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Abstract

In this paper, we considera modi ed version of a well-known long-step primal-dual
infeasible IP algorithm for solving the linear program minfc'x : Ax = b;x Og,
A 2 R™ " wherethe seart directions are computed by meansof an iterativ e linear
solver applied to a preconditioned normal system of equations. We show that the
number of (inner) iterations of the iterativ e linear solver at eat (outer) iteration of
the algorithm is bounded by a polynomial in m, n and a certain condition number
assaiated with A, while the number of outer iterations is bounded by O(n?log 1),
where is a given relative accuracy level. As a special case,it follows that the total
number of inner iterations is polynomial in m and n for the minimum cost network
ow problem.

Keyw ords: Linear programming, interior-p oint methods, polynomial bound, network
ow problems, condition number, preconditioning, iterative methods for linear equa-
tions, normal matrix.
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1 Intro duction
Considerthe standard-formlinear programming (LP) problem

minfc'x : Ax = b;x  0Og (1)
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which we refer to asthe primal problem, and its assaiated dual problem
maxtb'y : ATy+ s=c¢;s Og; (2)

wherethe data consistsof (A;b;c) 2 R™ " R™ R" and the primal-dual variable consists
of(x;s;y) 2 R" R" R™,

This paper dealswith interior-point (IP) algorithms for solving the pair of LP problems
(1) and (2) whosesearh directions are computed by meansof iterativ e linear solvers. We
refer to sud algorithms asiterative IP methals An outer iteration of an iterative IP algo-
rithm is similar to that of an exact IP method, exceptthat the Newton seard directions
are computed approximately by meansof an iterative linear solver. In this corntext, the
iterations of the linear solver will be referredto asthe inner iterations of the iterative IP
method. We will consideran iterativ e versionof the long-stepprimal-dual infeasiblelP algo-
rithm consideredn [4, 16] and shaw that its total number of inner iterations is polynomially
boundedby m, n and a certain condition number assaiated with A, while the number of
outer iterations is boundedby O(n?log 1), where is a given relative accuracylevel.

Given a currert iterate (X; s;y) in a genericprimal-dual IP algorithm, one usually solves
for the Newton seard direction ( X; s; Yy) using one of two well-known approadies. In
the rst approad, one solvesan augmente systemfor ( x; y), which then immediately
yields s. In the secondone, one solvesthe normal equation system

AD?AT y = p; (3)

for someappropriate p 2 R™, where D? = S 1X. Our method is basedon the second
approat wherewe solve (3) using an iterativ e solver.

Most IP solvers using the normal equation usually solve (3) via a direct solver which
computesa factorization of AD2AT to obtain y. The useof an iterativ e linear solver to
solve (3) hastwo main potertial advantages: (i) it can be signi cantly faster than a direct
solver in someLP instances(seee.g.[10, 12]); and (ii) it cantake completeadvantage of the
sparsity of the matrix A. Howewer, iterativ e solvers possesgswo potential drawbadks when
comparedwith direct solvers: (a) they solve (3) lessaccuratelythan direct methods; and (b)
they may have slow corvergenceif the coe cien t matrix AD AT is ill-conditioned.

The e ect of item (a) above is that the seart direction ( x; s; Yy) canonly satisfy
the Newton systemapproximately, regardlessof the choiceof x and s. In our approad,
we will choosethesecomponerts sothat the equationsof the Newton systemcorrespnding
to primal and dual feasibility are satis ed exactly, while the equation correspnding to the
certralit y condition is violated. This way of choosingthe seard direction is crucial for us
to establishthat the number of outer iterations of our method is polynomially bounded(see
Section2.4).

Item (b) hasbeena signi cant problemfor thosewishingto useiterative methodsto solve
(3). It iswell-known that in degeneratecasesthe condition number of AD AT \blows up" as
we approad an optimal solution, evenif our iterates (x; s;y) lie on the certral path (seee.g.
[6]). A cureto this problemis to usea preconditionerT soasto make the condition number



of TAD?ATTT small. One sud preconditionerwasintroducedby Resendeand Veiga[1Z] in
the context of the minimum costnetwork o w problem, and later generalizedby Oliveiraand
S rensen[10] for generalLP problems. The proof that the above preconditioner makesthe
condition number of TAD 2ATTT uniformly boundedregardlessof the valuesof the diagonal
elemens of D was proved by Monteiro, O'Neal, and Tsuchiya [9]. In view of this nice
property, we will usethis preconditionerin our algorithm.

Global corvergenceanalysisof algorithms using inexact seart directions has beenpre-
sented in seeral papers (seee.g.[3, 4, 5, 8]). Seral authors have alsousediterativ e linear
solversto compute an appraximate Newton seard direction (seee.g.[1, 5, 10, 11, 12]). In
particular, Resendeand Veiga[12] and Oliveira and S rensen[10] usedan iterativ e solver in
conjunction with the above preconditionerto compute (3) inexactly for network- o w prob-
lemsand generalLP problems,respectively. Their computational results show that iterative
IP methods can be extremely usefulin practice. To our knowledge,though, no oneto date
has obtained strong theoretical arithmetic complexitiesfor iterative IP methods.

Our paper is organizedas follows. Section 1.1 describesthe terminology and notation
usedin our paper. Section2 givesthe main results of our paper, and is divided into v e
parts. Section 2.1 descrikes an exact variant of an infeasible-interior-point algorithm on
which the algorithm we study in this paper is based. Section2.2 discusseshe preconditioner
T mentioned above and gives somebadkground results. Section 2.3 statesthe convergence
results about a genericiterativ e for solving (3). Section 2.4 givesour algorithm and main
results, and Section2.5 discusseshe application of our algorithm to network o w problems.
In Section 3, we prove the results stated in Section 2, and in Section 4, we give some
concluding remarks.

1.1 Terminology and Notation

Throughout this paper, upper-caseRoman letters denotematrices, lower-caseRoman letters
denote vectors, and lower-caseGreek letters denote scalars. For a matrix A, A 2 R™ "
meansthat A isanm n matrix with real ertries; while for a vector x, x 2 R" meansthat
X is an n-dimensionalreal vector. More speci cally, x 2 R} meansthat x 2 R" andx; O
for all i, while x 2 R}, meansthat x 2 R" and x; > O for all i. The notation x Yy denotes
the Hadamard product of two vectorsx andy, i.e. (X y)i = X;y;. Next, the vector jvj is
the vector whoseith componert is jvjj. Also, given a vector v, Diag(v) is a diagonal matrix
whosediagonal elemerns are the elemerns of v, i.e. (Diag(v));i = v; for all i.

Three matrices bear special mertion: the matrices X, S, and D, all in R" ". These
matrices are diagonal matrices having the elemens of the vectorsx, s, and d, respectively,
alongtheir diagonals(i.e. X = Diag(x), S = Diag(s), and D = Diag(d)). The symbol 0 will
be usedto denote a scalar, vector, or matrix of all zerces; its dimensionsshould be clear
from the corntext. Also, the vector e is the vector of all 1's, whosedimensionis implied by
the cortext.

If a matrix W 2 R™ ™ is symmetric (W = WT) and positive de nite (has all positive
eigervalues), we write W 0. The condition number of W, denoted (W), is the ratio



betweenits maximum eigervalue divided by its minimum eigervalue. We will denote sets
by upper-casescript Roman letters (e.g. B, N). For a set B, we denotethe cardinality of
the setby |jBj. Givena matrix A 2 R™ "andasetB f1;:::;ng, the matrix Ag is the
submatrix consistingof the columnsf A; : i 2 Bg. Similarly, glvenavectorv 2 R" and a set
B f1;:::;ng, the vector vg is the subvector consistingof the elemens fv; : i 2 Bg.

We WI|| usese\eral di erent norms throughout the paper For a vector z 2 R", kzk =
V 2 R™ " kVk denotesthe operator norm asscozlated with the Eucltglan ﬁorm kVk =

MaXy-kzk=1 szk Finally, kVke denotesthe Frobeniusnorm: kVke = (2, (=1 VA2

2 Main Results

The main results of the paper are stated in this section, which is divided into v e parts.
Section 2.1 gives somebadkground and motivation for the method proposedin the paper.
Section 2.2 descrikes the maximum weight basis preconditioner. Section 2.3 considersa
genericiterativ e linear solver and derivesan upper bound on the number of iterations for it
to obtain a reasonablyaccuratesolution of (3). Section2.4 descrikeshow the overall seard
direction is obtained and statesthe main algorithm. Finally, Section2.5 descrikesa tighter
complexity for the algorithm when applied to network ow problems.

2.1 Preliminaries and Motiv ation

In this subsection,we discussa well-known infeasible primal-dual long-step IP algorithm
(seefor example [4] and [16]) which will sene as the basis for the iterative IP method
proposedin this paper. We also state the complexity results which have beenobtained for
this algorithm. For the sake of concretenessye have chosento work with onespeci ¢ primal-
dual IP method. We note, however, that our analysisappliesto other long-stepvariants as
well asto short-step IP methods.

As stated in the introduction, we will be working with the pair of LPs (1) and (2). Letting
S denotethe set of primal-dual optimal solutions (x;s;y) 2 R?" R™ of (1) and (2), it is
well-known that S consistsof the triples (x; s;y) 2 R?" R™ satisfying

Ax = b; x O (4)
Aly+s = ¢ s 0 (5)
x s = O (6)

Throughout the paper, we will make the following assumptions:
Assumption 1 A hasfull row rank.

Assumption 2 The setS is nonempty.



For a point (x;s;y) 2 R?l R™, let usde ne

= (x;s) = X's=n;
rp = rp(X) = AX b;
rg=rq(s;y) = Aly+s c;

r=r(xsy) = (rp;ra):

Moreover, given 2 (0;1) andaninitial point (x°;s%y% 2 R2] R™, wede ne the following
neighborhood of the certral path:

krk
— I 2n m . . .
N(): x;s5y)2RY; R™:x s (1 )e; KOk o (7)
wherer? := r(x%s%y% and ,:= (x%s°. Here,we usethe corvertion that =0 is equal

toOif =0andl if ispositive.

The infeasible primal-dual algorithm which will serne as the basisfor our iterative IP
method is asfollows:

Algorithm [P
1. Start: Let >0, 2 (0;1), (x%s%y%) 2 N()and0< _ < ~— < 1 begiven. Set
k= 0.
2. While := (x%;s> do

(@) Let (x;s;y) := (x¥;s%;y%) andw := (x;s;y); choose 2 [ ;7]
(b) Let w:=( x; s; Yy) denotethe solution of the linear system

X s+s X = X S+ e (8)
A X = 1y 9)
AT y+ s = rg (10)

(c) Let
~=argmaxf 2[0;1]:w+ ° w2 N(); 8 °2[0; ]g:

(d) Let = argminf(x + X)T(s+ s): 2 ][0;~]o.
(e) Let (x**1;sk*1:yk+1)y = w+  w, andsetk k+ 1.

end (while)

The main complexity result for Algorithm 1P (seefor example[4] and [16]) is asfollows:



Theorem 2.1 Assumethat the constants , and — are suchthat
max (1 )L _ %@ )=o)

and that the initial point (x%;s%y% 2 R2] R™ satis es (x%s%)  (x;s) for some(x;s;y) 2
S. Then, Algorithm IIP nds an iterate (x¥;s*;y*) 2 R?}  R™ satisfying o and
krkk  kr% within O (n?log(1=)) iterations.

Oneway of computing the solution ( x; s; y) of (8)-(10) isto rst solwefor y using
the following equation, known asthe normal equation:

AD?AT y = r, AS 'e+ Ax AD?%ry; (11)
whereD? = S !X, andthen compute s and x usingthe following formulae:

S = rqg AT y; (12)
= x+ S e D? s (13)

Theorem 2.1 assumeshat we can solwe (8)-(10), and hence(11), exactly. Normally, the
exact solution of (11) is obtained via a Cholesky factorization of AD ?2AT. Instead of this,
we would like to usean iterativ e solver to obtain an appraximate solution of (11). Howeer,
as mertioned in the introduction, the condition number of AD 2AT may \blow up" as we
approad an optimal solution, making the use of iterative methods for solving (11) undesir-
able. One cureis to usea preconditioner T sudc that the condition number (TADZ2ATTT)
remainsboundedand hopefully small. One sud preconditionerwill be descrikedin the next
subsection,and will play an important role in our main algorithm descrited in Section2.4.

2.2 Preconditioner

In this subsection,we will descrike the preconditionerT that we will useto solwe (11), and
we will state the main results for this preconditioner,as givenin [9].
Our proposedapproad consistsof solving the preconditionedsystemof linear equations:

Wz = q; (14)

where
W = TAD?A'TT; (15)
q = Tr, TAS e+ TAx TAD?rg; (16)

and T is the preconditioner matrix (which we referto asthe maximum weight basis precon-
ditioner) determinedby the following algorithm:

Maxim um Weight Basis Algorithm
Start: GivenA2 R™ "andd2 RY, ,



1. Order the elemens of d sothat d; ::: d,; orderthe columnsof A accordingly
2. LetB=;,1=1.
3. While jBj < m do

(@) If A islinearly independent of fA; :i 2 Bg,setB B[ flg.
() I I+ 1.

4. Return to the original ordering of A and d; determine the set B accordingto this

5. SetB := Ag, N := Ay, Dg := Diag(dg) and Dy := Diag(dy ).
6. Let T := Dz'B L
end

This preconditionerwas originally proposedby Resendeand Veigain [12]in the cortext
of network ow problems. In this case,A is a node-arc incidence matrix of a connected
directed graph (with onerow deletedto ensurethat A hasfull row rank), and the elemens
of d are weights on the edgesof the graph. Using this algorithm, we seethat the set B
created by the algorithm above de nes a maximum spanningtree on the digraph. Oliveira
and S rensen[10] later proposedthe useof this preconditionerfor generalmatrices A.

For the purposeof stating the next result, we now introducesomenotation. Let usde ne

' o = maxtk B Akq : B is a basisof Ag: (17)

©

It is easyto show that ' A
de ned as

m a, where , is awell-known condition number (see[14])

A = supk AT(ADAT) ADk: D 2 Diag(RY, )g:
Indeed, this follows from the fact that kCkg pkak for any matrix C 2 R™ " with
m n andthat an equivalent characterizationof , is
A = maxtk B 'Ak: B is a basisof Ag; (18)

asshowvn in [13] and [14].
Recernly, Monteiro, O'Neal and Tsuchiya shaved the following result in [9].

Prop osition 2.2 Let a full row rank matrix A 2 R™ " andd 2 R}, begiven. Let T =
T (A; d) be the preconditioner determined according to the Maximum Weight Basis Algorithm,
anddene W := TAD2ATTT. Then, KTADk ' and (W) 3.

Note that the bound' 4 on (W) is independert of the diagonalmatrix D and depends
only on A. In the next subsection,we derive boundson the number of iterations neededby
an iterativ e solver to solve (14) to a desiredaccuracylevel.
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2.3 lteration Complexit y for the lterativ e Solver

In this subsection,we will dewelop a bound on the number of iterations that an iterative
linear solver needsto perform to obtain a suitable approximate solution to (14). Instead of
focusingon one speci ¢ solver, we will assumethat we have a genericiterativ e linear solver
with a prescribed rate of corvergence. More speci cally, we will assumethat the generic
iterativ e linear solver when applied to (14) generatesa sequenceof iterates f z! g satisfying
the following condition:

1
fO)

wherec and f are positive functions of (W). For our purposes,we will alsoassume
that the initial iterate z° = 0, sothat ¢ Wz° = g

Examplesof solvers which satisfy (19) include the steepest desceh (SD) and conjugate
gradiert (CG) methods, with the following valuesfor ¢( ) and f ( ):

kg WZk o) 1 kg Wz%; 8j =012:::; (19)

Soler | ¢f ) f()

SD ”p‘ b+ D=2
CG |27 (" T+1)=
Table 2.3

The justi cation for the table above follows from Section7.6 and Exercisel0 of Section8.8
of [7].

Beforewe give the main cornvergenceresult, we state the following lemma, which we will
prove in Section3.1:

Lemma 2.3 Assumethat T = T(A;d) and the initial point (x% s%y°) is suchthat s°

jc ATy% and (x%s% (x;s) for some(x;s;y) 2 S. Supmsealsothat (x;s;y) 2 N( ) and
that r = r9 for some 2 [0;1]. Then, the vector g de ned in (16) satis es kok :
where

r
on' _
= 927’6‘+pn At 'a 1n : (20)

The following result givesan upper bound on the number of iterations that the generic

iterativ e linear solver needsto perform to obtain an iterate z' satisfyingkq Wz k :
for someconstart > 0.

Theorem 2.4 Suppse that the conditions of Lemma 2.3 are met and (1 ) 1= 0(1).
Then, a genericiterative solverwith a convelgene rate givenby (19) geneatesan iterate z/
satisfyingkq Wz k P—in

c( )n' a

O f()log (21)




iterations, whee = (W).

Pro of: Let | beany index satisfying

i f()log X . (22)

Using the fact that log(1+ x) x for all x > 1 and the above inequality, we concludethat

og( Py log(e() P fé—)

og(c( ) P +jlog 1

f(C)

This together with the assumptionthat z° = 0, relation (19) and Lemma 2.3 imply that

p_ 1 ) p_ 1! -
C 1 — C 1 —— kogk kg WZk:
Since = O(n' ») in view of Lemma 2.3, it follows that the right hand side of (22) is
majorized by (21), from which the result follows. .

We will refer to an inner iterate z1 satisfying kg Wz k P— to as -appraximate
solution of (14). In our Bﬂerior-point algorithm in the next subsection,we will choosethe
constat as = =(4 n). As aconsequencef Proposition 2.2, we obtain the following
corollary.

Corollary 2.5 Supp)sethat}peconditions of Lemma2.3aremetandthat maxf _ *; 1;(1
) 'g=0(1). If = =4 n), thenthe SD and CG methals geneate a -approximate
solutionin O(' Z log(n' a)) and O(' a log(n' »)) iterations, resgctively.

Pro of: This result follows immediately from the assumptions,Theorem 2.4, Table 2.3
and Proposition 2.2. .

Note that the inner-iteration complexity boundsderivedin Corollary 2.5 are not polyno-
mial in general,sincethey dependon ' 5. Howewer, theseboundswill be polynomial if * A
is polynomial. We will discussthis impact for generalmatrices A at the end of Section2.4.
In Section2.5,we will considera speci ¢ casewhen' , is polynomial, namely whenA is the
node-arcincidencematrix of a directed graph.

2.4 The lterativ e IP Algorithm

In this subsectionwe descrilke our main algorithm. It is essetially the I1P algorithm, except
that the seard direction ( x; s; YY) is computedappraximately with the useof iterative
methods applied to (14).



Notice that under exact computations, the primal and dual residualsr® = (r"j; r&) corre-
sponding to the k-th iterate of Algorithm |IP always lie on the line segmen between0 and
r% becauseof (9) and (10). It is well known that this property plays an important role in
the convergenceanalysis of infeasibleinterior point methods. We will now show that it is
still possibleto ensurethat r¥ lies on the segmeh between0 and r° even when vy is an
approximate solution of (11). Indeed, consideran approximate solution y which satis es
the following equation:

AD?AT y= r, AS e+ Ax AD%g+f (23)

wheref is someerror vector. Next, we solve for s using (12), sothat ( s; y) satises
(20).

The usual approad for choosing x is to use(13). Howewer, this doesnot ensurethat
(9) is satis ed. To ensurethat (9) is satis ed, we usethe following equation:

x= x+ S 'e D?s Sl (24)
wherev is a perturbation vector satisfying
AS v=f: (25)
Condition (25) is necessaryand su cient for x given by (24) to satisfy (9), since

A x = A(x+ S 'e D?s Sl

Ax+ AS 'e AD? s AS lv

Ax+ AS e+ AD?rq+ AD?AT y AS v

= rp,+f ASly (26)

dueto (24), (12) and (23). Note from (24) that (8) is satis ed exactly if and only if v = 0,
which in turn satis es the necessanand su cien t condition AS v = f if andonlyif f = 0,
i.e. when vy is an exactsolution of (11).

There are numerouschoicesfor v. An obvious choicefor v is to choosethe least squares
solution, i.e., to choosethe optimal solution to minfk vk : AS v = f g. Howewer, this is the
type of computation we wish to avoid whenusingan iterativ e solver. A moree ectiv e choice
for v is to choosea basisB of A and let

V= (Vg Vyg) = (SgB U5 0); (27)

where (B; N') is the index partition correspnding to the basisB.

It turns out that an obvious choicefor B  in our approad is to let B be equalto the max-
imum weight basisB correspndingto (A; d). More speci cally, recall that in our algorithm,
we compute y appraximately using the preconditionedsystemWz = q. Let fy denote
the nal iterate Z' in the approximate solution of Wz = g, and let "= W f y Q. Letting
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y=TT f y, it is easyto seethat y is an approximate solution satisfying (23) with error
f = T 1f = BDgf~ Usingthis expressionfor f and letting B = B in (27), we obtain

v=(SgB ' ;0)= (SsB BDgf; 0) = ((XgSs)™f; 0): (28)

Note that by (24), we have X s+ S x = XSe+ e v, ie.(8) is satised only
appraximately. To ensurecorvergenceof our method, it turns out that it is important to
keepkfk, and hencekvk, small. In our algorithm below, we require that

pP—
Kk = (29)

so as to ensurethat the number of outer iterations of our method is still polynomially
bounded.
We now presert our main algorithm:

Algorithm  1IP-IS:

1. Start: Let >0, 2 (0;1), (x%s%y?) 2 N( )and0< _ < — < 45 be given. Set
k=0.

2. While := (x;s¢)> do

(@) Let (x;s;y) := (x¥;s%;y%), and choose 2 [ ;7.
(b) Setd=S *X*Pe rp= Ax brg=ATy+s candr = (ryrq).

(c) Build the preconditioner T = T(A; d) using the Maximum Weigh Basis Algo-
rithm.

(d) Find an appraximate solution fy of (14) sud that 7= W f y (satis es (29).

(e) Let v be computedaccordingto (28). Set y=TT f y, and compute sand X
by (12) and (24), respectively.

(f) Compute ~ := argmax 2 [0;1]:w+ % w2 N(); 8 °2 [0; ]g, where
w:=(x;s;y)and w:=( XxX; s; V).

(g) Compute := argminf (x + X)T(s+ s): 2 [0;~]o.
(h) Let (x**1:;s*1:yk*1y=w+  w,andsetk k+ 1.

end (while)

Using this algorithm, we obtain nearly the exact samepolynomial corvergenceresult as
Theorem 2.1. The results for Algorithm [IP-IS are summarizedin the following theorem,
which we will prove in Section3.2.
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Theorem 2.6 Assumethat the constants , and — are suchthat

( )
max ;1 )Yt o1 = = 0(1); (30)

and that the initial point (x%;s%y% 2 R2] R™ satis es (x%s%)  (x;s) for some(x;s;y) 2
S. Then, Algorithm IIP-IS geneatesan iterate (x¥;s*;y*) 2 R?]  R™ satisfying 0
and krkk  kr% within O (n?log(1=)) iterations.

Note that while the number of \outer" iterations is polynomial for our algorithm, the
overall complexity is not, dueto the total number of \inner" iterations. To seethis, consider
agiveniteration of our algorithm with the CG solwer. It is easyto seethat steps(a), (b), and
(e) through (h) canbe carriedout in O(mn) ops. Let usnow examinethe other two steps(c)
and (d). The sorting part of the Maximum Weight Basisalgorithm canbe donein O(nlogn)
with a quick sorting algorithm. Computing T and its correspnding LU factorization can
be donein O(m?n) ops. Hence,the ertire step (c) takesO(n maxf m?;logng) ops. Now,
notice that ead step of the CG solver requiresO(mn) ops. SinceO(' A log(n' A)) iterations
of the CG solwer are required, we concludethat step (d) takes O(mn' A log(n' A)) ops.
Thus, the number of ops periteration of Algorithm 1IP-IS is O(nmaxf m' A log(n' a); m?g).

In the next subsection,we will considera speci c casewhere' , is polynomial, namely
when A is the node-arcincidencematrix of a directed graph.

2.5 Application to Network Flows

Considera standard network ow problem of the form (1). In this case,A is the node-arc
incidencematrix of a simple connecteddirected graph G, with one row deletedto ensure
that A hasfull row rank. We will shawv that for this particular problem, Algorithm 1IP-IS is
indeed a polynomial-time algorithm. The key result comesfrom the following obsenation:
since A is a node-arc incidencebnatrix, it is totally unimodular so that ewery elemen of
B !Ais1,0,or-1. Thus,' a mn, ascan be seenfrom de nition (17) of ' A.

Additional savingsin the complexity of our algorithm canbe obtainedby usingthe special
structure of the matrix A. Indeed, considera singleiteration of Algorithm [1P-IS using the
CG solwer. Steps(a), (b), and (e) through (h) now take O(n) ops sinceA hasonly 2n
nonzeroertries. Sincea maximum weight basisis now a maximum spanningtree on G, it
can be found with O(nlogn) ops using either Prim's or Kruskal's algorithm (seee.g.[2]).
The basismatrix B, under a suitable ordering, will be upper triangular, sowe do not need
to form B ! expﬂicitly; thus step (c) requiresO(nlogn) opB. Next, Corollary 2.5 and the
fact that ' A mn imply that the CG method takesO(" mnlogn) iterations to nd a
suitably accuratesolution of (14). As ead step of the CG method takesO(n) ops, step(d)
requiresO(m*2n32logn) ops. Thus, a single outer iteration of Algorithm 1IP-IS applied
to a minimum-cost network ow problem requiresO(m*?n3?logn) ops.
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3 Technical Results

In this section, we give detailed proofs for the results givenin Sections2.3 and 2.4. Section
3.1 will be dewted to the proofs of the resultsin Section2.3, while Section3.2 will give the
proofs for the resultsin Section2.4.

3.1 Results for the lterativ e Solver

Considera genericiterativ e solver which solves (14), and supposethat this solwer satis es
(19) at ead iteration. We will seekto getkq Wz k ~ for someterm > 0. We begin
with sometechnical lemmas:

Lemma 3.1 Let (x%s%y% and (x;s;y) be points suchthat r(x;s;y) = r(x%s%y% for
some 2 R, andlet (x;s;y) be a point suchthat r(x;s;y) = 0. Then,

0= X7+ (1 )XTs+x"s+ (1 )XV s+ x"s?)
x%s+x7s%) (1  )x"s+x"s): (31)

Pro of: Using the de nition of r, it is easyto seethat

Ax x° @ )x)
(s s @ )9+AT(y Y @ )y

Multiplying the secondrelationby [x x° (1 )x]" onthe left and usingthe rst relation,
we get

I n
o O

x x2 @ WX'[s s @ )g=0: (32)
Expanding this equality, we obtain (31). .

Lemma 3.2 Let (x%s%y% 2 R?l R™ ke a point suchthat (x%s%  (x;s) for some
(x;s;y) 2 S. Then, for any point (x;s;y) 2 R??  R™ suchthatr = r° for some 2 [0;1]
and  xTs=xX’' s, wehavethat (x% s+ s%x) 3n .

Pro of: By assumption, there exists (x;s;y) 2 S sud that x x%°ands s° Since
r= r%and(x;s;y) 2 S, the points (x; s;y), (x% s%y°), and (x;s;y) satisfy the assumption
of the previouslemma. Hence,by equation (31), along with the facts that xTs=x" 0,
x's=0,(x;s) 0,(x;s) 0,(x%s% 0, 2[0;1],x x°% ands s° we concludethat

(x% s+ s% x) 26070+ xTs+ (1 )(x”s+ s x)
2%+ xTs+2 (1 )x¥s°

§
2 x9s%+ xTs  3x's:

13



Next, we turn to the proof of Lemma2.3:

Pro of of Lemma 2.3: By (16) and the triangle inequality for norms, we have
kgk KkTrpk+ k T AS 'ek+ KTAxk+ KTAD ?rgk: (33)

We will now bound ead of the terms in the right hand side of (33). Let (X;s;y) 2 S and
(x9; % y9) satisfy the assumptionsof Lemma?2.3,sothat xX° x,s° sands® jc ATyY.
Using theseinequalities, the assumptionthat (x;s;y) 2 N ( ) and Lemma 3.2, we obtain

kS(x  x9)k kSx°k s™x°  3n (34)
kX (s°+ ATy® ok 2 kXs’%k 2x's®  6n: (35)

Thus, using the relationsr = r% b= Ax, (34) and (35), the fact that (x;s;y) 2 N( ) and
Proposition 2.2, we obtain

kTrok = kTrok= kT(b Ax%k= KkTA(x x%k= Kk(TAD)(XS) ?S(x x%k
1=2 0 , 1 _3n" A p_
KTADKK(XS) ¥?kkS(x x%k Apﬁ 3n = P—
and

KT AD ?rgk KTADkkDrgk = KTADKkDrik = KTADkkD(s®+ ATy? o)k
KTADKK(XS) ¥?kkX (s°+ ATy® o)k

, 1 6n' o p_
Ap: 6n = pi .
@ ) 1
Similarly, we have
1 1=2 - 1 P—_ r n p—
k TAS “ek KTADkk(X S) k kek Apﬁ n= AT

and
KTAxk = KTAD (X S)¥2ek KkTADKk(XS)¥™ek ' " N;

wherein the last inequality we usedthe fact that k(X S)*?ek = P A~ The result now follows
by combining the four boundsobtained above with (33). .

14



3.2 Convergence Results for Algorithm [IP-IS

In this subsection,we will provide the proof of Theorem 2.6.
For the sale of future referencewe note that ( x; s; y) satises

Ax = 1 (36)
AT y+ s = 14 (37)
X Ss+s X = X s+ e Vv (38)

by equations(25), (26), (12), and (24), respectively. Throughout this section, we use the
following notation:

(x( );sC );y( ) xsy)+ (X s;oy);
() x( )Ts( )=n;

r() r(x( );s( )iy( ) = (Ax() bATY( )+s() o)

Lemma 3.3 Assumethat ( X; s; Yy) satises (36)-(38) for some 2 R, v 2 R" and
(x;s;y) 2 R21  R™. Then, for every 2 R, we have:

@ x() s()=@ )x s+ e v+ 2 x s
b ()= @ ) vie=n+ 2 xT s=n
©r()=@a )r
Pro of:  Using (38), we obtain
x() s()

(x + X) (s+ S)

X s+ (x s+s Xx)+
X s+ ((x s+ e v+
= (1 )x s+ e v+

2 x s

X S
X S,

2

2
thereby showing that a) holds. Left multiplying the above equality by e and dividing the

resulting expressionby n, we easily concludethat b) holds. Statemen c) can be easily
veri ed by meansof (36) and (37). .

Lemma 3.4 Assumethat ( x; s; V) satises (36)-(38) for some > 0, (x;s;y) 2 R%]

R™ andv 2 R" satisfyingv'e=n = 2. Then, for everysalar satisfying
0 min 1; xSk (39)
we have ke ( )k ()
.
Kk : (40)

15



Pro of: Using Lemma 3.3(b) and the assumptionthat v'e=n = 2, we concludefor
every satisfying (39) that

() =2 @ )] vie=n+ 2 x' s=n
1 @ ) :—2L + 2 xT s=n
1r ) + % %k x sk
@ ):
The result now follows from the last relation and Lemma 3.3(c). .

Lemma 3.5 Assumethat ( x; s; Y) satises (36)-(38) for some > 0, (X;s;y) 2 N( )
with 2 [0;1], and v 2 R" satisfying kvk, =4. Then, (x( );s( );y( )) 2 N( ) for
everysalar satisfying

0 min 1; (41)

4k X sk,

Pro of: Sincethe assumptionthat 2 [0; 1] and kvk; =4 imply that v'e=n
=2, it follows from Lemma 3.4 that (40) holdsfor every satisfying (39), and hence(41).
Thus, for every  satisfying (41), we have
kr( )k _ kr( )k krk () )

ki%k  krk  krok P (42)

Now, it is easyto seethat for everyu 2 R" and 2 [0;n], there holdsku  (u"e=n)ek;
(1+ )kuk; . Using this inequality twice, the fact that (x;s;y) 2 N ( ) and statemerts (a)
and (b) of Lemma 3.3, we concludefor every satisfying (41) that

x() s() @ ) (e

.
-1 Jx s @ )el+ e v (1 )VTee
T
£ 2 ox s @ ) 2%
n
T T
v (1 )B x s (1 ) X Se e
n 1 n 1
1 1
( 2kvk; 2 k x  sky)e > 5 e 0
We have thus shavn that (x( );s( );y( )) 2 N( ) for every satisfying (41). .

Next, we considerthe minimum step length allowed under our algorithm:
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Lemma 3.6 In everyiteration of Algorithm IIP-1S, the steplength satis es

minf ;1 2 g

in 1 4
mn - < 4k x  sk; (43)
and
() 1 1 > (44)
4 2
Pro of: Using (28) and (29), we concludethat
kal = k(X BSB)l:2f~k1 kX 8SE klzzkf‘\kl P n —p—_p = 1- . (45)

Hence,by Lemma 3.5, the quartity ~ computedin step (g) of Algorithm [1P-IS satis es

~ min 1 (46)

4k X sk

Moreover, by (45), it follows that the coe cient of in the expressionfor ( ) in Lemma
3.3(b) satis es

vie 1 5
@a ) e 1 ) +kvk a ) + 2 = 1 i < 0; (47)
since 2 (0;%). Hence,if xT s 0,it is easyto seethat = ~, and hencethat (43)
holdsin view of (46). Moreover, by Lemma 3.3(b) and (47), we have
vie 5 5
() o @ Ny — 1 17 115 5

shawing that (44) alsoholds. We now considerthe casewhere xT s> 0. In this case,we
have = minf ., ; ~0, where ., isthe unconstrainedminimum of ( ). It is easyto see
that

S _n(@ )+Ve n(@1 ) @ 2) .

mn- 2 xT s 2 xT s 2k x  skq
The last two obsenationstogetherwith (46) imply that (43) holdsin this casetoo. Moreover,
since the function () is corvex, it must lie belov the function ( ) over the interval

Bl
=]

[0; min], where ( ) isthe ane function interpolating ( )at = 0and = . Hence,
vie 5
() =l @ )3l 11y 5 (48)

wherethe secondinequality follows from (47). We have thus shovn that  satis es (44). «

Our next task will be to show that the stepsize remainsboundedaway from zero. In
view of (43), it su cient to shav that the quantity k x  sk; remainsbounded. The next
lemma addresseghis issue.
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Lemma 3.7 Let(x%s%y% 2 R?? R™ besuchthat (x%s°%  (x;s) for some(x;s;y) 2 S,
andlet (x;s;y) 2 N( ) be suchthatr = r° for some 2 [0;1]. Then, the serch direction
( x; s; y) genented by Algorithm IIP-1S satis es

2 1=2
Paspl Py 5 P-

1 4 n

+

max(kD ' xk;kD sk) 1 2+ 1

Pro of: Relations (36) and (37) and the assumptionr = r° imply that

A( x+ (x° x))
ATC y+ (Y y)+( s+ (s 9)
from which it follows that ( x+ (x° x))T( s+ (s° s)) = 0. Multiplying (38) on

the left by (XS) 2, weobtain D * x+ D s = H() (XS) ¥v, whereH( ) =
(XS)*¥e+ (XS) ¥e. Equivalertly, we have that

0
0;

D} x+ (xX° x)+D( s+ (s° x))
= H()+ (D(s®° s)+D *(x° x)) (XS) *v:

Using the fact that the two terms on the left hand side of the above idertit y are orthog-
onal, alongwith the fact that k(X S) vk = kfk by (28), we obtain

max kD ( x+ (xX° x)kkD( s+ (s° s)k
kH( )+ (D(s® s)+D *(x° x)) (XS) ¥vk
kH( )k+ KkD(s® s)k+ kD *(x° x)k + kfk:
This, together with the triangle inequality and the de nition of D, imply that

max(kD ' xk;kD sk) KH( )k+2 kD(s® s)k+ kD }(x° x)k + kfk
KH( )k+ 2 K(XS) 2%k kX (s s)k+ kS(x° x)k + kik

KH( )k + 9(12—) kX (® s)k+kS(x° x)k + kiK49)

It is well-known that

2 1=2

KH ( )k 1 2 +; P (50)
Moreover, usingthe fact that s s andx  x° alongwith Lemma 3.2, we obtain
kX (s s)k+ kS(x® x)k (s x+x%s)  3n: (51)
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The result now follows by incorporating inequalities (50), (51) and (29) into (49). .

We are now ready to prove Theorem2.6.

Proof of Theorem 2.6: Let ( x*; sX; yk) denote the seart direction, and let
rk = r(xk;s;y%) and = (xK;sX), at the k-th iteration of Algorithm [IP-IS. Clearly,
(x¥;s%;y%) 2 N (), and usingLemma3.3, it is easyto seethat rk = r° for some 2 (0;1).
Hence,using Lemma 3.7, assumption(30) and the inequality

k x¥  s%  k x¥ sk k(D% ! x*kkD* sk

we easilyseethat k xK  s*k; = O(n?) . Usingthis conclusiontogetherwith assumption
(30) and Lemma 3.6, we seethat, for someuniversalconstart > 0, we have

k+1 1 =« 8k O
The conclusion of the theorem now follows by using the above inequality, the fact that
krKk=kr %k k= o for all k 0, and somestandard argumeris (see,for example, Theorem
3.2 of [15]). .

4 Concluding Remarks

We have shown in this paper that the outer iteration complexity of Algorithm 11P-IS is the
sameasthat of its direct courterpart, namely Algorithm [IP. We strongly beliewe that, using
approadessimilar to ours, it is possibleto dewelop iterativ e versionsof other primal-dual
IP methods whoseouter iteration complexitiesmatch those of their direct courterparts.

As we showved in Section 2.4, an inexact y leadsto an error in the Newton equation
(9) correspnding to primal feasibility. We have addressedhis problem by introducing the
vector v in equation (24) de ning x. This correctionterm v can be used,not only in the
corntext of iterative methods, but alsoin connectionwith direct methods, aswas pointed out
in Section2.4. It would be interesting to seehow the addition of this correctionterm v in
the context of direct methods could help handle LP problemswhich are extremely hard to
solve due to the ill-conditioning of AD 2AT. Clearly, a certain overheadexistsin computing
v, but it might be worthwhile in suc a case.

In orderto satisfy the polynomial cornvergenceof our methods, we have imposedstringent
conditions on f~. In a practical situation, it may be more appropriate to monitor v directly.
Indeed, as long as v satis es the requiremerts in Lemmas 3.4 and 3.5, the outer iteration
convergenceanalysisusedin this paper remainsvalid. Moreover, wealker requiremerts than
thoseimposedon v in the two lemmasabove might be more advantageousfrom the practical
point of view. This is certainly a topic that deseresfurther investigation.
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