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in decomposition techniques for large-scalesupport vector machines is also evaluated.

Keywords: quadratic programs, support vector machines, gradient projection methods, decomposition techniques, large-
scaleproblems.

1 In tro duction

The aim of this work is to analysegradient projection methods for minimizing quadratic functions on nonempty

closedconvex setsde�ned by simple constraints. Particular interest is devoted to a special problem of this type:

the convex quadratic programming (QP) problem with box constraints and a single linear equality constraint

arising in training the learning methodology named support vector machine (SVM).

Gradient projection methods appear promising approaches for the above problems since they are based

on successive projections on the feasible region, which are nonexpensive operations when the constraints are

simple. Furthermore, their low memory requirements and extreme simplicit y make them attractiv e for large-

scaleproblems,both in scalarand parallel environments. On the other hand, it is well known that thesemethods

may exhibit very slow convergenceif not combined with appropriate steplength selections.

Here we deal with gradient projection methods that exploit the two spectral steplengths intro duced by

Barzilai and Borwein in [1] for the unconstrainedcase.We considera nonmonotonespectral projected gradient

method developed in [3] and the variable projection methods intro duced in [33, 34]. Even if the two approaches

canexploit the samesteplengthselectionsand canbedescribedwithin the samegradient projection scheme,they
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FIRB2001/RBA U01877P).
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present considerabledi�erences. In fact, the method in [3] usesa nonmonotonelinesearch technique [20], while

the variable projection methods use a limited minimization rule as (monotone) linesearch procedure [2]. For

both schemeswe are interestedin investigating the improvements arising from somekinds of alternation between

the two BB rules. This analysis is motivated by the promising results recently obtained in [18, 19, 21, 38] with

di�eren t alternating strategies. In the nonmonotonegradient method for unconstrained problems described in

[21], an alternation at each iteration between the two BB rules is suggested,while in the variable projection

method for SVM QP problems discussedin [18, 19, 38], an alternation every three iterations is recommended.

In this paper, we verify the e�ectiv enessof these alternating strategies for both SPGM and VPM; moreover,

we intro duce a generalizedVPM version basedon an adaptive alternating strategy for the steplength selection.

For the generalizedscheme,that includesVPMs asspecial cases,we give both the convergenceanalysisand the

numerical evidencesof its promising performances. We evaluate the behavior of the consideredapproacheson

several test problems and, in particular, on the QP problem arising in training standard SVMs (see[17] and

the referencestherein for optimization problems in nonstandard SVMs).

Sincewe are specially interested to this last problem, we brie
y recall its main features [4, 7, 8, 37]. Given

a training set of labelled examples

D = f (z i ; yi ); i = 1; : : : ; n; z i 2 Rm ; yi 2 f� 1; 1gg;

the SVM algorithm performs classi�cation of new examplesz 2 Rm by using a decision function F : Rm !

f� 1; 1g, of the form

F (z) = sign

 
nX

i =1

x �
i yi K (z; z i ) + b�

!

; (1)

in which K : Rm � Rm ! R denotesa special kernel function and x � = (x �
1; : : : ; x �

n )T is the solution of

min F (x ) =
1
2

x T Gx �
nX

i =1

x i

sub: to
P n

i =1 yi x i = 0;
0 � x j � C; j = 1; : : : ; n;

(2)

where G has entries Gij = yi yj K (z i ; z j ), i; j = 1; 2; : : : ; n, and C is a parameter of the SVM algorithm. Once

the vector x � is computed, the quantit y b� 2 R in (1) may be is easily derived. A training examplez i is called

support vector (SV) if the corresponding x �
i is nonzeroand bound support vector (BSV) if x �

i = C. Widely used

kernel functions are the linear kernel (K (z i ; z j ) = zT
i z j ), the polynomial kernel (K (z i ; z j ) = (1+ zT

i z j )d; d 2 N)

and the Gaussiankernel (K (z i ; z j ) = exp(kz i � z j k2
2=(2� 2)) ; � 2 R). Since the matrix G corresponding to

thesekernelsis in generaldenseand in many real-world applications its sizeis very large (n � 104), the training

phaseof an SVM leadsto a challenging QP problem. In fact, standard QP solversbasedon explicit storageof G

cannot be usedand strategiesthat exploit the special featuresof the problem are absolutely necessary. Among

thesestrategies,decomposition techniquesare certainly the most investigated (see[12] for a di�eren t approach

in linear SVMs). They consist in splitting the large problem (2) into a sequenceof smaller QP subproblems

that can �t into the available memory. The packagesin [14, 31] are designedfor subproblemsof size2 which are
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analytically solvable, while the techniques in [5, 6, 22, 23, 29, 38] have the subproblem sizeas a parameter and

they needa numerical QP solver. In thesecases,a crucial question is what kind of QP solver is most convenient.

The numerical experiments of this work show that the consideredgradient projection methods are very e�ectiv e

inner solvers for decomposition techniques and may be useful to improve the performanceof existing packages

or to designnew decomposition schemes.

The paper is organizedas follows. Section 2 states the consideredgradient projection approaches,section 3

presents a numerical comparison of the methods, section 4 shows their e�ectiv enessas inner solvers for SVMs

decomposition techniquesand, �nally , section 5 draws someconclusions.

2 Tw o Gradien t Pro jection Approac hes for Quadratic Programs

We consider the numerical solution of the quadratic program

min
x 2 


f (x ) =
1
2

x T Gx + qT x (3)

where G is an n � n symmetric matrix, q; x 2 Rn and 
 � Rn is a nonempty closed convex set de�ned by

simple constraints. Throughout the paper, P
 (�) denotesthe orthogonal projection on 
. We are interested in

solving this problem by gradient projection methods that fall in the following generalscheme:

Algorithm GPM (Gradient Projection Methods)

Step 1. Initialization . Let x (0) 2 
, 0 < � min < � max , � 0 2 [� min ; � max ]; set k = 0.

Step 2. Projection. Terminate if x (k ) satis�es a stopping criterion; otherwise compute the direction

d(k ) = P
 (x (k ) � � k (Gx (k ) + q)) � x (k ) : (4)

Step 3. Linesearch. Compute
x (k+1) = x (k ) + � k d(k ) ; � k 2 (0; 1];

where � k is a stepsizedetermined by a linesearch procedure.

Step 4. Updating. Compute � k+1 2 [� min ; � max ], set k  k + 1 and go to step 2.

We analysegradient projection methods that usean � k+1 steplength selectionbasedon the Barzilai-Borw ein

(BB) spectral rules:

� (1)
k+1 =

(x (k+1) � x (k ) )T (x (k+1) � x (k ) )
(x (k+1) � x (k ) )T G(x (k+1) � x (k ) )

=
d(k ) T

d(k )

d(k ) T
Gd(k )

; (5)

� (2)
k+1 =

(x (k+1) � x (k ) )T G(x (k+1) � x (k ) )
(x (k+1) � x (k ) )T G2(x (k+1) � x (k ) )

=
d(k ) T

Gd(k )

d(k ) T
G2d(k )

: (6)

In particular we concentrate on the nonmonotone spectral projected gradient method (SPGM) intro duced in

[3] and on the variable projection methods (VPMs) proposedin [18, 33, 34]. The �rst approach combines the

updating rule (5) with the nonmonotone linesearch procedure developed in [20], while the variable projection

methods usea classicallimited minimization rule as linesearch procedureand either (5) or (6). Beforestating in

details the two approachesand discussingthe behavior of the steplength selections,we intro duce the following

property:
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Lemma 2.1 Let G be an n � n symmetric matrix and d 2 Rn . If dT Gd > 0 then

dT Gd

dT G2d
�

dT d

dT Gd
: (7)

Proof By Cauchy-Schwarz inequality we have

dT Gd �
p

dT d
q

(Gd)T (Gd) =
p

dT d
p

dT G2d

and we may obtain (7) by squaring and dividing by (dT Gd)(dT G2d). �

The previous Lemma ensuresthat, at each iteration of a gradient projection scheme,if d (k ) T
Gd(k ) > 0 then

the steplength candidate valuesgiven by rules (5) and (6) satisfy

� (2)
k+1 � � (1)

k+1 :

In the following we present the two gradient projection approachesand in the next section we analysetheir

behavior on several test problems.

2.1 The Nonmonotone Spectral Pro jected Gradien t Metho d

We recall the SPGM intro duced in [3, alg. SPG2] for the minimization of di�eren tiable functions on nonempty

closedand convex sets. When SPGM is applied to solve the QP problem (3), it may be stated this way:

Algorithm SPGM (Spectral Projected Gradient Method)

Step 1. Initialization . Let x (0) 2 
, M � 1, 0 < � 1 < � 2 < 1, 
 2 (0; 1), 0 < � min < � max , � 0 2 [� min ; � max ];
set k = 0.

Step 2. Projection. Terminate if x (k ) satis�es a stopping criterion; otherwise compute the descent direction

d(k ) = P
 (x (k ) � � k (Gx (k ) + q)) � x (k ) :

Step 3. Linesearch. Compute
x (k+1) = x (k ) + � k d(k ) ; � k 2 (0; 1];

with � k given by the following linesearch procedure:

Step 3.1. Set � = 1, T = (Gx (k ) + q)T d(k ) and f M = max0� j � min f k ;M � 1g f (x (k � j ) ).

Step 3.2. If f (x (k ) + � d(k ) ) � f M + 
 �T then
set � k = � ;

else
de�ne � new 2 [� 1�; � 2� ], set � = � new and go to step 3.2;

end.

Step 4. Updating. If d(k ) T
Gd(k ) � 0 then

set � k+1 = � max ;

else
compute � k+1 = min

n
� max ; max

n
� min ; � (1)

k+1

oo
;

end.
Set k  k + 1 and go to step 2.
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Table I SPGM versusVPM comparison on the HARKERP2 test problem.

method it ls time f min

SPGM(� (1) ) 33 3 0:10 � 5:000E� 1
SPGM(� (2) ) 4340 0 12:19 � 5:000E� 1
VPM (� (1) ) 119 34 0:36 � 5:000E� 1
VPM (� (2) ) 3706 1 12:06 � 5:000E� 1

From the computational viewpoint, the main tasks of each iteration may be consideredthe projection on


 in Step 2 and the matrix-v ector product w = Gd(k ) �rst involved in the function evaluation of Step 3.2,

excluding the �rst iteration which computes also Gx (0) . In fact, suppose t = Gx (k ) be already computed,

then all the other quantities can be obtained by vector-vector operations from w and/or t (the stopping rule

and the � new selection will be discussedlater). At the end of the iteration, t itself is simply updated by

t  t + � k w = Gx (k+1) . Of course, the computational cost of these main tasks can be largely reduced for

special forms of 
 and/or G.

The convergenceanalysis developed in [3] ensuresthat any accumulation point of the sequencef x (k ) g

generatedby SPGM is a constrainedstationary point. From the performanceviewpoint, the spectral steplength

(5), coupled with a nonmonotone linesearch strategy that accepts the corresponding iterate as frequently as

possible, is presented in [3] as a successfulidea to acceleratethe convergencerate; its e�ciency is then shown

by testing SPGM against the LANCELOT packageon many test problems from the CUTE collection. In [3] it

is also observed that the convergencerate of the classicalgradient projection method with linesearch along the

projection arc, both in monotone and nonmonotoneversions, is very slow compared to SPGM. This con�rms

that the spectral steplength (5) is an essential feature for acceleratinggradient projection schemes.

Concerningthe behavior of rule (6) in SPGM, no considerationsor numerical results are given in [3]. On the

other hand, in the context of gradient methods for unconstrained problems, in [11] it is just claimed that (6)

often performs worse than (5) in the BB method for quadratic functions. For these reasonsa wide numerical

experimentation on the behavior of both rules within SPGM is reported in section 3.

Here, as illustrativ e purposeonly and to make easierthe comparison with VPMs, we consider how SPGM

performs on the CUTE HARKERP2 test problem, a convex quadratic program sized100 subject to nonnega-

tivit y constraints. In what follows, we denote by SPGM(� ( i ) ), i = 1; 2, the SPGM variant using � ( i )
k+1 , i = 1; 2.

In Table I we report the number of iterations (it), the number of linesearches producing � k < 1 (ls), the

time in secondsand the best computed function value (f min ). The experiments are carried out in MATLAB

on a Digital Alpha personal workstation 500au. The upper part of Table I corresponds to the two SPGM

schemesjust described, where the stopping rule is kP
 (x (k ) � (Gx (k ) + q)) � x (k ) k1 < 10� 5 and the parameter

settings are those suggestedin [3] (� min = 10� 30, � max = 1030, � 0 = kP
 (x (0) � (Gx (0) + q)) � x (0) k� 1
1 ,

M = 10, 
 = 10� 4, � 1 = 0:1, � 2 = 0:9). In particular, we usethe samelinesearch procedureas in [3]: compute

� new = arg min � 2 [0;1] f (x (k ) + � d(k ) ), if � new 2 [� 1; � 2� ] then �  � new else�  �= 2. Figures 1 and 2 show the
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Figure 1 Values of � k in SPGM( � (1) ) and in SPGM( � (2) ) for HARKERP2 test problem.
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Figure 2 Values of f k = f (x k ) in SPGM( � (1) ) and in SPGM( � (2) ) for HARKERP2 test problem.

values of � k and f (x (k ) ) in the �rst iterations of the two SPGM methods. In Figure 1 the mark \ � " denotes

iterations where the linesearch procedure implies a step reduction.

We observe the considerabledi�erences that the two steplength selectionrules produce. In particular, rule

(5) gives the typical nonmonotone behavior of the sequencef f (x k )g, which is also a characteristic property
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of the BB method in unconstrained optimization (seee.g. [15]). In fact, after someiterations where f (x (k ) )

increases,a remarkable objective function descent follows, up to around iteration 30 where this behavior is well

emphasized. Of course, in order to exploit the e�ectiv enessof the steplength rule (5), a linesearch procedure

able to accept nonmonotone steps is crucial. In this sense,the combination of nonmonotone linesearch and

rule (5) is considereda successfulstrategy in [3]. On the other hand, rule (6) seemsto be unable to produce

nonmonotonicity in the sequencef f (x k )g and implies a very slow convergence. However, as shown in section

3, this is not always the caseand sometimesSPGM(� (2) ) outperforms SPGM(� (1) ). Thesedi�eren t behaviors

point out the SPGM strong sensitivity to the steplength selectionand suggestthat it is worthwhile to investigate

if improvements could beobtained by alternating betweenthe two BB rules, asit seemsthe casein unconstrained

optimization [21] (seealso [9, 10, 16, 32] for suggestionsabout other choicesof the steplength). We numerically

comparesomealternating strategies in section 3.

2.2 The Generalized Variable Pro jection Metho d

In this subsectionwe proposea generalizedversion of the variable projection methods intro duced for convex

quadratic programs in [18, 33, 34]. These schemesare scaledgradient projection methods that use a limited

minimization rule as linesearch procedure(seee.g. [2]) and the BB rule (5) or (6) for the steplength selection.

For the general nonconvex QP problem (3), a description of the unscaled VPM steps is given in Algorithm

VPM.

Algorithm VPM (Variable Projection Method)

Step 1. Initialization . Let x (0) 2 
, i � 2 f 1; 2g, 0 < � min < � max , � 0 2 [� min ; � max ]; set k = 0.

Step 2. Projection. Terminate if x (k ) satis�es a stopping criterion; otherwise compute the descent direction

d(k ) = P
 (x (k ) � � k (Gx (k ) + q)) � x (k ) :

Step 3. Linesearch. Compute
x (k+1) = x (k ) + � k d(k ) ; � k 2 (0; 1];

with � k given by
� k = arg min

� 2 [0;1]
f (x (k ) + � d(k ) ): (8)

Step 4. Updating. If d(k ) T
Gd(k ) � 0 then

set � k+1 = � max ;

else
compute � k+1 = min

n
� max ; max

n
� min ; � ( i � )

k+1

oo
:

end.
Set k  k + 1 and go to step 2.

The sameconsiderationson the computational cost given for SPGM still hold for VPMs. The VPM conver-

genceproperties are discussedin the next subsectionwhere a convergenceanalysis of its generalizedversion is

presented.

From the performanceviewpoint, numerical evidencesof their higher e�ectiv enessin comparisonto classical
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gradient projection methods (with constant steplength and limited minimization rule, or with Armijo-t ype

rule along the projection arc) are reported in [34]. Seealso [18] for an overview on VPMs for large convex

quadratic programs and for a description of how the steplength selections (5) and (6) may be derived by

heuristic arguments on f (x (k ) + d(k ) ) and kx � � (x (k ) + d(k ) )k2 bounds, respectively. We also remark that

rule (6) may be considereda special caseof a general steplength selection rule proposedin [13] for projection

methods in variational inequality problems, which was obtained by similar heuristic arguments.

Now, to better understand the generalizedversionof thesemethods, we show the numerical results obtained

by solving the HARKERP2 test problem with VPMs. We denote by VPM( � (1) ) the version of VPM that uses

the steplength selection(5) (i � = 1) and by VPM( � (2) ) the version that usesthe rule (6) (i � = 2). The results

in the bottom half of Table I, as well as Figures 3 and 4, are obtained with x (0) , � 0, � min , � max and stopping

rule chosenas in the previous experiments with SPGM.

The behavior of VPM( � (2) ) is very similar to that of SPGM(� (2) ). In fact, in spite of the stronger requeston

� k given by the limited minimization rule (8), alsoin this casethe rule (6) producesstepsthat do not needto be

reducedby the linesearch procedure(indeed � k < 1 for k = 0 only). As for SPGM(� (2) ), this steplength seems

to imply a too slow descent of the objective function. On the other hand, in VPM( � (1) ) the poor performance

appearsgeneratedby an opposite phenomenon:here, the limited minimization rule implies too many linesearch

reductions and consequently too frequent rejections of the iterate corresponding to the steplength (5). This

fact does not prevent the method to produce iterations with a large objective function descent, but it delays

these iterations and reducesthe descent magnitude, thus degrading the VPM( � (1) ) performancewith respect

to SPGM(� (1) ).

Since these drawbacks are frequently observed in VPM applications (see the experiments in section 3),

we argue that, even if the steplength selections(5) and (6) allows VPMs to outperform other classicalgradi-

ent projection methods, their combination with the linesearch procedure (8) cannot be consideredcompletely

satisfactory.

In what follows, we suggesta generalizedVPM version that overcomesthe above drawbacks. The basic

idea consistsin alternating cyclesof iterations, where a cycle with one steplength selectionrule follows a cycle

with the other rule. The purposeof the strategy is to attenuate the poor behavior observed in VPMs when the

BB rules are separately used. In practice, we try to use the rules alternation technique to avoid both the slow

descent produced by rule (6) and the frequent linesearch step reductions arising with rule (5).

Such an approach is expectedto bee�ectiv eon the basisof both the good performanceobtained in [18, 19, 38],

wherea VPM switchesbetween(5) and (6) every three iterations, and the previously mentioned promising results

on alternating strategies for unconstrained problems.

In details, our alternating strategy is asfollows. Let 0 < nmin � nmax bethe pre�xed minimum and maximum

cycle lengths, respectively. Let n � be the number of consecutive iterations that usethe samesteplength selection

rule, (5) or (6). We switch from one rule to the other either (i ) if n � � nmax , or (ii ) if nmin � n� < nmax and

a changing criterion is satis�ed. To present the changing criterion we intro duce the following de�nitions.
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Definition 2.1 (Separa ting steplength) Let x (k ) 2 
 , d(k ) asin (4), d(k ) T
Gd(k ) > 0 and � k 2 [� min ; � max ].

If

� (2)
k+1 < � k < � (1)

k+1

then � k is called a separating steplength.

Definition 2.2 (Bad descent genera tor) Let x (k ) 2 
 , d(k ) as in (4), d(k ) T
Gd(k ) > 0, � k 2 [� min ; � max ]

and

� opt = arg min
�

f (x (k ) + � d(k ) ) =
� (Gx (k ) + q)

T
d(k )

d(k ) T
Gd(k )

:

Given two constants � ` and � u such that 0 < � ` � 1 � � u , we say that � k is a bad descent generator if one of

the following conditions is satis�ed:

(a) � opt < � ` and � k = � (1)
k ; (9)

(b) � opt > � u and � k = � (2)
k : (10)

The changing criterion consistsin verifying if the last steplength usedis a separating steplength or is a bad

descent generator. The rationale of this criterion is the following:

{ if � k is a separatingsteplength and at least nmin iterations with rule (5) wasalready performed, we switch

to rule (6) in order to reducethe chanceof additional linesearch step reductions;

{ if � k is a separatingsteplength and at least nmin iterations with rule (6) wasalready performed, we switch

to rule (5) in order to reducethe chanceof additional small descents in the objective function;

{ if � k is a bad descent generator, then the last steplength produceda descent direction d (k ) along which the

limited minimization rule forced a too short step (� k = � opt < � ` ) or a too poor minimum approximation

(� k = 1 < � u < � opt ). Hencewe try to prevent the samedrawback in the next iteration by switching to

the other steplength rule.

In this way we bind the rule changing to an empirical check on the \qualit y" of both the new available values

for � k+1 and the last steplength � k . We call the VPM version based on this changing criterion generalized

variable projection method (GVPM) and we state it in Algorithm GVPM.

It is easyto seethat GVPM includes the previously discussedVPMs as special cases:VPM( � (1) ) (respec-

tiv ely VPM( � (2) )) is obtained for i � = 1 (resp. i � = 2) and nmin \extremely" large, while the version used in

[38] is obtained for i � = 2 and nmin = nmax = 3. The computational cost per iteration is essentially the same

as that of VPM.

Wenow discussthe e�ects of the presented alternating strategy on the performances.Again the HARKERP2

test problem is usedto illustrate the GVPM behavior. In Table I I, wereport the results obtained with nmax = 10

and di�eren t nmin values. We set i � = 2 in the �rst iteration, � ` = 0:1, � u = 5, while all the other parameters
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Algorithm GVPM (GeneralizedVariable Projection Method)

Step 1. Initialization . Let x (0) 2 
, i � 2 f 1; 2g, 0 < � min < � max , � 0 2 [� min ; � max ], nmin ; nmax 2 N,
0 < nmin � nmax , � ` � 1 � � u ; set n� = 1, k = 0.

Step 2. Projection. Terminate if x (k ) satis�es a stopping criterion; otherwise compute the descent direction

d(k ) = P
 (x (k ) � � k (Gx (k ) + q)) � x (k ) :

Step 3. Linesearch. Compute
x (k+1) = x (k ) + � k d(k ) ; � k 2 (0; 1];

with � k given by
� k = arg min

� 2 [0;1]
f (x (k ) + � d(k ) )

Step 4. Update. If d(k ) T
Gd(k ) � 0 then

set � k+1 = � max ;

else
compute � (1)

k+1 , � (2)
k+1 and � opt .

If (n� � nmin ) then
If (n� � nmax ) or (� k is a separating steplengthor a bad descent generator )

set� i �  mod(i � ; 2) + 1, n� = 0;
end.

end.
Compute � k+1 = min

n
� max ; max

n
� min ; � ( i � )

k+1

oo
;

end.
Set k  k + 1, n�  n� + 1 and go to step 2.

� Here mod( i; j ) is the remainder of the integer ratio i=j .

Table I I GVPM on the HARKERP2 test problem.

nmin iter ls time f min

1 85 27 0:20 � 5:000E� 1
2 73 27 0:17 � 5:000E� 1
3 35 8 0:10 � 5:000E� 1
4 24 4 0:07 � 5:000E� 1
5 56 6 0:14 � 5:000E� 1
6 71 12 0:17 � 5:000E� 1
7 83 12 0:20 � 5:000E� 1

and the stopping rule are the sameas in the previous experiments. For the casenmin = 4, in order to facilitate

a comparisonwith VPMs, we plot the valuesof � k and f (x (k ) ) in Figures 3 and 4, respectively.

Theseexperiments suggestthat the alternating strategy appears to be a very promising way to reducethe

disadvantagesdue to the useof a single BB rule in all the VPM iterations. In fact, the steplength alternation

allowslargeobjectivefunction descent to appear immediately after few iterations with a small descent (seeFigure

4), similarly to what observed for SPGM(� (1) ). Hence, this example shows how the GVPM can remarkably

improve the VPMs, as we expected; furthermore, note also that comparable performanceswith SPGM(� (1) )

are now obtained (seefor example the results for nmin = 3; 4 in Table I I).

We refer to section 3 for a deeper insight into the above consideration and a comparison with VPMs and

10
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Figure 4 f k values in VPMs and in GVPM for HARKERP2 test problem.

SPGMs on many other problems.

2.3 Con vergence analysis for GVPM

In this subsectionwe prove that, as for both standard gradient projection methods and SPGMs, every accu-

mulation point of the sequencef x (k ) g generatedby GVPM is a constrained stationary point. To this end the

following two lemmasare useful.

11



Lemma 2.2 Let z 2 
 , � 2 (0; � max ] and d = P
 (z � � (Gz + q)) � z. We have:

(a) (Gz + q)T d � �
1
�

kdk2
2 � �

1
� max

kdk2
2 ;

(b) d = 0 if and only if z is a constrained stationary point, that is

(Gz + q)T (x � z) � 0; 8 x 2 
 :

Proof The two inequalities are well known characteristic properties of gradient projection schemes(see [2]

and [3, Lemma 2.1]). �

The previous Lemma ensuresthat in the GVPM, if d(k ) 6= 0 then d(k ) is a descent direction at x (k ) . This

basic property is usedto prove the next result.

Lemma 2.3 Let x (k ) , d(k ) and x (k+1) , k = 0; 1; : : :, be as in the GVPM algorithm. If x (k ) is not a constrained

stationary point, then

(a) � k � � min =

8
<

:
min

�
1;

1
� max � max (G)

�
if � max (G) > 0

1 if � max (G) � 0

(b) f (x (k+1) ) � f (x (k ) ) + 1
2 � k (Gx (k ) + q)

T
d(k )

where � max (G) is the maximum eigenvalueof G.

Proof To prove (a) we observe that � k solvesthe problem

min
� 2 [0;1]

1
2

� 2d(k ) T
Gd(k ) + � (Gx (k ) + q)

T
d(k )

where (Gx (k ) + q)
T

d(k ) < 0. It is easyto show that

� k =

8
>><

>>:

min

(

1;
� (Gx (k ) + q)

T
d(k )

d(k ) T
Gd(k )

)

if d(k ) T
Gd(k ) > 0

1 if d(k ) T
Gd(k ) � 0:

(11)

From Lemma 2.2 and d(k ) T
Gd(k ) � � max (G)kd(k ) k2

2 the assertion(a) immediately follows.

In order to prove (b), we recall that

f (x (k+1) ) = f (x (k ) ) +
1
2

(x (k+1) � x (k ) )T G(x (k+1) � x (k ) )

+ (Gx (k ) + q)
T

(x (k+1) � x (k ) )

= f (x (k ) ) +
1
2

� 2
k d(k ) T

Gd(k ) + � k (Gx (k ) + q)
T

d(k ) :

(12)

Consider the cased(k ) T
Gd(k ) > 0; from (11) we have

� k = min

(

1;
� (Gx (k ) + q)

T
d(k )

d(k ) T
Gd(k )

)

:

12



If � k = 1 then � (Gx (k ) + q)
T

d(k ) � d(k ) T
Gd(k ) , so assertion(b) holds becauseof (12). On the other hand, if

� k = � (Gx (k ) + q)
T

d(k ) =(d(k ) T
Gd(k ) )

then we have

f (x (k+1) ) = f (x (k ) ) �
1
2

�
(Gx (k ) + q)

T
d(k )

� 2

d(k ) T
Gd(k )

= f (x (k ) ) +
1
2

� k (Gx (k ) + q)
T

d(k ) :

Consider now the cased(k ) T
Gd(k ) � 0: from (11) we have � k = 1 and by using (12) the inequality (b) easily

follows. �

Lemma 2.3 shows that in GVPM we have inf � k � � min > 0. Moreover, it gives an inequality for the

sequencef f (x (k ) )g which is a special caseof the inequality required in the nonmonotone linesearch procedure

used in SPGM (corresponding to M = 1 and 
 = 1=2). This allows to derive the following convergenceresult

for GVPM:

Theorem 2.1 Let f x (k ) g be the sequence generated by the GVPM algorithm. Then every accumulation point

x of f x (k ) g is a constrained stationary point.

Proof By using the assertionsof Lemma 2.3, one proceedsexactly as in the case2 of Theorem 2.4 in [3]. �

The conclusion of Theorem 2.1 also holds for VPMs, since they are special casesof GVPM, and it joins

the convergenceresults presented in [18, 34] for the convex case.For convex quadratic programs, an additional

result can be given for the GVPM convergencerate.

Theorem 2.2 Let the function f (x ) in (3) be convexand bounded below on 
 . The sequence f x (k ) g generated

by the GVPM algorithm convergesat least R-linearly to a solution of (3).

Proof The theoremcanbeprovedby following the proof of Theorem2.1 in [34], wherethe R-linear convergence

of VPMs for convex problems is established. In fact, GVPM di�ers from VPMs only in the choice of the

steplength � k+1 2 [� min ; � max ] and the convergenceanalysis developed in [34] does not depend on the � k+1

choice within the interval [� min ; � max ]. �
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3 Numerical Exp erimen ts

Here we analyse the behavior of the above gradient projection methods on three sets of QP test problems

with simple constraints: (i) someproblems of the CUTE collection, (ii) randomly generatedproblems and (iii)

problems arising in training SVMs.

The aim of these experiments is to show the improvements that appropriate BB rules alternations can

produce in both monotone and nonmonotonegradient projection schemes.

BesidesSPGM(� (1) ) and SPGM(� (2) ), we test SPGM versionswhere the steplength � k+1 2 [� min ; � max ] is

selectedaccording to one of the following ways:

AL 1-SPGM: start with rule (5) and switch the BB rules at each iteration;

AL 3-SPGM: start with rule (5) and switch the BB rules every three iterations;

AD1-SPGM: adaptively alternate as in the GVPM with i � = 1, nmin = 1;

AD3-SPGM: adaptively alternate as in the GVPM with i � = 1, nmin = 3.

Analogously, besidesVPM( � (1) ) and VPM( � (2) ), we considerVPM versionswhere the steplength is chosen

this way:

AL 1-VPM: start with rule (6) and switch the BB rules at each iteration;

AL 3-VPM: start with rule (6) and switch the BB rules every three iterations.

Furthermore, the GVPM versionswith i � = 2 and nmin = 1 (GVPM 1) or nmin = 3 (GVPM 3) are used.

All the other parameters required by the methods are set as in the previous section and the limit of 30000

iterations is added to the stopping rule. Since both AD-SPGMs and GVPMs depend on the initial i � value,

we consider only those versionsthat generally give better performances. The sameholds for AL-SPGMs and

AL-VPMs.

Some remarks on the choice of the above methods are useful. First of all, the interest for AL 1-SPGM

and AL 3-SPGM alternating strategies is motivated by the good results they produced in di�eren t contexts

[21, 38]. Second,while the adaptive alternation we proposeis designedto overcomesomeof the typical mono-

tone linesearch drawbacks, one can reasonablyexpect that it doesnot imply remarkable improvements within

nonmonotoneschemes;AD 1-SPGM and AD 3-SPGM give numerical evidence. Last, the analogousversionsof

the monotone approach allow a complete comparisonand emphasizethe GVPM bene�ts.

We recall that in all the reported results the problem solution time is in secondsand it does not includes

data loading or generation. The experiments of the �rst two sets are carried out in MATLAB on a Digital

personalworkstation 500auat 500MHz with 512MB of RAM.

The CUTE box constrainedQP problemsweconsiderare listed in Table I I I, together with the best computed

function value, which is the samefor all methods. In TP1, wherethe starting point is not available in the CUTE

14



Table I I I Box constrained QP test problems from CUTE.

Test Problem Name n f min

TP1 BIGGSB1 1000 1:590E� 02
TP2 BQPGABIM 50 � 3:790E� 05
TP3 BQPGASIM 50 � 5:520E� 05
TP4 CHENHARK 1000 � 2:000E+00
TP5 NCVXBQP2 10000 � 1:334E+10
TP6 NCVXBQP3 10000 � 6:558E+09

model, we usex (0)
i = 0:5, i = 1; : : : ; n, while in all the other caseswe usethe samestarting point of the model.

The numerical results are reported in Table IV; here, and in the following tables the symbol \ � " meansthat

the 30000iterations limit is reached.

For the secondset of experiments we randomly generatestrictly convex QP problems of the form (3) with


 =
�

x 2 Rn ; x = (x1; : : : ; xn )T ; � 1 � x i � 1; i = 1; : : : ; n
	

;

q = (q1; : : : ; qn )T ; qi = � 1 + 2(i � 1)=(n � 1); i = 1; : : : ; n;

G = QD QT ;

where Q is an orthogonal matrix and D = diagf � 1; � 2; : : : ; � n g is a diagonal matrix with � i , i = 1; : : : ; n, as

diagonal entries (eigenvalues of G). The matrix Q is obtained from the QR factorization of a random matrix

generatedby the MATLAB rand command: [Q R] = qr(-1 + 2*rand(n)) . Given � max (G) and the spectral

condition number of G, K (G) = � max (G)=�min (G), let � 1 = � min (G) and � n = � max (G). Then the following

three eigenvaluesdistributions are considered:

A) uniform distribution:

� i = � 1 + � i (� n � � 1); � i 2 (0; 1); i = 2; : : : ; n � 1;

B) 90% of the eigenvaluescloseto � min (G):

�� = � 1K (G)0:2; � i = � 1 + � i ( �� � � 1); i = 2; : : : ; b0:9nc;

� i = �� + � i (� n � �� ); i = b0:9nc + 1; : : : ; n � 1;

C) 90% of the eigenvaluescloseto � max (G):

�� = � 1K (G)0:9; � i = � 1 + � i ( �� � � 1); i = 2; : : : ; b0:1nc;

� i = �� + � i (� n � �� ); i = b0:1nc + 1; : : : ; n � 1;

where each � i 2 (0; 1) is given by the MATLAB function rand.

The behavior of SPGMs and VPMs on someproblems generatedin this way is shown in TablesV{VI I. We

�x n = 200 and we considerdi�eren t values for K (G) and � max (G). For each value of K (G) and � max (G), the

averageresults obtained by solving 30 random problems are reported (the null vector is the initial guess).

Considering the iteration counts in the two experiment sets, the following observations can be drawn:
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1) SPGM behavior:

{ SPGM(� (1) ) does not de�nitiv ely outperforms SPGM(� (2) ): even if the former is better on CUTE

test problems, the secondset of experiments shows that the opposite is true for particular eigenvalue

distributions (seethe casewith � max = 104 in TablesV{VI I).

{ Betweenthe two AL-SPGM versions,AL 1-SPGM seemspreferable. The BB rule alternation usedin

AL 1-SPGM often improves(sometimessigni�can tly) the SPGM(� (1 ;2) ) performance,as it is claimed

to happen in gradient methods for unconstrained problems [21]. However, the results for TP5,TP6

in Table IV and for K (G) = 104; � max = 102 and K (G) = 106; � max = 102; 104 in Table VI show that

this is not always the case. In particular, for someof these test problems the AL 1-SPGM iteration

amount is largely increasedwith respect to SPGM(� (1) ). In conclusion,a simple BB rule alternation

at each iteration appearspromising to improve SPGM(� (1 ;2) ), but cannot be considereda completely

satisfactory strategy.

{ The best AD-SPGM results outperforms both SPGM(� (1 ;2) ) and AL-SPGM 1;3 only in two particular

cases:K (G) = 106; � max = 104 in TablesV and VI. Weremark that this adaptivealternating strategy

is designedto improve the VPM behavior and thesepoor performanceson SPGMs are not surprising.

In order to intro duce an e�ectiv e adaptive alternating strategy also for SPGMs, further study will

be needed.

2) VPM behavior:

{ As for SPGMs, one cannot suggestwhich BB rule works de�nitiv ely better than the other within

VPMs. In both the test problem sets, there are caseswhere VPM( � (1) ) is more e�cien t than

VPM( � (2) ) and caseswhere the opposite happens.

{ Also the AL-VPM schemespresent behaviors that are strongly problem dependent and one version

is not always preferable to the other. In many cases,the best result given by AL 1-VPM and AL 3-

VPM is better than the result obtained with both VPM( � (1) ) and VPM( � (2) ). This con�rms the

importance of BB rules alternations also in VPM schemes.However, the AL-VPM performancesare

often signi�can tly improved by the GVPMs.

{ ConcerningGVPMs we observe that, except two cases(TP6 in Table IV and K (G) = 106; � max = 104

in Table VI), the best result produced by GVPM 1 and GVPM 3 is better than the results given by

both VPM and AL-VPM schemes,or comparablewithin a 10%. Furthermore, a deeper insight into

the comparison between AL 1-VPM and GVPM 1 (resp. AL 3-VPM and GVPM 3) shows how the

GVPM adaptive alternation can be an useful strategy to improve the behavior due to a switching

after a pre�xed number of iterations. Finally, it is interesting to emphasizethat the best GVPMs

results are always competitiv e with (and sometimesbetter than) the best SPGMs results
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The next experiments on SVM QP problemsreinforceall the aboveconsiderationsand show how the GVPMs

can be a valuable alternativ e to both SPGM(� (1 ;2) ) and AL-SPGMs.

To evaluate the above methods on some QP problems of the form (2) we train Gaussian SVMs on two

real-world data sets: the MNIST databaseof handwritten digits [24] and the UCI Adult data set [27].

Theseexperiments are carried out on a Compaq XP1000 workstation at 667MHz with 1GB of RAM, with

standard C codes. All the consideredmethods compute the projection on the special feasibleregion of (2) by

solving the equivalent separableQP problem via the algorithm proposedin [30]. Sincethis is an O(n) algorithm,

the main computational cost of each iteration of all methods becomesthe matrix-v ector product Gd (k ) . The

implementation of this product exploits the expectedvector sparsity, often allowing a dramatic reduction of the

operation cost and a large performanceimprovement of the solvers. The parametersare set as in the previous

experiments, but a di�eren t stopping rule is used,which is basedon the ful�lmen t of the KKT conditions within

10� 3 (as it is usually the casein SVM applications [23, 31]). The equality constraint multiplier is computed as

suggestedin [23] and the null vector is always the initial guess.

A �rst set of six test problems (Ti ; i = 1; : : : ; 6) sizedn = 3700 is considered. Theseproblems are obtained

as follows. We consider the whole MNIST databaseand we train a Gaussianclassi�er for digit \8" with SVM

parameters C = 10 and � = 1800: this leads to a QP problem of the form (2) sized60000. Then we face this

large problem with the decomposition technique intro ducedin [38] and brie
y discussedin the next section. The

problems Ti ; i = 1; : : : ; 6, are the subproblemsgeneratedin the six iterations of the decomposition technique

(where the subproblem size is set to 3700).

The iterations required by both the VPM and SPGM approaches on these six test problems are reported

in Table VI I I. Here we denote by SV and BSV the number of support vectors and bound support vectors,

respectively. Weobservethat generallyGVPM 3 yields the best performance,but for test problem T1 whereAL 3-

VPM, GVPM 3 and SPGM(� (1) ) show very similar results. In particular GVPM 3 improves AL 3-VPM, which

is the inner QP solver usedin the decomposition technique [38]. The next section will show the decomposition

technique performanceimprovements due to this adaptive QP solver.

Now, we concludethis experiments by comparing the GVPM 3 behavior with the packagesusedas QP inner

solvers in two well known decomposition techniques for problem (2) [23, 29] (we refer the reader to [3] for a

SPGM(� (1) ) versusLANCELOT comparisonon box constrained problems).

Two solvers are suggestedin the Joachims' SVM light package [23]: the Hildreth-D'Esop o method and a

version of the Vanderbei's primal-dual infeasible interior point method [36], namedpr LOQO and implemented

by Smola [35]. We usethe latter becauseit appearsmore e�cien t when the problem size increases.Moreover,

we considerMINOS (ver. 5.5) [28], which is the solver used in [29]. A solution accuracycomparablewith that

given by GVPM 3 is obtained by setting sigfig max= 8 in pr LOQO and Optimality tolerance = 10� 4

in MINOS, while for better performancesSuperbasics limit = 1000 is used in MINOS. Default settings are

otherwise used.

For these experiments, test problems of size n = 800; 1600 and 3200 are constructed from MNIST by
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considering the �rst n=2 inputs of digit \8" and the �rst n=2 inputs of the other digits. From the UCI Adult

database, the versions with size n = 1605; 2265 and 3185 are considered. The following setting of the SVM

parameters is used: C = 10, � = 2000 for the MNIST databaseand C = 1, � 2 = 10 for the UCI Adult data

sets.

Table IX reports the results obtained by the two packagesand the GVPM 3, run on the same Compaq

platform: it is evident that the consideredgradient projection method allows a remarkable performance im-

provement with respect to both pr LOQO and MINOS, becauseof its low iteration costand its good convergence

rate.

Finally, we also tested gradient projection schemesto train polynomial SVMs: in this casetheir convergence

rate appears strongly dependent on the data normalization and they generally show lessencouragingresults.

However, preliminary investigationsreveal that the diagonally scaled[2] versionsof gradient projection methods

can achieve equally appreciableperformances.We will deal with this topic in a future work.

Summing up, the good GVPM 3 e�ectiv enesson medium-scalequadratic programs makes it an attractiv e

inner solver in decomposition techniques for large-scaleSVMs, as we explain in the next section.
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Table IV VPMs and SPGMs on CUTE test problems

SPGM(� (1) ) SPGM(� (2) ) AL 1-SPGM AL 3-SPGM AD 1-SPGM AD 3-SPGM
Problem it ls time it ls time it ls time it ls time it ls time it ls time

TP1 2051 383 10:14 4004 1 18:83 867 13 4:62 1690 278 9:68 1343 137 6:80 1901 318 9:92
TP2 24 2 0:06 33 1 0:07 29 1 0:10 31 1 0:10 26 2 0:07 33 2 0:08
TP3 33 2 0:07 37 1 0:08 31 1 0:10 32 1 0:10 33 1 0:08 31 2 0:08
TP4 3900 762 21:89 10576 0 59:24 1359 44 8:10 2649 421 17:11 2292 241 12:98 2149 364 12:77
TP5 83 4 4:44 � 250 4 13:42 223 20 12:13 289 5 15:38 128 6 6:88
TP6 116 6 6:11 � 888 62 46:87 839 22 44:97 1131 42 59:25 195 11 10:24

VPM( � (1) ) VPM( � (2) ) AL 1-VPM AL 3-VPM GVPM 1 GVPM 3

Problem it ls time it ls time it ls time it ls time it ls time it ls time
TP1 � 3973 100 15:91 816 226 3:81 3135 974 14:56 777 191 3:02 1119 304 4:25
TP2 75 38 0:10 33 6 0:05 26 7 0:07 27 10 0:07 28 8 0:05 29 8 0:05
TP3 79 40 0:11 30 9 0:05 30 9 0:80 28 8 0:07 29 10 0:05 30 10 0:05
TP4 � 10700 33 53:00 1639 436 8:63 2436 737 12:60 1545 323 7:01 2163 596 9:60
TP5 106 49 5:23 � 245 6 12:30 119 30 6:01 196 10 9:82 117 21 5:86
TP6 612 304 29:46 � 1228 4 60:65 198 43 9:80 1221 6 59:76 228 54 11:10
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Table V Random QP test problems, eigenvalues distribution A (N = 200).

SPGM(� (1) ) SPGM(� (2) ) AL 1-SPGM AL 3-SPGM AD 1-SPGM AD 3-SPGM
K (G) � max it ls time it ls time it ls time it ls time it ls time it ls time
102 1 16 0 0:07 22 0 0:10 17 0 0:09 16 0 0:09 17 0 0:08 17 0 0:08

104 83 9 0:34 76 2 0:31 80 4 0:40 78 8 0:40 79 6 0:34 83 7 0:35
1 16 0 0:07 23 0 0:10 18 0 0:09 16 0 0:09 18 0 0:08 17 0 0:08

104 102 301 51 1:27 528 3 2:13 205 7 1:02 269 41 1:38 254 27 1:11 290 49 1:27
104 1669 323 7:19 975 13 3:94 958 30 4:77 1171 186 6:08 1457 149 6:44 1702 302 7:70
1 16 0 0:07 23 0 0:10 18 0 0:10 16 0 0:09 18 0 0:08 18 0 0:08

106 102 267 45 1:12 547 2 2:22 192 7 0:96 264 40 1:35 233 25 1:02 258 42 1:13
104 3044 583 13:38 2720 8 11:97 2765 60 15:49 2818 450 15:49 2155 202 9:79 2534 417 11:98

VPM( � (1) ) VPM( � (2) ) AL 1-VPM AL 3-VPM GVPM 1 GVPM 3

K (G) � max it ls time it ls time it ls time it ls time it ls time it ls time
102 1 21 10 0:09 22 0 0:09 17 3 0:09 16 3 0:08 18 3 0:08 17 3 0:07

104 466 234 1:65 81 18 0:29 72 24 0:33 84 30 0:38 75 24 0:28 81 25 0:30
1 22 10 0:09 23 0 0:09 17 3 0:08 16 4 0:08 18 3 0:07 18 3 0:07

104 102 1941 972 7:04 525 17 1:89 224 62 1:01 246 77 1:11 219 57 0:81 207 59 0:76
104 � 1050 75 3:76 985 275 4:42 1198 352 5:39 832 202 3:10 1076 307 3:96
1 22 10 0:09 23 0 0:09 17 3 0:08 16 3 0:08 18 3 0:07 18 3 0:07

106 102 2121 1062 7:80 552 14 1:98 235 64 1:05 222 70 1:00 196 51 0:73 195 56 0:71
104 � 2515 64 9:67 2695 732 13:94 3200 939 16:43 1938 425 7:76 2260 634 9:27
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Table VI Random QP test problems, eigenvalues distribution B (N = 200).

SPGM(� (1) ) SPGM(� (2) ) AL 1-SPGM AL 3-SPGM AD 1-SPGM AD 3-SPGM
K (G) � max it ls time it ls time it ls time it ls time it ls time it ls time
102 1 17 0 0:08 66 0 0:29 31 0 0:17 30 0 0:16 32 0 0:15 28 0 0:13

104 89 9 0:37 84 3 0:35 83 6 0:42 81 9 0:42 81 6 0:35 81 7 0:35
1 20 0 0:09 245 0 1:11 45 0 0:24 40 0 0:22 44 0 0:21 35 0 0:16

104 102 479 85 2:22 1150 3 5:19 2255 2 12:47 2540 56 14:16 916 31 4:37 561 58 2:67
104 2084 472 9:19 1195 19 4:90 1024 27 5:16 1275 204 6:72 1504 150 6:74 1844 324 8:47
1 20 0 0:09 255 0 1:15 46 0 0:25 40 0 0:22 43 0 0:20 36 0 0:17

106 102 158 4:05 9296 2 47:98 4950 2 28:72 6787 42 40:66 1715 38 8:31 1130 115 5:46
104 21641 4312 123:93 18222 32 97:59 � � 18990 369 107:97 13270 1381 71:52

VPM( � (1) ) VPM( � (2) ) AL 1-VPM AL 3-VPM GVPM 1 GVPM 3

K (G) � max it ls time it ls time it ls time it ls time it ls time it ls time
102 1 22 10 0:09 66 0 0:26 31 0 0:15 26 5 0:13 29 1 0:12 25 5 0:10

104 318 160 1:12 87 19 0:31 79 26 0:36 84 30 0:38 78 26 0:29 83 27 0:30
1 27 12 0:11 245 0 0:97 48 1 0:24 32 6 0:16 42 2 0:17 30 6 0:12

104 102 2641 1321 10:62 1149 14 4:58 2214 9 10:99 541 127 2:64 2357 9 9:88 572 140 2:31
104 � 1313 98 4:74 817 219 3:67 1105 328 4:99 778 179 2:90 834 239 3:07
1 27 11 0:10 255 0 1:01 48 1 0:24 32 6 0:16 42 1 0:17 30 6 0:12

106 102 5211 2605 22:19 9160 3 42:08 5989 9 31:67 943 213 4:62 5815 9 26:02 1018 238 4:16
104 � 16721 90 79:07 � 15853 3661 87:64 � 17782 4229 87:19
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Table VI I Random QP test problems, eigenvalues distribution C (N = 200).

SPGM(� (1) ) SPGM(� (2) ) AL 1-SPGM AL 3-SPGM AD 1-SPGM AD 3-SPGM
K (G) � max it ls time it ls time it ls time it ls time it ls time it ls time
102 1 15 0 0:06 25 0 0:11 18 0 0:10 15 0 0:08 18 0 0:08 17 0 0:08

104 80 8 0:33 72 2 0:29 73 4 0:36 75 7 0:38 73 6 0:32 73 7 0:31
1 14 0 0:06 21 0 0:09 16 0 0:09 15 0 0:08 17 0 0:08 16 0 0:07

104 102 232 40 0:97 299 2 1:19 168 6 0:84 185 27 0:94 203 19 0:87 239 37 1:05
104 2241 638 10:19 994 14 4:00 979 26 4:87 1002 158 5:19 1439 145 6:34 1658 294 7:48
1 15 0 0:07 21 0 0:09 16 0 0:08 15 0 0:08 16 0 0:07 16 0 0:07

106 102 464 85 2:02 430 2 1:73 201 6 1:00 264 39 1:35 237 22 1:03 248 38 1:08
104 3029 585 13:30 2362 9 9:99 1974 44 10:64 2993 477 16:41 2235 204 10:39 2142 349 10:06

VPM( � (1) ) VPM( � (2) ) AL 1-VPM AL 3-VPM GVPM 1 GVPM 3

K (G) � max it ls time it ls time it ls time it ls time it ls time it ls time
102 1 21 9 0:08 25 0 0:10 18 1 0:09 16 4 0:08 18 2 0:07 17 3 0:07

104 268 134 0:95 77 16 0:28 68 21 0:31 76 27 0:34 71 23 0:27 73 23 0:27
1 20 9 0:08 21 0 0:08 17 2 0:08 16 3 0:08 17 2 0:07 16 3 0:07

104 102 2531 1266 10:98 310 14 1:11 184 47 0:83 184 59 0:83 166 40 0:62 174 48 0:65
104 � 1074 74 3:88 898 248 4:04 1156 343 5:23 654 155 2:47 908 259 3:39
1 20 9 0:08 21 0 0:08 17 3 0:08 16 3 0:07 16 2 0:07 16 3 0:07

106 102 1642 829 6:11 430 14 1:56 280 76 1:27 251 77 1:14 255 60 0:97 272 77 1:02
104 � 2305 56 8:86 2637 719 13:58 2713 795 13:61 1952 417 7:99 1864 522 7:37
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Table VI I I Iteration numbers on the SVM test problems from MNIST database.

VPM GVPM SPGM
test SV BSV � (1) � (2) AL 1 AL 3 1 3 � (1) � (2) AL 1 AL 3

T1 545 2 1150 1077 2088 347 605 377 360 1102 2113 1942
T2 1727 75 5863 3195 7900 966 910 793 1211 2259 8195 8692
T3 2262 95 7099 1967 6821 875 1007 764 1051 2123 6058 8032
T4 2694 32 7768 2171 6293 978 1325 769 1108 2244 6394 7886
T5 2963 5 12565 2812 9120 1444 1584 909 1521 2655 9479 12722
T6 2993 0 10015 2068 8596 1290 3200 1102 1501 2208 8059 11007

Table IX Results for pr LOQO, MINOS and GVPM 3 on SVM test problems.

pr LOQO MINOS GVPM 3

Prob. n it time SV BSV it time SV BSV it time SV BSV
800 14 9:42 283 1 622 6:84 281 1 161 0:50 281 1

MNIST 1600 15 112:38 458 9 1043 46:11 455 9 277 3:20 456 9
3200 15 1124:61 809 25 1894 337:24 806 25 513 21:27 808 25
1605 15 131:6 691 584 1066 33:8 691 585 153 1:00 691 584

UCI Adult 2265 15 383:9 1011 847 1580 101:3 1007 849 196 2:75 1011 847
3185 15 1081:4 1300 1109 2004 248:7 1294 1116 282 6:95 1299 1113

4 Gradien t Pro jection Decomp osition Techniques for SVMs

The most popular decomposition technique that use a numerical solver for the inner QP subproblems is the

SVM light algorithm intro ducedin [23] (see[25, 26] for its convergenceproperties). Unfortunately , this technique

is designedto bee�ectiv eonly whenthe subproblemsizeis very small (generally lessthan 102) and it is not suited

to bene�t from high performancesolvers for medium-scaleQP problems. Thus, a di�eren t implementation is

proposedin [38], which is still basedon the SVM light idea, but is appropriately designedto e�cien tly decompose

the problem into medium-scalesubproblems. In [38], the AL 3-VPM is used as the inner subproblem solver.

Here, since the good results obtained in the previous experiments by GVPM 3, we evaluate the performances

improvement of the decomposition technique when the new solver is used. For completeness,also SPGM(� (1) )

is consideredas inner solver. In the following we call gradient projection-based decomposition technique (GPDT)

the decomposition technique [38] equipped with theseinner solvers. To describe the next experiments, we brie
y

recall in Algorithm DT the main decomposition stepsfor QP problems of the form (2). We refer the reader to

[23] and [38] for further details of the two implementations.

We comparethe numerical results obtained on somelarge-scaletest problemsby GPDT and by the SVM light

software (version 3.5)1 equipped with pr LOQO. We considerthe largest test problems available in the MNIST

and the UCI Adult data sets: the former is sized60000and is obtained as in [31] by training just the class\8"

classi�er, while the latter is sized 32562. GaussianSVMs are trained with C = 10, � = 1800 for MNIST and

C = 1, � 2 = 10 for UCI Adult. The experiments are carried out with standard C codeson the above Compaq

workstation. Both softwaresusea 500MB caching areaand the default SVM light stopping rule. The parameters

1We tested also the more recent version 5.0, but we get slightly worse performances.
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Algorithm DT (SVM Decomposition Technique)

Step 1. Initialization . Let x (1) =
�
x(1)

1 ; : : : ; x(1)
n

� T
be a feasible point for (2), let nsp and nc be two integer

values such that n � nsp � nc > 0 and set k = 1. Arbitrarily split the indices of the variables x (k )
i

into the set B of basic variables, with # B = nsp , and the set N of nonbasic variables. Arrange the
arrays x (k ) and G with respect to B and N :

x (k ) =

"
x (k )

B

x (k )
N

#

; G =
�

GBB GBN

GN B GN N

�
:

Step 2. QP subproblem. Compute the solution x (k+1)
B of

min
1
2

x T
B GBB x B +

�
GBN x (k )

N � (1; 1 : : : ; 1)T
� T

x B

sub: to
P

i 2B yi x i = �
P

i 2N yi x
(k )
i ;

0 � x i � C 8i 2 B;

and set x (k+1) =
�

x (k+1)
B

T
; x (k )

N

T � T
.

Step 3. Gradient updating. Update the gradient rF (x (k+1) ) and terminate if x (k+1) satis�es the KKT condi-
tions.

Step 4. Updating of B. Changeat most nc elements of B. The entering indices are determined by a strategy
basedon the Zoutendijk's method. Set k  k + 1 and go to step 2.

Table X SVM light package on SVMs test problems.

Problem nsp nc it time SV BSV
10� 10� 10007 4243:05 3156 160

4 2 17342 3338:00 3154 160
MNIST 8 4 9171 3193:14 3153 160

n = 60000 20 10 3874 3364:17 3152 160
40 20 1987 3573:68 3156 160
90 30 895 3791:08 3153 160

10� 10� 9930 881:19 11690 10602
4 2 14596 880:80 11572 10740

UCI Adult 8 4 10710 907:45 11623 10675
n = 32562 20 10 4459 850:82 11695 10594

40 20 2514 876:71 11750 10587
80 40 1267 926:87 11776 10560

� Default parameter setting

setting for the GPDT inner solvers is the sameas the previous experiments, while in SVM light software default

settings are used.

TablesX and XI report the results for di�eren t valuesof nsp (subproblem size) and nc (maximum number

of new variables entering the working set). For SVM light , these values are assignedto command line options

q and n, respectively. In both Tables, for each nsp value we report the results corresponding to an empirical

approximation of the optimal nc value, i.e. that giving the lowest computational time. The iteration numbers

(it) refer to the decomposition iterations.

The experiments con�rm that SVM light achievesthe best performancewhen very small nsp valuesare used
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Table XI GPDT on SVMs test problems.

SPGM(� 1) GVPM 3 AL 3-VPM
nsp nc it time SV BSV it time SV BSV it time SV BSV

MNIST n = 60000
2900 1100 10 2357:29 3157 159 9 1985:74 3157 159 9 2087:93 3157 160
3100 1200 7 1881:61 3158 159 7 1732:80 3157 159 7 1872:39 3158 159
3700 1500 6 2028:81 3157 160 6 1778:30 3157 159 6 1849:71 3156 159

UCI Adult n = 32562
1000 600 70 689:62 1173810559 71 675:99 1174210583 75 757:55 1175710563
1300 750 42 590:68 1177210566 42 590:81 1177210564 42 621:80 1176010544
1600 800 34 691:08 1175710536 35 687:80 1175310544 36 696:15 1175910566

(nsp = 8 for MNIST and nsp = 20 for UCI Adult). For increasing nsp values each iteration becomestoo

expensive and the e�ectiv enessdecreases.Sincein theseiterations the QP subproblem solution is a very cheap

task comparedto the kernel evaluations required by the data and gradient updating, the useof an inner solver

better than pr LOQO doesnot reducethe training time enough.

On the opposite side, GPDT shows the lowest solution time when su�cien tly large nsp values are used

(nsp = 3100for MNIST and nsp = 1300for UCI Adult). This is due to both the high performanceof the inner

solvers and the special strategy described in [38] to reduce the kernel evaluations required by the GBB , GBN

and rF (x (k+1) ) updating in each decomposition iteration.

Thanks to thesetwo features,whennsp increases,the GPDT iterations doesnot becomeexcessively expensive

and the good convergencerate of the decomposition technique can be fully exploited. On thesetest problems,

among the three inner QP solvers, GVPM 3 appears the most e�ectiv e one and in somecasesyields signi�can t

improvements with respect to the AL 3-VPM solver usedin [38].

Furthermore, a very important GPDT property must be mentioned: its easyparallelization. In fact, since

the computational burden is given by few expensive iterations where the heaviest parts are the matrix-v ector

product in the inner solver and the kernel evaluations, a suitable data distribution allows a very e�ectiv e

GPDT parallel implementation on distributed memory multipro cessormachines. Thus, the large computational

resourcestypically available on modern parallel computers can be fully exploited to solve large or even huge

problems of the form (2). We do not longer develop here this topic and we refer the interested reader to [38].

5 Conclusions and future developmen ts

In this paper, gradient projection methods basedon the two Barzilai-Borw ein spectral steplengthsare investi-

gated for QP problems with simple constraints, such as those coming from SVMs training. The nonmonotone

spectral projected gradient scheme[3] and the variable projection methods [33, 34] are considered. Both clas-

sical and alternated BB steplength selectionsare evaluated within the above approaches. Following the recent

suggestionsin [18, 19, 21, 38] two alternating strategies are tested, that change the BB rule at each iteration

or every three iterations. Our experiments show that, when the BB rules are singly used, one rule does not

performs de�nitiv ely better than the other, for both SPGM and VPM. Concerning the rule alternations, they
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seemvery promising strategies: in fact, they often remarkably reduce the iteration counts with respect to the

caseswhere a single BB rule is used. However, sincethis is not always the case,further improved strategiesare

desirable.

In this work we present a generalizedVPM (GVPM) that exploits a new adaptive steplength selection

between the BB rules and includes the other VPMs as special cases. The GVPM convergenceanalysis is

provided. A wide numerical experimentation is carried out on three test sets: some CUTE problems, some

randomly generated problems and some problems arising in SVM training. This computational experience

shows that GVPM performs generally better than VPMs and, further, it often appearsa valuable alternativ e to

SPGMs. In the caseof SVM problems, GVPM largely outperforms both pr LOQO and MINOS; furthermore,

it is successfullytested as inner solver in the decomposition technique proposedin [38].

Future work will include further extensionsof the consideredapproaches, such as scaling and additional

improvements to the steplength selectionstrategies.
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