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Abstract
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1 In tro duction

Polynomial systemsarise in many �elds of scienceand engineering,ranging from modeling
and formula construction to global optimization problems. We considerhomotopy continu-
ation to computeall isolated zerosof a systemof n polynomials

f (x ) � (f 1(x ); : : : ; f n (x )) (1)

in an n-dimensionalcomplexvector variable x � (x1; : : : ; xn ) 2 Cn , whereC denotesthe set
of complexnumbers. Homotopy continuation hasbeenestablishedasa reliable and e�cien t
method to solve polynomial systemsfor the last two decades,originating from the works of
Drexler [8] and Garcia et al [10].

The main ideaof homotopy continuation methods is to de�ne a smooth homotopysystem
with a continuation parameter t 2 [0; 1]

h(x ; t) � (h1(x ; t); h2(x ; t); : : : ; hn (x ; t)) = 0

usingthe algebraicstructure of the polynomial system. The homotopy systemis constructed
so that all solutionsof the starting polynomial systemh(x ; 0) = 0 are easilycomputedand
that the target polynomial systemh(x ; 1) = 0 coincideswith the system f (x ) = 0 to be
solved. For all t in [0; 1), the system h(x ; t) = 0 has only nonsingular solutions. Hence,
every connectedcomponent of the solutions(x ; t) 2 Cn � [0; 1) of h(x ; t) = 0 formsa smooth
curve; we call each connectedcomponent that intersectswith the hyperplane t = 0, i.e. a
homotopy(solution) curve of h(x ; t) = 0. For computing isolated solutions of h(x ; 1) = 0,
we usepredictor-corrector methods to trace homotopy curvesfrom t = 0 to t = 1.

The number of homotopy curvesthat are necessaryto connectthe isolated zerosof the
target systemto isolated zerosof the starting systemdeterminesthe computational work
involved in tracing homotopy curves. The classicallinear homotopy continuation method
[8, 10, 17] bounds the number of the isolated zeros of f (x ) by Be�zout number. Many
extraneoushomotopy curves exist in the linear homotopy continuation method, leading
some curves from zeros of the starting polynomial system h(x ; 0) = 0 to in�nit y as t
approaches1. On the other hand, the polyhedral homotopy [12, 19, 28], which we employ
in the software packagePHoM, is basedon Bernstein theory [4], and bounds the number
of the isolatedzerosof f (x ) by the mixed volume. The mixed volume providesmuch fewer
homotopy curves,therefore,the polyhedralhomotopy continuation method showsnumerical
e�ciency in tracing homotopy curvesto �nd all isolated solutions of f (x ) = 0.

The mixedvolumeis equalto the total volumeof the �ne mixed cells. The constructionof
the polyhedral homotopy functions is basedon the computation of the �ne mixed cells, i.e.,
each �ne mixed cell generatesa polyhedral homotopy function. As a result, all isolatedzeros
of the polynomial systemobtained by tracing homotopy curvesare originated from all �ne
mixed cells. The nonlinearity of the homotopy continuation parametert is alsodetermined
by the �ne mixed cells. Hence,computation of the �ne mixed cells bearssigni�cance for
successfulimplementation of polyhedral homotopy continuation. See[11, 20, 25].

Relatedsoftware packagesfor solving polynomial systemsusing linear homotopy contin-
uation in Fortran 77 are HOMPACK [30] and CONSOL [21]. HOMPACK was introduced
aspolynomial-solvinghomotopy continuation. It hasbeenparallelized[2] and upgradedto
Fortran90 [31]. As mentioned before,many extraneoushomotopy curvesmust be traced in
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Figure 1: The structure of PHoM

thesemethods, a�ecting numerical e�ciency . The sizeof polynomial systemsthat can be
solved by this approach is much smaller than that by polyhedral homotopy continuation.
PHCPACK [29] represents oneof the most successfulpolynomial systemsolversby polyhe-
dral homotopy continuation. PHCPACK o�ers various methods for computing �ne mixed
cellsand several modesto operate. Nevertheless,there is room to improve the sizesof poly-
nomial systemsthat PHCPACK can handle. For instance, the zerosof cyclic polynomials
with the dimension12 and larger werenot found using this package.

Figure 1 illustrates the structure of the software package PHoM that implements a
polyhedral homotopy continuation method. It consistsof three modules. Programsfor the
�rst module StartSystemand the secondmodule CMPSc [15] are separatelyavailable at
the web site [16]. A MATLAB version of CMPSc is also developed as CMPSm [14]. The
isolated zerosof cyclic-12and -13 polynomials were found using a parallel implementation
of CMPSc. This is the �rst time to the best of our knowledgethat all isolatedzerosof these
polynomials could be found.

In the �rst module StartSystem of PHoM, we construct a class of polyhedral-linear
combined homotopy functions hp : Cn � [0; 1] ! Cn (p = 1; 2; : : : ; `) satisfying the property
that for each isolated solution x 1 of f (x ) = 0, there exist an index p and a solution x 0 of
h p(x ; 0) = 0 such that (x 0; 0) is connectedto (x 1; 1) through a homotopy curve, a solution
curve f (� (t); t) : t 2 [0; 1)g of h p(x ; t) = 0 in the spaceCn � R. This property is essential
to compute all isolated solutions of f (x ) = 0. The construction of the classof polyhedral-
linear combined homotopy functions is basedon computation of the �ne mixed cellsof the
polynomial systemf (x ).

The secondmodule CMPSctraceshomotopy curves. Homotopy continuation starts from
a known solution x 0 of hp(x ; 0) = 0 with the continuation parameter t = 0 and traces a
solution curve of h p(x ; t) = 0 numerically in the spaceCn � [0; 1] by increasingthe value
of t to obtain a solution of the target polynomial systemhp(x ; 1) � f (x ) = 0 at t = 1. We
employ a predictor-corrector method to trace the homotopy curves. The main sourcesof
di�culties in tracing the curves are the high nonlinearity of the continuation parameter t
and occurrencesof ill-conditioned Jacobianmatrix of hp(x ; t). The ways to control predictor
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step sizesvery carefully should be developed for thesenumerical di�culties.
After tracing all homotopy curves,it is necessaryto con�rm that the solutionsobtained

cover a correct set of all isolated solutions of the polynomial systemwith a given accuracy.
The third module Verify is a feature of PHoM addedto the polyhedral homotopy continu-
ation method to detect whether there are any pair of starting points leading to a common
zero of f (x ) due to an accidental jump while numerically tracing the homotopy curves. If
there is any such a pair of starting points, we apply CMPSc again to retrace those curves
more accurately.

The aim of this paper is to provide an overview of the numerical methods, structure and
usageof PHoM, from constructing polyhedral homotopiesto tracing their solution curves
to �nd all isolated zerosof a polynomial system.

This paper is organizedas follows: In Sections2, 3 and 4, more technical details on the
three modulesStartSystem,CMPSc and Verify are described. Section5 includesuserinter-
facesuch as parametersto run the package,input and output �les, and their descriptions.
In Section6, we present numerical results on economic-n, katsura-n, noon-n and reimer-n
polynomial systems.Finally, Section7 is devoted to concludingremarks.

We introducenotation and symbols for the succeedingdiscussions.Let R and Z+ denote
the set of real numbers and the set of nonnegative integers,respectively. For every vector
variable x � (x1; x2; : : : ; xn ) 2 Cn and every a � (a1; a2; : : : ; an ) 2 Zn

+ , we usethe notation
x a for the term xa1

1 xa2
2 � � � xan

n . Then wecanwrite any polynomial � (x ) in the vector variable
x � (x1; x2; : : : ; xn ) 2 Cn as� (x ) �

P
a2A c(a)x a for some�nite subsetA of Zn

+ and some
c(a) 2 C (a 2 A). We call A the support of the polynomial � (x ).

2 StartSystem | Construction of homotop y functions

We introducea �nite family of polyhedral-linear (combined) homotopy functions h p : Cn �
[0; 1] ! Cn (p = 1; 2; : : : ; `) in Subsection2.1. Its construction is basedon the �ne mixed
cellsof the polynomial systemf (x ) whosetechnical details are presented in Subsection2.2.
An important feature of the family of polyhedral-linear homotopy functions lies in the
property that each term involved in hp(x ; t) hasa coe�cien t ct� for somecomplexnumber
c and nonnegative number � . The power � of each term is determined by the �ne mixed
cells. Positive powers � of the terms in h p(x ; t) can rangefrom very small to large positive
numbers, e.g., from 0:0001 to 100; 000. These unbalanced powers may causenumerical
ine�ciency and a�ect reliabilit y of the 2nd module CMPSc for tracing homotopy curvesof
h p(x ; t) = 0 in the spaceCn � R. Linear programming described in Subsection2.3 is to
decreasethe di�erence betweensmall and largepositive powers. Subsection2.4brie
y deals
with how the module StartSystemcomputesall solutionsof the starting polynomial system
h p(x ; 0) = 0 (p = 1; 2; : : : ; `).

2.1 Polyhedral-linear homotop y

We write f j (x ) of f (x ) in (1) as f j (x ) �
P

a2A j
cj (a) x a (j = 1; 2; : : : ; n) for some�nite

subsetA j of Zn
+ (j = 1; 2; : : : ; n) and somecj (a) 2 C (a 2 A j ; j = 1; 2; : : : ; n). We usea

combination of a polyhedral homotopy and a linear homotopy, given in the paper [19]by Li,
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for the polynomial systemf (x ). He called the combined homotopy the cheater'shomotopy
[18]. Here we call it a polyhedral-linear homotopy.

Let ~cj (a) 2 C (a 2 A j ; j = 1; 2; : : : ; n) be complex numbers chosenrandomly from a
boundedopen subsetof Cnnf 0g. Consideran auxiliary polynomial system ~f (x ) whosej th
component is given by ~f j (x ) �

P
a2A j

~cj (a) x a (j = 1; 2; : : : ; n): Note that the original

polynomial systemf (x ) and the auxiliary polynomial system ~f (x ) share the support A j

(j = 1; 2; : : : ; n). In the succeedingdiscussions,we �rst introducepolyhedral homotopy for
~f (x ) and then linear homotopy from ~f (x ) to the original polynomial systemf (x ) whose
zerosare to be found. Finally, we combine thesetwo homotopiesto have a polyhedral-linear
homotopy for f (x ).

Each component ~hp
j (x ; t) of a �nite family of polyhedral homotopy functions ~h

p
: Cn �

[0; 1] ! Cn (p = 1; 2; : : : ; `) is of the form

~hp
j (x ; t) �

X

a2A j

~cj (a)x at � p
j (a ) (j = 1; : : : ; n); (2)

where � p
j (a) (a 2 A j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `) denotenonnegative numbers. Obvi-

ously, ~h
p
(x ; 1) = ~f (x ) for every x 2 Cn (p = 1; 2; : : : ; `); henceeach ~h

p
: Cn � [0; 1] ! Cn

servesas a homotopy function from the polynomial system ~h
p
(x ; 0) to the auxiliary poly-

nomial system ~f (x ).
Now, we combine a linear homotopy of the form

(1 � t)~f (x ) + tf (x ) for every (x ; t) 2 Cn � [0; 1]

from the auxiliary polynomial system ~f (x ) to the target polynomial systemf (x) with each
polyhedral homotopy function ~h

p
: Cn � [0; 1] ! Cn (p = 1; 2; : : : ; `). Let us de�ne a �nite

family of polyhedral-linear functions h p : Cn � [0; 1] ! Cn by

hp
j (x ; t) �

X

a2A j

((1 � t)~cj (a) + tcj (a)) x a t � p
j (a )

=
X

a2A j

�
~cj (a)t � p

j (a ) + (cj (a) � ~cj (a))t � p
j (a )+1

�
x a (j = 1; 2; : : : ; n) (3)

(p = 1; 2; : : : ; `). Then,

(a) h p(x ; 0) = ~h
p
(x ; 0) for every x 2 Cn (p = 1; 2; : : : ; `).

(b) hp(x ; 1) = f (x ) for every x 2 Cn (p = 1; 2; : : : ; `).

Note that the abovede�nition of the family of polyhedral-linearhomotopy functions involves
a positive integer `, complex numbers cj (a) (a 2 A j ; j = 1; 2; : : : ; n) and nonnegative
numbers� p

j (a) (a 2 A j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `). We canchoosethesenumberssuch
that the resulting family satis�es the following properties

(c) For every p = 1; 2; : : : ; ` and every �xed t 2 [0; 1), the polynomial systemh p(x ; t) = 0
has only nonsingular solutions; henceeach connectedcomponent of f (x ; t) 2 Cn �
[0; 1) : h p(x ; t) = 0g that intersectswith Cn � f 0g forms a smooth curve such that
f (� (t); t) : t 2 [0; 1)g; we call such a smooth curve a homotopy curve of h p(x ; t) = 0.
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(d) Each component hp
j (x ; 0) (j = 1; 2; : : : ; n) is a binomial, i.e., a polynomial consisting

of two terms in complex vector variable x � (x1; x2; : : : ; xn ), and all solutions of the
starting polynomial systemh p(x ; 0) = 0 can be computedeasily.

(e) For each isolatedsolutionsx 1 of f (x ) = 0, there exist an index p and a solution x 0 of
the starting polynomial systemhp(x ; 0) = 0 such that (x 0; 0) is connectedto (x 1; 1)
through a homotopy curve of h p(x ; t) = 0.

The properties (d) and (e) make it possibleto compute all isolated solutions of f (x ) = 0
by tracing the homotopy curvesof hp(x ; t) = 0 from t = 0 to t = 1. Theseproperties are
guaranteed by a proper choiceof nonnegative numbers � p

j (a) (a 2 A j ; j = 1; 2; : : : ; n; p =
1; 2: : : ; `) basedon the polyhedral homotopy theory [12, 19, 28]. Numerically, construction
of the polyhedral homotopy functions is carried out by computing �ne mixed cellsof f (x ),
which is described in the next subsection.We needto choosecomplexcoe�cien t numbers
~cj (a) (a 2 A j ; j = 1; 2; : : : ; n) randomly to have the property (c).

Morgan and Sommersin [22] proposeda wide classof coe�cien t-parameter homotopies
for polynomial systems.The polyhedral-linearhomotopy introducedabovemay beregarded
as a special caseof the coe�cien t-parameter homotopies.

2.2 Computing �ne mixed cells

The positive integer ` and the nonnegative numbers � p
j (a) (a 2 A j ; j = 1; 2; : : : ; n; p =

1; 2; : : : ; `) are determinedby the solutions (� ; � ) of the following problem:

Problem 2.1. Let ! j (a) be a real number chosenrandomly from a boundedopen interval
of R (a 2 A j ; j = 1; 2; : : : ; n), and let ha; � i denotethe inner product of two vectorsa and
� 2 Rn . Find all solutions (� ; � ) � (� 1; � 2; : : : ; � n ; � 1; � 2; : : : ; � n ) 2 R2n which satisfy

� j � ha; � i � ! j (a) (a 2 A j ; j = 1; 2; : : : ; n); (4)

with two equalities for each j .

Choosing! j (a) (a 2 A j ; j = 1; 2; : : : ; n) randomly guaranteesthat the inequality system
(4) is nondegeneratein the sensethat no morethan 2n equalitieshold for any solution (� ; � ).
This property is essential to construct a valid family of polyhedral homotopy functions. Let
us assumethat all solutions (� 1; � 1); (� 2; � 2); : : : ; (� ` ; � ` ) of Problem 2.1 are obtained.
For every p = 1; 2; : : : ; `, let

� p
j (a) � ! j (a) + ha; � pi � � p

j (a 2 A j ; j = 1; 2; : : : ; n);
Cp

j � f a 2 A j : � p
j (a) = 0g (j = 1; 2; : : : ; n);

C p � (Cp
1 ; Cp

2 ; : : : ; Cp
n ) � A ;

9
=

;
(5)

whereA � (A 1; A 2; : : : ; A n ). We call C p a �ne mixed cell of A (or the polynomial system
f (x )) induced from a lifting ! � (! j (a) : a 2 A j ; j = 1; 2; : : : ; n).

Now, we are ready to de�ne a �nite family of polyhedral homotopy functions ~h
p

:
Cn � [0; 1] ! Cn (p = 1; 2; : : : ; `) by (2);

~hp
j (x ; t) �

X

a2A j

~cj (a)x at � p
j (a )

�
X

a2 Cp
j

~cj (a) x a +
X

a2A j nCp
j

~cj (a) x a t � p
j (a ) for every x 2 Cn (6)
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(j = 1; 2; : : : ; n). By construction, ]C p
j = 2, i.e., Cp

j consists of two elements (j =
1; 2; : : : ; n; p = 1; 2; : : : ; `). Hencethe starting polynomial system

hp
j (x ; 0) � ~hp

j (x ; 0) �
X

a2 Cp
j

~cj (a) x a = 0 (j = 1; 2; : : : ; n)

forms a systemof binomial equationswhosesolutions can easily be found by the method
given in Subsection2.4. Thus the property (d) holds. With randomly generatedcoe�cien ts
~cj (a) (a 2 A j ; j = 1; 2; : : : ; n), the remaining properties (c) and (e) are satis�ed for the
family of polyhedral-linear homotopy functions h p : Cn � [0; 1] ! Cn .

Solving Problem 2.1 e�cien tly is an important issuein computing all �ne mixed cells.
The method [25] employed in PHoM can be outlined asfollows: First, preparethe set of all
possiblecandidatesfor �ne mixed cells.

eS(k) �
�

C = (C1; C2; : : : ; Cn) :
Cj � A j ; ]C j = 2 (j = 1; 2; : : : ; k);

Cj = � (j = k + 1; k + 2; : : : ; n)

�

(k = 0; 1; : : : ; n). Then, construct an enumeration tree, which hasa cell (�; �; : : : ; � ) 2 eS(0)
at the root node and every C 2 eS(n) at leaf nodeswith no child nodes. A node C 2 eS(k)
has children C 0 2 eS(k + 1), where the �rst k sets C0

1; C0
2; : : : ; C0

k of C 0 coincide with the
onesof C . It should be noted that C is a �ne mixed cell if and only if C is a leaf node
included in eS(n) and the systemof inequalities

� j � ha; � i = ! j (a) (a 2 Cj ; j = 1; 2; : : : ; n);
� j � ha; � i � ! j (a) (a 2 A j nCj ; j = 1; 2; : : : ; n)

�
(7)

is feasible.Therefore,all solutionsof Problem 2.1are enumeratedif the depth-�rst search is
applied to the enumeration tree. To avoid extensive search over the entire nodesof the tree,
we check at each node C 2 eS(k) of the enumeration tree with k 2 f 1; 2; : : : ; ng whether
the system(7) is feasibleby solving a linear program with the constraint (7). If the system
(7) is found to be infeasibleat somenode C 2 eS(k), then any child C 0 2 eS(k + 1) is also
infeasible; hencethe subtree with the node C as a root does not contain any �ne mixed
cell, so the subtreecan be pruned. For more details, see[25].

2.3 Balancing powers of the contin uation parameter t

We focus on the magnitude of the powers � p
j (a) (a 2 A j ; j = 1; : : : ; n) of the parameter

t of the polyhedral-linear homotopy function h p : Cn � [0; 1] ! Cn whosej th component
has beende�ned in (3) (p = 1; 2; : : : ; `). Very small and large powers � p

j (a), e.g., 0:0001
and 100; 000,can appear in the homotopy functions. As a consequence,numerical stabilit y
and computational e�ciency are reducedgreatly in the secondmodule CMPSc that traces
homotopy curves of hp(x ; t) = 0 by a predictor-corrector method (p = 1; 2; : : : ; `). To
avoid the numerical di�culties, we show a technique to balance the powers � p

j (a) (a 2
A j ; j = 1; : : : ; n; p = 1; : : : ; `) of the continuation parameter t by decreasingthe ratio
of maxf � p

j (a) : a 2 A j ; j = 1; : : : ; n; p = 1; 2; : : : ; `g and minf � p
j (a) : a 2 A j ; j =

1; : : : ; n; p = 1; 2; : : : ; `g: The method described here is basedon [11].
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After �nding all �ne mixed cells C p (p = 1; : : : ; `) of A given a random lifting ! �
(! j (a) : a 2 A j ; j = 1; 2; : : : ; n), we solve the following linear program with variables
! � (! j (a) : a 2 A j ; j = 1; 2; : : : ; n), � p (p = 1; 2; : : : ; `), � p (p = 1; 2; : : : ; `) and M :

minimize M
subject to 0 = ! j (a) + ha; � pi � � p

j

(a 2 Cp
j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `);

1 � ! j (a) + ha; � pi � � p
j � M

(a 2 A j n Cp
j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `):

9
>>>>=

>>>>;

(8)

Then, we replacepowers of the continuation parameter t with

� p
j (a) � e! j (a) + ha; e� pi � e� j

p
(a 2 A j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `);

where ~! � ( e! j (a) : a 2 A j ; j = 1; 2; : : : ; n), e� p (p = 1; 2; : : : ; `) and e�
p

(p = 1; 2; : : : ; `)
are optimal solutions of (8). The new homotopy polynomial systemshave better-balanced
powers � p

j (a) (a 2 A j ; j = 1; 2; : : : ; n) for the same�ne mixed cellsC p (p = 1; : : : ; `).
As the dimensionn of the polynomial system(1) becomeslarge, the number of the �ne

mixed cells ` increases.As a result, the sizeof the linear program (8) to be solved becomes
large. We transform the linear program (8) into a smaller size linear program, and then
apply a cutting plane method. We assumeap

j ; bp
j 2 Cp

j and ap
j 6= bp

j (note that ]C p
j = 2),

and convert the linear equality and inequality constraints of (8) into

0 =
�
! j (b

p
j ) � ! j (a

p
j )

�
+ hbp

j � ap
j ; � pi (j = 1; 2; : : : ; n; p = 1; 2; : : : ; `); (9)

1 �
�
! j (a) � ! j (a

p
j )

�
+ ha � ap

j ; � pi � M

(a 2 A j n Cp
j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `): (10)

Notice that � p (p = 1; 2; : : : ; `) are removed. Furthermore, for each p, we can solve the
system of linear equality of (9), 0 = f ! j (b

p
j ) � ! j (a

p
j )g + hbp

j � ap
j ; � pi (j = 1; 2; : : : ; n)

with respect to � p and obtain the solution � p = � p(! ), where� p denotesa linear mapping
from the spaceof the liftings ! into Rn . By substituting � p = � p(! ) into (10), we can
consequently transform the linear program (8) into a smaller sizelinear program

minimize M
subject to 1 � f ! j (a) � ! j (a

p
j )g + ha � ap

j ; � p(! )i � M
(a 2 A j n Cp

j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `):

9
=

;
(11)

Now the reduced linear program (11) has only
P n

j # A j variables ! j (a) (a 2 A j ; j =
1; 2; : : : ; n), but it still has2`

P n
j =1 (# A j � 2) inequality constraints, which can grow expo-

nentially asthe dimensionand/or the degreeof the polynomial systemf (x ) becomeslarger.
Sincethe number of the variablesis small, a cutting plane method can e�ectiv ely solve the
linear program (11) (or a standard column generation method to the dual of (11)). The
details are omitted here.

2.4 Computing solutions of binomial systems

Let p 2 f 1; 2; : : : ; `g be �xed throughout this subsection. The starting polynomial system
h p(x ; 0) = 0 for tracing the homotopy curvesof hp(x ; t) = 0 is

hp
j (x ; 0) � ~cj (a

p
j ) x ap

j + ~cj (b
p
j ) x bp

j = 0 (j = 1; 2; : : : ; n);
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whereap
j ; bp

j 2 Cp
j and ap

j 6= bp
j . We can transform this systeminto

x ap
j � bp

j = �
~cj (b

p
j )

~cj (a
p
j )

(j = 1; 2; : : : ; n): (12)

Using the notation V � (ap
1 � bp

1; : : : ; ap
n � bp

n ) ; d �
�

�
~c1(b

p
1)

~c1(ap
1)

; : : : ; �
~cn (bp

n )
~cn (ap

n )

�
; we

rewrite (12) as x V = d. Let x = yU , where U is an integer unimodular matrix (i.e.,
detU = � 1) such that U V is a upper triangular matrix. Then, we have x V = yU V = d
andy canbeobtainedby forward substitutions. Finally, weobtain the solution of h p(x ; 0) =
0 from x = yU . The method to construct an integer unimodular matrix U so that U V is
an upper triangular matrix for a given integer matrix V is basedthe Euclidean algorithm.
SeeChapter 4 and 5 of [24], for example.

3 CMPSc | Tracing homotop y curv es

Successfulcomputation of all the isolated solutions of a polynomial systemf (x ) = 0 de-
pends on reliable tracing of homotopy curves from t = 0 to t = 1. Achieving e�ciency
while tracing curves is also important when we deal with large numbers of curves. The
procedureemployed in tracing curves is a traditional predictor-corrector procedurebased
on Euler and Newton methods. The polyhedral-linear homotopy provides several numer-
ical issuesfor implementing the predictor-corrector procedure. In particular, a carefully
designedscheme for predictor step sizesis necessaryto handle high nonlinearity of the
polyhedral-linear homotopy functions in the continuation parameter t. In the scheme,the
emphasislies on the point that no accidental jump occurs from a homotopy curve to be
traced to a di�eren t homotopy curve. Another important issueis to determineconvergence
in the predictor procedure. To explain the methods used in PHoM, we considera homo-
topy curve f (� (t); t) 2 Cn � R : t 2 [0; 1)g of hp(x ; t) = 0 that starts from a known � (0)
and either convergesto a solution � (1) of f (x ) = 0 as described in (e) of Section 2 or
divergesas t ! 1, where p 2 f 1; 2; : : : ; `g is �xed, throughout this section. The following
parametersare provided in a parameter �le for usersto control the predictor and corrector
iterations: accINfVal (1.0e-10),accInNewtonDir(1.0e-8),divMagOFx(1.0e4),dTauMax(0.1),
minEigForNonsing(1.0e-12),NewtonDirMax(0.1) and predItMax (2000). Here the numbers
in the parenthesesdenotetheir default values. SeealsoTable 1.

3.1 Predictor-corrector pro cedure for tracing homotop y curv es

In the predictor andcorrectorprocedure,a known solution x 0 � � (0) of the starting binomial
systemh p(x ; 0) = 0 is an initial point. Let t0 = 0. Assumethat a point x k approximating
� (tk) for sometk 2 [0; 1) is computedat the kth iteration whenk � 1 or given initially when
k = 0. The next step in the predictor procedureis to compute an approximation (dx ; 1)
of the tangent vector ( _� (tk); 1) of the homotopy curve f (� (t); t) : t 2 [0; 1)g at t = tk by
solving a systemof linear equation

D x h p(x k ; tk)dx k = � D th
p(x k ; tk) (13)

8



in dx k 2 Cn , where(D x hp(x k ; tk); D th
p(x k ; tk)) denotesthe n � (n + 1) Jacobianmatrix

of the homotopy function hp : Cn � [0; 1] ! Cn at (x ; t) = (x k ; tk). After choosinga small
step size � k > 0 satisfying tk+1 � tk + � k � 1, we provide the �rst-order approximation
(x k ; tk) + � k(dx k ; 1) for the point (� (tk+1 ); tk+1 ).

In the corrector procedure, the Newton method is applied to the system of equations
h p(x ; tk+1 ) = 0 with the initial point y 0 � x k + � kdx k and �xed t = tk+1 . A sequencef y r g
is generatedby solving a systemof linear equations

D x hp(y r ; tk+1 )dy r = � h p(y r ; tk+1 ) (14)

in dy r 2 Cn , and letting y r +1 � y r + dy r until an approximate solution y � � y r of
h p(x ; tk+1 ) = 0 for some r is attained with a given accuracy. For the next predictor-
corrector procedure,we let x k+1 � y r �

and replacek + 1 by k. We repeat the above process
until we obtain an approximation x k �

of the solution � (1) of hp(x ; 1) � f (x ) = 0 at tk = 1
or we decidethe homotopy curve traced diverges(seeSubsection3.4).

One critical issuein the predictor-correctormethod above is how we solve the systemof
linear equations(13) and (14). The n � n complexcoe�cien t matrix of each systemis the
Jacobian matrix of hp(x ; t) with respect to x evaluated at some(x ; t) in a neighborhood
of homotopy curves. Although the theory ensureswith probability one that no di�eren t
homotopy curvesintersect with each other, a homotopy curve to be traced may comevery
closeto another at some(x ; t) 2 Cn � [0; 1). Also the magnitude of vector variable x can
be very large along a homotopy curve. Then, the coe�cien t Jacobianmatrix of the linear
systems(13) and (14) can becomeill-conditioned at such points, and computing predictor
and corrector directions with reasonableaccuracyis di�cult. To cope with this di�cult y,
the singular value decomposition routines of LAPACK [3] is usedin CMPSc for solving the
linear systems(13) and (14). It should be mentioned, however, that complete resolution
of the di�cult y may be impossible,especially when the Jacobianmatrix is nearly singular.
We addressthis issueagain in Section7.

3.2 Adaptiv e predictor step sizes

We useadaptive step sizecontrol in predictor iterations using convergenceinformation of
Newton iterations in the previouscorrectorprocedureand the anglebetweentwo consecutive
predictor directions [1].

Supposethat the corrector proceduregeneratesa sequencef y r g from the initial point
y 0 � x k + � kdx k together with a sequenceof Newton directions f dy r g described as in the
previoussubsection.If khp(y r ; tk+1 )k � a given tolerance1:e-7 or kdy r k � a given tolerance
1:e-7 aresatis�ed, we obtain an approximate solution y � � y r . In this case,we stop Newton
iterations, and set x k+1 � y � temporarily asa trial point from which we apply the (k + 1)st
predictor iteration.

Non-convergencein the corrector procedure is categorizedin three cases: too many
number of Newton iterations or r > predItMax, a larger value of kdy r k than NewtonDirMax
�k x kk during Newton iterations, and a greater contraction value kdy r +1 k=kdy r k than a
given value 0:9 during Newton iterations. For these three cases,we abandon the current
corrector iteration, and retry the predictor procedurefrom y 0 � x k + � 0dx k with reduced
step size� 0 � � k=2.
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Now supposethat the correctorproceduresuccessfullyterminatesat a trial point x k+1 �
y � � y r for the next predictor procedure. We compute the next predictor direction vector
(dx k+1 ; 1) at x k+1 . The angle between the current and next predictor direction vectors
indicates how the homotopy curve f (� (t); t) 2 Cn � R : t 2 [0; 1]g of hp(x ; t) = 0 moves.
De�ne the anglebetweendx k and dx k+1 by

cos� �
hreal(dx k); real(dx k+1 )i

kdx kkkdx k+1 k
:

Herereal(u ) denotesthe 2n-dimensionalreal vector consistingof real and imaginary parts of
all component u1; u2; : : : ; un of u 2 Cn , and hv; w i denotesthe inner product of v; w 2 R2n .
Values of cos� close to 1 imply that the curve does not turn sharply with the current
predictor step size� k . A small valueof cos� is interpreted asa big turn of the curve, which
requiresa small step sizeto trace the curve. If cos� is lessthan a given value 0:9, then we
abandonthe iterate x k+1 and repeat the corrector procedurefrom x k + � 0dx k with reduced
step size� 0 � � k=2.

When cos� is not lessthan a given value 0:9, x k+1 becomesthe (k + 1)st iterate. In this
case,we replacek + 1 by k and proceedto the next predictor iteration. The newstepsize� k

is determinedon the previousstepsize� k� 1 aswell asthe �rst stepsizekdy 1k and the ratio
kdy 2k=kdy 1k of the magnitudesof the �rst two Newton directions in the previouscorrector
procedure. If the latter two value are less than given values, the step size is expanded;
� k �

p
2� k� 1. Otherwisewe take � k � � k� 1.

3.3 Upp er bounds for predictor step sizes

High nonlinearity in the continuation parametert of the polyhedralhomotopy functionsmay
serve as a sourceof numerical instabilities, especially near the end of the homotopy curve.
For example,supposethat a component hp

j (x ; t) of the homotopy function h p(x ; t) has the
power constants � j (a) = 10 and 100; 000of the parametert. Then, the corresponding t � j (a )

changesfrom 0:3 to 0:99 in the intervals [0:99; 0:9999]and [0:99999; 0:9999999],respectively.
When hp

j (x ; t) hasthe power constants with various magnitudes,a predictor step size� k is
chosenwith respect to the term with the largest changeexpected at t = tk amongall the
terms. We usean upper bound for the step size� k as follows. For every t 2 [0; 1), de�ne

 (t) � max
n

ds� p
j (a )=ds

�
�
�
s = t

: a 2 A j ; j = 1; 2; : : : ; n
o

:

If the maximum is attained at a = �a and j = ~j on the right hand side above, then the
largest local changeoccursin s� p

�j
( �a ) amongs� p

j (a ) (a 2 A j ; j = 1; 2; : : : ; n) when s increases
from the current value t = tk slightly. Using this fact, we take a predictor step size � k

satisfying (tk + � k)� p
�j

( �a ) � (tk)� p
�j

( �a ) � dTauMax, wheredTauMaxis a small positive number
given in the parameter �le.

3.4 Convergence or div ergence in the predictor pro cedure

Near the endof tracing, a homotopy curvemay convergeto either a nonsingularsolution or a
singularsolution, or it may diverge. The method to distinguish onefrom the other two cases
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is basedon information such as the minimum eigenvaluesof the Jacobianmatrix and the
magnitudeof the function valuef (x ). Someother ways of handling the endof curve tracing
appearedin [13]. The three parametersaccINfVal, accInNewtonDirand minEigForNonsingare
usedasstopping criteria. The following two tests are utilized to determinean approximate
solution x = x k as nonsingularor singular.

8
<

:

maxfj f j (x )j : j = 1; 2; : : : ; ng � accINfVal;
kD f (x )� 1f (x )k � accInNewtonDir; and
the minimum eigenvalue of D f (x ) � D f (x ) � minEigForNonsing

�
maxfj f k(x )j : k = 1; 2; : : : ; ng � accINfVal; and
the minimum eigenvalue of D f (x )� D f (x ) < minEigForNonsing:

A homotopy curve is determinedto have convergedto a nonsingularsolution in the former
case,and a singular solution in the latter case. If 1:0 � tk � 0 is lessthan a given small
positive number and the in�nit y norm of an iterate x k is larger than divMagOFx, then the
homotopy curve traced is consideredto be a divergent one.

When the predictor iteration exceedspredItMax, then it stops.

4 Verify | Veri�cation of all solutions

Even very careful curve tracing may not prevent an accidental jump from a homotopy curve
to be traced to a di�eren t homotopy curve; in that case,a solution of f (x ) = 0 to which the
former homotopy curve convergesmay not be obtained. Whether all solutions obtained at
t = 1 correctly form a setof all isolatedsolutionsof f (x ) = 0 shouldbeexamined.The mod-
ule Verify usesa simple procedureof comparing the distancesof computed solutions. The
parametersthat are provided for usersto control the module Verify are verifyAccu(1.0e-4),
dTauMaxRedRate(0.1), NewtonDirMaxRedRate(0.1), predItMaxExpRate(10), divMagOFxEx-
pRate(1.0), MindTauMax(1.0e-4),MinNewtonDirMax(1.0e-4),MaxpredItMax(100,000)and
MaxVerifyIter (3). Here the numbers in the parenthesesare default values.

Supposethat approximate solutions x̂ 1; x̂ 2; : : : ; x̂ s of f (x ) = 0 are obtained by tracing
the homotopy curves from starting points (~x 1; 0); (~x 2; 0); : : : ; (~x s; 0), respectively. Notice
that s �

P `
p=1 rp sincenot all homotopy curves traced may convergeto isolated solutions

and somecurves traced may diverge. Here rp is the number of initial solutions in the cell
p. The module Verify checks whether there exists any pair of di�eren t j and k such that

kx̂ j � x̂ kk1

maxfk x̂ j k1 + kx̂ kk1 ; 1g
� verifyAccu:

If such a pair is found, then either x̂ j or x̂ k might have beencomputedincorrectly, or there
might have beena jump from onehomotopy curve to another homotopy curve while tracing
them from two di�eren t initial points (~x j ; 0) and (~x k ; 0). Let

~J �

(

j :
kx̂ j � x̂ kk1

maxfk x̂ j k1 + kx̂ kk1 ; 1g
� verifyAccu for somek 6= j

)

:
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Thus f (~x j ; 0) : j 2 ~Jg denotesa set of initial points of homotopy curveswhich might have
beentraced incorrectly. PHoM then takesa conservative parametersetting given below and
retracesthosehomotopy curvesfrom f (~x j ; 0) : j 2 ~Jg by applying the CMPSc module.

dTau = maxf dTau � dTauMaxRedRate; MindTauMaxg;

NewtonDirMax = maxf NewtonDirMax � NewtonDirMaxRedRate; MinNewtonDirMaxg;

predItMax = minf MaxpredItMax � predItMaxExpRate; MaxpredItMaxg;

divMagOFx = divMagOFx � divMagOFxExpRate:

PHoM repeats the above procedure for MaxVerifyIter times as long as ~J 6= ; . If ~J is
still nonempty after the number of retries surpassesMaxVerifyIter, PHoM concludesthat
solutions of f (x ) = 0 with multiplicit y larger than oneare found.

The predictor iteration may exceedpredItMaxand stopswithout detecting convergence
or divergenceof a homotopy. We apply the sameprocedureas the above to the curves.

When a homotopy curve is regardedto have diverged,onemoreretracing is appliedwith
the conservative parametersetting described above. If the retry leadsto divergenceagain,
it is determinedthat the homotopy curve diverges.

5 User in terface

5.1 Parameters

PHoM requiresa parameter�le asan input �le. The default nameof the �le is \para". The
�le contains values for the parametersaccINfVal, accInNewtonDir, divMagOFx,dTauMax,
minEigForNonsing,NewtonDirMaxand predItMax whose roles are explained in Section 3,
and values for the parametersverifyAccu,dTauMaxRedRate,NewtonDirMaxRedRate,pred-
ItMaxExpRate,MindTauMax,MinNewtonDirMax,MaxpredItMaxand MaxVerifyIterexplained
in Section 4. Depending on values of these parameters, PHoM may provide shorter or
longercpu time and di�eren t approximate solutionsfor a given polynomial system. Seealso
Table 1.

5.2 Input and execution of PHoM

We executePHoM as follows:

>PHoMparameterFile inputFile seedNumber-option1 -option2

The namesof parameter and input �les are speci�ed with a seednumber that is used to
generaterandom numbers for the computation of the mixed cells (seeSubsection2.2) and
for the coe�cien ts ~cj (a) (a 2 A j ; j = 1; 2; : : : ; n) of the auxiliary polynomial system ~f (x )
(seeSubsection2.1). The three modulesof PHoM, StartSystemfor constructing homotopy
functions, CMPScfor tracing curves,and Verify for verifying solutions,canbeselectedusing
the numbers 1, 2 and 3 in option1 and option2. If no options are given such as

> PHoMpara 3eco.dat 123

then, all of the three modules of PHoM are executed. Here the name of parameter �le is
para and the nameof input �le is 3eco.dat.One module can be chosenusing option1 only.
If two modulesare to be executed,the following commandsare allowed.
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> PHoMpara 3eco.dat 123 -1 -2
> PHoMpara 3eco.dat 123 -2 -3

The contents of input �le are the dimensionof a polynomial system,the cardinality of
the supports, the power of each variables in each term, and coe�cien ts of the polynomial
system. As an example,we considerthe 3 dimensionaleconomicpolynomial system.

f 1(x ) � x1x3 + x1x2x3 � 1; f 2(x ) � x2x3 � 2; f 3(x ) � x1 + x2 + 1:

Then, its input �le \3eco.dat" is as follows:

# The dimension or the number of variables of the 3 cyclic polynomial system
n = 3
# The number of terms in each equation
m = 3 2 3
# The powers of each term
n = 3
a1.1 = 1 0 1
a1.2 = 1 1 1
a1.3 = 0 0 0
a2.1 = 0 1 1
a2.2 = 0 0 0
a3.1 = 1 0 0
a3.2 = 0 1 0
a3.3 = 0 0 0
# The real and imaginary parts of the coefficient of each term
coef1.1r = 1
coef1.1i = 0
coef1.2r = 1
coef1.2i = 0
coef1.3r = -1
. . .
coef3.3r = 1
coef3.3i = 0

5.3 Output

PHoM producestwo output �les, *.stat1 �le and *.sol1 �le after the �rst executionof the
module CMPSc. Here * stands for the �le name such as 3eco. For example,we have the
following 3eco.stat1.

# cell prob statusP pIT TcIT cpu hValError normOFx minEig
1 1 +3 39 77 0.02 1.22e-16 4.06e+00 +9.07e-02
2 1 +3 37 71 0.02 2.45e-16 2.45e+00 +5.79e-01

Each line of a *.stat1 �le contains cell = \the cell number where the starting point of
the curve is originated", prob = \the initial point number in the cell", statusP= \
ag that
indicatesthe curve'sconvergenceto a nonsingularsolution (statusP= +3), singularsolution
(statusP= +4), or divergence(statusP= � 2)". Somemore statistical information such as
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# Parametersto control CMPSc
accINfVal= 1.e-10 accInNewtonDir= 1.e-8
divMagOFx= 1.0e+4 dTauMax= 0.1
minEigForNonsing= 1.e-12 NewtonDirMax= 0.1
predItMax= 2000
# Parametersto control Verify
verifyAccu= 1.0e-4 dTauMaxRedRate= 0.1
NewtonDirMaxRedRate= 0.1 predItMaxExpRate= 10
divMagOFxExpRate= 1 MindTauMax= 1.0e-4
MinNewtonDirMax= 1.0e-4 MaxpredItMax= 100000
MaxVerifyIter= 3

Table 1: Parameter values

pIT = \the total number of predictor iterations", TcIT = \the total number of corrector
iteration" and cpu = \cpu time for tracing the curve" follows. hValError = \the 1-norm of
error in function value of an approximate solution x computed", normOFx= \ the 2-norm
of x " and minEig= \ the minimum eigenvalueof Df (x ) � Df (x )", which aremeaningfulonly
for nonsingularor singular solutions,are alsogiven.

The other output �le is 3eco.sol1:

-5.00000000e-01 +9.56335616e-17 . . . -1.6798111e-16 +1.2246064e-16 1 1
+1.00000000e+00 -1.74471293e-23 . . . -1.6227793e-16 +2.4492125e-16 2 1

Each line consistsof real(x1) imag(x1) � � � real(xn ) imag(xn ) maxj jf j (x )j cell prob:
If the moduleVerify is executedand if there existsany pair of approximate solutionsx ; x 0

with their relative distancekx̂ j � x̂ kk1 =maxfk x̂ j k1 + kx̂ kk1 ; 1g lessthan verifyAccu, then
information on the initial points corresponding to the pair of x ; x 0 and the relative distance
of the pair is written in each line of *.verify1 �le. Repeating curve tracing and veri�cation
one more time yields *.stat2 and *.sol2, and *.verify2 �les. This iteration continues until
the iteration counter reachesMaxVerifyIter.

6 Numerical Results

PHoM was applied to size-expandableproblemsby increasingthe dimensionn such as the
economic-n [21], katsura-n [5], noon-n [23], and reimer-n [26] polynomials. The numerical
resultsof the cyclic-n polynomial [6] wasobtainedup to the dimension13 with StartSystem
[25] and CMPSc [15] implemented on singleand parallel machines,and reported in [7] and
[16]. In this paper, we deal with the polynomials mentioned above, which usually include
much lessnumber of homotopy curvesthan the cyclic-n polynomial with n � 10. The test
problemswereselectedto observe the performanceof PHoM on a singlemachine, Pentium 4
1.8GHz CPU with 1GB memory, with varying dimensions. The parameter values for the
test problemsin numerical experiments are shown in Table 1.

Numerical experiments for each problem listed in Table 2 were performed six times.
Specifying a di�eren t seednumber when starting PHoM enabledus to generatea set of
homotopy functions and then trace the resulting homotopy curves. The numerical results
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CPU(second)
Name Veri.Iter Total StartS. Trace.1 Trace.2 Trace.3 #Solutions
eco-9 1 91.71 2.86 88.85 - - 128
eco-10 1 257.61 17.00 240.61 - - 256
eco-11 1 875.49 125.07 750.42 - - 512
eco-12 2 2912.67 715.57 2185.95 11.07 - 1024
katsura-8 1 235.23 4.98 230.25 - - 256
katsura-9 1 731.98 30.31 701.67 - - 512
katsura-10 1 2046.39 102.16 1944.23 - - 1024
katsura-11 1 6354.69 823.47 5531.22 - - 2048
noon-6 1 166.78 0.26 166.52 - - 717
noon-7 1 951.70 0.61 951.09 - - 2173
noon-8 1 4396.73 2.47 4394.26 - - 6545
reimer-4 2 39.25 0.02 17.85 21.38 - 36
reimer-5 2 472.68 0.10 213.32 259.26 - 144
reimer-6 3 5883.98 0.78 2601.30 3269.80 12.06 576

Table 2: CPU time in secondsand the number of isolated solutions computed

#Predictor #Corrector #CPU(second)
Name #it #Curv es Aver. Max. Aver. Max. Aver. Max.
eco-9 iter1 128 92.68 181 180.84 360 0.69 1.32
eco-10 iter1 256 92.25 174 184.54 427 0.94 1.92
eco-11 iter1 512 109.21 250 219.30 576 1.47 3.62
eco-12 iter1 1024 124.03 259 250.77 574 2.13 4.72

iter2 2 385.50 394 420.00 427 5.26 5.35
katsura-8 iter1 256 101.04 174 208.51 377 0.90 1.52
katsura-9 iter1 512 113.87 245 237.14 493 1.37 2.78
katsura-10 iter1 1024 122.84 262 256.01 544 1.90 3.89
katsura-11 iter1 2048 137.34 287 288.02 618 2.70 5.44
noon-6 iter1 717 69.94 127 129.60 265 0.23 0.41
noon-7 iter1 2173 85.60 194 164.37 398 0.44 0.94
noon-8 iter1 6545 89.73 218 173.53 466 0.67 1.66
reimer-4 iter1 120 164.41 325 402.81 909 0.15 0.30

iter2 84 321.82 995 595.80 1966 0.25 0.93
reimer-5 iter1 720 187.44 329 459.65 885 0.30 0.52

iter2 576 328.40 459 619.94 924 0.45 0.65
reimer-6 iter1 5040 200.94 2001 487.78 3910 0.52 5.31

iter2 4465 326.83 2969 616.05 7309 0.73 8.27
iter3 4 1344.20 1394 1778.50 1984 2.99 3.14

Table 3: Statistics of curve tracing
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from �v e runs amongsix weresimilar in terms of cpu times spent, and the number of solu-
tions for each problem were the same. In onerun, PHoM failed to trace a homotopy curve
of the economic-12polynomial becauseof an ill-conditioned Jacobian matrix D x h p(x ; t)
at a point (x ; t) with very large kx k along the homotopy curve; the condition number of
D x h p(x ; t) becamelarger than 1:0e+60. We have discussedthis issuein Subsection3.1.
SeealsoSection7. The numerical results included hereare taken from oneof �v e successful
runs of PHoM.

Table2 shows the cpu time and the number of isolatedsolutionsobtained. As mentioned
in Section4, after the module CMPSc tracesof all the homotopy curves,the module Verify
checkswhetherthereareany pair of initial points resulting in two approximate solutionsvery
near each other, any homotopy curve determinedasa divergent one,and any curve tracing
aborted when the number of predicted iterations exceedspredItMax. Then, CMPSc retraces
those curves with more restrictive parameters. The column of Veri.Iter shows how many
times this procedurewasperformedto obtain all solutions, i.e., Veri.Iter = 1 indicates that
all of the homotopy curveswere traced once. The columnsof Trace.1,Trace.2and Trace.3
show the cpu time consumedin the 1st, the 2nd and the 3rd application of CMPSc and
Verify, respectively. The solutions of most test problems were found without retracing,
except the economic-12and reimer-n polynomials. In the economic-12case,Verify found
two homotopy curvesthat lead to approximate solutionsvery near each other, and the 2nd
application of CMPSc to those two curvessuccessfullyobtained di�eren t solutions. In the
reimer-4, -5 and -6 polynomials, there were many divergent homotopy curves that were
traced twice. In the reimer-6polynomial, tracing of somehomotopy curvesin the �rst and
the secondapplications of CMPSc was terminated becausethe the number of predicted
iterations exceededpredItMax = 2; 000 and 20; 000, respectively. The solution values are
available at [16]. The sizesof the dimensionsthat PHoM could solve for the economic-n,
katsura-n, reimer-n and noon-n polynomials were larger than the onesthat were reported
previously at [27]

The statistics for tracing homotopy curves are shown in Table 6. #Curv es meansthe
number of homotopy curves that PHoM traced. If no homotopy curve divergesas in the
economic-n polynomial, the number of curvesdeterminesthe number of solutions. Average
predictor and corrector iterations increasewith n for all of the test problems,sodoesaverage
cpu time.

7 Concluding discussions

We addressthe issuesof reliabilit y of the software package PHoM and how we deal with
larger scalepolynomial systemsin parallel implementation.

It is very di�cult to develop a perfectly reliable homotopy continuation method, if not
impossible.The main obstaclearisesin solving a systemof linear equations

D x h p(x ; t)dx = � D th
p(x ; t) or � h p(x ; t) (15)

in dx 2 Cn . As stated in Section3.1, solving this linear systemis requiredwhencomputing
predictor and corrector directions. The Jacobianmatrix D x h p(x ; t) can becomemore ill-
conditioned if the current point (x ; t) gets closer to two di�eren t homotopy curves or the
magnitude of x grows larger. We have experiencedvery ill-conditioned Jacobianmatrices
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during curve tracing for someof test problems. Tracing a homotopy curve of the economic-
12 polynomial system yielded the condition number of the Jacobian matrix larger than
1:0e+60, then solving the linear system(15) did not provide accuratesolutions,asa result,
curve tracing failed. How we resolve this di�cult y will be an important issue in future
development of PHoM. Currently, the singular value decomposition of the Jacobianmatrix
to solve (15) is utilized. Oneway to reducethe di�cult y is to incorporatemoresophisticated
techniquesto improve the accuracyof a solution of (15).

Determining whether a homotopy curve diverges is also a challenging problem with
regard to reliabilit y of PHoM. Simple techniques described in Subsection3.4 are used to
check either divergenceor convergencein present PHoM. Although they have worked well
for the problemstested so far, we may needto develop more advancedtechniques[13].

Thereexistsan e�ectiv eway to improve the reliabilit y in computing all isolatedsolutions
of a polynomial system. Given a polynomial systemto be solved, we apply PHoM several
times with di�eren t choicesof seedNumber to obtain multiple setsof approximate solutions
of the polynomial system. Then, we mergethem into a set of approximate solutions. Even
if a solution is lost in oneset, it is very unlikely that the samesolution happensto be lost
in all the other sets. Thus, reliabilit y of the mergedset should be increasedconsiderably.
Utilizing this techniqueenabledus to successfullyapproximate the solutionsof the cyclic-13
polynomial (seeweb site [16]).

Lastly, we brie
y discussparallel implementation of PHoM. The fact that all homotopy
curves can be traced independently is an important advantage of homotopy continuation
methods comparedwith algebraicmethods (for example,see[9]) basedon the useof Groeb-
ner bases.CMPSm [14] and CMPSc [15] were designedso that they could trace speci�ed
subsetsof homotopy curves. If multiple CPUs are available, tracing someof homotopy
curveson each CPU in parallel is a natural approach. In fact, somenumerical experiments
on larger scalepolynomial systemswhosesolution information is given in [16] weredonein
parallel on multiple CPUs. Computation of �ne mixed cellsby StartSystemis alsosuitable
for parallel computation asreported in the paper [25]. Thus, two modulesStartSystemand
CMPSc can be executedfor parallel computation. When the number of approximate solu-
tions generatedby CMPSc is large (e.g., larger than onemillion), executingVerify requires
a great deal of computational power and memory. Parallel implementation of this module
is neededto handle larger scalepolynomial systems.
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