Re\klle's heuristic concentation
method28], which obtainedcomparatrely superioresults.In [14], HanserandMladenaori € proposea VNS
(variableneighborhoodearch¥or the problem,laterparallelizedby Garcia-Lépeztal. in [10]. A variation
of thismethod VNDS (variableneighborhoodlecompositiosearch)wasproposedy HansenMladenwi €,
andPerez-Britd15]. Heuristicsbasedn linearprogramminchave beenproposedy du Merle etal. [4] and
by SenneandLorena[32, 33].

In this paper we proposea hybrid GRASP (GreedyRandomizedAdaptive SearchProcedurefor the
p-medianproblem. GRASPis a randomizedmultistartiterative metaheuristi¢5, 6, 7, 23], in which each
iterationconsistf a constructve phasgwhena greedyrandomizedalgorithmis performedXollowedby a
local searclphase.Thebestsolutionobtainedoverall iterationsis takenastheresultof thewholealgorithm.

Our algorithmenhanceshis basicapproachwith someintensi cation stratgjies. We keepa pool with
someof the bestsolutionsfound in previous iterations,the so-calledelite solutions In eachiteration of
the GRASR the solutionobtainedafter the local searchphaseis combinedwith one elite solutionthrough
a processcalled path-relinking Furthermoreafter all iterationsare completed,we have a second,post-
optimizationphasein which elite solutionsarecombinedwith eachother Figurel shavs the pseudo-code
for ouroverall strateyy.
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function GRASP (seedmaxit elitesizé
1 randomize (seed;

2 init  (elite; elitesize

3 for i = 1to maxitdo

4 S randomizedBuild  ();
5 S localSearch (9);
6 L select (eliteS);

7 if (3°6 NULL) then

8 & pathRelinking  (SSD;
9 add (elite; &9

10 endif

11 add (elite; S);

12  endfor

13 S postOptimize (elite);

14 return S

end GRASP

Figurel: Pseudo-codéor the GRASPprocedure

Of course,muchremainsto be speci ed to turn this outline into an actualalgorithm. We studyeach
individual componen{constructve algorithm,local searchandintensi cation) separatelyn Sections3, 4,
and>5, respectrely. In Section6, we presentthe resultsobtainedby the nal versionof our methodand
comparethemwith thoseobtainedby other methodsin the literature. But rst, in Section2, we discuss
importantissuesrelatedto the experimentswe conductedboth to evaluateindividual componentsand to
producethe nal results.

2 Testing

2.1 Instances

We testedour algorithmon ve classe®f problems:TSP, ORLIB, SL, GR, andRW.

Instancesn classTSP arejustsetsof pointsonthe plane.Originally proposedor thetraveling salesman
problem,they areavailablefrom the TSPLIB[22]. In the contet of the p-medianproblem,theseinstances
were rst usedby Hanseretal. [14, 15). Every pointis consideredoth a potentialfacility anda customey
andthe costof assigningcustometc to facility f is simply the Euclideandistancebetweerthe pointsrepre-
sentingc and f. As in [15], threeinstancesare considered 1400 , pcb3038, andrl5934, with 1400,3038,
and5934nodesyespectiely), eachwith severaldifferentvaluesfor p (numberof facilitiesto open).

ClassORLIB (shortfor OR-Library)wasintroducedby Beaslg in [2]. Eachof the40instancegpmed01,
pmed02, :::, pmed40) in theclassis agraphwith a correspondingaluefor p. Every nodeis a customeiand
apotentialfacility, andthe costof assigninga custometo afacility is thelengthof the shortespathbetween
thecorrespondingnodes.The numberof nodesin this classvariesfrom 100to 900,andthe valueof p from
5t0 200.

Thethird classwe consideris SL, a slight extensionto ORLIB proposedy SenneandLorenain [32]. It
containsthreenew instancesall basedon graphsfrom ORLIB: sI700 usesthe samegraphaspmed34, but
usesp = 233;sI800 is thesameaspmed37, with p= 267;andsl900 is pmed40 with p= 300[31].

Thefourthclassstudiedis GR, introducedby GalvdoandRe\£lle [9] andusedfor the p-medianproblem
by SenneandLorena[32]. This classcontaingwo graphswith 100and150nodegnamedyr100 andgr150,
respectiely). Eightvaluesof p (betweerb and50) wereconsideredn eachcase.

The fth classwe study RW, wasoriginally usedin [24] andcorrespond$o completelyrandomdistance



matrices. The distancebetweeneachfacility and eachcustomerhasan integer value taken uniformly at
randomfrom theinterval [1; n], wheren is thenumberof customers. In all instancesthenumberof potential
facilities (m) is equalto the numberof customergn). Four differentvaluesof n wereconsidered100, 250,
500, and 1000 (instancenamesare rw100, rw250, rw500, andrw1000, respectiely). In eachcase,several
differentvaluesof p weretested.The programthat createdheseinstanceswhich usesthe randomnumber
generatoby MatsumotoandNishimura[20], is availablefrom theauthorsuponrequest.

Costsareintegral in all classesxceptTSP, in which distancesare,in theory real values. We did not
explicitly roundnor truncatevalueswhichwerekeptwith double precisionthroughouthealgorithm.

Resultsobtainedby the nal versionof our algorithmon all instancesreshown in Section6. We also
conductedexperimentswith several variationsof the algorithmto asses$iow eachindividual component
(constructve algorithm, path-relinking,local search amongothers)affectsthe overall performanceof the
method.In thoseexperimentshowever, we usedonly arestrictedsetof instancesThis setwaschoserwith
two goalsin mind. First,its instanceshouldbe hardenoughto make evidentthedifferencedbetweervarious
parameterandcomponentsSomeinstancesespeciallyin classORLIB, canbesolvedto optimality by local
searchalone thusmakingit pointlesgo includethemin theseexperiments Our secondyoalwasto keepthe
setsmallenoughsoasto allow statisticallymeaningfulexperimentgi.e., with severalrandomseeddor each
instance)n a relatively smallamountof CPUtime (no morethana few daysper experiment).Giventhose
goalsandourexperiencdrom earlyversionf ouralgorithm,we de nedtherestrictedsetwith 10instances:
pmed15 andpmed40, bothfrom classORLIB; sI700, from classSL; 1400 (with p= 150andp= 500)and
pch3038 (with p= 30andp = 250),from classTSP; gr150 (with p= 25), from classGR; andrw500 (with
p= 25andp= 75),from classRw.

2.2 TestingEnvironment

TestswereperformednanSGI Challengewith 28 196-MHzMIPS R10000processoréwith eachexecution
of the programlimited to only oneprocessorand?7.6 GB of memory Thealgorithmwascodedin C++and
compiledwith the SGI MIPSproC++ compiler(v. 7.30)with ags -O3 -OPT:Olimit=6586 . All running
timesshawn in this paperare CPUtimes,measuredvith the getrusage  function. Unlessnotedotherwise,
runningtimes do not include the time spentreadinginstancesrom disk (in particulay in classesSL and
ORLIB, they doincludethetime necessaryo computethe all-pairsshortespathsfrom the graphread). The
randomnumbergeneratowe useis MatsumotocandNishimuras Mersennéelwister[20].

3 Constructive Algorithms

The standardgreedyalgorithmfor the p-medianproblem[3, 38] startswith an empty solution and adds
facilitiesoneatatime; in eachiteration,it chooseshe mostpro table facility, i.e., the onewhoseaddition
causeghe greatestlropin solutioncost. Evidently, this methodcannotbe useddirectly within the GRASP
framework: beingcompletelydeterministicjt wouldyield identicalsolutionsin all iterations.We considered
thefollowing randomizedrariationsin our experiments:

random (randomsolution): Selectp facilitiesuniformly at random.The selectionitself requiresO(m)
time, anddeterminingwhich facility shouldsere eachcustomerrequiresO(pn) operations: There-
fore,the overall compleity of thealgorithmis O(m+ pn).

rpg (randomplus greedy):Selecta fractiona (aninput parameterpf the p facilitiesat random,then
completethe solutionin a greedyfashion. The worst-casecomplexity of the algorithmis O((1
a)(pmn + a(m+ pn)), which correspondso O(pmn) if a is notvery closeto 1. In ourtests,avalue
for a waschoseruniformly atrandomin theinterval [0;1] in every GRASPiteration.

LIn particular unlike all otherseriesthe distancefrom facility i to useri is not zero. Moreover, the distancebetweerfacility i and
userj neednotbe equalto thedistancebetweerfacility j anduseri.

2This canbe madefasterin somesettingsJike sparsegraphsor pointsin the Euclidearplane. Theresultsin this paper however, do
notuseary suchmetric-speci caccelerations.



rgreedy (randomizedyreedy):Similar to the greedyalgorithm,but in eachstepi, insteadof selecting
the bestamongall m i+ 1 options,chooserandomlyfrom theda(m i+ 1)e bestoptions,where
O< a lisaninputparameterNotethatif a! 0,thismethoddegeneratesitothegreedyalgorithm;
if a! 1, it turnsinto the randomalgorithm. In our tests,we selecteda uniformly at randomin the
interval (0;1] in eachGRASPIteration. This algorithmtakesO(pmn) time.

pgreedy (proportionalgreedy):Yet anothenariationof the greedyalgorithm. In eachiteration,com-
pute,for every candidatdacility f;, how muchwould be saredif f; wereaddedto the solution. Let
§(f;) bethisvalue. Thenpick a candidateat random,but in a biasedway: the probability of a given
facility fi beingselecteds proportionafto s(fi) min;s(f;j). If all candidatesre equallygood(they
would all save the sameamount),selectone uniformly at random. This methodalsotakes O(pmn
time.

pworst (proportionalworst): In this method,the rst facility is selecteduniformly at random. Other

facilities are addedone at a time as follows. Compute,for eachcustomer the differencebetween
how muchits currentassignmentostsand how muchthe bestassignmentvould cost; thenselecta

customeatrandomyith probabilityproportionato thisvalue,andopentheclosesfacility. Customers
for whichthecurrentsolutionis particularlybadhave a greaterchanceof beingselectedThis method,
alsousedin [34], runsin O(mn) time.

sample (samplegreedy): This methodis similar to the greedyalgorithm, but insteadof selectingthe
bestamongall possibleoptions,it only considers) < m possibleinsertiongchoseruniformly atran-
dom)in eachiteration. Themostpro table amongthoseis selectedTherunningtime of thealgorithm
is O(m+ pgn). Theideais to make q smallenoughsoasto signi cantly reducethe runningtime of
thealgorithm(whencomparedo the puregreedyone)andto ensurea fair degreeof randomizationin
ourtestswe usedq = dog,(m~k)e.

It was not clearat rst which of thesemethodswould be most adequateas a building block of our
heuristic.To betteranalyzethisissue we conductedan experimenton therestrictedsetof instancegde ned
in Section2.1). For everyinstancen thesetandevery constructve procedurewe ranour heuristiclOtimes,
with 10 differentrandomseeds.In every case we ran 32 GRASPiIterations,with 10 elite solutions,using
up:down asthecriterionto determinghedirectionof path-relinking(this criterionis de nedin Section5.4.2).

To explain the resultsshavn in Table 1, we needsomede nitions. For eachinstancel, we compute
avqg(l), the averagesolutionvalue (obtainedby the entire GRASPprocedurewith post-optimizationcon-
sideringall 60 executions(6 differentmethodseachwith 10 randomseeds).Then,for eachmethod,we
determingherelativepercentaye deviation for thatinstance:how muchthe averagesolutionvalueobtained
by that methodis above (or below) avg(l), in percentageerms. By taking the averageof thesedeviations
over all 10 instancesye obtainthe average relative percentaye deviation for eachmethod;theseare the
valuesshavn in column2 of Table1. Column4 wascomputedn a similar fashion but consideringunning
timesinsteadof solutionvalues.

Columns3 and5 were computedasfollows. For eachinstancethe methodswere sortedaccordingto
their relative percentageleviations;the bestreceved one point, the secondwo points,andsoon, until the
sixth bestmethod,with six points. Whentherewasatie, pointsweredivided equallybetweerthe methods
involved. For example,if thedeviationswere 0:03, 0:02, 0:02,0:01; 0:03,and0:03,themethodsvould
receve 1;2:5; 2:5; 4, 5:5; and5:5 points,respectrely. The numberof pointsreceivedby a methodaccording
to this processs its rankfor that particularinstance.lts normalizedrank wasobtainedby linearly mapping
therangeof ranks(1 to 6, in this case)}to theintenal [ 1;1]. In the exampleabove, the normalizedranks
wouldbe 1; 0:4; 0:4;0:2;0:8; and0:8. Thenormalizedmustaddup to zero(by de nition). If amethod
is alwaysbetterthanall theothersjts normalizedankwill be 1;if alwaysworse,it will bel. Whatcolumns
3 and5 of Table1 showv aretheaverage normalizedranksof eachmethod takenoverthesetof 10instances.
Columna3 refersto solutionquality, andcolumn5 to runningtimes.

The correlationbetweenthesemeasuress higherwhenone methodis obviously better(or worse)than
othermethods.In generalhowever, having alower averagenormalizedrank doesnot imply having a better
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Tablel: AverageGRASPresultswith differentconstructve proceduresAveragerelative percentagelevia-
tions(%DEV) andaveragenormalizedanks(NRANK) for solutionqualitiesandrunningtimes(bothreferring
to theentireGRASPprocedurewith post-optimization)Smallervaluesarebetter

METHOD QUALITY TIME
DEV% NRANK | DEV% NRANK
pgreedy | -0.009  0.160| 39.6  0.920
pworst -0.006 -0.400| -18.7 -0.480
rgreedy 0.020 -0.160 35.8 0.400
random 0.015 0.000| -249 -0.840
rpg 0.009 0.620| -12.3 -0.300
sample -0.029 -0.220| -19.5 -0.600

averagerelative percentagéleviation,asthetableshaws.

Thetablemalesit evidentthatthemethodsaredistinguishablenuchmoreby thetime they take thanthe
quality of the solutionsthey provide. As the analysisof their worstcasecomplexities suggestsigreedy and
pgreedy aremuchslowerthantheothermethodsin fact,they aresomuchslowerthat,asshaovn in thetable,
they malke the entire GRASPheuristictake twice aslong on averagethanwhenusingfastermethods.The
othermethodwith O(pmn) worst-cas@erformancespg, is muchfasterthanrgreedy andpgreedy in practice,
but it is still slower thanother methodswithout nding bettersolutionson average. We thereforetendto
favor thethreerelatively fastmethodspworst, sample, andrandom. Amongthose sample andpworst seem
to beableto nd solutionsof slightly betterquality. We chosesample for the nal versionof ouralgorithm,
althoughpworst would probably nd very similarresults.

One cannothelp but notice that this experimentrevealsan unusualfeatureof the p-medianproblem.
Generallyin theGRASPframenork, therunningtime of theconstructve heuristicis notanissue.lt is usually
agoodideato comeupwith randomizeaonstructvemethodghatproduceavarietyof high-qualitysolutions,
sincethis would reducethe numberof iterationsof the generallymuchslower local searchprocedureln our
casethelocal searchis sofast(andthe constructve algorithmsrelatively soslow), thatinvestingextratime
building thesolutioncanactuallymake GRASPmuchslowerwithoutary signi cant gainin termsof solution
quality. We couldnotusetherandomizatiorstrateyy normallyusedin GRASR representetiereby rgreedy;
insteadwe hadto developafasteralternatve basedn sampling.

4 Local Search

The standardocal searchprocedurdor the p-medianproblem,originally proposecdby Teitz andBart [35]
andstudiedor usedby severalauthorq10, 14, 15, 16, 24, 38], is basedn swappingfacilities. Givenaninitial
solutionS, the proceduredeterminesfor eachfacility f 62S, whichfacility g 2 S(if any) wouldimprovethe
solutionthe mostif f andg wereinterchangedi.e., if f wereopenedandg closed). If thereis one such
“improving” move, f andg areinterchangedThe procedurecontinuesuntil no improving interchangean
bemade,in which casealocal minimumwill have beenfound.

In [38], Whitaker describesnef cient implementatiorof this method which he calledfastinterchange.
A similarimplementations usedby HanserandMladenwi¢in [14] (andlater, by severalauthorsjn [10] and
[15])). Theonly minor differencebetweerthemis the factthatWhitaker prefersa r stimprovemenstratgy
(thealgorithmmovesto a neighboringsolutionassoonasit nds animproving one),while in theothercases
the preferredstratgy is bestimprovemeniall neighborsarechecled andthe very bestis chosen).In either
casetherunningtime of eachiterationis boundedoy O(mn).

In [24], Resendeand Werneckproposean alternatve implementationfor the local searchprocedure.
Althoughit hasthe sameworstcasecompleity asWhitaker's, it canbe substantiallyfasterin practice.The
speedugof up to threeordersof magnitudeYesultsfrom the useof informationgatheredn earlyiterations
of the algorithmto reducethe amountof computatiorperformedin later stages.This, however, requiresa



greateramountof memory While Whitaker's implementatiorrequiresO(n) memoryin theworstcase(not
consideringhedistancematrix), theimplementationn [24] mayuseup to O(mn) memorypositions.

In ary casewe believe thatthe speedups well worth the extra memoryrequirementThis is especially
truefor methodghatrely heavily onlocal searchprocedureswhichincludesnot only the methoddescribed
here(GRASP),but also VNS [14] andtalu searcH26, 37], for example. Furthermorepneshouldalsore-
membetthatwhile the extramemoryis asymptoticallyrelevantwhenthedistancdunctionis givenimplicitly
(asin the caseof Euclideaninstances)it is irrelevantwhenthereis anactualO(mn) distancematrix (asin
seriesRW). Giventheseconsiderationsye optedfor usingin this paperthe fasterversiondescribedn [24],
which requiresQ(mn) memorypositions.

Sinceit is hardly trivial, we abstainfrom describingthe implementatiorhere. The readeris referred
to [24] for detailsandfor anexperimentatomparisorwith Whitaker'simplementation.

5 Intensi cation

In this section,we describethe intensi cation aspectof our heuristic. It works througha pool of elite
solutions high-qualitysolutionsfoundduringthe execution.Intensi cationoccursin two differentstagesas
Figurel shows. First, every GRASPIterationcontainsanintensi cationstep,in whichthe nevly generated
solutionis combinedwith a solutionfrom the pool. Then,in the post-optimizatiorphase solutionsin the
pool arecombinedamongthemseles. In both stagesthe stratgy usedto combinea pair of solutionsis the
same: path-relinking Originally proposedor talu searchand scattersearch[11, 12], this procedurewvas
rst appliedwithin the GRASPframewvork by Lagunaand Marti [18], andwidely appliedever since(see
[23] for someexamples).Subsectiorb.1brie y describefhiow path-relinkingworks. Subsectiorb.2 explains
therulesby which the poolis updatedandsolutionsaretakenfrom it. Finally, Subsectiorb.3 describeshe
post-optimizatiorphase.

5.1 Path-relinking

LetS andS; betwo valid solutionsjnterpretedassetsof (open)facilities. Thepath-relinkingprocedurestarts
with oneof the solutions(say S$;) andgraduallytransformst into the other(S;) by swappingin elements
thatarein S nS; andswappingout elementghatarein S nS,. Thetotal numberof swapsmadeis jS; nSj,
whichis equalto jS; nSj; this valueis known asthe symmetridifferencebetweers; andS,. Thechoiceof
which swapto make in eachstageis greedy:we alwaysperformthemostpro table (or leastcostly) move.

As mentionedn [23], theoutcomeof themethodis usuallythe bestsolutionfoundin the pathfrom S; to
S. Herewe usea slight variation: the outcomeis the bestlocal minimumin the path. A local minimumin
this context is a solutionthatis bothsucceede@immediately)andprecededeitherimmediatelyor througha
seriesof same-aluesolutions)in the pathby strictly worsesolutions.If the pathhasnolocal minimum,one
of the original solutions(S; or $) is returnedwith equalprobability Whenthereis animproving solution
in the path, our criterion matchesexactly the traditionalone (returningthe bestelementin the path). It is
differentonly whenpath-relinkingis unsuccessfulin which casewe try to increasediversity by selecting
somesolutionotherthanthe extremesof the path.

In our implementationwe augmentedhe intensi cation procedureby performinga full local search
on the solutionproducedby path-relinking. This is usually muchfasterthan applicationson randomized
constructve solutionsproducedduring GRASR sinceit startsfrom a solutionthatis eitheralocal optimum
or very closeto beingone. A “side effect” of applyinglocal searchat this pointis increasedliversity, since
we arefreeto usefacilitiesthatdid not belongto ary of the original solutions.

It is interestingto notethat path-relinkingitself is remarkablysimilar to the local searchprocedurede-
scribedin Section4, with two main differences. First, the numberof allowed movesis restricted: only
elementsn $;nS; canbeinsertedandtheonesin S nS, canberemoved. Secondnon-impro/ing movesare
allowed. However, thesdifferencesresubtleenougho beeasilyincorporatednto thebasicimplementation
of thelocal searctprocedureln ourimplementationboth proceduresharemuchof their code.



5.2 Pool Management

An importantaspectof the algorithmis the managemenof the pool of elite solutions. Empirically, we
obsened that an applicationof path-relinkingto a pair of solutionsis lesslikely to be successfulf the
solutionsare very similar. The longerthe path betweenthe solutions,the greaterthe probability that an
entirelydifferentlocal optimum(asopposedo theoriginal solutionsghemseles)will befound. It istherefore
reasonabléo take into accounnotonly solutionquality, but alsodiversitywhendealingwith thepool of elite
solutions.

The pool mustsupporttwo essentiabperationsadditionof new solutions(representedly theadd func-
tionin Figurel) andselectionof a solutionfor path-relinking(theselect  functionin the pseudo-code)\Ve
describeeachof thesein turn.

Updates. For a solutionS with costv(S) to be addedto the pool, two conditionsmustbe met. First, its
symmetricdifferencefrom all solutionsin the poolwhosevalueis lessthanv(S) mustbe atleastfour (after
all, path-relinkingbetweersolutionsthatdiffer in fewerthanfour facilitiescannotproducesolutionsthatare
betterthanthe original ones). Secondjf the poolis full, the solutionmustbe at leastasgoodasthe worst
elite solution(if thepoolis notfull, thisis obviously not necessary).

If theseconditionsaremet,thesolutionis inserted If thepoolis notfull andthenew solutionis notwithin
distancéour of ary otherelite solution(includingworseones),t is simply added . Otherwisejt replaceshe
mostsimilar solutionamongthoseof equalor highervalue.

Selection. In every iterationof the algorithm, a solutionis selectedrom the pool (Figure 1, line 6) and
combinedwith S, the solutionmostrecentlyfound. An approactthat hasbeenappliedto otherproblems
with somedegreeof successs to selecta solutionuniformly at random[23]. However, this often means
selectingasolutionthatistoosimilarto S, thereforemakingtheprocedureunlikelyto nd goodnew solutions.
Thereforejnsteadof picking solutionsfrom the pool uniformly, we take themwith probabilitiesproportional
to their differencewith respecto S. In Section5.4.3,we shawv thatthis stratgy doespayoff.

5.3 Post-optimization

In the proces®f looking for agoodsolution,a GRASPheuristicproducesot one,but severaldifferentlocal
optima,whosevaluesareoften not too far from the valueof the bestsolutionfound. The post-optimization
phasein our algorithmtriesto combinethesesolutionsin orderto obtainevenbetterones.This phaseakes
asinputthe pool of elite solutions whoseconstructiorwasdescribedn previoussections Every solutionin
the poolis combinedwith eachotherby path-relinking. The solutionsgeneratedy this processareadded
to a new pool of elite solutions(following the sameconstraintsdescribedn Section5.2), representinga
new genemtion. This processs repeatedintil it createsa generatiorin which the bestsolutionis not better
thanthebestfoundin previousgenerationsA similar multi-generatiorpath-relinkingstratgyy hasbeenused
successfullyn [1, 25].

5.4 Empirical Analysis

In this section,we analyzeempirically somedetailsrelatedto intensi cation that were mentionedin the
previous subsections First, in Section5.4.1we shov how the executionof path-relinkingduring the rst
stageof the algorithm (andnot only in the post-optimizatiorstage)canhelpus nd goodsolutionsfaster
Then,in Sections.4.2 we examinethequestiorof whichdirectionto choosevhenperformingpath-relinking
betweentwo solutionsS; or $: from $ to S, from S to S, or both?Finally, in Section5.4.3,we examine
which selectiorstratgly shouldbeused.



5.4.1 Path-relinking within GRASP

Our implementationis suchthat the randomizedconstructve solution producedin eachGRASPiteration
depend®nly ontheinitial randomseedyegardlesof whethemath-relinkingis executedor not. Therefore,
if the numberof iterationsis the same the additionof path-relinkingcannotdecreassolutionquality when
comparedo a “pure” GRASRP It could be the case however, thatthe extra time spenton path-relinking,if
usedfor extra standardsRASPiterationsinsteadwould leadto evenbetterresults.

To testthis hypothesiswe took a few representatie instancesand ran both versionsof the heuristic
(with andwithout path-relinking)for a period 100timesaslong asthe averagetime it takesto executeone
iteration(constructiorfollowedby local search)without path-relinking.We werethereforeableto compare
the qualitiesof the solutionsobtainedas the algorithm progressed.The constructve algorithm usedwas
sample. Resultsin this testdo not include post-optimization. We selectedone instancefrom eachclass
(1400 from TSP, pmed40 from ORLIB, andrw500 from RW), andtestedeachwith sevenvaluesof p, from
10to roughlyonethird of the numberof facilities(m). Thetestwasrun 10timesfor eachvalueof p, with 10
differentseeds.

Figure2 refersto oneof theinstancesested, 1400 with p= 500. Thegraphshavs how solutionquality
improvesovertime. Both quality andtime arenormalized.Timesaregivenin multiplesof the averagetime
it takesto performone GRASPiIterationwithout path-relinking(this averageis taken over all iterationsof
all 10runs). Solutionquality is givenasa fraction of the averagesolutionvaluefoundby the rst GRASP
iteration(without path-relinking)?
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Figure2: Instance 1400, p = 500: Quality of the bestsolutionfound asa fraction of the averagevalue of
the rst solutionfound. Timesaregivenasmultiplesof the averagetime requiredto performone GRASP
iteration.Smallervaluesarebetter

Figures3, 4 and>5 referto the sameexperiment.Eachcurve in thosegraphsrepresentaninstancewith a
particularvalueof p. Timesarenormalizedasbefore andquality ratio (shovn in theverticalaxis)is simply

SNotethatthe rst time valueshavn is 2; At time 1, notall ratiosarede ned, sincein somecaseshe rst iterationtakesmorethan
averagetime to execute.



the ratio of the averagesolution quality obtainedwith path-relinkingto the one obtainedwithout it, both
consideringhe samerunningtimes.Valuessmallerthan1.000favor path-relinking.
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Figure3: Instance1400 (classTSP): Ratiosbetweerpartialsolutionsfoundwith andwithoutpath-relinking.
Timesarenormalizedvith respecto theaveragdimeit takesto executeoneGRASPiteration. Valuessmaller
than1.000suggesthatit is worthwhile usingpath-relinking.

Theseaesultscon rm whatshouldbeexpectedIf only veryafew iterationsareperformedpath-relinking
is not especiallyhelpful; solutionsof comparableuality (or evenbetter)canbe foundusingGRASPalone.
However, if moretimeis to bespentusingpath-relinkings a goodstratgy, consistentlyfeadingto solutions
of superiorquality within the sametime frame. This is especiallytrue for moredif cult instancesthosein
which p hasa relatively high value. The caseof instancerw500 seemso be an exception;as p becomes
greatetthan75,theinstanceapparentlypecome®asier

5.4.2 Direction

An importantaspecof path-relinkingis the directionin which it is performed.Giventwo solutionsS; and
S, we mustdecidein which directionto performtherelink: from S; to S, from S to §;, or both. We tested
thefollowing criteria:

random: Directionpickeduniformly atrandom.

up: Fromthebestto theworstsolution(amongthe two); this hasthe potentialadvantageof exploring
morecarefullythemostpromisingvicinity.

down: Fromtheworstto the bestsolution; by exploring morecarefullythevicinity of the worstsolu-
tion, it maybe ableto nd goodsolutionsthatarerelatively far from the bestknown solutions,thus
favoring diversity

new: Alwaysstartfrom thenewnly generatedolution,notfrom theonealreadyin thepool (this stratgy
appliesonly to the rst stageof the algorithm,not to the post-optimizatiorphase).Again, the goalis
to obtaingreatersolutiondiversity.
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Figure4: Instancepmed40 (classORLIB): Ratiosbetweenpartial solutionsfound with and without path-
relinking. Timesarenormalizedwith respecto the averagetime it takesto executeone GRASPiteration.
Valuessmallerthan1.000suggesthatit is worthwhile usingpath-relinking.
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Figure5: Instancew500 (classRW): Ratiosbetweerpartialsolutionsfoundwith andwithoutpath-relinking.
Times are normalizedwith respectto the averagetime it takesto executeone GRASPIteration. Values
smallerthan1.000suggesthatit is worthwhileusingpath-relinking.
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none: Do not performpath-relinking(doesnot applyto post-optimization).

both: Performpath-relinkingin both directionsandreturnthe bestresult. This method nds the best
possibleresultsin eachcase put it takestwice aslong asthe othermethodgo run.

We testedall valid combinationsof thesemethodson the 10 instancesof the restrictedsetde ned in
Section2.1, eachwith 10 differentrandomseeds.In eachcase,we ran GRASPwith 32 iterationsand 10
elite solutions,usingsample asthe constructve method.Tables2, 3, and4 shav the resultsobtainedn the
experiment.(Thede nitions of average relative percentaje deviation andnormalizedrelativerank, usedin
thesetables,aregivenin Section3.)

Table2: GRASPsolutionquality with differentpath-relinkingstratejies: Averagerelative percentageélevia-
tions. Eachvaluerepresention muchtheaveragesolutionvaluefoundby eachmethodis above (or below)
theaveragefoundby all methods Smallervaluesarebetter

GRASP POST-OPTIMIZATION METHOD
METHOD both down random up
none 0.056 0.056 0.033 0.024
both 0.005 0.009 -0.030 -0.007
down -0.010 0.007 -0.009 -0.012
random 0.001 0.004 -0.002 0.001
new -0.008 0.004 -0.007 -0.011
up -0.029 -0.032 -0.019 -0.022

Table3: GRASPsolutionquality with differentpath-relinkingstratgies: Averagenormalizedanks.Smaller
valuesarebetter

GRASP POST-OPTIMIZATION METHOD
METHOD both down random up
none -0.017 0.565 0.448 0.465
both -0.117 -0.143 -0.270 0.174
down -0.357 0.270 -0.265 0.004
random -0.183 0.209 -0.100 0.161
new -0.387 -0.030 -0.135 0.078
up -0.283 -0.209 -0.061 0.183

Table4: GRASPrunningtimeswith differentpath-relinkingstratgies: Averagerelative percentdeviation
with respecto theaverage.

GRASP POST-OPTIMIZATION METHOD
METHOD | both down random up
none 33.3 -12.2 -7.3 -6.9
both 27.8 -2.3 -0.5 -2.3
down 22.7 94 -7.8 -9.4
random 20.1 -12.0 -9.7 -10.9
new 20.3 -8.7 -8.0 -11.1
up 23.1 -9.3 -10.0 -9.6

Notethatsomestratgiescanbediscardedor beingtoo slow withoutany clearimprovementn solution
quality; thatis thecaseof thosethatusestrat@y both in thepost-optimizatiophasgand,alsoduringthe rst
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stageof the algorithm,althoughthe extra time in this caseis far lessrelevant). Furthermoreijt seemslear
thatusingpath-relinkingduringthe rst stageis important;eventhoughit is still possibleto obtainabove-
averagesolutionseventuallyif none is usedin the rst stagethis canonly happenf both is thestratgy used
in the post-post-optimizatiophase— which resultsin muchlongerrunningtimes.

Whentheotherstratgjiesareconsideredtheresultsdo not shav ary clearlydominantone.Severalcom-
binationsof new, up, down, andrandom seemlik e reasonablehoicesor thealgorithm.Of all combinations
thatdonotusethemoretime consumingnethodboth, vehavebetterthan-aerageguality accordingo both
measuresised: up:down (the rst methodrefersto the rst stageof the algorithm,the secondo the post-
optimizationstage)down:random, random:random, new:random, andup:random (seeTables2 and 3). We
decidedo useup:down in the nal versionof ouralgorithm,sincethis wasthe methodwith the bestaverage
relative percentageleviation anda goodaveragerank. This methodhasthe interestingfeatureof favoring
gualitywhendealingwith lower-quality solutions(duringthe rst stageof thealgorithm),anddiversitywhen
theoverall solutionquality is higher(duringthe post-optimizatiorstage).

5.4.3 SelectionStrategy

We have shavn that applying path-relinkingduring the rst stageof the algorithmhelps nding goodso-
lutions faster Here,we analyzethe criterion usedto choosethe elite solutionsto be combinedwith S, the
solutionobtainedafter local search.Recallthatthe usualmethodis to selectthe solutionuniformly at ran-
dom,andthatwe proposepicking solutionswith probabilitiegproportionako theirsymmetriadifferencewith
respecto S. We will call thesemethodsuniform andbiased, respectrely.

Whenperformingpath-relinkingoetweera pair of solutions,ourgoalis to obtainathird solutionof lower
cost. We will considerthe combinationsuccessfulvhenthis happens.The ultimate goal of the selection
schemeis to nd, amongthe elite solutions,onethat leadsto a successfutombination. Better selection
schemesvill nd onesuchsolutionwith higherprobability.

We devisedthe following experiment,run for eachof the 10 instancesn the restrictedsetde ned in
Section2.1, to determinewhich methodis betteraccordingto this criterion. First, run GRASP (without
path-relinking)until a pool with capacityfor 110 solutionsis lled. Then,take the top 10 solutions(call

Performpath-relinkingbetweereachof thesel00 solutionsandeachsolutionin the pool, anddecidebased
on the resultswhich selectionrmethod(biased or uniform) would have a greatemprobability of successf we
hadto selectoneof the10instances.

To calculatethe probability of succes®f eachmethod,we needsomede nitions. Let (i; j) be 1 if the
path-relinkingbetweerS andE; is successfulandO otherwisealso,let D(i; j) bethesymmetricdifference
betweer§ andE;. For agivensolutionS, the probabilityof successor uniform, if it wereapplied,would be

_ 51-12190;])_
| = o~ .

10

Ontheotherhand,the probabilityof succes®f biased would be

&1240s(i; ) DGi; )]

&1 D(i; )

For eachof the10instancestheproceduralescribedbose wasexecutedlOtimes,with 10randonseeds,
alwaysusingsample astheconstructve algorithmandup asthepath-relinkingdirection. Thereforefor each
instance1,000selectionaveresimulated100for eachrandomseed).

Theresultsaresummarizedn Table5. For eachinstancewe showv the percentagef the casesn which
amethodhasgreatemprobability of successhanthe other(whenthe probabilitiesareequal,we considetthe
experimentatie).

Notethatin all casediased hassuperiomperformancesometimedy asigni cant mamgin. It is interesting
to notethatin two caseghe probability of a tie wasalmost100%;this is dueto the factthat path-relinking

bi =
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Table5: Comparisorbetweertheuniform andbiased selectiorschemesValuesrepresenpercentagef cases
in which onemethodhasgreateiprobability of leadingto a successfutelink thanthe other

INSTANCE SELECTION METHOD
NAME p | uniform TIE  biased
1400 150 38.7 10.8 50.5
1400 500 0.0 99.9 0.1
gr150 25 34.9 5.6 59.5
pch3038 30 45.2 5.4 49.4
pcb3038 250 0.2 985 1.3

pmed1l5 100 14.5 4.5 81.0
pmed40 90 14.2 5.2 80.6

rw500 25 39.8 10.3 49.9
rw500 75 320 113 56.7
sl700 233 6.4 56.2 37.4

almostalwaysworksfor thoseparticularinstances— ary selectionschemeavould be successfulln the few
situationsan whichtherewere“wrong” selectionsbiased wasbetterin avoiding them.

6 Final Results

This sectionpresentsletailedresultsobtainedby the nal versionof our method,built basedon the experi-
mentsreportedn previoussectionslt usessample astherandomizedonstructve heuristic(seeSection3);
path-relinkingis executedin both stagesf the algorithm(Section5.4.1); path-relinkingis performedfrom
the bestto the worst solutionduring the rst stageof the algorithm,andfrom the worstto the bestduring
post-optimizatior(Section5.4.2); andsolutionsare selectedrom the pool in a biasedway duringthe rst

stageof the algorithm (Section5.4.3). The resultsreportedhererefer to runswith 32 GRASPiterations
and10 elite solutions— of course thesenumberscanbe changedo make the algorithmfaster(if they are
reduced)r to obtainbettersolutions(if they areincreased).

We presentresultsfor all instancesmentionedin Section2.1. Sinceoursis a randomizedalgorithm,
differentrunscanyield differentresults. In orderto avoid anomalousesults,we ranit ninetimesfor each
instancetested. All solutionvaluespresentedherereferto the medianof the resultsobtained(this ensures
that the value shownn is indeedthe value of a valid solutionto the problem),whereagimesare arithmetic
meandakenoverall executions.Theresultsarepresentedh Tables6 to 12.

For referencethetablescontainthelowestupperboundson solutionvaluespresentedh theliterature(to
the bestof our knowledge)for eachof theinstancesested.The optimumvaluesareknown for all instances
in threeclassesORLIB (providedin [2]), SL [32], andGR [32]. For classTSP, we presenthe bestupper
bounddistedin theliterature,aswell asreferenceso the paperghat rst presentedhe boundsshavn (they
arepresentedh the SOURCE columnin Tablest, 7, and8). Althoughthatis oftenthecasetheboundsdonot
necessarilgorrespondo solutionsfoundby the mainheuristicsdescribedn thosepapers— in somecases,
they werefoundby other moretime-consumingnethodsFor seseralinstancesatleastoneof thenineruns
of our GRASPprocedurevasableto improve the bestboundknown. Whenthatwasthe casetheimproved
boundis presentedandthe sourcecolumnis markedby a dash(—). Thesevaluesshouldnotbe considered
the“ nal result” of our methodwhencomparedo others,sinceit representgspeciallysuccessfutuns;the
meaningfulresultsarethemediandistedin thetables.Because&lassRw wasrecentlyintroduced24], there
areno resultsobtainedby heuristicsin the literature. Therefore the BEST columnin Table 12 presentshe
bestsolutionsfound by our algorithmwhenall ninerunsareconsidered.

Note that our methodfound solutionswithin 0.2% of the previous bestknown solutionsin all cases.
Thereweregreaterdeviationsfor classRw, but notethatthey arecalculatedwith respecto solutionsfound
by GRASPitself. However, it doessuggesthat our methodis capableof obtainingbetterresults— in
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Table6: Finalresultsfor 1400, anEuclideaninstancerom classTSP with 1400nodes.

BEST KNOWN SINGLE-STAGE GRASP WITH POST-OPTIMIZATION

p VALUE SOURCE VALUE %ERR TIME VALUE %ERR TIME
10 | 101249.47 [15] 101249.55 0.000 117.1| 101249.55 0.000 118.5
20 57857.55 [15] 57857.94 0.001 76.8| 57857.94 0.001 83.5
30 44013.48 — 44013.48 0.000 76.0 | 44013.48 0.000 106.2
40 35002.52 — 35002.60 0.000 68.6 | 35002.60 0.000 101.3
50 29089.78 [15] 29090.23 0.002 58.8 29090.23 0.002 73.9
60 25161.12 — 25166.91 0.023 57.0 25164.02 0.012 915
70 22125.53 [15] 22126.03 0.002 50.6 22126.03 0.002 70.2
80 19872.72 — 19878.45 0.029 49.8 19876.57 0.019 78.1
90 17987.94 [15] 18006.83 0.105  48.7 17988.60 0.004 74.2
100 16551.20 [14] 16567.01 0.096 47.3 16559.82 0.052 824
150 12026.47 — 12059.12 0.271  48.7 12036.00 0.079 1325
200 9359.15 — 9367.98 0.094 494 9360.67 0.016 101.3
250 7741.51 — 775450 0.168 54.5 7746.31 0.062 130.3
300 6620.92 — 6637.81 0.255 57.8 6623.98 0.046 167.1
350 5720.91 — 574951 0.500 59.6 5727.17 0.109 177.6
400 5006.83 — 5033.96 0.542 64.1 5010.22 0.068 157.5
450 4474.96 — 4485.16 0.228 68.3 4476.68 0.038 170.7
500 4047.90 — 4059.16 0.278 71.9 4049.56 0.041 210.9

Table7: Finalresultsfor pcb3038, anEuclideannstancegrom classTSP with 3038nodes.

BEST KNOWN SINGLE-STAGE GRASP WITH POST-OPTIMIZATION
P VALUE SOURCE VALUE %ERR TIME VALUE %ERR TIME
10 | 1213082.03 — 1213082.03 0.000 1115.8| 1213082.03 0.000 1806.3
20 840844.53 — 840844.53 0.000 647.9 | 840844.53 0.000 9434
30 677306.76 — 678108.52 0.118 426.7 | 677436.66 0.019 847.0
40 571887.75 — 572012.44 0.022 312.6 | 571887.75 0.000 492.6
50 507582.13 — 507754.72 0.034 251.7 | 507663.80 0.016 4724
60 460771.87 — 461194.61 0.092 218.2 | 46079755 0.006 481.4
70 426068.24 — 426933.75 0.203  201.3| 426153.31 0.020 470.9
80 397529.25 — 398405.57 0.220 188.5| 397585.89 0.014 555.9
90 373248.08 — 374152.75 0.242  182.3| 373488.82 0.064 380.8
100 | 352628.35 — 353576.86 0.269 174.0| 352755.13 0.036 448.1
150 281193.96 [34] 282044.70 0.303 163.3| 281316.82 0.044 402.5
200 238373.26 — 238984.42 0.256  162.0 | 238428.35 0.023  406.9
250 209241.25 [34] 209699.36 0.219 171.8| 209326.83 0.041 407.5
300 187712.12 — 188168.32 0.243  184.4| 187763.64 0.027 395.8
350 170973.34 [34] 171443.87 0.275 200.0 | 171048.03 0.044 412.0
400 157030.46 [34] 157414.79 0.245 203.4| 157073.20 0.027 436.3
450 145384.18 — 145694.26 0.213  216.3 | 145419.81 0.025 462.3
500 135467.85 [34] 135797.08 0.243  231.1| 135507.73 0.029 478.5
550 126863.30 — 127207.83 0.272  243.8| 126889.89 0.021 514.0
600 119107.99 [15] 119428.60 0.269 258.3 | 119135.62 0.023 595.8
650 112063.73 — 112456.15 0.350 271.0| 112074.74 0.010 619.0
700 105854.40 — 106248.00 0.372 284.0 | 105889.22 0.033 637.3
750 100362.55 [15] 100713.79 0.350 296.4 | 100391.53 0.029 649.3
800 95411.78 — 95723.00 0.326  286.6 95432.66 0.022 677.8
850 91003.62 — 91268.56 0.291 296.1 91033.10 0.032 689.3
900 86984.10 — 87259.78 0.317 306.4 87022.59 0.044 7304
950 83278.78 — 83509.58 0.277 314.3 83299.22 0.025 780.5
1000 79858.79 — 80018.33 0.200 321.7 79869.98 0.014 806.2
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Table8: Finalresultsfor instancea15934, an Euclideannstancerom classTSP with 5934nodes.

BEST KNOWN SINGLE-STAGE GRASP WITH POST-OPTIMIZATION

P VALUE SOURCE VALUE %ERR TIME VALUE Y%ERR TIME

10 | 9794951.00 [15] 9794973.65 0.000 5971.1| 9794973.65 0.000 8687.1
20 | 6718848.19 — 6719116.39 0.004 3296.8| 6719026.03 0.003 4779.6
30 | 5374936.14 — 5379979.09 0.094 2049.8 | 5376040.45 0.021 4515.1
40 | 4550364.60 — 4550843.75 0.011 1470.4| 4550518.95 0.003 2499.3
50 | 4032379.97 — 4033758.13 0.034 1195.3| 4032675.94 0.007 2280.6
60 | 3642397.88 — 3646198.03 0.104  996.1 | 3642949.30 0.015 2244.0
70 | 3343712.45 — 3348834.92 0.153 872.5| 3344888.24 0.035 2138.3
80 | 3094824.49 — 3099917.93 0.165  778.8 | 3095442.55 0.020 1792.4
90 | 2893362.39 — 2898721.66 0.185  708.8 | 2894954.78 0.055 1844.2
100 | 2725180.81 — 2730313.90 0.188 671.2 | 2725580.72 0.015 1892.6
150 | 2147881.53 — 2151985.53 0.191  560.2 | 2148749.47 0.040 1209.2
200 | 1808179.07 — 1812249.63 0.225  526.6 | 1808658.73 0.027 1253.0
250 | 1569941.34 — 1573800.83 0.246  526.2 | 1570445.77 0.032 1203.8
300 | 1394115.39 — 1397064.23 0.212  550.1 | 1394361.41 0.018 1042.7
350 | 1256844.04 — 1259733.85 0.230 575.6 | 1257098.17 0.020 1246.4
400 | 1145669.38 [15] 1148386.49 0.237  583.8 | 1145961.13 0.025 1157.6
450 | 1053363.64 — 1055756.67 0.227  619.2 | 1053729.79 0.035 1236.9
500 973995.18 — 975940.78 0.200 641.7 | 974242.08 0.025 1236.7
600 | 848283.85 — 849765.46 0.175 703.7 | 848499.21 0.025 1439.4
700 752068.38 [15] 753522.21 0.193 767.3 | 752263.82 0.026 1566.6
800 676795.78 — 678300.99 0.222 782.1| 676956.64 0.024 1574.9
900 613367.44 [15] 614506.49 0.186 834.5| 613498.64 0.021 1722.0
1000 | 558802.38 [15] 559797.83 0.178 877.7 | 558943.93 0.025 1705.3
1100 | 511813.19 [15] 512793.56 0.192 931.4| 511928.86 0.023 1893.4
1200 | 470295.38 [15] 471486.76 0.253  988.1 | 470411.12 0.025 2082.0
1300 | 433597.44 [15] 434688.75 0.252 1033.4| 433678.02 0.019 2147.8
1400 | 401853.00 [15] 402796.80 0.235 1072.4| 401934.24 0.020 2288.7
1500 | 374014.57 — 374803.24 0.211 1029.7 | 374056.40 0.011 2230.3
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Table9: Final resultsobtainedfor classORLIB, graph-basethstancesntroducedby Beaslg [2].

INSTANCE SINGLE-STAGE GRASP WITH POST-OPTIMIZATION
NAME n p OPT VALUE %ERR TIME VALUE %ERR TIME
pmed01 100 5 5819 5819 0.000 0.5 5819 0.000 0.5
pmed02 100 10 4093 4093 0.000 0.4 4093 0.000 0.5
pmed03 100 10 4250 4250 0.000 0.4 4250 0.000 0.5
pmed04 100 20 3034 3034 0.000 0.4 3034 0.000 0.5
pmed0o5 100 33 1355 1355 0.000 0.4 1355  0.000 0.5
pmed06 200 5 7824 7824  0.000 1.8 7824  0.000 1.8
pmed0o7 200 10 5631 5631 0.000 1.4 5631 0.000 1.4
pmed08 200 20 4445 4445  0.000 1.2 4445  0.000 1.2
pmed09 200 40 2734 2734  0.000 1.2 2734 0.000 15
pmed10 200 67 1255 1255 0.000 1.3 1255 0.000 1.6
pmed1il 300 5 7696 7696  0.000 3.5 7696  0.000 3.5
pmed12 300 10 6634 6634  0.000 2.9 6634  0.000 2.9
pmed13 300 30 4374 4374  0.000 2.4 4374  0.000 2.5
pmed14 300 60 2968 2968  0.000 2.9 2968  0.000 35
pmedl5 300 100 1729 1729  0.000 3.3 1729  0.000 4.3
pmed16 400 5 8162 8162  0.000 8.1 8162  0.000 8.2
pmedl7 400 10 6999 6999  0.000 6.1 6999  0.000 6.3
pmed18 400 40 4809 4809  0.000 55 4809 0.000 6.7
pmed19 400 80 2845 2845 0.000 6.3 2845  0.000 7.5
pmed20 400 133 1789 1789  0.000 7.1 1789  0.000 8.6
pmed21 500 5 9138 9138 0.000 12.2 9138 0.000 12.2
pmed22 500 10 8579 8579 0.000 10.7 8579  0.000 11.3
pmed23 500 50 4619 4619  0.000 9.4 4619  0.000 11.0
pmed24 500 100 2961 2961 0.000 114 2961  0.000 131
pmed25 500 167 1828 1828 0.000 134 1828  0.000 16.2
pmed26 600 5 9917 9917 0.000 20.5 9917  0.000 20.5
pmed27 600 10 8307 8307 0.000 16.4 8307  0.000 16.4
pmed28 600 60 4498 4498 0.000 14.6 4498  0.000 17.4
pmed29 600 120 3033 3033 0.000 18.0 3033 0.000 21.0
pmed30 600 200 1989 1989 0.000 21.1 1989  0.000 26.9
pmed31 700 5 10086 | 10086 0.000 28.8| 10086 0.000 28.8
pmed32 700 10 9297 9297 0.000 22.8 9297  0.000 22.9
pmed33 700 70 4700 4700 0.000 20.6 4700 0.000 23.7
pmed34 700 140 3013 3013 0.000 25.8 3013  0.000 30.8
pmed35 800 5 10400 | 10400 0.000 36.7 | 10400 0.000 36.7
pmed36 800 10 9934 9934 0.000 31.7 9934  0.000 34.4
pmed37 800 80 5057 5057 0.000 28.8 5057  0.000 324
pmed38 900 5 11060 | 11060 0.000 52.9| 11060 0.000 52.9
pmed39 900 10 9423 9423 0.000 36.5 9423  0.000 36.5
pmed40 900 90 5128 5129 0.020 36.6 5128 0.000 43.4

Table10: Finalresultsfor classSL, graph-basethstancesntroducedby SenneandLorena[32].

INSTANCE SINGLE-STAGE GRASP WITH POST-OPTIMIZATION
NAME n p OPT | VALUE %ERR TIME | VALUE %ERR TIME
sl700 700 233 1847 1848 0.054 30.2 1847  0.000 395
slgo0 800 267 2026 2027 0.049 418 2026  0.000 53.2
sl900 900 300 2106 2107 0.047 541 2106  0.000 68.2
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Tablel1: Finalresultsfor classGR, graph-basethstancesntroducedby GalvdoandRe\klle [9].

INSTANCE SINGLE-STAGE GRASP WITH POST-OPTIMIZATION
NAME p OPT VALUE %ERR TIME | VALUE %ERR TIME
gr100 5 5703 5703  0.000 0.5 5703 0.000 0.5

10 4426 4426  0.000 0.6 4426  0.000 1.0
15 3893 3893 0.000 0.5 3893 0.000 0.8
20 3565 3565 0.000 0.4 3565 0.000 0.7
25 3291 3291 0.000 0.4 3291 0.000 0.7
30 3032 3032  0.000 0.4 3032 0.000 0.6
40 2542 2542  0.000 0.4 2542  0.000 0.6
50 2083 2083 0.000 0.4 2083 0.000 0.6

gr150 5 10839 | 10839 0.000 1.3 | 10839 0.000 1.3
10 8729 8729  0.000 11 8729  0.000 2.0

15 7390 7390 0.000 1.0 7390 0.000 1.7
20 6454 6462 0.124 0.9 6462 0.124 15
25 5875 5887 0.204 0.9 5875 0.000 1.7
30 5495 5502 0.127 0.8 5495  0.000 15
40 4907 4907  0.000 0.8 4907  0.000 1.2
50 4374 4375 0.023 0.8 4375 0.023 1.2

Table12: Finalresultsfor classRw, randominstancesntroducedn [24].

INSTANCE SINGLE-STAGE GRASP WITH POST-OPTIMIZATION
NAME p  BEST | VALUE %ERR TIME | VALUE %ERR TIME
rw100 10 530 530 0.000 0.7 530 0.000 13

20 277 277  0.000 0.5 277  0.000 0.7
30 213 213  0.000 0.4 213  0.000 0.5
40 187 187  0.000 0.3 187  0.000 0.5
50 172 172 0.000 0.3 172 0.000 0.4
rw250 10 3691 3691  0.000 6.1 3691  0.000 10.4
25 1364 1370  0.440 3.3 1364 0.000 5.8
50 713 718 0.701 2.1 713  0.000 3.9
75 523 523  0.000 1.9 523  0.000 2.6

100 444 444 0.000 1.8 444 0.000 2.2

125 411 411 0.000 15 411 0.000 2.0

rw500 10 16108 | 16259 0.937 33.1| 16108 0.000 76.9
25 5681 5749 1.197 208 5683 0.035 46.9

50 2628 2657 1104 141 2635 0.266 27.7

75 1757 1767 0569 11.6 1757  0.000 20.5

100 1380 1388 0.580 11.5 1382 0.145 20.4

150 1024 1026 0.195 111 1024  0.000 15.4

200 893 893 0.000 11.8 893  0.000 14.4

250 833 833  0.000 9.6 833  0.000 11.6

rw1000 10 67811| 68202 0.577 153.6| 68136 0.479 256.3
25 24896 25192 1.189 111.1| 24964 0.273  293.5

50 11306 | 11486 1.592 77.7 | 11360 0.478 169.1

75 7161 7302 1969 60.2 7207 0.642 160.1

100 5223 5297 1417 555 5259 0.689 109.8

200 2706 2727 0.776  57.5 2710 0.148 100.4

300 2018 2021 0.149 55.2 2018 0.000 715

400 1734 1734 0.000 618 1734  0.000 73.5

500 1614 1614 0.000 47.9 1614 0.000 55.9

17



absoluteaerms— for instancesvith well-de ned metrics(graphsandEuclideaninstances)thanon random
instancegsuchclassRW). Thisis hardly surprising,it justre ects the behaior of the basicbuilding blocks
of our methodthelocal searctprocedureandthe path-relinkingmethod.

Other Methods. We now analyzeour methodsn relative terms:how it behaesin comparisorwith other
methodsin the literature. For simplicity, we refer to our own methodas GRASR eventhoughthe results
reportedhereinclude path-relinkingandthe post-optimizatiorphase.The resultstakeninto accountin the
comparisorarethosepresentedh thethreelastcolumnsof Tables6 and12.

Othermethodgeferredto in thecomparisorare:

VNS: Variable NeighborhoodSearch by Hansenand Mladenai€ [14]; resultsfor this methodare
availablefor the ORLIB series(all 40 instancesveretested with runningtimesgivenfor only 22 of
them),for 1400 (all 18 valuesof p), andpcb3038 (with only 10 valuesof p: 50;100 150;:::;500).
Thevaluesusedherewerecomputedrom thosereportedn Tablesl, 2, and3 of [14].

VNDS: VariableNeighborhoodecompositiorSearchby HansenMladenawi¢, andPerez-Britd 15].
Resultsareavailablefor all ORLIB andTSP instances.

LOPT: Local Optimizationmethod proposeddy Taillard in [34]. The methodworks by heuristically
solvinglocally de ned subproblemsn integratingtheminto a solutionto the generalproblem. The
authorprovidesdetailedresults(in Table7 of [34]) only for instancepch3038, with nine valuesof p,

all multiplesof 50 betweeril00to 500.

DEC: DecompositiorProcedurealsostudiedby Taillard in [34] and basedon the decompositiorof
theoriginal problem.Resultsareprovidedby the samenineinstancegasLOPT (in Table7 of [34]).

LSH: Lagrangean-Surrog@Heuristic, describedoy Senneand Lorenain [32]. The papercontains
resultsfor six ORLIB instancegpmed05, pmed10, pmedl15, pmed20, pmed25, pmed30), for nine
valuesof p for pcb3038 (thesamenine usedto testLOPT),andfor all instancesn classesL andGR.

Thevaluesusedin our comparisorweretakenfrom Tablesl, 2, and3 of [32].

CGLS:ColumnGenerationwith Lagrangean/SurrogaRelaxationstudiedby SenneandLorenain [33].
Resultsareavailablefor 15 ORLIB instancegpmed01, pmed05, pmed06, pmed07, pmed10, pmed11,
pmed12, pmed13, pmed15, pmed16, pmed17, pmed18, pmed20, pmed25, andpmed30), for all three
SL instancesandfor ve valuesof p in instancepcb3038 (300,350,400,450,and500). We consider
heretheresultsfoundby methodCG(t), takenfrom Tablesl, 2, and4 of [33].

We startour comparisorby presentingfor eachof themethodsstudied theaveragepercentageéeviation
with respecto the bestsolutionsknown (asgiven by Tables6 to 12 above). The resultsare presentedn
Table13. Eachof the instancesf classTSP is shavn separatelyto allow a more preciseanalysisof the
algorithms.Somevaluesarein slantedfontasareminderthatnotall instancesn the setwereconsideredn
the paperdescribinghe method.A dash(—) is shavn whenno resultfor the classis available. ClassRW is
notshawn, sincethe only resultsavailablearethoseobtainedby our method.

Thetableshowns thatour methodis the only onewithin 0.04%of the bestvaluesknown for all instances.
Futhermoregventhoughour methoddid not obtainthe bestresultsfor every singleinstancejt did obtain
the bestresultson averagefor all six setsof instancegpresentedn the table. It mustbe said,however, that
thedifferencds oftenvery small. Many of the methodsarevirtually asgoodasoursin oneor anotherclass:
thatis the caseof VNDS for all threeTSP instancespf VNS andLSH for ORLIB instancesandof CGLS
for pch3038. Thisrevealsthe greatesstrengthof our method:robustnesslit wasableto obtaincompetitive
resultsfor all classe®f instancesNoneof the methoddestechasshavn suchdegreeof consisteng.

Of coursewe alsohave to considerthe runningtimesof the methodsnvolved. Finding goodsolutions
would behardlysurprisingif therunningtimesof our methodweresigni cantly greatethanthoseof others.

4Theauthorsof [15] alsotestednstancesrom [26]; unfortunatelywe wereunableto obtaintheseinstancestthetime of writing.
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Table 13: Meanpercentageleviationsfor eachmethodwith respecto the bestsolutionknown. Valuesin
slantedfontindicatethatnot all instancesn the setweretestedby the method.Smallervaluesarebetter

series GRASP CGLS DEC LOPT LSH VNDS VNS
GR 0.009 — — — 0.727 — —
SL 0.000 0.691 — — 0.332 — —
ORLIB 0.000 0.101 — — 0.000 0.116 0.007
1400 0.031 — — — — 0.071 0.191
pch3038 0.025 0.043 4.120 0.712 2316 0.117 0.354
rl5934 0.022 — — — — 0.142 —

To presenta meaningfulcomparisorbetweenthe methods,we adoptedthe following stratgyy. For each
instancean which a methodwastested we computedhe ratio betweerthetime it requiredandthe running
time of our method.In Table14, we presenthe geometricmeansof theseratiostaken over the instancesn

eachset(onceagain,only instancegestedby the relevantmethodare considered) We believe this makes
moresensehantheusualarithmeticmeanin this case:if amethodis twice asfastasanotherfor 50%of the
instancesand half asfastfor the other50%, intuitively the methodsshouldbe considerecequialent. The
geometrianeanre ects that,whereaghearithmeticmeandoesnot.

Table14: Meanratiosbetweertherunningtimesobtainedoy methodsn theliteratureandthoseobtainedoy
ours. Althoughvaluesgreaterthan 1.0 indicatethat our methodis fasteron average differenceswithin the
sameorderof magnitudeshouldbedisregarded.Valuesin slantedfontindicatethatthereareinstancesn the
setfor whichtimesarenot available.

series GRASP CGLS DEC LOPT LSH VNDS VNS
GR 1.00 — — — 111 — —
SL 1.00 0.51 — — 24.20 — —
ORLIB 1.00 55.98 — — 4.13 0.46 5.47
1400 1.00 — — — — 0.58 19.01
pch3038 1.00 9.55 021 0.35 1.67 2.60 30.94
rl5934 1.00 — — — — 2.93 —

Oneimportantobsenationregardingthevaluespresenteghouldbemade:for VNS andVNDS, thetimes
takeninto consideratioraretimesin which the bestsolutionwasfound (asin the paperghatdescribethese
methodg14, 15]); for all otheralgorithms(includingours),thetotal runningtime is consideredThe values
reportedfor our algorithmalsoinclude the time necessaryo precomputeall pairwisevertex distancesn
graph-basedlassegORLIB andsL).%

Valuesgreateithanonein thetablefavor our method whereasraluessmallerthanonefavor others.One
shouldnot take theseresultstoo literally, however. Sinceresultswere obtainedon differentmachineqsee
Table15), smalldifferencesn runningtime shouldnotbe usedto draw arny conclusiorregardingtherelative
effectivenessf the algorithms. Runningtimeswithin the sameorder of magnitudeshouldbe regardedas
indistinguishable.

7 Concluding Remarks

In this paper we presentech GRASPwith path-relinkingfor the p-medianproblem. We have shovn that
it is remarkablyrobust, handlinga wide variety of instancesand obtainingresultscompetitve with those

5GR is alsoa graph-basedlass,but the instancesve obtained kindly provided by E. Sennewerealreadyrepresentedsdistance
matrices.
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Tablel5: Machinesn whichtimesusedin Table14 wereobtained.

METHOD  MACHINE
CGLS SunUltra 30

DEC SGIWorkstation(195MHz MIPS R10000)
GRASP  SGIChallengg196 MHz MIPS R10000)
LOPT SGIWorkstation(195MHz MIPS R10000)

LS SunUltra 30
VNDS SunUltral (143MHz UltraSparc)
VNS SunSparcStatiodl0

obtainedby the bestheuristicsin the literaturein eachcase. This makesour heuristica valuablecandidate
for ageneral-purpossolver for the p-medianproblem.

We do not claim, however, thatour methodis the bestin every circumstanceOthermethodsdescribed
in the literatureareableto produceresultsof remarkablygoodquality, often at the expenseof a somavhat
higherrunningtimes.VNS [14] is especiallysuccessfulor graphinstancesyNDS [15] is particularlystrong
for Euclideaninstancesandis oftenfasterthanour method(especiallywhenthe numberof facilitiesto open
is very small); andCGLS[33] canobtainvery goodresultsfor Euclideaninstancesandhasthe additional
adwantageof providing goodlower bounds.An interestingresearchopic would be to usesomeof theideas
exploredin this paper(suchasa fastimplementatiorof the local searchprocedureandthe combinationof
elite solutionsthroughpath-relinking)with thosemethodgo obtainevenbetterresults.

The goalof our algorithmis to produceclose-to-optimasolutions. Thereforejt shouldbe saidthatour
methoddoesnot handlewell really largeinstanceslf the inputis a graphwith millions of vertices,simply
computingall-pairs shortestpathswould be prohibitively slow. For that purpose,onewould probablybe
betterof relying on methodshasedon samplingtechniquedik e the oneproposedy Thorup[36]. Methods
likethisaimto nd solutionsthatare“good”, notnearoptimal,in areasonabléguasi-linearamountof time.

However, if oneis interestedn solvinginstancesarge enoughto precludethe applicationof exactalgo-
rithms, but not solargesoasto make anythingworsethanquasi-lineaprohibitive, our methodhasprovento
beaveryusefulalternatve.
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