A Semidefinite Programming Approach for the
Nearest Correlation Matrix Problem

Miguel F. Anjos* Nicholas J. Higham'
Pawoumodom L. Takouda * Henry Wolkowicz

September 16, 2003

University of Waterloo
Department of Combinatorics & Optimization
Waterloo, Ontario N2L 3G1, Canada
Preliminary Research Report 2003

Keywords: Closest Correlation Matrix, Semidefinite Programming, Large

Sparse Problems.

Abstract

The nearest correlation matrix problem is to find a positive semidef-
inite matrix with unit diagonal that is nearest in the Frobenius norm
to a given symmetric matrix A. This problem can be formulated as an
optimization problem with a quadratic objective function and semidef-
inite programming constraints. Using such a formulation, we derive
and test a primal-dual interior-exterior-point (p-d i-e-p) algorithm de-
signed specifically for robustness and handling the case where A is

*Faculty of Mathematical Studies, University of Southampton, Southampton, SO17

1BJ, UK. Email anjos@stanfordalumni.org
TDepartment of Mathematics, University of Manchester, Manchester, M13 9PL, UK.

Email higham@ma.man.ac.uk
{Laboratoire MIP, Université Paul Sabatier, 118 rte de Narbonne 31062 Toulouse Cedex
4, France. Email takouda@mip.ups-tlse.fr
§Research supported by The Natural Sciences and Engineering Research Council of
Canada. Email hwolkowica@uwaterloo.ca
9 URL for paper: http://orion.math.uwaterloo.ca/ hwolkowi/henry /reports/ ABSTRACTS.html



sparse. The algorithm is novel in several respects. First, instead of
solving the so-called normal equations to obtain the search direction at
each iteration, our algorithm eliminates the linear feasibility equations
from the start. This means that we maintain exact primal and dual
feasibility during the course of the algorithm, and that we use a single
bilinear equation to linearize for the search direction at each iteration.
Second, the search direction is found using an inexact Gauss-Newton
method rather than a Newton method on a symmetrized system, and
is computed using a preconditioned conjugate-gradient-type method.
We consider two types of preconditioner, an optimal diagonal precon-
ditioner and a block diagonal preconditioner obtained from a partial
Cholesky factorization. Finally, once the current iterate is sufficiently
close to the optimal solution, we apply a crossover technique that sets
the barrier parameter to 0 and does not maintain interiority of the
iterates. The result is a robust algorithm with asymptotic quadratic
convergence and the ability to handle warm starts simply. Preliminary
computational results illustrate the robustness of the algorithm and
show that sparsity can be successfully exploited.
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1 Introduction

We are interested in finding the nearest correlation matrix to a given sym-
metric matrix A € 8™, that is, solving the problem

1
" = min §||A — X||3 subject to diagX =e, X €S", X = 0. (1.1)

Here, e is the vector of ones, 8™ is the space of symmetric matrices in R"*",
X » 0 denotes positive semidefiniteness, diag X is the vector formed from the
diagonal of X, and ||A||r = trace (ATA)'/? is the Frobenius norm. This prob-
lem is of interest in statistical applications in which a computed correlation
matrix is found not to be a correlation matrix, the underlying causes of which
can include measurement errors, rounding errors, and missing data. A num-
ber of statistical software packages discuss this situation in their documenta-
tion (see, for example, http://www.ssicentral.com/lisrel/posdef.htm).
A particular application is in the finance industry, where complete stock data
is often not available over a given period and currently used techniques for
dealing with missing data can result in computed correlation matrices having
negative eigenvalues [7].

Higham [7] develops an alternating projections method for solving a more
general version of (1.1) with a weighted Frobenius norm. The method is
capable of solving problems arising in practice, where n is currently in the
low thousands. However, its convergence is linear, and hence possibly very
slow (although high accuracy is not required in the finance application, where
the original data is accurate only to a few significant figures).

The nearest correlation matrix problem is related to several other prob-
lems in the research literature. In particular, the structure of the set of
correlation matrices (or elliptope), has been extensively studied and much
of its structure is well documented in the book [3]. Also, this problem is a
special case of the more general problem of projecting a given point, in finite-
dimensional Euclidean space, onto the intersection of a closed convex cone
with an affine subspace. The formulation of this problem, and of the corre-
lation matrix problem in particular, as a convex differentiable optimization
problem has been very recently proposed in [9].



In this paper we solve (1.1) using semidefinite programming (SDP). In
particular, we provide a stable algorithm that is particularly effective when
the given matrix A is large and sparse. Our algorithm specifically exploits the
fact that the nearest correlation matrix problem involves optimizing over the
cone of positive semidefinite matrices, and the ideas we present are promising
for future applications in this area.

Our primal-dual interior-exterior-point (p-d i-e-p) approach is novel in
several respects. First, the system of optimality conditions that we use is
different from, and no larger than, those commonly used in the SDP liter-
ature. This is because instead of solving the so-called normal equations to
obtain the search direction at each iteration, we substitute the primal and
dual feasibility equations into the complementary slackness equation. This
means that we maintain exact primal and dual feasibility during the course
of the algorithm, we have a true primal-dual path following algorithm, and
we have a single bilinear equation, in n(n+1)/2 variables, to linearize for the
search direction at each iteration; see (2.4) below. Second, we use an inexact
Gauss-Newton method on this bilinear equation, employing a preconditioned
conjugate-gradient (PCG) method to solve the linearized system, Fd = —F),,
for the search direction d. These two innovations avoid the ill-conditioning
that arises in current SDP algorithms.

In the PCG method, we consider two types of preconditioner: an optimal
diagonal preconditioner and a block diagonal preconditioner obtained from
a partial Cholesky factorization. The latter preconditioner is inspired by the
structure of the operator F, which naturally divides into two blocks.

We exploit the fact that the linearized system is full rank at optimality by
applying a crossover technique. The idea is that once we are close enough to
the optimum, we can switch to an affine scaling approach (that is, we set the
barrier parameter to 0 and take steps of length one) and we do not maintain
interiority. This crossover technique results in q-quadratic convergence [12].
In addition, during the complete course of the algorithm we take long steps
to the boundary of positive semidefiniteness without backtracking to ensure
sufficient definiteness.

Our algorithm is robust and benefits from asymptotic quadratic conver-
gence. The robustness allow us to handle warm starts simply. (Since we do
not have to guarantee positive definiteness after the crossover, when we are
at or close to the optimum we can perturb the data and restart the algorithm
from the current point.) Our computational results show that the sparsity in
A and the optimal matrix X is fully exploited; in particular, the cpu time is
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correlated with the density in X. (Though A is not generally sparse, we use
perturbations to originally solve problems with sparse A and then use warm
starts while increasing the number of nonzeros.)

1.1 Mixed-Cone Formulation

A direct approach for the nearest correlation matrix problem is obtained by
formulating it as a mixed SDP and second-order (or Lorentz) cone problem:

V2p* = min «
s.t. diag X =e
Y4+X=A |[Y|r<La
XY eSS X ~0.

(1.2)

Several public domain software packages can solve (1.2). Many of them
can be accessed via NEOS [4] at http://www-neos.mcs.anl.gov/ (see also
C. Helmberg’s SDP page at http://www.zib.de/helmberg/semidef.html).
The main work per iteration for solving this problem is to form and solve the
(usually dense) normal equations for the (Newton) search direction. The size
of this system is determined by the n + (n;—l) equality constraints, and thus
it is order n?. There are many complications when forming and solving this
system, since it is usually ill-conditioned at the solution. Computational tests
comparing this approach to our specialized SDP algorithm are presented in
Section 4.

Note that our approach in this paper also involves solving a linear system
of order n?. (We solve a least squares problem of size n? X n(n + 1)/2 using
PCG.) However, our system is sparse, does not need to be formed explicitly,
and has full column rank in the limit.

1.2 Notation

For a general rectangular matrix M = [m; my ... m,] € R™*"
my
v =vec(M) := 77?2 e R™
-

forms a vector from its columns. The inverse mapping, vec ~!, and the adjoint

mapping, vec*, are given by Mat = vec™' = vec*, the adjoint formula



following from (vec (M), u) = (M,vec*(u)). We use the trace inner product
(M, N) := trace MT N, which induces the Frobenius norm. With this inner
product, Mat (and vec) is an isometry.

We define several operators on vectors and matrices. Let x = us2vec X €
RG) be V2 times the vector obtained columnwise from the strictly upper

triangular part of X. Here () = n(n — 1)/2 and /2 guarantees that the

mapping is an isometry. (Define vectors a,s similarly, a = us2vec A,s =
us2vec S.) Let us2Mat := us2vec ~! denote the inverse mapping into 8™,

1.e., the one-one mapping between R() and the matrices with zero diagonal
in §". The adjoint operator us2Mat * = us2vec, since

(us2Mat (v), S) = traceus2Mat (v)S = traceus2Mat (v)offDiag (.5)
= vTus2vec (§) = (us2vec (), v).

Here,

offDiag (S) := S — Diag (diag (S5)),

where diag (5) denotes the diagonal of S and Diag (v) is the adjoint operator,
i.e., the diagonal matrix with diagonal elements from the vector v. Therefore

us2Mat us2Mat *(S) = offDiag (S) = offDiag *(5),

is the orthogonal projection onto the subspace of matrices with zero diagonal.
Our algorithm uses the following operators which map §" — M", the
space of n X n matrices. Let

X = A+ us2Mat (s) + I, SY:=us2Mat (s) + Diag (y),

for appropriate vectors, s and y. Define the linear operators

Xu() := Xus2Mat (-); X4(+) := XDiag (-); S(-) := us2Mat (-)SY.

Thus
X RE) 5 Mmoo R M S RE) 5o mn

The calculations for the various adjoints are given in Appendix A.



SUMMARY
() = XDiag()
Xu(r) = Xus2Mat (+)
S(-) = us2Mat (-)SY
X (W) = (WoX)le=diag (W'X)
XS (W) = %ustec (XW + WTX)

S* (W) = Ius2vec(WSY+ SYWT)
Xy X4(z) = diag(Diag(2)X?)
Xy X, (v) = diag (us2Mat (v)X?)

Xs*S(v) = diag (SYus2Mat (v)X)

X, Xy(z) = Fus2vec (X?Diag(z) + Diag (2)X?)

XX (v) = %ustec (X?us2Mat (v) 4+ us2Mat (v)X?)
X,SS(v) = %ustec (Xus2Mat (v)SY + SYus2Mat (v)X)
S* X, (v) = %ustec (Xus2Mat (v)SY + SYus2Mat (v)X)
S§*Xy(z) = jus2vec (XDiag(z)SY+ S$¥Diag (2)X)

S*S(v) = %ustec (us2Mat (v)(SY)? + (SY)*us2Mat (v))

2 Duality and Optimality Conditions

The diagonal of the variable X in (1.1) is constant and so without loss of
generality we assume that diag (A) = 0. Then (using X = us2Mat (z) 4 I)
an equivalent problem to (1.1) is:

1 n
p* = min §||a: —all3 subject to us2Mat (z)+ 1 =0, z € R, (2.1)

To obtain optimality conditions we use a dual problem. Slater’s condition
(strict feasibility) holds for (2.1), which implies that we have strong duality
with the Lagrangian dual

* * o, . 1 2
pr=v .—rglggcrr;mQH:(;—aH — trace S(us2Mat (z) + I).

We change this to the Wolfe dual by noting that the inner problem is a
convex unconstrained problem and its optimal solutions are characterized by
stationarity:

0= (z —a)—us2Mat *(S) = (x — a) — us2vec (5), (2.2)
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since trace S(us2Mat (z) 4+ ) = rTus2vec (S) + trace S. Thus we obtain the
equivalent dual problem:

p* = max H|z — a|]* — trace S(us2Mat (z) + I)
subject to = —us2vec(S) =a (2.3)
S = 0.

Since Slater’s condition is satisfied for both primal and dual programs we

get the following optimality conditions.

Theorem 2.1 The optimal values p* = v* and the primal-dual pair x,(y, s)
are optimal for (2.1) and (2.3) if and only if

X = us2Mat(z)+I1>0 (primal feasibility)
r = a+s, SY:=us2Mat (s)+ Diag(y) = 0 (dual feasibility)
XSY =0 (complementary slackness)

For our p-d i-e-p algorithm we use
XSY =pul perturbed complementary slackness.

Furthermore, we can substitute the primal and dual feasibility equations into
the perturbed complementary slackness equation and obtain a single bilinear
equation in s and y that characterizes optimality for the perturbed log-barrier

problem:
F.(s,y): R o e
Fu.s,y): = [A+us2Mat (s) 4 I] [us2Mat (s) + Diag (y)] — I =0

bl
(2.4)
Note that the original closest correlation matrix problem has (n‘zH) variables,
n equality constraints (on the diagonal of X)) and the semidefiniteness con-
straint on X. Therefore, the dual problem has n+ (n—zH) variables. Therefore,
dual based algorithms do not reduce the size of the problem and standard
primal-dual based algorithms have n + 2(";1) variables.
Viewing (2.4) as an overdetermined system of nonlinear equations, we
solve 1t using an inexact Gauss-Newton method. Linearizing, we obtain a



linear system for the search direction Av = (2;), where v = (2)
—Fu(s,y) = F)(s,y)Av
= [A+ us2Mat (s) 4 I] (us2Mat (As) + Diag (Ay))
+us2Mat (As)SY
= (X +S)(As) + Xa(Ay).

(2.5)

(where the vec is understood). This is a linear, full rank, overdetermined
system. We use its least squares solution as the search direction Av in our
algorithm. This solution is found in two ways: first, we use PCG with
both diagonal and block diagonal preconditioners; second, we use a Lanczos
method for the smallest eigenvalue of a parametrized system in order to find

a regularized least squares solution. Note that As € R(Z), but the cost of
evaluating (X, + §) (As) is (without considering any sparsity) equivalent to
one matrix-matrix multiplication.

3 Primal-Dual Interior-Exterior-Point Algo-
rithm

We can use equation (2.4) to develop a primal-dual interior-exterior-point
(p-d i-e-p) algorithm, i.e., we linearize to find the search direction (assuming
that we start feasible) using a linear least squares problem.

3.1 Framework

The p-d i-e-p framework that we use is different in several ways from the
common framework for both linear and semidefinite programming, see e.g.
[13, 10]. We have eliminated, in advance, the primal and dual linear feasi-
bility equations. We work with an overdetermined nonlinear system rather
than a square symmetrized system; thus we use an (inexact) Gauss-Newton
approach [8]. We include a centering parameter o, (instead of the customary
predictor-corrector approach). We enforce positive semidefiniteness rather
than definiteness in the steplengths. In addition, once we are close enough
to the optimum we set the centering parameter o to zero (crossover step)
and we no longer enforce interiority, i.e. we allow negative eigenvalues. This
allows for (fast) asymptotic quadratic convergence.



At each iteration, we have available the iterate v = (;) and we find a

new iterate by taking a step in the (inexact) Gauss-Newton search direction
Av. Up until the crossover, we ensure that the new iterate v + aAv results
in both X, SY sufficiently positive definite; then, we take o = 1 after the
crossover. By our construction, the iterates maintain both primal and dual
feasibility.

We let F° denote the set of strictly feasible primal-dual points; F’ denotes
the derivative of the function of optimality conditions.

Algorithm 3.1 (p-d i-e-p framework:)
e Initialization:

ee Input data: a real symmetric n X n matriz A (set diag (A) =

0)

ee Positive tolerances: €, (stopping), €; (Iss accuracy), es (crossover).
ee Find initial strictly feasible points:

both S°, X° := (offDiag (S + A)+ 1) > 0; pu small

ee Set initial parameters:

gap = trace S°X°; u = gap /n; objval = 0.5]|X°—A||%; k=0.

e while min{ 5+ objval } > ¢

ee solve Iss for search direction (accuracy e; min{yu, 1}
F,(0%) (Av*) = —Fou(vh),
where o, centering, [ = %trace Sk(oﬂDiag (S’k"'l +A)+ 1)
S+l — gk 4 akASk, ag > 0,
s0 that both S**! offDiag (Sk"'l +A)+1>0

(ar =1 after the crossover.)
ee update
kE+—Lk+1 andthen

Lk, Ok (set o =0 if min{objizif—l—l’()ijal} < 63>

e end (while).
e On completion: X ~us2Mat (s)+ A+ I
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3.2 Preconditioning

Preconditioning is essential for efficient solution of the least squares problem
(2.5). We find operators P;, P, and find the least squares solution of

(Xu+8) P71 (As) + XaPy (Ay) = —Fu(s,y)

where

As = P,(As), Ay= P,(Ay).

The inverses are not found explicitly. The two operators P;, P, have simple
structure so that the linear systems can be solved efficiently.

3.2.1 Diagonal Preconditioning

Optimal diagonal scaling has been studied in, e.g., [6, Sect. 10.5], and [2,
Prop. 2.1(v)]. In the latter reference, it was shown that for a full rank
matrix A € R™" m > n, and using the condition number w(K) :=
n~'trace (K)/det(K)'/", the optimal scaling, i.e. the solution of the op-
timization problem

minw((AD)T(AD)) subject to D positive diagonal matrix, (3.1)

is given by d;; = 1/||A4.ill2,0 =1,...,n.

Therefore, the two operators P,, P, are diagonal and are evaluated using
the columns of the operator F)(s,y). The columns are ordered using k =
1,2,... where k represents (1,7), 1 < 1 < 5 < n for the strictly upper
triangular part of S and then ¢ = 1,...,n for the elements of y. Let X =
A +us2Mat (s) + I and S = us2Mat (s) + Diag (y).

For the first two operators in the left part of F’, we get:

Xuler) = )fusQMatT(ek) .
EX (e,-ej + eje; )

V2
S(ex) = us2Mat (ex)(S + Diag (y))
% (eieJT + ejelT> (S + Diag (y))
% {(&i(S + Diag (y));: + €;(S + Diag (y))::)} -

11



Therefore
1(Xu + S)(ex)llF: = 3 {lI(S + Diag (y)).l|* + (S + Diag (y))]|*+
124 ]1* + [165]1* + 2(S + Diag (y))5Xsi
+4(5 + Diag (y));: Xi; + 2(S + Diag (y))iiX;;} -
(3.2)
For this calculation we need the three Hadamard products X o X, (S +
Diag (y))o(S+Diag (y)), (S+Diag (y))oX and the vector Kronecker product
Diag ((S + Diag (y))) ® Diag (X).
For the last operator in the right part of F’, we get
Xd(e,') = XDlag (6,)
Therefore
[ Xa(ed)ll7 = 1| X1 (3.3)
The diagonal preconditioners are inexpensive to calculate. However, in
general, they are not strong enough, e.g. [6].

3.2.2 Block-Diagonal Incomplete Cholesky Preconditioner

The equation for the search direction has a natural block structure:

As
[(‘YU—I'S) | Xd] < Ay ) = —F,,
and therefore the normal equations have the block structure

(X +8) (X4 8) (X + S8V X ] (As ) _ (X +8 )
Xd* (Xu + 8) ‘ Xd*Xd Ay - Xd* u

(3.4)
Given this block structure, it is natural to consider block-diagonal precondi-
tioning. Following [6] and [1, Section 9.2] (see also [16, 15] and [14, Chapter
6]) we propose to use the preconditioner based on incomplete Cholesky fac-
torizations of the diagonal blocks of the positive definite operator

(XS +8)(X.+8)| 0
0 | XX |

PP [
where

(X" 4+ 8) (X + S) (v) =
%USQVGC [(X? + (5Y)*)us2Mat (v) + us2Mat (v)(X? + (SY)?)]  (3.5)
+us2vec [Xus2Mat (v)SY + SYus2Mat (v)X].
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By complementary slackness, XSY — 0 as y — 0. Therefore,

| Xus2Mat (v)SY + S¥us2Mat (v) X ||? = trace SYus2Mat (v) X Xus2Mat (v)SY+
trace Xus2Mat (v)SYS%us2Mat (v) X+
2trace SYus2Mat (v) X SYus2Mat (v)X.

Therefore we can use the approximation

(X" +87) (X + 8) (v) =
tus2vec [(X? + (5Y)?)us2Mat (v) + us2Mat (v)(X?* + (S¥)?)].

In the previous Section 3.2.1, we showed that the bottom diagonal block
is diagonal, so the exact Cholesky factorization can be found inexpensively.
Furthermore, although the off-diagonals do not go to zero at convergence,
it is reasonable to expect the incomplete Cholesky factorization for the top

(3.6)

diagonal block and the exact Cholesky factorization (diagonal) for the bottom
block to provide us a strong preconditioner for our problem. This strength
was observed empirically, as shown by the computational results in Section 4.
We use the transformation between indices
I—1)(l-2

c= (k1), c= %—I—k,

The columns of the top left block follow.
(XS +S8)(Xu+S)(e.) = ﬁustec {Z? (exel + erel) + (ewel + eel) 2%}

inrow bk (Z?),

BN in row [ (Zz)k:
zﬁUSQVGC <in col k) (in col l)
(Z2>:l (Zz):k
(3.7)

For ¢ # j, we let E;; = % (e,'e]T + ejel»T) denote the orthonormal basis for

the symmetric matrix space. (When i = j, we use e;el.) §;; denotes the

~J

Kronecker delta. Therefore, the element in row r = (7,7) and column ¢ =
(k,1) is
(us2vec (E;j), (X, 4+ 8*) (Xu + S) (us2vec (Ep))) =
= %us2vec (Ei;)Tus2vec {(X?% + (SY)H)Ew + Eu(X? + (SY)H)}
+us2vec (E;;)Tus2vec { X EySY + SYEu X}
= ttrace (Ejj) {Z*En + EnZ*}
trace E,']‘ECMZ2
%trace (e,'e]T + ejel)(erel + erel) 22
itrace (e,-e]TekelT + eie?eleg + ejezrekelT + ejezreleg) A

= %{5jk(Z2)li + 61 2% ki + ik (Z2)1; + 0a(Z*)k; } -

E<cl<k<l<n.
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3.3 least Squares using Regularization

Rather than use PCG, we now apply a Lanczos approach to a related eigen-
value problem. We will find the regularized solution of the parametrized
trust region subproblem, denoted (TRS),

min [|F(Av) + F,(s,y)]|

r*(s) :=
(TRS) subject to |Av|| < s

(3.9)

We apply the technique from [5]. After squaring the objective function and
both sides of the constraint, the algorithm finds the minimum eigenvalue of
the parametrized symmetric matrix

t A*(FM(Svy))T (3.10)
A" (Fu(s,y)) A*A ’ '
where we denote A = F ; for convenience. Therefore, given the vector

Av

vector

< Jo ) , at each iteration of the Lanczos interior part we need to provide the

tyo + (A*Fu(s,y), Av)"
(yoA* (Fu(s,y)) + A*(A(Av))) ' (3.11)

After normalizing so that yo > 0, the solution to TRS is the vector Av +
L Av.
o

4 Computational Results

4.1 Small Problems

We begin by presenting computational results for small problems with par-
ticular properties. We solve these problems using two approaches: (i) our
specialized SDP algorithm and (ii) the mixed-cone (1.2) SDP formulation
with the SDP code SeDuMi authored by Sturm [11]. The tests were done
using MATLAB 6.5 on a Pentium IV PC with 256MB of RAM.

First we applied both approaches to small hard dense problems with n
ranging from 20 to 60. The construction of these problems is described in
[7], and typical results are presented in Table 4.1. These problem model the
situation where a correlation matrix is corrupted by relatively large errors.
The problems are highly degenerate, i.e. strict complementarity fails and the

14



Size of A | CPU time for | CPU time for

our algorithm | our algorithm | Sedumi SOC
with ¢, = 1078 | with ¢, = 10712

20 31.4 46.3 7.7

30 182.4 260.9 48.1

40 758.6 1041.4 269.0

50 2220.5 3197.6 1042.9

60 5139.7 7279.6 3205.9

Table 4.1: Computational results for small hard A

sumn of the optimal matrices X 4+ 5Y has many zero eigenvalues. Although our
specialized algorithm is less efficient in the absence of sparsity, we point out
that it is able to achieve a very high level of precision without any numerical
difficulties. This contrasts with the usual interior-point methods for SDP for
which loss of strict complementarity is usually an issue.

We also compared the two approaches on randomly generated sparse ma-
trices A of dimension up to n = 70. The required accuracy (for the optimality
conditions) was set to 107 for both algorithms. The results are summarized
in Figure 4.1.

As is typical with interior-point methods, the number of iterations re-
quired by Sedumi remains essentially constant (around 12 to 15 iterations)
independently of the dimension of the problem; it is the computation time per
iteration and the memory space required that quickly become prohibitively
high. On the other hand, our algorithm is able to exploit the sparsity and
the cost per iteration is much lower, so larger problems can be solved.

4.2 Large Sparse Problems

We solved three sets of 26 problems with dimensions n = 200,300,350 and
densities for matrix A given as .0005 to .003 in steps of .001. In all cases,
we found the optimum to high accuracy, at least ten decimals. The results
appear in Figures 4.2 and 4.3. We can see the correlation between the cputime
and the number of nonzeros in the optimum X.
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4.3 Robustness

If A is not extremely sparse, then the matrix X is not sparse and the operators
X, S, Xy are not sparse. To avoid memory problems in the MATLAB codes,
we initially zero out all values in A below a certain tolerance, e.g. all values
abs (A;;) < toly, and initially toly = 0.9. We solve the problem with this
tolerance until we reach 3 decimals accuracy in the duality gap. We then
decrease by 0.1 so toly = 0.8. We continue until we reach toly = 0. The
algorithm is extremely robust and these perturbations do not slow it down
appreciably showing that warm starts are possible using this approach.

5 Conclusion

We have presented a p-d-i-e-p algorithm for finding the closest correlation
matrix to a given matrix. The preliminary numerical tests show promise.
However, the cost for finding the search direction using a least squares ap-
proach is still too high. New tests are in progress that use a regularization
approach to find this search direction.
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A Adjoints

We evaluate the three adjoint operators. Let v = us2vec (V), V € 8",z €
R™ and W € M™.

(W, X,(v)) = trace WT Xus2Mat (v)
= traceus2Mat (v)XW

_ <u52Mat (v), %(XW + WTX)>

— <v, %ustec (XW + WTX)>
= (0, X (W));

(W, Xy(2)) = trace W’ XDiag ()
= trace Diag (2)W7X
= 2Tdiag (WTX)
(T o X))
= (X (W), 2);

(W,8(v)) = trace W us2Mat (v)SY

— <u52Mat (v), %(Wsy + SyWT)>

1
— <v, §u32vec (WSY+ SyWT)>
= (v,87(W)).
In addition, we need the composition of operators:

Xd*Xd(Z) = Xd*(XDlag(z))
= diag (Diag (2)X?);

X" Xy(v) = Xy (Xus2Mat (v))
diag (us2Mat (v)X?);

Xa"S(v) X" (us2Mat (v)SY)

= diag (SYus2Mat (v)X);
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XS Xu(z) = X, (XDiag(2))
1

= §us2vec (X’Diag (2) + Diag (2)X?) ;
XS Xy (v) = A, (Xus2Mat (v))
1
- §us2vec (quSZMat (v) + us2Mat (’U)Xz) ;

XS S(v) = A (us2Mat (v)SY)
= %ustec (Xus2Mat (v)SY + SYus2Mat (v)X)

= S§*X.(v)
S* X, (v) = S"(Xus2Mat (v))

1
= §us2vec (Xus2Mat (v)SY + SYus2Mat (v)X);

S*Xi(z) = S*(XDiag(z))
= %us?vec (XDiag (2)SY + SYDiag (2)X);

§*S(v) = &*(vec(us2Mat (v)SY))
= %ustec (us2Mat (v)(S5¥)* + (S¥)*us2Mat (v)) .

(XS +S8) (X +8)(v) = %ustec [usQMat (v) (X2 + (Sy)z) + (X2 + (Sy)Q) us2Mat (v)]
+ us2vec [Xus2Mat (v)SY + SYus2Mat (v)X]

19



Comparison of CPU times for randomly generated n x n sparse matrix A
SRR O Left side columns:

700 sparse SDP alg.

n=70 Right side columns:
Dot mixed-cone alg.

.........

~
Lo}
L}

,,,,,,,

[
(=
f=

cpu time (seconds)

density of A 0.025

Figure 4.1: CPU times (averaged over 10 runs for each density)
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Figure 4.2: 30 problems; dimension n = 200

21



density vs: nnz(X) and cpucnt. And, cpucnt normalized with multn by 4.5398
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Figure 4.3: 30 problems; dimension n = 300
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density vs: nnz(X) and cpucnt. And, cpucnt normalized with multn by 5.1439
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Figure 4.4: 28 problems; dimension n = 350
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