DIPARTIMENTODI MATEMATICA
PURAED APPLICAA\G. VITALI"

Gradien t Pro jection Metho ds for
Quadratic Programs and
Applications in Training Supp ort
Vector Mac hines

T. Serafini, G. Zanghira ti, L. Zanni

Revisedon July 2003

Preprint nr. 48 (Febbraio 2003)

Universit a degli Studi di Modena



GRADIENT PROJECTION METHODS FOR QUADRA TIC
PROGRAMS AND APPLICA TIONS IN TRAINING SUPPOR T
VECTOR MA CHINES

THOMAS SERAFINIYY GAETANO ZANGHIRATI 22 LUCA ZANNI Y

February 2003. RevisedJuly 2003.

1Dipartimento di Matematica, Universita di Modena e Reggio Emilia, via Campi 213/b, 41100 Modena, Italy;
2Dipartimento di Matematica, Universita di Ferrara, via Machiavelli 35, 44100 Ferrara, Italy.

Gradient projection methods based on the Barzilai-Borw ein spectral steplength choices are considered for quadratic
programming problems with simple constraints. Well known nonmonotone spectral projected gradient methods and
variable projection methods are discussed. For both approaches the behavior of dierent combinations of the two
spectral steplengths is investigated. A new adaptiv e stplength alternating rule is proposed, that becomesthe basis for
a generalized version of variable projection method (GVPM). Convergenceresults are given for the proposedapproach
and its e ectiv enessis showvn by means of an extensive computational study on seweral test problems, including the
special quadratic programs arising in training support vector machines. Finally, the GVPM behavior asinner QP solver
in decomposition techniques for large-scalesupport vector machines is also evaluated.
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1 Intro duction

The aim of this work is to analysegradient projection methods for minimizing quadratic functions on nonempty
closedcorvex setsde ned by simple constraints. Particular interest is devoted to a special problem of this type:
the convex quadratic programming (QP) problem with box constraints and a single linear equality constraint
arising in training the learning methodology named support vector machine (SVM).

Gradient projection methods appear promising approaces for the above problems since they are based
on successie projections on the feasible region, which are nonexpensive operations when the constraints are
simple. Furthermore, their low memory requiremerts and extreme simplicity make them attractiv e for large-
scaleproblems, both in scalarand parallel environments. On the other hand, it is well known that thesemethods
may exhibit very slow convergenceif not combined with appropriate steplength selections.

Here we deal with gradient projection methods that exploit the two spectral steplengths introduced by
Barzilai and Borwein in [1] for the unconstrained case. We considera nonmonotonespectral projected gradient
method developed in [3] and the variable projection methods introducedin [33, 34]. Evenif the two approaches

canexploit the samesteplength selectionsand can be described within the samegradient projection scheme,they
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presert considerabledi erences. In fact, the method in [3] usesa nonmonotonelineseard technique [20], while
the variable projection methods use a limited minimization rule as (monotone) lineseart procedure [2]. For
both sthemeswe are interestedin investigating the improvemerts arising from somekinds of alternation between
the two BB rules. This analysisis motivated by the promising results recertly obtained in [18, 19, 21, 38] with
di erent alternating strategies. In the nonmonotone gradient method for unconstrained problems described in
[21], an alternation at ead iteration betweenthe two BB rules is suggested,while in the variable projection
method for SVM QP problems discussedin [18, 19, 38|, an alternation every three iterations is recommended.
In this paper, we verify the e ectiv enessof these alternating strategies for both SPGM and VPM; moreover,
we intro duce a generalizedVPM version basedon an adaptive alternating strategy for the steplength selection.
For the generalizedscheme,that includes VPMs as special caseswe give both the convergenceanalysisand the
numerical evidencesof its promising performances. We evaluate the behavior of the consideredapproaceson
seweral test problems and, in particular, on the QP problem arising in training standard SVMs (see[17] and
the referencegherein for optimization problemsin nonstandard SVMs).

Sincewe are specially interested to this last problem, we briey recall its main features[4, 7, 8, 37]. Given

a training set of labelled examples
D="f(zi;yi); i=1::5;n; z;2R™; v 2f 1;1g0;

the SVM algorithm performs classi cation of new examplesz 2 R™ by using a decision function F : R™ !

f 1;1g, of the form I

X
F(z) = sign X;ViK(z;zi)+ b ; ()
i=1

in which K : R™ R™ I R denotesa special kernel function and x = (x;;:::;x,)" is the solution of

min  F(x) = %XTGX Xi
i=1 2)

sub: to P LViXi = 0
0 x; G j= L

where G hasertries G; = yiy;K(zi;z;), i;j = 1,2;:::;n, and C is a parameter of the SVM algorithm. Once
the vector x is computed, the quantity b 2 R in (1) may be is easily derived. A training examplez; is called
supprt vector (SV) if the corresponding x; is nonzeroand bound support vector (BSV) if x; = C. Widely used
kernelfunctions arethe linear kernel(K (zi; z;) = z{ z;), the polynomial kernel (K (zi;zj) = (1+z] z; Y4 d2 N)
and the Gaussiankernel (K (zi;z;) = exp(kzi z;k3=(2 2)); 2 R). Sincethe matrix G corresponding to
thesekernelsis in generaldenseand in many real-world applications its sizeis very large (n ~ 10%), the training
phaseof an SVM leadsto a challenging QP problem. In fact, standard QP solversbasedon explicit storageof G
cannot be usedand strategiesthat exploit the special features of the problem are absolutely necessary Among
these strategies, decomppsition techniques are certainly the most investigated (see[12] for a di erent approac

in linear SVMs). They consistin splitting the large problem (2) into a sequenceof smaller QP subproblems

that can t into the available memory. The padkagesin [14, 31] are designedfor subproblemsof size 2 which are



analytically solvable, while the techniquesin [5, 6, 22, 23, 29, 38| have the subproblem sizeas a parameter and
they needa numerical QP solver. In thesecasesa crucial questionis what kind of QP solver is most cornveniert.
The numerical experimernts of this work show that the consideredgradient projection methods are very e ectiv e
inner solvers for decomposition techniques and may be useful to improve the performance of existing padages
or to designnew decomposition schemes.

The paper is organizedas follows. Section 2 states the consideredgradient projection approadces,section 3
preserts a numerical comparison of the methods, section 4 shows their e ectiv enessas inner solvers for SVMs

decomposition techniquesand, nally , section 5 draws someconclusions.

2 Two Gradient Pro jection Approac hes for Quadratic Programs

We considerthe numerical solution of the quadratic program
min  f(x) = }xTGx+ q'x (3)
X2 2

where G isan n n symmetric matrix, g;x 2 R" and R" is a nonempty closed convex set de ned by
simple constraints. Throughout the paper, P () denotesthe orthogonal projection on . We are interested in

solving this problem by gradient projection methods that fall in the following generalscheme:

Algorithm  GPM (Gradient Projection Methods)

Step 1. Initialization . Let x@ 2 | 0< min < max, 02 [ min; max]; Setk = 0.
Step 2. Projection. Terminate if x(¥) satis es a stopping criterion; otherwise compute the direction
d=p x® (GxM +q) xW: (4)
Step 3. Linesearch. Compute
x (KD = y(K) 4 gk 2 (0:1]
where  is a stepsizedetermined by a lineseard procedure.

Step 4. Updating. Compute +1 2 [ min; max), S€tk  k+ 1 and goto step 2.

We analysegradient projection methodsthat usean .; steplength selectionbasedon the Barzilai-Borw ein

(BB) spectral rules:

T
@ _ (x (KD ) ()T (x (k+D) (k) _ d® " g . o
Kl o (x(k+D)  x ()T G(x(k*D)  x(K) d(k)T Gd® ;

T
@ _ (xED xO)TGx D xk) ¢l Gd®)

k+l ~ (x(k+D)  x ()T G2(x(k*)  x (k) - d(k)TGZd(k). (6)

In particular we concerrrate on the nonmonotone spectral projected gradient methad (SPGM) introduced in
[3] and on the variable projection methads (VPMs) proposedin [18, 33, 34]. The rst approach combines the
updating rule (5) with the nonmonotone lineseard procedure developed in [20], while the variable projection
methods usea classicallimited minimization rule aslineseard procedureand either (5) or (6). Before stating in

details the two approachesand discussingthe behavior of the steplength selections,we intro duce the following

property:



Lemma 2.1 Let G beann n symmetric matrix andd 2 R". If d' Gd > 0 then

d'cd d'd

: 7
d"G2d d'Gd @

Proof By Cauchy-Schwarz inequality we have

SN T |
d" Gd d'd (Gd)T(Gd)= d'd d'Gad

and we may obtain (7) by squaring and dividing by (d" Gd)(d" G2d).

The previous Lemma ensuresthat, at ead iteration of a gradient projection scheme,if d®®" Gd®) > 0then

the steplength candidate valuesgiven by rules (5) and (6) satisfy

(2 @ .
k+1 k+1 -

In the following we presert the two gradient projection approachesand in the next sectionwe analysetheir

behavior on seeral test problems.
2.1 The Nonmonotone Spectral Pro jected Gradien t Metho d

We recall the SPGM introducedin [3, alg. SPG2]for the minimization of di erentiable functions on nonempty

closedand corvex sets. When SPGM is applied to solve the QP problem (3), it may be stated this way:

Algorithm  SPGM (Spectral Projected Gradient Method)

Step 1. Initialization . Let x@ 2 | M 1,0< 1< 5,<1, 2(0;1),0< min < ma 02[ mn; maxl;
setk = 0.

Step 2. Projection. Terminate if x(¥) satis es a stopping criterion; otherwise compute the descen direction

d90 = p x®  (Gx® +q) x®:

Step 3. Linesearch. Compute
x (kD) = 5 (0 4 gl 2 (0:1];

with ¢ given by the following lineseart procedure:
Step 3.1. Set =1, T = (Gx® + q)Td™ and fy = maxg | mintkm 1gf (X D).
Step 3.2. If f(x® + d®) fy + T then

set = ;

else
dene pew2[ 1; 2 ],Set = pew and goto step 3.2;

end.

Step 4. Updating. If d*0" Gd™ 0 then
set k+1 = max,
else n n
compute i1 = MIN  max;MaX  mini Gy

end.
Setk k+ 1andgoto step 2.




Table | SPGM versusVPM comparison on the HARKERP2 test problem.

method it Is time f min
SPGM( @) 33 3 010 5:000E
SPGM( @) 4340 0 1219 5000
vPM( @) 119 34 0:36 5:000E
VPM( @) 3706 1 1206 5:000E

S

From the computational viewpoint, the main tasks of ead iteration may be consideredthe projection on

in Step 2 and the matrix-v ector product w = Gd®) rst involved in the function ewaluation of Step 3.2,
excluding the rst iteration which computes also Gx© . In fact, supposet = Gx () be already computed,
then all the other quartities can be obtained by vector-vector operations from w and/or t (the stopping rule
and the new selection will be discussedlater). At the end of the iteration, t itself is simply updated by
t t+ w = Gx*&*D Of course,the computational cost of these main tasks can be largely reduced for
special forms of  and/or G.

The convergenceanalysis developed in [3] ensuresthat any accurrulation point of the sequencefx (¥ g
generatedby SPGM is a constrained stationary point. From the performanceviewpoint, the spectral steplength
(5), coupled with a nonmonotone lineseart strategy that acceptsthe corresponding iterate as frequertly as
possible,is preserted in [3] as a successfulidea to acceleratethe convergencerate; its e ciency is then showvn
by testing SPGM againstthe LANCELOT padkageon many test problems from the CUTE collection. In [3] it
is also obsened that the convergencerate of the classicalgradient projection method with lineseard along the
projection arc, both in monotone and nonmonotone versions, is very slow comparedto SPGM. This con rms
that the spectral steplength (5) is an essetial feature for acceleratinggradient projection schemes.

Concerningthe behavior of rule (6) in SPGM, no considerationsor numerical results are givenin [3]. On the
other hand, in the context of gradient methods for unconstrained problems, in [11] it is just claimed that (6)
often performs worsethan (5) in the BB method for quadratic functions. For these reasonsa wide numerical
experimentation on the behavior of both rules within SPGM is reported in section 3.

Here, as illustrativ e purposeonly and to make easierthe comparisonwith VPMs, we considerhow SPGM
performs on the CUTE HARKERP2 test problem, a convex quadratic program sized 100 subject to nonnega-
tivit y constraints. In what follows, we denote by SPGM( V), i = 1;2, the SPGM variant using (), ,i= 1;2.

In Table | we report the number of iterations (it), the number of linesearhesproducing < 1 (Is), the
time in secondsand the best computed function value (f nin ). The experiments are carried out in MATLAB
on a Digital Alpha personal workstation 500au. The upper part of Table | corresponds to the two SPGM
schemesjust described, wherethe stopping rule is kP (x®)  (Gx®) + q)) x®k; < 10 5 and the parameter
settings are those suggestedin [3] ( mn = 10 %, 1 = 100, o= kP x@ (Gx©@ + @) x©@k,?,
M =10, =104, 1= 01, = 0:9). In particular, we usethe samelineseart procedureasin [3]: compute

new = arg min ,o.qy f (x ) + d®), if new 2 [ 1; 2 ]then new else = 2. Figures 1 and 2 show the
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Figure 1 Valuesof  in SPGM( @) and in SPGM( @) for HARKERP2 test problem.
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Figure 2 Valuesof fy = f(x«) in SPGM( @) and in SPGM( @) for HARKERP2 test problem.

valuesof  and f (x(K)) in the rst iterations of the two SPGM methods. In Figure 1 the mark \ " denotes
iterations where the lineseard procedureimplies a step reduction.
We obsene the considerabledi erences that the two steplength selectionrules produce. In particular, rule

(5) givesthe typical nonmonotone behavior of the sequenceff (x)g, which is also a characteristic property



of the BB method in unconstrained optimization (seee.g. [15]). In fact, after someiterations where f (x ()
increasesa remarkable objective function descen follows, up to around iteration 30 where this behavior is well
emphasized. Of course,in order to exploit the e ectiv enessof the steplength rule (5), a lineseard procedure
able to accept nonmonotone stepsis crucial. In this sense,the combination of nonmonotone lineseard and
rule (5) is considereda successfulstrategy in [3]. On the other hand, rule (6) seemsto be unable to produce
nonmonotonicity in the sequence f (xx)g and implies a very slow convergence. However, as showvn in section
3, this is not always the caseand sometimesSPGM( @) outperforms SPGM( @). Thesedi erent behaviors
point out the SPGM strong sensitivity to the steplength selectionand suggestthat it is worthwhile to investigate
if improvemerts could be obtained by alternating betweenthe two BB rules, asit seemshe casein unconstrained
optimization [21] (seealso[9, 10, 16, 32] for suggestionsabout other choicesof the steplength). We numerically

compare somealternating strategiesin section 3.
2.2 The Generalized Variable Pro jection Metho d

In this subsectionwe propose a generalizedversion of the variable projection methods intro duced for convex
guadratic programsin [18, 33, 34]. These schemesare scaledgradient projection methods that use a limited
minimization rule as lineseard procedure(seee.g. [2]) and the BB rule (5) or (6) for the steplength selection.
For the general noncorvex QP problem (3), a description of the unscaled VPM stepsis given in Algorithm

VPM.

Algorithm  VPM (Variable Projection Method)

Step 2. Projection. Terminate if x (%) satis es a stopping criterion; otherwise compute the descen direction

d90 = p x® (Gx® +q) x®:

Step 3. Linesearch. Compute

x (K*1) = 5 (k) 4 kd(k); 2 (0 1;
with . given by
« = argminf (x® +  d®): (8)
2[0:1]

Step 4. Updating. If d*0' Gd™ 0 then
set k+1 = max;
else n n ~ .00
compute ki1 = MiN max;MAX  min} oy

end.
Setk k+ 1andgoto step 2.

The sameconsiderationson the computational cost given for SPGM still hold for VPMs. The VPM corver-
genceproperties are discussedin the next subsectionwhere a convergenceanalysis of its generalizedversion is

preseried.

From the performanceviewpoint, numerical evidencesof their higher e ectiv enessin comparisonto classical



gradient projection methods (with constart steplength and limited minimization rule, or with Armijo-t ype
rule along the projection arc) are reported in [34]. Seealso [18] for an overview on VPMs for large corvex
guadratic programs and for a description of how the steplength selections (5) and (6) may be derived by
heuristic argumerts on f (x®) + d®) and kx ~ (x® + d®)k, bounds, respectively. We also remark that
rule (6) may be considereda special caseof a general steplength selectionrule proposedin [13] for projection
methods in variational inequality problems, which was obtained by similar heuristic argumerts.

Now, to better understand the generalizedversion of thesemethods, we show the numerical results obtained
by solving the HARKERP2 test problem with VPMs. We denote by VPM( @) the version of VPM that uses
the steplength selection(5) (i = 1) and by VPM( @) the versionthat usesthe rule (6) (i = 2). The results
in the bottom half of Table |, aswell as Figures 3 and 4, are obtained with x©@, 4, min, max and stopping
rule chosenasin the previous experiments with SPGM.

The behavior of VPM( @) is very similar to that of SPGM( @). In fact, in spite of the stronger requeston

k givenby the limited minimization rule (8), alsoin this casethe rule (6) producesstepsthat do not needto be
reducedby the linesearh procedure(indeed < 1 for k = 0 only). As for SPGM( @), this steplength seems
to imply a too slow descen of the objective function. On the other hand, in VPM( @) the poor performance
appearsgeneratedby an opposite phenomenon:here, the limited minimization rule implies too many lineseardh
reductions and consequetly too frequert rejections of the iterate corresponding to the steplength (5). This
fact does not prevent the method to produce iterations with a large objective function descem, but it delays
theseiterations and reducesthe descem magnitude, thus degrading the VPM( @) performancewith respect
to SPGM( D).

Since these drawbacks are frequertly obsened in VPM applications (see the experiments in section 3),
we argue that, even if the steplength selections(5) and (6) allows VPMs to outperform other classicalgradi-
ernt projection methods, their combination with the lineseard procedure (8) cannot be consideredcompletely
satisfactory.

In what follows, we suggesta generalizedVPM version that overcomesthe above drawbacdks. The basic
idea consistsin alternating cyclesof iterations, where a cycle with one steplength selectionrule follows a cycle
with the other rule. The purposeof the strategy is to attenuate the poor behavior obsenedin VPMs when the
BB rules are separately used. In practice, we try to usethe rules alternation technique to avoid both the slow
descem produced by rule (6) and the frequent lineseart step reductions arising with rule (5).

Sud an approad is expectedto be e ectiv e on the basisof both the good performanceobtainedin [18, 19, 38],
wherea VPM switchesbetween(5) and (6) every three iterations, and the previously mertioned promising results
on alternating strategiesfor unconstrained problems.

In details, our alternating strategy is asfollows. Let 0 < npin ~ Nmax bethe pre xed minimum and maximum
cyclelengths, respectively. Let n bethe number of consecutive iterations that usethe samesteplength selection
rule, (5) or (6). We switch from onerule to the other either (i) if n Nmax, OF (i) if Nmin N < Npax and

a changing criterion is satis ed. To presert the changing criterion we intro duce the following de nitions.



Definition 2.1 (Separa ting steplength) Letx® 2  d® asin (4), d" Gd™ > 0and « 2 [ mn; max]-
If

(2) (1)
k+1 < k< k+1

then  is called a separating steplength.

Definiton 2.2 (Bad descent generator) Letx® 2 | d® asin (4), d0 Gd® > 0, |, 2 [ min: max]

and ;
. Gx () + d®
opt = argminf (x® + d®) = (Gx - a) :
d® " gg®
Given two constants - and  suchthat0< - 1 u, Wesaythat g is a bad descem generator if one of
the following conditions is satis ed:
(a) opt < ° and k = E); 9)
(b) o> u and = 2 (10)

The changing criterion consistsin verifying if the last steplength usedis a separating steplength or is a bad

descem generator. The rationale of this criterion is the following:

{ if g isaseparatingsteplength and at least ny,, iterations with rule (5) wasalready performed, we switch

to rule (6) in order to reducethe chance of additional lineseard step reductions;

{ if g isaseparatingsteplength and at least ny,, iterations with rule (6) was already performed, we switch

to rule (5) in order to reducethe chanceof additional small descelts in the objective function;

{ if « isabaddescen generator,then the last steplength produceda descet direction d®) along which the
limited minimization rule forcedatoo short step( x = opt < ) Or atoo poor minimum approximation
(k=1< y< op) Hencewetry to prevernt the samedrawbadk in the next iteration by switching to

the other steplength rule.

In this way we bind the rule changingto an empirical ched on the \qualit y* of both the new available values
for k+1 and the last steplength . We call the VPM version basedon this changing criterion geneanlized
variable projection methad (GVPM) and we state it in Algorithm GVPM.

It is easyto seethat GVPM includes the previously discussedVPMs as special cases:VPM( ™) (respec-
tively VPM( @)) is obtained for i = 1 (resp. i = 2) and nmi, \extremely" large, while the version usedin
[38] is obtained for i = 2 and nyin = hmax = 3. The computational cost per iteration is essetially the same
asthat of VPM.

We now discussthe e ects of the presened alternating strategy on the performances.Again the HARKERP2
test problem is usedto illustrate the GVPM behavior. In Tablell, wereport the results obtained with Ny, = 10

and dierent nyjp values. Weseti = 2in the rst iteration, - = 0:1, , = 5, while all the other parameters



Algorithm  GVPM (Generalized Variable Projection Method)

Step 1. Initialization . Let X(O) 2 ’ [ 2 fl; 291 0< min < maxs, O 2 [ min max]y Nmin 3 Nmax 2 N1
0< Nmin Nmax, - 1 us set n :l,k: 0.

Step 2. Projection. Terminate if x (%) satis es a stopping criterion; otherwise compute the descen direction

d® =P x®  (Gx® +q) x®:

Step 3. Linesearch. Compute
x (kD) = () 4 gk 2 (0:1]
with ¢ given by

= argminf (x® + d®)
21[0:1]

)7 5k
Step 4. Update. If d Gd 0 then
set k+1 = max,
else
compute (klfl, ﬁ’l and opt.
If (n Nmin ) then
If (n Nmax ) OF ( k is a separating steplengthor a bad desent genegator)
set i mod(i ;2)+ 1, n = 0;
end.
end. n n 00
Compute i1 = MIN  max;MaX  mini ep
end.
Setk k+1,n n + 1andgoto step 2.

Here mod(i; j) is the remainder of the integer ratio i=j .

Table Il GVPM on the HARKERP2 test problem.
Nmin iter Is time f min
1 85 27 0:20 5:00CE 1
2 73 27 017 5:00CE 1
3 35 8 010 5:00E 1
4 24 4 007 5:00CE 1
5 56 6 014 5:00CE 1
6 71 12 017 5:00CE 1
7 83 12 0:20 5:00CE 1

and the stopping rule are the sameasin the previous experiments. For the casenmi, = 4, in order to facilitate
a comparisonwith VPMs, we plot the valuesof  and f (x(K)) in Figures 3 and 4, respectively.

These experiments suggestthat the alternating strategy appearsto be a very promising way to reducethe
disadvantagesdue to the useof a single BB rule in all the VPM iterations. In fact, the steplength alternation
allowslarge objectivefunction descem to appearimmediately after fewiterations with a small descen (seeFigure
4), similarly to what obsened for SPGM( ). Hence, this example shows how the GVPM can remarkably
improve the VPMs, as we expected; furthermore, note also that comparable performanceswith SPGM( )
are now obtained (seefor example the results for nmin = 3;4 in Table 11).

We refer to section 3 for a deeper insight into the above consideration and a comparisonwith VPMs and

10
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Figure 3 ¢ valuesin VPMs and in GVPM for HARKERP2 test problem.
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Figure 4 fy valuesin VPMs and in GVPM for HARKERP2 test problem.

SPGMs on many other problems.

2.3 Convergence analysis for GVPM

In this subsectionwe prove that, as for both standard gradient projection methods and SPGMs, every accu-
mulation point of the sequence x (X)g generatedby GVPM is a constrained stationary point. To this end the

following two lemmasare useful.

11



Lemma 2.2 Letz2 , 2(0; max]andd=P (z (Gz +qg)) z. We have:

1

max

kdk3 ;

1
(a) (Gz+q)'d ~kdk3
(b) d=0if and only if z is a constrained stationary point, that is
(Gz + q)T(x z) O 8x2

Proof  The two inequalities are well known characteristic properties of gradient projection stchemes(see|[2]

and [3, Lemma 2.1)).

The previous Lemma ensuresthat in the GVPM, if d) 6 0 then d® is a descen direction at x¥). This

basic property is usedto prove the next result.

Lemma 2.3 Let x®, d® and x**D k= 0:1;:::, be asin the GVPM algorithm. If x(¥) is not a constrained

stationary point, then

8 1
< . .
1, — f G)>0
(@) k min = . min max max (G) ! max (G)
1 if max(G) O
(b) Fxk)  f(x®@) + L (Gx® + ) d®

wher nax (G) is the maximum eigenvalueof G.

Proof  To prove (a) we obsenethat | solvesthe problem

M k T (k
min = 2d® Gd® + (Gx® + q) d®
2[0;1] 2 ( a)

where (Gx® + q)'d® < 0. It is easyto show that

8 )
®) + g &
2 in 1, (&P o) d it d®" Gd® > 0
<=5 d® T gg® (11)
T1 if 90 Gcd® o
From Lemma 2.2 and d® ' Gd® max (G)kd ¥ k2 the assertion (a) immediately follows.

In order to prove (b), we recall that
f(xk Yy = £ (x0) + }(X(k‘fl) xNTG(x kD) x ()
2
+ (Gx M + ) (xKD x () (12)

= f(x®) + % 24007 Gd® +  (Gx® + g)Td®:

Considerthe cased® ' Gd™ > 0; from (11) we have

(Gx () + q)Td(k))
d0 T ggk

k= min 1;

12



If = 1then (Gx® +q) d® d®"Gd®M, soassertion(b) holds becauseof (12). On the other hand, if
(= (GxM + q) d®=d " Gd®)y

then we have

L (x4 q)
2 40T gk

f (x kY = f (x™))
= (k) 1 (k) T4k,
=f(x )+§k(Gx +q) d**:

Consider now the cased® ' Gd®)  0: from (11) we have x = 1 and by using (12) the inequality (b) easily

follows.

Lemma 2.3 shows that in GVPM we have inf ¢ mn > 0. Moreover, it gives an inequality for the
sequence f (x X))g which is a special caseof the inequality required in the nonmonotone linesearh procedure
usedin SPGM (correspondingto M = 1 and = 1=2). This allows to derive the following convergenceresult

for GVPM:

Theorem 2.1 Let fx(¥g be the sequen@ geneated by the GVPM algorithm. Then every accumulation point

x of fx(K) g is a constrained stationary point.

Proof By using the assertionsof Lemma 2.3, one proceedsexactly asin the case2 of Theorem 2.4 in [3].

The conclusion of Theorem 2.1 also holds for VPMs, since they are special casesof GVPM, and it joins
the corvergenceresults preseried in [18, 34] for the convex case. For convex quadratic programs, an additional

result can be given for the GVPM corvergencerate.

Theorem 2.2 Let the function f (x) in (3) be convexand bounded kelowon . The sequene f x (V) g geneated

by the GVPM algorithm convergesat least R-linearly to a solution of (3).

Proof  The theoremcanbe provedby following the proof of Theorem 2.1in [34], wherethe R-linear corvergence
of VPMs for corvex problems is established. In fact, GVPM diers from VPMs only in the choice of the
steplength k41 2 [ min; max] @and the corvergenceanalysis developed in [34] does not depend on the .1

choicewithin the interval [ min; max]-
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3 Numerical Exp eriments

Here we analyse the behavior of the above gradient projection methods on three sets of QP test problems
with simple constraints: (i) someproblems of the CUTE collection, (ii) randomly generatedproblems and (iii)
problems arising in training SVMs.

The aim of these experimernts is to showv the improvemerts that appropriate BB rules alternations can
producein both monotone and nonmonotone gradient projection schemes.

BesidesSPGM( 1) and SPGM( @), we test SPGM versionswherethe steplength 41 2 [ min; max] iS

selectedaccordingto one of the following ways:
AL ;-SPGM: start with rule (5) and switch the BB rules at ead iteration;
AL 3-SPGM: start with rule (5) and switch the BB rules every three iterations;

1, Npin = 1;

AD1-SPGM: adaptively alternate asin the GVPM with i

1, nmm = 3.

AD3-SPGM: adaptively alternate asin the GVPM with i

Analogously, besidesVPM( @) and VPM( @), we consider VPM versionswhere the steplength is chosen

this way:
AL ;-VPM: start with rule (6) and switch the BB rules at ead iteration;
AL 3-VPM: start with rule (6) and switch the BB rules every three iterations.

Furthermore, the GVPM versionswith i = 2 and npin = 1 (GVPM 1) or npin = 3 (GVPM 3) are used.

All the other parametersrequired by the methods are set asin the previous section and the limit of 30000
iterations is added to the stopping rule. Since both AD-SPGMs and GVPMs depend on the initial i value,
we consider only those versionsthat generally give better performances. The sameholds for AL-SPGMs and
AL-VPMs.

Some remarks on the choice of the above methods are useful. First of all, the interest for AL 1-SPGM
and AL 3-SPGM alternating strategies is motivated by the good results they produced in dierent contexts
[21, 38]. Second,while the adaptive alternation we proposeis designedto overcomesomeof the typical mono-
tone lineseartd drawbadks, one can reasonablyexpect that it doesnot imply remarkable improvemerts within
nonmonotone schemes;AD :-SPGM and AD 3-SPGM give numerical evidence. Last, the analogousversions of
the monotone approach allow a complete comparisonand emphasizethe GVPM bene ts.

We recall that in all the reported results the problem solution time is in secondsand it does not includes
data loading or generation. The experiments of the rst two sets are carried out in MATLAB on a Digital
personalworkstation 500auat 500MHz with 512MB of RAM.

The CUTE box constrained QP problemswe considerarelisted in Tablelll, together with the bestcomputed

function value, which is the samefor all methods. In TP1, wherethe starting point is not available in the CUTE

14



Table 111 Box constrained QP test problems from CUTE.

Test Problem Name n f min
TP1 BIGGSB1 1000  1:59CE 02
TP2 BQPGABIM 50  3:79CE 05
TP3 BQPGASIM 50 5:52(E 05
TP4 CHENHARK 1000  2:000E+00
TP5 NCVXBQP2 10000  1:334E+10
TP6 NCVXBQP3 10000 6:558+09
model, we usexi(o) = 0:5,i = 1;:::;n, while in all the other caseswe usethe samestarting point of the model.

The numerical results are reported in Table IV; here, and in the following tables the symbol \ " meansthat
the 30000iterations limit is reached.

For the secondset of experiments we randomly generatestrictly corvex QP problems of the form (3) with

= X2R"; x = (Xg;::5%n) T 1 x5 Li=2%::5n ;

where Q is an orthogonal matrix and D = diagf 1; 2;:::; ng is a diagonal matrix with ;, i = 1;:::;n, as
diagonal ertries (eigernvalues of G). The matrix Q is obtained from the QR factorization of a random matrix
generatedby the MATLAB rand command: [Q R] = gr(-1 + 2*rand(n)) . Given mna(G) and the spectral
condition number of G, K(G) = max(G)=min (G), let 1 = min(G) and , = max(G). Then the following

three eigervaluesdistributions are considered:

A) uniform distribution:

i= 1+ i(n 1) 12(0O;1);i=2:05n0 1

B) 90% of the eigervaluescloseto min (G):

= K(G)¥2%, = 1+ i( 1); 1= 2::::b0:9nc;

1
+
—~

=}
N
1
Pt
S
o
+
P
>
I

C) 90% of the eigenvaluescloseto max (G):

= 1K(G)?9 = 1+ i( 1); i = 2;:::;b0:ng

whereead ; 2 (0;1) is given by the MATLAB function rand.

The behavior of SPGMs and VPMs on someproblems generatedin this way is shown in TablesV{VI I. We
X n = 200and we considerdi erent valuesfor K (G) and max (G). For eadt value of K (G) and nax (G), the
averageresults obtained by solving 30 random problems are reported (the null vector is the initial guess).

Considering the iteration courts in the two experimert sets, the following obsenations can be drawn:
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1) SPGM behavior:

{ SPGM( ™) doesnot de nitiv ely outperforms SPGM( @ ): even if the former is better on CUTE
test problems, the secondset of experiments shows that the opposite is true for particular eigervalue

distributions (seethe casewith max = 10* in TablesV{VI I).

{ Betweenthe two AL-SPGM versions,AL 1-SPGM seemspreferable. The BB rule alternation usedin
AL 1-SPGM often improves(sometimessigni cantly) the SPGM( *:2) performance,asit is claimed
to happen in gradient methods for unconstrained problems [21]. However, the results for TP5,TP6
in Table IV and for K (G) = 10*; max = 102 and K (G) = 10°; max = 10%;10% in Table VI show that
this is not always the case. In particular, for someof thesetest problemsthe AL ;-SPGM iteration
amourt is largely increasedwith respectto SPGM( ). In conclusion,a simple BB rule alternation
at ead iteration appearspromising to improve SPGM( (:2), but cannot be considereda completely

satisfactory strategy.

{ The bestAD-SPGM results outperforms both SPGM( () and AL-SPGM 1.3 only in two particular
casesK (G) = 10°; max = 10%in TablesV and VI. Weremark that this adaptive alternating strategy
is designedto improve the VPM behavior and thesepoor performanceson SPGMs are not surprising.
In order to introduce an e ectiv e adaptive alternating strategy also for SPGMs, further study will

be needed.
2) VPM behavior:

{ As for SPGMs, one cannot suggestwhich BB rule works de nitiv ely better than the other within
VPMs. In both the test problem sets, there are caseswhere VPM( @) is more e cient than

VPM( @) and caseswhere the opposite happens.

{ Also the AL-VPM sdcemespresert behaviors that are strongly problem dependert and one version
is not always preferableto the other. In many cases,the best result given by AL 1-VPM and AL 3-
VPM is better than the result obtained with both VPM( ®) and VPM( ©@). This con rms the
importance of BB rules alternations alsoin VPM schemes. However, the AL-VPM performancesare

often signi cantly improved by the GVPMs.

{ ConcerningGVPMs we obsenethat, excepttwo casegTP6 in TablelV andK (G) = 10%; . = 10°
in Table VI), the best result produced by GVPM; and GVPM j; is better than the results given by
both VPM and AL-VPM sdcemes,or comparablewithin a 10%. Furthermore, a deeper insight into
the comparison between AL ;-VPM and GVPM; (resp. AL3-VPM and GVPM3) shows how the
GVPM adaptive alternation can be an useful strategy to improve the behavior due to a switching
after a pre xed number of iterations. Finally, it is interesting to emphasizethat the best GVPMs

results are always competitiv e with (and sometimesbetter than) the best SPGMs results
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The next experiments on SVM QP problemsreinforce all the above considerationsand shav how the GVPMs
can be a valuable alternativ e to both SPGM( *:2) and AL-SPGMs.

To evaluate the above methods on some QP problems of the form (2) we train Gaussian SVMs on two
real-world data sets: the MNIST databaseof handwritten digits [24] and the UCI Adult data set [27].

These experimerts are carried out on a Compaq XP1000 workstation at 667MHz with 1GB of RAM, with
standard C codes. All the consideredmethods compute the projection on the special feasibleregion of (2) by
solving the equivalent separableQP problem via the algorithm proposedin [30]. Sincethis is an O(n) algorithm,
the main computational cost of ead iteration of all methods becomesthe matrix-v ector product Gd®. The
implemertation of this product exploits the expected vector sparsity, often allowing a dramatic reduction of the
operation cost and a large performanceimprovemen of the solvers. The parametersare set asin the previous
experimerts, but a di erent stopping rule is used,which is basedon the ful Imen t of the KKT conditions within
10 2 (asit is usually the casein SVM applications [23, 31]). The equality constraint multiplier is computed as

suggestedin [23] and the null vector is always the initial guess.

as follows. We considerthe whole MNIST databaseand we train a Gaussianclassi er for digit \8" with SVM
parametersC = 10and = 1800: this leadsto a QP problem of the form (2) sized 60000. Then we face this

large problem with the decomposition technique introducedin [38] and brie y discussedn the next section. The

(where the subproblem sizeis setto 3700).

The iterations required by both the VPM and SPGM approaches on these six test problems are reported
in Table VIII. Here we denote by SV and BSV the number of support vectors and bound support vectors,
respectively. We obsenethat generally GVPM 3 yields the best performance,but for test problem T, where AL 3-
VPM, GVPM 3 and SPGM( @) show very similar results. In particular GVPM 3 improves AL 3-VPM, which
is the inner QP solver usedin the decomposition technique [38]. The next sectionwill show the decomposition
technique performanceimprovemerns due to this adaptive QP solver.

Now, we concludethis experiments by comparing the GVPM 3 behavior with the padkagesusedas QP inner
solvers in two well known decomposition techniques for problem (2) [23, 29] (we refer the reader to [3] for a
SPGM( ™) versusLANCELOT comparisonon box constrained problems).

Two solvers are suggestedin the Joachims' SVM 9"t package [23]: the Hildreth-D'Esop o method and a
version of the Vanderbei's primal-dual infeasibleinterior point method [36], named pr LOQO and implemented
by Smola[35. We usethe latter becauseit appearsmore e cien t when the problem sizeincreases.Moreover,
we considerMINOS (ver. 5.5) [28], which is the solver usedin [29]. A solution accuracy comparablewith that
given by GVPM 3 is obtained by setting sigfig _max= 8 in pr_LLOQO and Optimality tolerance = 10 4
in MINOS, while for better performancesSuperbasics limit = 1000is usedin MINOS. Default settings are
otherwise used.

For these experiments, test problems of size n = 800 1600 and 3200 are constructed from MNIST by
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consideringthe rst n=2 inputs of digit \8" and the rst n=2 inputs of the other digits. From the UCI Adult
database, the versionswith sizen = 1605 2265 and 3185 are considered. The following setting of the SVM
parametersis used: C = 10, = 2000for the MNIST databaseand C = 1, 2 = 10 for the UCI Adult data
sets.

Table IX reports the results obtained by the two packagesand the GVPM 3, run on the same Compaq
platform: it is evidert that the consideredgradient projection method allows a remarkable performance im-
provemert with respectto both pr_.LOQO and MINOS, becauseof its low iteration costand its good corvergence
rate.

Finally, we alsotested gradient projection schemesto train polynomial SVMs: in this casetheir corvergence
rate appears strongly dependert on the data normalization and they generally show lessencouragingresults.
However, preliminary investigationsrevealthat the diagonally scaled[2] versionsof gradient projection methods
can achieve equally appreciable performances.We will deal with this topic in a future work.

Summing up, the good GVPM ;3 e ectiv enesson medium-scalequadratic programs makesit an attractiv e

inner solver in decomposition techniques for large-scaleSVMs, aswe explain in the next section.
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Table IV VPMs and SPGMs on CUTE test problems

6T

SPGM( @) SPGM( @) AL ;-SPGM AL 3-SPGM AD;-SPGM AD3-SPGM
Problem it Is time it Is time it Is time it Is time it Is time it Is time
TP1 2051 383 1014 4004 1 1883 867 13 462 1690 278 9:68 1343 137 6:80 1901 318 9:92
TP2 24 2 0:.06 33 1 007 29 1 010 31 1 010 26 2 007 33 2 008
TP3 33 2 007 37 1 008 31 1 010 32 1 010 33 1 0:08 31 2 008
TP4 3900 762 21:89 10576 0 5924 1359 44 8:10 2649 421 1711 2292 241 1298 2149 364 1277
TP5 83 4 444 250 4 1342 223 20 1213 289 5 1538 128 6 6:88
TP6 116 6 611 888 62 46.87 839 22 4497 1131 42 5925 195 11 1024

VPM( @) VPM( @) AL ;-VPM AL 3-VPM GVPM, GVPM 3
Problem it Is time it Is time it Is time it Is time it Is time it Is time
TP1 3973 100 1591 816 226 381 3135 974 1456 777 191 3.02 1119 304 425
TP2 75 38 0:10 33 6 0:.05 26 7 007 27 10 0:.07 28 8 005 29 8 0.05
TP3 79 40 011 30 9 005 30 9 0:80 28 8 0.07 29 10 005 30 10 0:05
TP4 10700 33 5300 1639 436 8:63 2436 737 12:60 1545 323 7.01 2163 596 9:60
TP5 106 49 523 245 6 1230 119 30 601 196 10 9:82 117 21 5386

TP6 612 304 2946 1228 4 6065 198 43 9:80 1221 6 5976 228 54 1110




0¢c

Table V Random QP test problems, eigervalues distribution A (N = 200).

SPGM( @) SPGM( @) AL ;-SPGM AL 3-SPGM AD-SPGM AD3-SPGM
K(G) max it Is time it Is time it Is time it Is time it Is time it Is time
107 1 16 0 007 22 0 010 17 0 0.9 16 0 0:09 17 0 0:.08 17 0 008
10* 83 9 034 76 2 031 80 4 040 78 8 040 79 6 0:34 83 7 035
1 16 0 007 23 0 010 18 0 0:09 16 0 0:09 18 0 0:.08 17 0 008
100 1P 301 51 127 528 3 213 205 7 102 269 41 1:38 254 27 1:11 290 49 1:27
10* 1669 323 7:19 975 13 394 958 30 477 1171 186 6:.08 1457 149 644 1702 302 7:70
1 16 0 007 23 0 010 18 0 010 16 0 0:09 18 0 0:.08 18 0 008
100 102 267 45 112 547 2 222 192 7 096 264 40 1:35 233 25 1:.02 258 42 1:13
10* 3044 583 1338 2720 8 1197 2765 60 1549 2818 450 1549 2155 202 979 2534 417 11:.98
VPM( @) VPM( @) AL ;-VPM AL 3-VPM GVPM, GVPM 3
K(G) max it Is time it Is time it Is time it Is time it Is time it Is time
107 1 21 10 0:.09 22 0 0:09 17 3 0:09 16 3 008 18 3 0:.08 17 3 007
10* 466 234 165 81 18 0:29 72 24 033 84 30 038 75 24 0:28 81 25 0:30
1 22 10 0:.09 23 0 009 17 3 008 16 4 008 18 3 007 18 3 007
100 1P 1941 972 7:.04 525 17 1:89 224 62 101 246 77 1:11 219 57 081 207 59 076
10t 1050 75 376 985 275 4142 1198 352 5:39 832 202 3110 1076 307 396
1 22 10 0:.09 23 0 009 17 3 008 16 3 008 18 3 007 18 3 007
100 107 2121 1062 7:80 552 14 1:98 235 64 105 222 70 1:00 196 51 0:73 195 56 0:71
10t 2515 64 9:67 2695 732 1394 3200 939 1643 1938 425 7:76 2260 634 9:27
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Table VI

Random QP test problems, eigenvalues distribution B (N = 200).

SPGM( @) SPGM( @) AL 1-SPGM AL 3-SPGM AD.-SPGM AD3-SPGM
K(G)  max it Is time it Is time it Is time it Is time it Is time it Is time
107 1 17 0 0:08 66 0 029 31 0 017 30 0 016 32 0 0:15 28 0 013
10* 89 9 0:37 84 3 035 83 6 042 81 9 042 81 6 0:35 81 7 035
1 20 0 0:09 245 0 111 45 0 024 40 0 022 44 0 0:21 35 0 016
104 107 479 85 2:22 1150 3 519 2255 2 1247 2540 56 1416 916 31 4:37 561 58 2:67
10* 2084 472 9:19 1195 19 490 1024 27 516 1275 204 672 1504 150 6:74 1844 324 847
1 20 0 0:09 255 0 115 46 0 025 40 0 022 43 0 0:20 36 0 017
108 1% 158 4.05 9296 2 4798 4950 2 2872 6787 42 4066 1715 38 8:31 1130 115 546
10¢ 21641 4312 12393 18222 32 9759 18990 369 10797 13270 1381 71:52
VPM( @) VPM( @) AL 1-VPM AL 3-VPM GVPM 4 GVPM 3
K(G)  max it Is time it Is time it Is time it Is time it Is time it Is time
107 1 22 10 0:09 66 0 026 31 0 015 26 5 013 29 1 0:12 25 5 010
104 318 160 1:12 87 19 031 79 26 0:36 84 30 0:38 78 26 0:29 83 27 0:30
1 27 12 011 245 0 097 48 1 024 32 6 016 42 2 0:17 30 6 012
10* 1% 2641 1321 1062 1149 14 458 2214 9 1099 541 127 2:64 2357 9 9:88 572 140 231
10* 1313 98 474 817 219 367 1105 328 4:99 778 179 2:90 834 239 3.07
1 27 11 0:10 255 0 101 48 1 024 32 6 016 42 1 0:17 30 6 012
108 1% 5211 2605 2219 9160 3 4208 5989 9 3167 943 213 462 5815 9 2602 1018 238 4:16
10* 16721 90 79.07 15853 3661 87:64 17782 4229 8719




44

Table VI1 Random QP test problems, eigenvalues distribution C (N = 200).
SPGM( @) SPGM( @) AL ;-SPGM AL 3-SPGM AD-SPGM AD3-SPGM
K(G) max it Is time it Is time it Is time it Is time it Is time it Is time
107 1 15 0 006 25 0 011 18 0 010 15 0 0.08 18 0 008 17 0 008
10 80 8 033 72 2 029 73 4 0:36 75 7 038 73 6 032 73 7 031
1 14 0 006 21 0 009 16 0 009 15 0 0.08 17 0 008 16 0 0,07
100 107 232 40 097 299 2 1:19 168 6 084 185 27 094 203 19 087 239 37 105
10 2241 638 1019 994 14 4.00 979 26 487 1002 158 5:19 1439 145 6:34 1658 294 7:48
1 15 0 007 21 0 009 16 0 0.8 15 0 0.08 16 0 007 16 0 0,07
100 107 464 85 202 430 2 173 201 6 1.00 264 39 1.35 237 22 103 248 38 1.08
104 3029 585 1330 2362 9 999 1974 44 1064 2993 477 1641 2235 204 10:39 2142 349 1006
VPM( @) VPM( @) AL ;-VPM AL 3-VPM GVPM, GVPM 3
K(G) max it Is time it Is time it Is time it Is time it Is time it Is time
10° 1 21 9 008 25 0 010 18 1 009 16 4 0.08 18 2 007 17 3 007
104 268 134 0:.95 77 16 0:28 68 21 031 76 27 034 71 23 027 73 23 027
1 20 9 008 21 0 008 17 2 008 16 3 008 17 2 007 16 3 007
100 107 2531 1266 1098 310 14 111 184 47 083 184 59 0:83 166 40 0:62 174 48 0.65
10t 1074 74 3.88 898 248 4.04 1156 343 523 654 155 2:47 908 259 3:39
1 20 9 008 21 0 0.8 17 3 008 16 3 007 16 2 007 16 3 007
100 107 1642 829 611 430 14 156 280 76 127 251 77 114 255 60 0:.97 272 77 1.02
10t 2305 56 8:86 2637 719 1358 2713 795 1361 1952 417 7:99 1864 522 7:37




Table VIII Ilteration numberson the SVM test problems from MNIST database.
VPM GVPM SPGM
test SV BSV @ @ AL; ALs 1 3 @ @ AL; ALj
T, 545 2 1150 1077 2088 347| 605 377| 360 1102 2113 1942
T, 1727 75 5863 3195 7900 966| 910 793| 1211 2259 8195 8692
T3 2262 95 7099 1967 6821 875|1007 764 | 1051 2123 6058 8032
T4, 2694 32 7768 2171 6293 9781325 769| 1108 2244 6394 7886
Ts 2963 5 | 12565 2812 9120 1444 1584 909 | 1521 2655 9479 12722
Te 2993 0 | 10015 2068 8596 1290| 3200 1102| 1501 2208 8059 11007
Table IX Results for pr_LOQO, MINOS and GVPM 3 on SVM test problems.
pr_LOQO MINOS GVPM 3
Prob. n |it time SV BSV| it time SV BSV| it time SV BSV
800|14 9:42 283 1| 622 6:84 281 1/ 161 0:50 281 1
MNIST 160015 11238 458 9| 1043 46:11 455 9| 277 3:20 456 9
320015 112461 809 25| 1894337.24 806 25| 51321:27 808 25
160515 1316 691 584| 1066 338 691 585 153 1:00 691 584
UCI Adult 226515 3839 1011 847 1580 1013 1007 849| 196 2:751011 847
318515 10814 13001109 2004 2487 12941116/ 282 6:95 12991113

4 Gradien t Pro jection Decomp osition Techniques for SVMs

The most popular decomposition technique that use a numerical solver for the inner QP subproblemsis the
SVM light algorithm intro ducedin [23] (see[25, 26] for its corvergenceproperties). Unfortunately, this technique
is designedto be e ectiv e only whenthe subproblemsizeis very small (generally lessthan 10%) and it is not suited
to benet from high performance solvers for medium-scaleQP problems. Thus, a di erent implementation is
proposedin [38], which is still basedon the SVM 9" idea, but is appropriately designedto e cien tly decompose
the problem into medium-scalesubproblems. In [38], the AL 3-VPM is used as the inner subproblem solver.
Here, since the good results obtained in the previous experiments by GVPM 3, we evaluate the performances
improvemert of the decomposition technique when the new solver is used. For completenessalso SPGM( )
is consideredasinner solver. In the following we call gradient projection-basel decomposition technique (GPDT)
the decomposition technique [38] equipped with theseinner solvers. To describe the next experiments, we brie y
recall in Algorithm DT the main decomposition stepsfor QP problems of the form (2). We refer the readerto
[23] and [3§] for further details of the two implementations.

We comparethe numerical results obtained on somelarge-scaletest problemsby GPDT and by the SVM ignt
software (version 3.5)! equipped with pr_LOQO. We considerthe largest test problems available in the MNIST
and the UCI Adult data sets: the former is sized60000and is obtained asin [31] by training just the class\8"
classi er, while the latter is sized 32562. GaussianSVMs are trained with C = 10, = 1800for MNIST and
C =1, 2= 10for UCI Adult. The experimerts are carried out with standard C codeson the above Compaq

workstation. Both softwaresusea 500MB caching areaand the default SVM 9"t stopping rule. The parameters

1we tested also the more recert version 5.0, but we get slightly worse performances.

23



Algorithm DT (SVM Decomposition Tedchnique)

Step 1. Initialization . Let x® = x{;::5:x® T be a feasible point for (2), let ng, and ne be two integer

valuessuch that n  ngy nc > 0 and setk = 1. Arbitrarily split the indices of the variables xi(k)
into the set B of basic variables, with # B = ngp, and the set N of nonbasic variables. Arrange the
arrays x %) and G with respectto B and N :

K
x(K) = xg) c- Ces Gen
xf\,k) ’ Gne Gnn

Step 2. QP subpioblem Compute the solution x(B'”l) of

min }xTG xg+ Geyx© (@17 !
g GeeXB BN X 1;1:::;1) XB
. _ P ().
sub: to g YiXi = ion YiXi s
0 x; C 8i2B;
and setx (k1) = Xgﬁl)T. X(Nk)T T

Step 3. Gradient updating. Update the gradient rF (x (k*1)) and terminate if x(k*) satis es the KKT condi-
tions.

Step 4. Updating of B. Changeat most n. elemerns of B. The entering indices are determined by a strategy
basedon the Zoutendijk's method. Setk  k + 1 and goto step 2.

Table X SVM ™" packageon SVMs test problems.

Problem ngp ng it time SV BSV
10 10 10007 424305 3156 160
4 2 17342 333800 3154 160
MNIST 8 4 9171 319314 3153 160
n= 60000 20 10 3874 336417 3152 160
40 20 1987 357368 3156 160
90 30 895 379108 3153 160
10 10 9930 88119 11690 10602
4 2 14596 88080 11572 10740
UCI Adult 8 4 10710 90745 11623 10675
n=32562 20 10 4459 85082 11695 10594
40 20 2514 87671 11750 10587
80 40 1267 92687 11776 10560

Default parameter setting

setting for the GPDT inner solversis the sameasthe previous experimerts, while in SVM 9" software default
settings are used.

TablesX and Xl report the results for di erent valuesof ng, (subproblem size) and n (maximum number
of new variables entering the working set). For SVM 9"t | these values are assignedto command line options
g and n, respectively. In both Tables, for ead ng, value we report the results corresponding to an empirical
approximation of the optimal n. value, i.e. that giving the lowest computational time. The iteration numbers
(it) referto the decomposition iterations.

The experimerts con rm that SVM 9" achievesthe best performancewhen very small Ngp Valuesare used
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Table XI

GPDT on SVMs test problems.

SPGM( 1Y) GVPM 3 AL 3-VPM

Nsy Nc |it time SV BSV | it time SV BSV | it time SV BSV
MNIST n = 60000

2900110010 235729 3157 159 9198574 3157 159| 9 208793 3157 160

31001200 7 188161 3158 159 7 173280 3157 159| 7 187239 3158 159

37001500 6 202881 3157 160 6 177830 3157 159| 6 184971 3156 159
UCI Adult n = 32562

1000 600{70 68962 1173810559 71 67599 1174210583 75 75755 1175710563

1300 750{42 59068 1177210566 42 59081 1177210564 42 621:80 1176010544

1600 800{34 69108 1175710536 35 687:80 1175310544 36 69615 1175910566

(nsp = 8 for MNIST and ngp = 20 for UCI Adult). For increasing nsp, values ead iteration becomestoo
expensive and the e ectiv enessdecreasesSincein theseiterations the QP subproblem solution is a very cheap
task comparedto the kernel evaluations required by the data and gradient updating, the useof an inner solver
better than pr_LOQO doesnot reducethe training time enough.

On the opposite side, GPDT shows the lowest solution time when su cien tly large nsp values are used
(nsp = 3100for MNIST and ns, = 1300for UCI Adult). This is due to both the high performanceof the inner
solvers and the special strategy described in [38] to reducethe kernel evaluations required by the Ggg, Ggn
and rF (x(**1) updating in ead decomposition iteration.

Thanks to thesetwo features,whenns, increasesthe GPDT iterations doesnot becomeexcessiely expensive
and the good corvergencerate of the decomposition technique can be fully exploited. On thesetest problems,
among the three inner QP solvers, GVPM 3 appearsthe most e ectiv e one and in somecasesyields signi cant
improvemerts with respect to the AL 3-VPM solver usedin [38].

Furthermore, a very important GPDT property must be mentioned: its easyparallelization. In fact, since
the computational burden is given by few expensiwe iterations where the heaviest parts are the matrix-v ector
product in the inner solver and the kernel evaluations, a suitable data distribution allows a very e ective
GPDT parallel implemertation on distributed memory multipro cessomachines. Thus, the large computational
resourcestypically available on modern parallel computers can be fully exploited to solve large or even huge

problems of the form (2). We do not longer develop here this topic and we refer the interested readerto [39].

5 Conclusions and future developments

In this paper, gradient projection methods basedon the two Barzilai-Borw ein spectral steplengthsare investi-
gated for QP problems with simple constraints, such as those coming from SVMs training. The nonmonotone
spectral projected gradient scheme[3] and the variable projection methods [33, 34] are considered. Both clas-
sical and alternated BB steplength selectionsare evaluated within the above approacdes. Following the recen
suggestionsin [18, 19, 21, 38] two alternating strategies are tested, that changethe BB rule at ead iteration
or every three iterations. Our experiments show that, when the BB rules are singly used, one rule does not

performs de nitiv ely better than the other, for both SPGM and VPM. Concerning the rule alternations, they
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seemvery promising strategies: in fact, they often remarkably reducethe iteration counts with respect to the
caseswhere a single BB rule is used. However, sincethis is not always the case,further improved strategiesare
desirable.

In this work we presert a generalizedVPM (GVPM) that exploits a new adaptive steplength selection
between the BB rules and includes the other VPMs as special cases. The GVPM corvergenceanalysis is
provided. A wide numerical experimentation is carried out on three test sets: some CUTE problems, some
randomly generated problems and some problems arising in SVM training. This computational experience
showsthat GVPM performs generally better than VPMs and, further, it often appearsa valuable alternativ e to
SPGMs. In the caseof SVM problems, GVPM largely outperforms both pr_LOQO and MINOS; furthermore,
it is successfullytested asinner solver in the decomposition technique proposedin [38].

Future work will include further extensionsof the consideredapproaches, such as scaling and additional

improvemerts to the steplength selection strategies.
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