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1 In tro duction

Solving polynomial systemsusing polyhedral homotopy continuation methods is achieved
by tracing the solution paths of polyhedral homotopy systems[7, 11, 18]. Main parts in
implementation of polyhedral homotopy continuation methods are computation of the �ne
mixed cells of a given polynomial system [5, 12, 16] from which we construct a family of
polyhedral (or polyhedral-linear) homotopy functions, and tracing the solution paths of the
homotopy systems[6, 9, 10, 11,19]. Successful�nding of all solutionsof a polynomial system
depends on how e�cien tly and stably numerical methods used in path tracing perform.
Hence, their numerical stabilit y is a critical issue for overall performanceof polyhedral
homotopy continuation methods.

Three important factors to determine the numerical stabilit y are magnitudesof powers
of the homotopy continuation parameter t, solving linear systemsin predictor-corrector
proceduresof tracing solution paths, and determining convergent and divergent paths in
the �nal stageof path tracing. The focus of this paper is on developing stable numerical
methods to deal with numerical challengesfrom large magnitudes of powers of t and ill-
conditioned linear systems.For details of the last factor, seethe paper [8].

High powersof the continuation parametert in polyhedral homotopy continuation meth-
ods have beenan important issueto achieve numerical stabilit y as described in [5]. When
polyhedral homotopy functions contain very high powers of the continuation parameter t,
valuesof the functions changevery rapidly during path tracing, especially near the end of
t = 1. Then, it becomesnecessaryto take very small stepsto trace, resulting in numerical
ine�ciency . One way to handle the di�cult y causedby large magnitudesof powers is to
balancethe powers by computing new lifting valuesfor the supports of a polynomial sys-
tem, which leadsto balancedpowers of the continuation parameter t [5, 6]. We can reduce
powersto someextent by this approach. However, asthe dimensionof a polynomial system
grows, magnitudesof powers of the continuation parameterbecomelarge. We encounter a
similar situation of large magnitudesof powers in larger dimensionalproblemsagain.

Tracingpaths in polyhedralhomotopy continuation methodsis implemented usingpredictor-
correctorprocedures,which involve solving linear systemswith Jacobianmatricesof a poly-
hedral homotopy system to obtain points in a solution path. Solving the linear systems
accurately is central to achieve numerical e�ciency and stabilit y for path tracing. The
accuracyof solutionsof the linear systemsmay deteriorateby nearly singular Jacobianma-
trices. While tracing solutions paths of polynomial systems,ill-conditioned linear systems
are often inevitable, for instance,when two solution paths comevery closelyor magnitudes
of somecoordinatesof a point on a solution path is extremely large. As a result, we obtain
inaccurate solution points and tracing the path becomesunsuccessful;it is impossibleto
reach the end of the path with t = 1.

The purposeof this paper is to provide stable numerical algorithms to trace solution
paths in polyhedral homotopy methods. To resolve the issuearising from large magnitudes
of powers of the continuation parameter t, we introduce a modi�ed homotopy with a new
continuation parameters usinga changeof the parametert, s = logt. This modi�ed homo-
topy enablesus to trace solution paths more accuratelywithin available machine precision.
In particular, it provides a longer distance to travel than the one from t = 0 to t = 1.
Therefore,we can trace solution paths more carefully in the sensethat suddenchangesin
valuesof homotopy functions can be reducedby taking smaller step lengths and accidental
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jumps from one solution path to another can be prevented. Various scaling techniquesto
increasethe accuracy of solutions of linear systemsin predictor-corrector proceduresare
alsopresented.

Currently availablesoftwarepackagesbasedon polyhedralhomotopy continuation meth-
ods are PHCpack [20], CMPSm [9] and PHoM [6]. PHCpack has been one of the most
successfulpolynomial systemsolvers by polyhedral homotopy continuation written in Ada
language. The packageo�ers various methods for computing �ne mixed cells and several
modesto operate. PHoM is a software packagein C++ implementing polyhedral homotopy
continuation methods from constructingof a family of polyhedral-linearhomotopy functions
to tracing solution paths. CMPSm is a MATLAB code and CMPSc [10] a C++ program
for tracing solution paths. CMPSm served as a prototype for CMPSc, which is integrated
into PHoM. It is shown that PHoM can handle larger dimensionalpolynomial systemsthan
PHCpack [6]. Numerical experiments in this paper were done using a revised version of
CMPSm, which included the modi�ed homotopy with the new continuation parameter s
and scalingtechniquesdiscussedin the succeedingsections.

This paper is organizedas follows: After discussingbasic polyhedral-linear homotopy
systems,we addressnumerical di�culties arising from tracing paths in implementation of
polyhedral-linearhomotopy methods in Section2. Theseincludesomee�ects of high powers
of the continuation parameter t and ill-conditioned Jacobianmatrices during path tracing.
In Section3, we proposea modi�ed polyhedral-linear homotopy using a nonlinear scaling
s = logt of the continuation parameter t. The modi�ed homotopy provides computational
advantages for a predictor step length control in tracing paths. Section 4 contains scal-
ing techniquesfor linear systemssuch as scalingsbasedon function values,magnitudesof
variables, and Jacobian matrices. Next, we present numerical results obtained from the
modi�ed polyhedral-linear homotopy and the scaling techniques in Section 5, and show
somee�ectivenessof the new continuation parameters and the scalingstrategies. Finally,
Section6 is devoted to concludingdiscussions.

We introduce notation and symbols for the following discussions. Let R, C and Z+

denote the set of real numbers, the set of complex numbers and the set of nonnegative
integers, respectively. For every variable vector x = (x1; x2; : : : ; xn ) 2 Cn and every a =
(a1; a2; : : : ; an ) 2 Zn

+ , we use the notation x a for the term xa1
1 xa2

2 � � � xan
n . Then we can

write any polynomial � (x ) in the variable vector x = (x1; x2; : : : ; xn ) 2 Cn as � (x ) =P
a2A c(a)x a for some�nite subsetA of Zn

+ and somec(a) 2 C (a 2 A). We call A the
support of the polynomial � (x ).

2 Some di�culties in polyhedral homotop y contin ua-
tion metho ds

2.1 A polyhedral-linear homotop y system

We computesolutionsof a systemof n polynomial equations

f (x ) � (f 1(x ); : : : ; f n(x ))T = 0 (1)
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in an n-dimensionalcomplexvector variable x � (x1; : : : ; xn ) 2 Cn . Throughout the paper,
we assumethat each component f j (x ) of f (x ) is of the form

f j (x ) =
X

a2A j

cj (a)x a ;

wherecj (a) denotesa nonzerocomplexnumber and A j � Zn
+ the support of f j (x ).

In homotopy continuation methods, we �rst de�ne a smooth homotopysystem with a
continuation parameter t 2 [0; 1]

h(x ; t) � (h1(x ; t); h2(x ; t); : : : ; hn (x ; t))T = 0

usingthe algebraicstructure of the polynomial system. Amongseveral variants of polyhedral
homotopy continuation methods, polyhedral-linear combined homotopy functions, which
were proposedby [11] as the nameof cheater's homotopy, are regardedas an e�cien t way
to implement polyhedral homotopy continuation methods. In original polyhedral homotopy
continuation methods,actual tracing of solution paths is executedtwice: oncefor polyhedral
homotopy functions and oncefor linear homotopy functions, whereastracing solution paths
is executedoncein polyhedral-linearcombined homotopy functions. The software packages
CMPSm [9] and CMPSc [10] employ a family of polyhedral-linear combined homotopy
functions hp : Cn � [0; 1] ! Cn (p = 1; 2; : : : ; `) satisfying the property that for each
isolated solution x 1 of f (x ) = 0, there exist an index p and a solution x 0 of h p(x ; 0) = 0
such that (x 0; 0) is connectedto (x 1; 1) through a homotopy path, a solution path f (� (t); t) :
t 2 [0; 1)g of h p(x ; t) = 0 in the spaceCn � R. This property is essential to compute all
isolatedsolutionsof f (x ) = 0. The construction of the family of polyhedral-linearcombined
homotopy functions is basedon computation of the �ne mixed cellsof the polynomial system
f (x ). The number ` of the polyhedral-linear combined homotopy functions in the family
corresponds to the number of �ne mixed cells.

Each component hp
j (x ; t) of h p(x ; t) is of the form

hp
j (x ; t) =

X

a2A j

�
(1 � t � =
 p )~cj (a) + t � =
 p cj (a)

�
x a t � p

j (a )=
 p

=
X

a2A j

�
~cj (a)t � p

j (a )=
 p + (cj (a) � ~cj (a)) t (� p
j (a )+ � )=
 p

�
x a : (2)

(p = 1; 2; : : : ; `). Here � and 
 p (p = 1; 2; : : : ; `) are positive parameterswhich we describe
below; � p

j (a) (a 2 A j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `) are nonnegative numbers obtained
through computation of the �ne mixed cells,and for each p and j , exactly two � p

j (a)'s among
� p

j (a) (a 2 A j ) arezeroand all othersarepositive. Hence,for each p = 1; 2; : : : ; `, the initial
systemfrom which homotopy solution paths starts is a systemof binomial equations

X

a2A 0
pj

~cj (a)x a = 0 (j = 1; 2; : : : ; n);

where A 0
pj =

�
a 2 A j : � p

j (a) = 0
	

, so that the starting points of the homotopy solution
paths can be easily computed. We can alsoverify that h p(x ; 1) = f (x ) for all x 2 Cn .
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Let

� p
max = max

�
� p

j (a) : a 2 A j ; j = 1; 2; : : : ; n
	

(p = 1; 2; : : : ; `);

� max = maxf � p
max : p = 1; 2; : : : ; `g;

� p
min = min

�
� p

j (a) : a 2 A j nA0
pj ; j = 1; 2; : : : ; n

	
(p = 1; 2; : : : ; `):

For computational purposes,we want to choose� � 1 and 
 p � 1 (p = 1; 2; : : : ; `) such
that, for each p, the minimum of positive powers

� p
j (a)=
 p (a 2 A j nA0

pj ; j = 1; 2; : : : ; n); (� p
j (a) + � )=
 p (a 2 A j ; j = 1; 2; : : : ; n)

of t of the polyhedral-linear combined homotopy function h p(x ; 0) = 0 is normalized to 1,
and that all the positive powers

� p
j (a)=
 p (a 2 A j nA0

pj ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `);
(� p

j (a) + � )=
 p (a 2 A j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `)

�
(3)

becomesmaller. Given a � > 0, we choose
 p = minf � p
min ; � g to meet the �rst requirement.

Through numerical experiments, we observed that the choice� 2 [0:01; 0:05]� � max reduces
the positive powers (3) considerably.

On the other hand, we can take a very large � such as � = 1:0e10or 1:0e20to construct
polyhedral-linear homotopieswith very large powers (3). We utilize such arti�cially highly
nonlinear homotopiesto test e�ectivenessand robustnessof the proposedtechniques.

2.2 Powers of the contin uation parameter t

Each term in hp(x ; t) has a coe�cien t ct� for somecomplex number c and nonnegative
number � . The power � of each term is a function of � p

j (a) (a 2 A j ; j = 1; 2; : : : ; n; p =
1; 2; : : : ; `) determinedby the �ne mixed cells and � > 0. Its magnitude can be very large
when � p

min is extremely small and/or � p
max is extremely large; for example,when � p

min = 0:01
and � p

max = 1; 000, � = (� p
max + � )=
 p � 100; 000 no matter how we choose� > 0 (recall

that 
 p = min f � p
min ; � g). Such huge powers may causenumerical ine�ciency and a�ects

stabilit y of tracing homotopy paths of h p(x ; t) = 0. As a way to overcomethe di�cult y,
balancing the quantities � p

j (a) (a 2 A j ; j = 1; 2; : : : ; n; p = 1; 2; : : : ; `) was proposed
in [5]. This approach is basedon computing new lifting values, which maintain the �ne
mixed cells, for the supports of the polynomial system. To balancethe quantities � p

j (a)
(a 2 A j ; j = 1; : : : ; n; p = 1; : : : ; `), we decreasethe ratio of � p

max and � p
min . However,

the numerical di�cult y remainsfor larger dimensionalpolynomials,even after balancing is
performed.

2.3 Ill-conditioned Jacobian matrices

Another obstacleto have stablenumericalalgorithms for polyhedral homotopy continuation
occurswhen we solve a linear system

D x h p(x ; t)dx = � D th
p(x ; t) or � h p(x ; t) (4)
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for dx 2 Cn . Solvingthe linear system(4) is necessarywhencomputing a predictor direction
or a corrector direction, respectively. The Jacobianmatrix D x h p(x ; t) is likely to become
moreill-conditioned if the current point (x ; t) getscloserto two di�erent homotopy paths or
the magnitude of x grows larger. Very ill-conditioned Jacobianmatricesappear in someof
polynomial systems.For instance,tracing a homotopy path of the economic-14polynomial
system yielded the condition number of the Jacobian matrix larger than 1:0e20. In that
case,a solution of the linear system(4) is not accurateand tracing solution path fails.

To improve accuracyof solutionsobtained from (4), we utilize the singular valuedecom-
position. Let Ady = b denote a target linear system to be solved, where A is an n � n
complex matrix and b 2 Cn . We obtain the singular value decomposition of A = U SV ,
whereU and V are n � n orthogonalmatrices,and S a diagonalmatriceswith nonnegative
real diagonal entries. When the minimum of nonnegative diagonal entries of S is nearly
zero (or zero), the matrix A is ill-conditioned (or singular). To cope with such a case,the
diagonalmatrix S is perturbed as

S = diag (maxf S11; � g; maxf S22; � g; : : : ; maxf S22; � g) :

Here � denotesan extremely small positive number, say � = 1:0e� 20. Then, we computethe
solution of U SV dy = b: dy = V � S � 1U � b:

Unfortunately, this approach doesnot solve the ill-conditioning of the linear system(4)
completely. We needa method to reducethe condition number of the Jacobianmatrix.

3 A change of the contin uation parameter t

3.1 A mo di�ed polyhedral-linear homotop y

We introduce a modi�ed polyhedral-linear homotopy in this section using a changeof the
continuation parametert 2 [0; 1] ass = logt. The purposeof the modi�ed polyhedral-linear
homotopy is to resolve numerical di�cult y originated from high powersof the continuation
parameter t in the homotopy functions.

Let p 2 f 1; 2; : : : ; `g be �xed. For simplicity of notation, we write the polyhedral-linear
homotopy function h p(x ; t) in (2) as h(x ; t) with no superscript p, and its component
hp

j (x ; t) as hj (x ; t). Let

' j (a) = � p
j (a)=
 p;  j (a) = (� p

j (a) + � )=
 p and ĉj (a) = cj (a) � ~cj (a)

(a 2 A j ; j = 1; 2; : : : ; n). Then, we have

hj (x ; t) =
X

a2A j

�
~cj (a)t ' j (a ) + ĉj (a)t  j (a )

�
x a : (5)

The homotopy (5) is generalin the sensethat it covers the classicallinear [3, 4], polyhedral
[7, 11, 18] and polyhedral-linear homotopies(cheater'shomotopies)[11] as special cases.If
we take ' j (a) = 0 and  j (a) = 1, we have a classicallinear homotopy. With the choicesof
� = 1 and 
 p = 1, it represents a polyhedral-linearhomotopy. And, ĉj (a) = 0 in (5) results
in a polyhedral homotopy.

For more generalhomotopieswith coe�cien t-parameter continuation, see[14].
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We usea changeof the parametert in the interval [0; 1] such that s = logt or t = exp(s)
in hj (x ; t). Then each term t ' j (a ) and t  j (a ) appearedin (5) are changedto exp(' j (a)s)
and exp( j (a)s), respectively. The modi�ed homotopy becomes

h(x ; s) = (h1(x ; s); h2(x ; s); : : : ; hn (x ; s))T ;

hj (x ; s) =
X

a2A j

(~cj (a) exp(' j (a)s) + ĉj (a) exp( j (a)s)) x a (j = 1; 2; : : : ; n):

The initial parametervalue0 in the original continuation parametert correspondsto �1 in
the modi�ed continuation parameters in theory. We can take a su�cien tly small negative
number s0 in practice such that

exp(' j (a)s0) (a 2 A j nA0
j ; j = 1; 2; : : : ; n) and exp( j (a)s0) (a 2 A j ; j = 1; 2; : : : ; n)

are all negligibly small positive numbers,and that we can employ

h(x ; s0) = (h1(x ; s0); h2(x ; s0); : : : ; hn (x ; s0))T ;

hj (x ; s0) =
X

a2A 0
j

~cj (a)x a exp(' j (a)s0) (j = 1; 2; : : : ; n)

asa starting systemof binomial equations;for example,take s0 = � 20 or � 50 in the double
precisionarithmetic.

3.2 An advantage of the mo di�ed polyhedral-linear homotop y

We trace a solution path of the homotopy systemof polynomial equationswith the modi�ed
polyhedral-linear homotopy,

hj (x ; s) �
X

a2A j

(~cj (a) exp(' j (a)s) + ĉj (a) exp( j (a)s)) x a = 0 (j = 1; 2; : : : ; n) (6)

by applying a predictor-correctorprocedure.Now, the continuation parameters starts from
s = s0 < 0 and terminates at s = 0. As the continuation parameters < 0 approaches0, a
smaller step length ds > 0 satisfying s + ds � 0 is required. When a �xed �nite precision
arithmetic for numerical computation is used,the new parameterizations 2 (�1 ; 0] works
e�ectively near 0. Namely, we can usean s < 0 very closeto 0; for example,s = 1:0e-200
in the doubleprecisionarithmetic. Furthermore, we can take a smallerpositive step length
than the magnitude of s < 0; when s = 1:0e-200, ds can be 1:23e-203 so that s + ds =
1:00123e-200 is numerically meaningful in the double precisionarithmetic.

For most of polynomial systems,such an extremely small step length ds may not be
necessary. However, there exist somehomotopy systemswhose' j (a) and  j (a) can be
extremely large positive numbers. For instance, supposethat  j (a) = 1:0e10. If we take
s = � 1:0e-20and ds = 1:0e-22, then  j (a)s = � 1:0e-10and the valuest  j (a ) = exp( j (a)s)
and t  j (a )

+ = exp( j (a)(s + ds)) in the t-spacecorresponding to s and s+ = s + ds in the
s-spacebecome9:999999999000000e-01and 9:999999998990000e-01,respectively. Thus,
taking such small s and ds are necessaryand e�ective in this case. It should be noted
that neither t nor t+ can not be numerically distinguishablefrom 1 in the double precision
arithmetic. Hencethe original polyhedral-linear homotopy system with the continuation
parameter t 2 [0; 1] would encounter a di�cult y in dealing with such a casee�ectively.
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3.3 Bounding changes of the coe�cien ts depending on the con-
tin uation parameter in predictor iterations

An additional important feature of the new parameterization using s 2 (�1 ; 0] is that
it can provide an e�ective technique to bound changesof the numbers exp(' j (a)s) and
exp( j (a)s) (a 2 A j ; j = 1; 2; : : : ; n) in the coe�cien ts, depending on the continuation
parameter s in predictor iterations. Supposethat ( �x ; �s) 2 Cn � (�1 ; 0) be the current
iterate that lies approximately on a homotopy solution path;

hj ( �x ; �s) �
X

a2A j

(~cj (a) exp(' j (a)�s) + ĉj (a) exp( j (a)�s)) �x a � 0 (j = 1; 2; : : : ; n):

Then, we computea direction (dx ; 1) by solving the linear systemof equations

D x h( �x ; �s)dx + D sh( �x ; �s) = 0:

Now we want to choosea step length ds > 0 that determinesa predicted point (x + ; s+ ) =
( �x ; �s) + ds(dx ; 1). Note that s+ needsto remain nonpositive. From (x + ; s+ ), we apply
the corrector iteration to �nd a point on the homotopy solution path. In general, the
predictedpoint (x + ; s+ ) deviatesmore from the homotopy solution path aswe take a larger
ds = s+ � �s. Although we want to take a larger step length ds = s+ � �s to reducethe number
of predictor iterations, we needto choosea step length ds = s+ � �s so that the corrector
procedurefrom (x + ; s+ ) securelygeneratesa sequenceof f (x k ; �s)g converging to a point on
the samehomotopy solution path. For this purpose,we derive below an upper bound for
ds so that the changes

exp(' j (a)s+ ) � exp(' j (a)�s); exp( j (a)s+ ) � exp( j (a)�s) (a 2 A j ; j = 1; 2; : : : ; n) (7)

of the coe�cien ts

exp(' j (a)s); exp( j (a)s) (a 2 A j ; j = 1; 2; : : : ; n);

do not exceeda given �xed positive number � . Notice that all the changesin (7) are
nonnegative whenever ds � 0.

Let us consider the term exp(�s ) and investigate how it changesfrom s = �s to s =
�s + � (� �s) = (1 � � ) �s, where� � 1 and � 2 [0; 1). Then we observe that

0 � exp(� �s(1 � � )) � exp(� �s) � � � �s� exp(� �s(1 � � )) :

We now regard � (� ) � � � �s� exp(� �s(1 � � )) as a function of � , then

� 0(� ) = � �s� (1 + � �s(1 � � )) exp(� �s(1 � � )) ;

� 0(� ) > 0 if � < 1=(� �s(1 � � )) ;

� 0(� ) = 0 if � = 1=(� �s(1 � � )) ;

� 0(� ) < 0 if � > 1=(� �s(1 � � )) :

Hence, � (� ) attains the maximum �= ((1 � � ) exp(1)) at the solution � = 1=(� �s(1 � � ))
over the set of nonnegative numbers, and for every � 2 [1; � max ] and every � 2 [0; 1),

� (� ) �
�

�= ((1 � � ) exp(1)) if 1=(� �s) � � max ;
� � max �s� exp(� max �s(1 � � )) � � � max �s� if � max � 1=(� �s)
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Therefore, if �s < 0 and � 2 [0; 1) satisfy the set of inequalities

1 � � � max �s and �= ((1 � � ) exp(1)) � � (i.e. � � � exp(1)=(1 + � exp(1)))

or the set of inequalities

� � max �s � 1 and � � �= (� � max �s);

then

0 � exp(� �s(1 � � )) � exp(� �s) � � (� ) � �

holds independent of � � 1.

4 Scaling strategies for linear systems

In this section, we addressnumerical aspects of solving linear systems. As discussedin
Section2, we encounter ill-conditioned linear systemsfrequently in predictor-correctorpro-
cedures.To improve the numerical stabilit y of path tracing, we present three scalingtech-
niques;a scalingbasedon function values,a scalingbasedon magnitudesof variablesand a
scalingbasedon Jacobianmatrices. Thesethree scalingsareusedto improve ill-conditioned
linear systems.The �rst scalingis alsousedin a stopping criterion for corrector iterations.
The e�ectivenessof thesescalingsare shown with numerical results in Section5. Through-
out this section,let (~x ; ~s) 2 Cn � (� s0; 0] be a �xed point at which we perform the scalings.

4.1 A scaling based on function values

We investigatehow much accuracywe require to stop iterations in our corrector procedure,
and derive a way to scale the homotopy function in this subsection. Recall that each
component of the value of the homotopy function h( ~x ; ~s) is of the form

hj (~x ; ~s) �
X

a2A j

(~cj (a) exp(' j (a)~s) + ĉj (a) exp( j (a)~s)) ~x a (j = 1; 2; : : : ; n):

For every j , let � f
j denotethe maximum of the absolutevaluesof all the terms appearedin

the sum:

� f
j = max

a2A j

� �
�(~cj (a) exp(' j (a)~s) + ĉj (a) exp( j (a)~s)) ~x a �

� 	 :

Roundo� errors in the evaluation of hj (~x ; ~s) are expected to be proportional to � f
j . Given

a su�cien tly small positive � , it is reasonableto require for an approximate solution ( ~x ; ~s)
of h(x ; s) = 0 to satisfy

hj (~x ; ~s)=max
n

� f
j ; 1

o
� � (j = 1; 2; : : : ; n) or




 � f h(~x ; ~s)






1
� �;

where
� f = diag

�
1=maxf � f

1 ; 1g; 1=maxf � f
2 ; 1g; : : : ; 1=maxf � f

n ; 1g
�

:

We usethe diagonalmatrix � f when evaluating the homotopy function h( ~x ; ~s).
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4.2 A scaling based on magnitudes of variables

De�ne the diagonalmatrix

� v = diag (max fj ~x1j; 1g; maxfj ~x2j; 1g ; : : : ; maxfj ~xn j; 1g) ;

and considerthe linear scalingx 2 Cn ! y 2 Cn such that

x = � vy or y = (� v)� 1x :

Then,

D y h(� vy ; ~s) = D x h(� vy ; ~s)� v = D x h(x ; ~s)� v:

Thus the linear scalingx 2 Cn ! (� v)� 1y 2 Cn inducesa columnscalingwith the diagonal
matrix � v for the Jacobianmatrix of h(x ; ~s) with respect to x .

4.3 Scaling based on Jacobian matrices

The Newton systemfor a corrector direction dx is of the form

D x h(~x ; ~s)dx = � h(~x ; ~s): (8)

We �rst apply the row scaling� f and the column scaling� v to the systemas follows:

� f D x h(~x ; ~s)� vdy = � � f h(~x ; ~s); dx = � vdy : (9)

For each j = 1; 2; : : : ; n, let

� r
j = the maximum of the absolutevaluesof all the n terms in the j th row of

the coe�cien t matrix � f D x h(~x ; ~s)� v;

� r
j = maxf � r

j 1g:

We further apply another row scalingmatrix

� r = diag (1=� r
1; 1=� r

2; : : : ; 1=� r
n ) :

to (9). Finally, we obtain the scaledNewton system

� r � f D x h(~x ; ~s)� vdy = � � r � f h(~x ; ~s); dx = � vdy : (10)

As a stopping criterion for corrector iterations, the following is used.



 � f h(~x ; ~s)






1
� � h andkdx k � � x ; (11)

where� h > 0 and � x > 0.
Now, we focusour attention to the Newton systemfor the predictor direction (dx ; 1)

D x h(~x ; ~s)dx = � D sh(~x ; ~s): (12)

We apply the samescalingsas the onesin the predictor procedure:

� r � f D x h(~x ; ~s)� vdy = � � r � f D sh(~x ; ~s); dx = � vdy : (13)

9



5 Numerical exp erimen ts

We show numerical results obtained from numerical experiments focusedon high powersof
the continuation parametert and ill-conditioned Jacobianmatrices. All the tests weredone
using a revisedversion of CMPSm [9], which is a MATLAB program for tracing solution
paths of the polyhedral-linearhomotopiesh p(x ; t) given in (2). The original CMPSm served
asa prototype for CMPSc [9], a C++ program for tracing solution paths of the samehomo-
topies, and PHoM [6], a C++ program package, including CMPSc, for solving polynomial
systems.

For numerical tests on very high powersof the continuation parameter t, we usedprob-
lems as reimer-4 [17], noon-5 [15], katsura-7 [1] and economic-14[13] polynomials. The
original polyhedral-linearhomotopies(2) with � = 1 and 
 p = 1 for thesepolynomialscon-
tain somepowers of t ranging up to the order of magnitude 1:0e5,which are large enough
to causepossiblenumerical di�culties when implementing polyhedral-linearhomotopy con-
tinuation method in a naive way. We expect to have much larger magnitudesof powersof t,
asthe dimensionn of the polynomials increase.To test the e�ects of extremelyhigh powers
of t, we createhighly nonlinear homotopy using (2). Speci�cally, huge powers are created
arti�cially without applying any balancing technique and/or by choosinga large � such as
� = 1:0e10; 1:0e20in the modi�ed homotopy (2); the original CMPSm can not correctly
work on thoseresulting homotopies.

We have noticed from various numerical experiments that very ill-conditioned Jacobian
matrices occur at a point x with a huge magnitude, e.g., kx k > 1:0e10. To observe the
e�ectivenessof the scalingtechniques,we similarly madethe magnitude of powersof t very
large by changing the valuesof � in (2).

In the following tables, we use the notation in Table 1. We compute the averageand
maximum of several quantities obtained while tracing all the paths used for tests. More
precisely, tracing one path provides the information such as the maximum power of t, the
number of predictor iterations, the last value of the continuation parameter s usedbefore
reaching s = 0, kf (x̂ )k1 at a solution x̂ , and the minimum singular value of D f (x̂ ) at x̂ .
After tracing all the paths, we �nd the averageand the maximum of thesevaluesof all the
paths.

5.1 Tracing with increased powers of t

We summarizenumerical results for increasedpowers of t in Tables2, 3, 4 and 5. Each
table contains increasedpowersof t up to 1:0e20.We mention that all the paths weretraced
correctly to the samesolutions for the three di�erent cases.In particular, we could trace
the paths in the row Max.power = 1:0e20of all the tables, and arrived safelyat the end of
path tracing. Even with the increasedpowersof t, we notice that the growth in the numbers
of predictor and corrector iterations wasnot very largeasindicated in the secondand third
columns of the tables. The fourth column of the tables shows the last point of the new
continuation parameters that wasusedin the last corrector iteration beforereaching s = 0.
The averageand the maximum valuesof s for increasedpowers of t shown in the second
and third rows are very near to 0, (e.g., � 8:72e-30in the last row of Table 5) which means
that tracing path can continue to very closeto the terminal value 0 in the continuation
parameter s. This is an advantage of tracing with the parameter s becausewe have not
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Av.max.power the averageof maximum powers of t of each path.
Max.max.power the maximum of powers of t of each path.
Conv.div convergenceto nonsingularor singular solutions, or divergence.
Av.pred.it the averagenumber of predictor iterations per path.
Av.cor.it the averagenumber of corrector iterations per path.
Max.pred.it the maximum number of predictor iterations per path.
Max.cor.it the maximum number of corrector iterations per path.
Av.last.s the averageof the last points of s < 0 of all the paths.
Max.last.s the maximum of the last points of s < 0 of all the paths.
Av.kf (x̂ )k1 the averageof kf (x̂ )k1 's at solution x̂ 's.
Max.kf (x̂ )k1 the maximum of kf (x̂ )k1 's at solution x̂ 's.
Av.min.� the averageof the minimum singular valuesof Df (x̂ )'s
Max.min.� the maximum of the minimum singular valuesof Df (x̂ )'s
Av.max.K (Df ) the averageof the maximum condition numbers of Df (x̂ )'s
Max.max.K (Df ) the maximum of the maximum condition numbers of Df (x̂ )'s

Table 1: Notation

Av.power Av.pred.it Av.cor.it Av.last.s Av.kf (x̂ )k1

(Max.power) (Max.pred.it) (Max.cor.it) (Max.last.s) (Max.kf (x̂ )k1 )
2.22e1(2.22e1) 77.2(126) 159.5(276) -6.92e-7(-9.57e-16) 1.16e-15(2.12e-15)
1.00e10(1.00e10) 127.2(183) 203.6(344) -1.10e-15(-2.32e-24) 2.33e-15(1.79e-14)
1.00e20(1.00e20) 158.5(211) 200.3(321) -1.12e-25(-2.04e-34) 1.23e-15(3.20e-15)

Table 2: The reimer-4 polynomial: 36 paths among 120 paths converged to nonsingular
solutions.

beenable to trace with the original parameter t such closeto the terminal value 1.

5.2 Obtaining singular solutions

We tested whether the modi�ed polyhedral-linear homotopy with the continuation param-
eter s would be e�ective to �nd singular solutions. The test problems included cyclic-8,
cyclic-9 and cyclic-13 polynomials that are known to have singular solutions. Tables6, 7
and 8 show summarizedresults for cyclic-8, cyclic-9 and cyclic-13, respectively. The rows

Av.power Av.pred.it Av.cor.it Av.last.s kf (x̂ )k1

(Max.power) (Max.pred.it) (Max.cor.it) (Max.last.s) (Max.kf (x̂ )k1 )
5.53e2(1.36e3) 85.6(154) 168.3(329) -1.30e-8(-3.91e-10) 1.88e-15(3.97e-15)
2.01e9(1.00e10) 121.6(208) 205.5(417) -1.13e-15(-3.60e-18) 1.89e-15(4.37e-15)
2.01e19(1.00e20) 154.1(237) 200.9(408) -1.19e-25(-3.54e-28) 1.81e-15(5.18e-15)

Table 3: The noon-5 polynomial: 233paths convergedto nonsingularsolutions

11



Av.power Av.pred.it Av.cor.it Av.last.s Av.kf (x̂ )k1

(Max.power) (Max.pred.it) (Max.cor.it) (Max.last.s) (Max.kf (x̂ )k1 )
1.03e2(1.15e2) 81.9(142) 168.3(295) -2.65e-8(-4.13e-9) 5.39e-16(1.05e-15)
1.51e9(1.00e10) 161.6(256) 297.0(510) -1.11e-16(-3.26e-18) 9.25e-16(1.88e-15)
1.51e19(1.00e20) 194.7(291) 289.8(496) -1.20e-26(-3.86e-28) 9.31e-16(2.05e-15)

Table 4: The katsura-7 polynomial: 128paths convergedto nonsingularsolutions

Av.power Av.pred.it Av.cor.it Av.last.s Av.kf (x̂ )k1

(Max.power) (Max.pred.it) (Max.cor.it) (Max.last.s) (Max.kf (x̂ )k1 )
3.99e4(2.185) 155.8(363) 328.5(837) -4.10e-11(-9.68e-17) 2.73e-11(1.03e-8)
2.66e9(1.00e10) 216.1(406) 431.1(859) -1.34e-16(-8.13e-21) 2.47e-11(6.49e-9)
1.91e18(1.00e20) 244.7(424) 425.6(861) -3.07e-25(-8.72e-30) 2.04e-11(4.12e-9)

Table 5: The economic-14polynomial: 4096paths convergedto nonsingularsolutions

of the tables contain information for nonsingular,singular solutions and divergence.
The mixed volumes of them are 2,560, 11,016 and 2,704,156,which amount to the

total numbers of homotopy paths, respectively. Using a symmetric structure [2] of the
cyclic polynomials, we only have to trace 320= 2560=8; 1; 224= 11016=9 and 208; 012=
2; 704; 156=13 homotopy paths, respectively, to approximate all of their isolated solutions.

It is known that the cyclic-8polynomial has1152isolatednonsingularsolutions. Hence,
taking account of the symmetry, 144 = 1; 152=8 homotopy paths among 320 = 2560=8
convergeto isolatednonsingularsolutions,which coincideswith the numerical experiments
shown in Table6. The cyclic-8problemalsohassolution components with a positive dimen-
sion. The singular solutionsobtained in Table 6 are points on thosesolution components.

The cyclic-9 polynomial has 5; 994 isolated nonsingularsolutions, and 162 isolated sin-
gular solutions with multiplicit y 4. In Table 7, 666 = 5; 994=9 paths correctly reach to
nonsingular solutions, and 72 = (162=9) � 4 paths correctly attain isolated singular solu-
tions with multiplicit y 4.

Even if we utilize the symmetric structure, the number of homotopy paths to be traced
for computing all isolatedsolutionsof the cyclic-13polynomial is 208; 012. This is too many
for CMPSm to handle on a singlemachine, so that we chose1618paths from 1000mixed
cellsusing the symmetric structure for the numerical experiments shown in Table 8.

As shown in the last columnsof Tables6, 7 and 8, singular solutionshave much smaller
minimum singular values of Jacobian matrices than nonsingular solutions. (e.g., 7:68e-1
and 1:55e-7,respectively in Table 6) In addition, the valuesof the continuation parameter
s from which s proceededto its terminal value s = 0 in the fourth columns of the tables
are very small in the casesof singular solutions, comparedwith the casesof nonsingular
solutions and divergent paths. We note that singular solutions achieve a relatively good
accuracyin terms of function values,indicated under the column of kf (x̂ )k1 . We observe
that improved numerical stabilit y through the new continuation parameters makestracing
path possibleto extremely small valuesof s and enablesus to compute singular solutions
with higher accuracy.
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Conv.div Av.pred.it Av.cor.it Av.last.s Av.kf (x̂ )k1 Av.min.�
(Max.pred.it) (Max.cor.it) (Max.last.s) (Max.kf (x̂ )k1 ) (Max.min.� )

Nonsingular 104.6 227.2 -3.60e-8 8.52e-15 7.68e-1
solutions (170) (370) (-5.06e-9) (8.47e-14) (2.19e)
Singular 117.1 296.5 -4.61e-16 4.52e-10 1.55e-7
solutions (172) (452) (-1.27e-16) (5.04e-8) (5.10e-7)
Divergent 125.0 281.0 -1.36e-6 - -
paths (199) (437) (-6.07e-7) - -

Table 6: The cyclic-8 polynomial: the averageand the maximum powers of t for the paths
traced were 1.20e2and 3.32e2,respectively. Total 320 paths, amongwhich 144paths con-
verged to nonsingular solutions, 112 paths converged to singular solutions and 64 paths
diverged.

Conv.div Av.pred.it Av.cor.it Av.last.s Av.kf (x̂ )k1 Av.min.�
(Max.pred.it) (Max.cor.it) (Max.last.s) (Max.kf (x̂ )k1 ) (Max.min.� )

Nonsingular 125.1 263.4 -9.42e-11 1.60e-14 8.62e-1
solutions (655) (1189) (-1.25e-11) (1.68e-13) (1.56e0)
Singular 122.3 353.9 -1.11e-21 3.37e-13 4.53e-7
solutions (199) (500) (-2.45e-22) (8.40e-13) (7.81e-7)
Divergent 187.5 448.6 -2.18e-9 - -
paths (787) (1503) (-2.07e-14) - -

Table 7: The cyclic-9 polynomial: total 1224paths, amongwhich 666 paths convergedto
nonsingularsolutions,72paths convergedto singular solutionsand 486paths diverged. The
averageof the maximum powers (the maximum of the maximum powers) is 4:86e4 (1:30e5)
of all paths.

Conv.div Av.pred.it Av.cor.it Av.last.s Av.kf (x̂ )k1 Av.min.�
(Max.pred.it) (Max.cor.it) (Max.last.s) (Max.kf (x̂ )k1 ) (Max.min.� )

Nonsingular 222.0 427.8 -1.51e-15 3.90e-14 5.64e-1
solutions (1516) (2997) (-3.09e-16) (1.83e-12) (1.87e0)
Singular 258.4 678.8 -1.39e-21 2.12e-13 1.92e-8
solutions (621) (1411) (-9.62e-22) (2.60e-13) (2.57e-8)

Table 8: The cyclic-13 polynomial: total 1618 paths from 1000 cells, among which 1613
paths converged to nonsingular solutions, 4 paths converged to singular solutions. The
averageof the maximum powers (the maximum of the maxium powers) is 5:32e4 (1:85e5)
of all paths.
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5.3 Computing with ill-conditioned Jacobian matrices

E�ectiv enessof the scaling techniquesdescribed in Section4 were tested numerically. The
cyclic-13 and economic-14polynomials were chosenas test problems becausethey often
yield ill-conditioned Jacobianmatriceswhile tracing homotopy paths. For each numerically
traced homotopy path � in Table 5 for the economic-14polynomial and Table 8 for the
cyclic-13polynomial, we computed

max.norm(� ) = maxfk x k : (x ; s) 2 � g :

We selected20 homotopy paths � with max.norm(� ) � 1:0e12 from Table 5, and 20
homotopy paths � with max.norm(� ) � 1:0e6 from Table 8. The averages(the maximum)
of max.norm(� ) over those20 paths are 7:60e16(8:08e17)and 3:47e6(3:66e7),respectively.
Tables 9 and 10 show the e�ectivenessof the three scalingspresented in Section 4 when
they are applied to those20 paths, respectively. Each row in Tables9 and 10 indicates (a)
no scaling,(b) the scalingbasedon function valuesdescribed in subsection4.1, (c) the two
scalingsbasedon function valuesand magnitudesof variables, in subsections4.1 and 4.2,
respectively, and (d) the three scalingsbasedon function values,magnitudesof variables
and Jacobianmatrices in subsections4.1, 4.2 and 4.3, respectively.

Table 9 shows that (a) no scaling resulted in failure to obtain solutions. However,
we could �nd nonsingular solutions successfullyin cases(b), (c) and (d). As we applied
more scaling techniquesfrom (a) to (d), the numbers of predictor and corrector iterations
were reduced, and/or the maximum of the condition numbers of the Jacobian matrices
decreased.The last points of s < 0 were much closerto s = 0 for (b), (c) and (d) than for
(a). Consequently, we cansay that the scalingshelped to stabilize the numerical algorithms
and increasethe e�ciency for the problems.

In Table 10, with (a) no scaling and (b) the scaling basedon function values, only 6
paths out of the 20 paths convergedto nonsingularsolutions and tracing the rest 14 paths
endedin the middle, resulting too small predictor step lengths to continue in the adaptive
path tracing. When we used the two scalingsbasedon function values and magnitudes
of variables as in (c) and (d), we succeededto �nd all twenty nonsingular solutions. The
condition numbers of the Jacobianmatrices for (c) and (d) were smaller than those of (a)
and (b), and the valuesof s < 0 were closer to s = 0 for (c) and (d). The two scalings
usedin (c) and (d) provided stabilit y in tracing. The e�ectivenessof the scalingbasedon
Jacobian matrices is not clear in Table 10 except that it slightly improves the condition
numbers of Jacobianmatrices.

In the case(a) and/or (b) in Tables9 and 10, tracing all or somepaths were failed. We
can concludefrom the numerical results that the two scalingsbasedon function valuesand
magnitudesof variables work e�ectively, and that the scaling basedon Jacobian matrices
improvescondition numbers of the Jacobianmatrix.

6 Concluding discussions

Polyhedral homotopy continuation methods have been known as an e�cien t and reliable
way to compute all isolated solutions of a polynomial system of equations. However, an
implementation without a proper handling of large magnitudes of powers of t limits the
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Scalings Av.pred.it Av.cor.it Av.last.s Av.kf (x̂ )k1 Av.max.K (Df )
(Max.pred.it) (Max.cor.it) (Max.last.s) (Max.kf (x̂ )k1 ) (Max.max.K (Df ))

(a) 271.8 866.4 -6.09e-5 - -
(360) (1233) (-6.80e-11) - -

(b) 303.9 710.0 -6.80e-18 9.90e-11 5.83e28
(390) (869) (-1.46e-19) (7.54e-10) (9.66e29)

(c) 303.4 699.0 -6.80e-18 8.95e-11 2.65e11
(390) (859) (-1.25e-19) (8.43e-10) (4.12e12)

(d) 303.4 699.0 -6.80e-18 7.20e-11 1.45e8
(390) (859) (-1.25e-19) (5.87e-10) (1.40e9)

Table9: 20homotopy paths from the economic-14polynomial: (a) no scaling,(b) the scaling
basedon function values,(c) the two scalingsbasedon function valuesand magnitudesof
variables,and (d) the three scalingsbasedon function values,magnitudesof variablesand
Jacobianmatrices.

Scalings Av.pred.it Av.cor.it Av.last.s Av.kf (x̂ )k1 Av.max.K (Df )
(Max.pred.it) (Max.cor.it) (Max.last.s) (Max.kf (x̂ )k1 ) (Max.max.K (Df ))

(a) 625.3 2099.9 -4.38e-5 1.56e-14 7.74e17
(1001) (4167) (-1.20e-11) (9.87e-14) (6.55e18)

(b) 820.8 1253.7 -5.60e-5 4.88e-14 2.04e18
(1861) (2206) (-3.21e-12) (1.05e-13) (1.31e19)

(c) 652.6 1330.9 -5.31e-11 5.81e-14 5.57e12
(1185) (2206) (-1.93e-18) (2.67e-13) (5.13e13)

(d) 652.2 1330.0 -5.76e-11 6.56e-14 3.40e12
(1185) (2206) (-1.93e-18) (2.57e-13) (3.86e13)

Table 10: 20 homotopy paths from the cyclic-13polynomial: (a) no scaling,(b) the scaling
basedon function values,(c) the two scalingsbasedon function valuesand magnitudesof
variables,and (d) the three scalingsbasedon function values,magnitudesof variablesand
Jacobianmatrices.

15



capability to solve variouspolynomial systems.The highestpower of t that we wereable to
deal with so far is about 1:0e5in the cyclic-13 polynomial. We have presented a modi�ed
polyhedral-linear homotopy function with the continuation parameter s using a changeof
the continuation parameter t. Although the polyhedral-linear homotopy function obtained
from this scaling is equivalent to the original one mathematically, it provides a convenient
tool to improve the numerical stabilit y in path tracing with extremely high powers of t.

The proposedpolyhedral-linearhomotopy function hasshown to besuccessfulfor tracing
paths with powers of the original parameter t up to 1:0e20.

Therefore,we can challengepolynomials with larger dimensions(e.g. the cyclic-14and
economic-15polynomials) employing the modi�ed homotopy function from the viewpoint
of powers of t.

As shown in Section 3, we can use extremely small step lengths at the end of tracing
nears = 0 with the newcontinuation parameters, and singular solutionsare obtained with
high accuracy.

The scaling techniquesin Section4 have beene�ective to resolve numerical di�culties
in solving ill-conditioned linear systemsassociated with predictor-correctorprocedures.For
some cases,the scaling basedon Jacobian matrices does not always decreasecondition
numbersof Jacobianmatricesgreatly aswe have seenin Table10. We may needto develop
more e�ective techniquesto improve ill-conditioning of linear systems.
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