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1 Introduction

A polynomial SDP (semide nite program) is a nonlinear and noncorvex optimization prob-
lem of minimizing a real valued polynomial objective function a(x) subject to a matrix
inequality A(x) = O i.e., aconstrairt for A(x) to be positive semide nite. Here x denotes
a vector variable in the n-dimensional Euclidean spaceand A(x) an m x m symmetric
matrix whose(s, j)th componert A;;(x) is a real valued polynomial in . The polynomial
SDP is a generalizationof the standard SDP (see,for example,[5, 9]) with a linear objec-
tive function and an LMI (linear matrix inequality) constrairnt to a polynomial objective
function and a PMI (polynomial matrix inequality) constrairt. It includesa wide classof
problems,e.q., POPs (polynomial optimization problems)where A(x) is a diagonalmatrix
and a BMI (bilinear matrix inequality) where A;;(x) is a quadratic function.

The purposeof this paper is to proposeSOS(sum of squares)relaxation methods for a
polynomial SDP with an additional ball constraint € B (the unit ball in the n-dimensional
Euclidean space)by extending SOSrelaxations introduced for POPs [6, 7]. We presen a
method of generatinga sequencef SOSrelaxation problemswhoseoptimal valuescorverge
to the optimal value of the polynomial SDP. By applying a technique establishedin SOS
relaxation methods, we can corvert it into a sequenceof standard SDPs.

Two related approades provide a sequenceof SDP relaxations whose optimal values
convergeto the optimal value of a given POP. The oneis a dual approad and the other
is a primal approad. The dual approad is basedon SOSrelaxations|[6, 7]. In the recen
paper [2], Kim et al preseted a method to obtain a sequenceof SDP relaxations by the
dual approad. They also showved that the quality of the sequenceof SDP relaxations was
strengthenedby applying a penalty function technique and a generalizedLagrangiandual.
The useof the penalty function technique and the generalizedLagrangiandual provided a
conveniert way to exploit sparsity of polynomialsin the POP and thus it was possibleto
introduce e ective SOSrelaxations for a sparsePOP. The method proposedin this paper
for the polynomial SDP is stemmedfrom thoseresultsin [2]. In particular, we introducea
penalty function and a generalizedLagrangian function for the polynomial SDP with the
constraint « € B. The main emphasisis placed, howewer, on corvergenceanalysis of the
method but not on exploiting sparsity of the polynomial SDP.

A primal approad also producesa sequenceof SDP relaxations for the polynomial
SDP by extending Lasserre'sSDP relaxation method [1, 4] for POPs to the polynomial
SDP. These SDPs are duals of the onesderived in the dual approad mertioned above.
A key idea behind the extension of Lasserre'sSDP relaxation lies in the following fact.
Let h(x) be a (1 + ¢)-dimensional column vector of a scalar constart 1 and real valued
polynomials iy (x), ho(x), . . ., he(x) in . Thena PMI A(x) = O is equivalert to a PMI to
(h(w)h(w)T) ® A(x) = O, where M ® N denotesthe Kroneder product of two matrices
M and IN. This ideawaspreseited asa techniqueto derive a valid constrairt in the paper
[3], but polynomial SDPs were not investigated. The extension presertied here employs
sometechniquesin the original SDP relaxation by Lasserrefor a POP sud as linearizing
the polynomial objective function and the resulting PMI constrairt to a standard SDP with
an LMI.

We mertion that the primal approad is more direct and easierto understand than
the dual approad. Howewer, the method in this paper is presentied in terms of the dual
approad instead of the primal approad becauseour theoretical analysisis basedon the



dual approad.

The remaining of the paper is organizedas follows: In Section 2, we descrile the def-
initions of polynomial matrices and sumsof their squaresafter introducing somenotation
and symbols, and then show a characterization of sumsof squaresof polynomial matricesin
terms of positive semide nite matrices. In Section3, we corvert the polynomial SDP with
the additional unit ball constraint « € B into a sequencef POPs over the singleconstrairt
x € B whoseoptimal valuescorvergeto the optimal value of the original polynomial SDP
using a penalty function approad. Section 4 includes the extension of the sequenceof
penalizedPOPs over the single constraint « € B given in Section3 to a sequenceof gen-
eralizedLagrangian duals, which provide better relaxationsthan the sequencef penalized
POPs, and derivation of an equivalert sequenceof SOSrelaxations of the polynomial SDP.
In Section5, the primal approad to the polynomial SDP is presetted to derive a sequence
of its SDP relaxations, and a closerelationship betweenthe Lagrangiandualsin Section4
and the SDP relaxationsin Section5 is shavn; the former correspnd to the duals of the
latter.

2 Polynomial matrices and sums of their squares

2.1 Symbols and notation

Let R", Z, and Z": C R" denotethe n-dimensionalEuclideanspace the set of nonnegative
integersand the set of n-dimensionalnonnegatiwe integer vectors, respectively. We usethe
notation ® = x{'25% - - 22 for every a € Z', and every & = (x1.22,...,z,)" € R". Here
T denotesthe transposeof a vector or a matrix. Let M™, S™ C M™ and S"!' C 8™ denote
the spaceof m x m real matrices, the spaceof m x m symmetric matrices and the coneof
m X m positive semide nite symmetric matrices, respectively. When M € 8™, we often use
the notation M = O to mean M € S7.

Let F be a nonemply nite subsetof Z", and Fo € M™ (a € F). We considera
polynomial F'(x) in x € R™ with coe cients Fo € M™ (a € F) sud that

F(z)= ) Foz® (1)
o2 F

Let 2™ ™ denotethe setof sud polynomialsin x € R"™ with m xm coe cien t matrices. We
mertion that ead F(x) € E™ ™ is also characterizedas an m x m matrix whose(s, j)the
componert F;;(x) is a real valued polynomial. We will call eah F(x) € E™ ™ an m x m
polynomial matriz, and F a support of F(x) if F(x) is represeted asin (1).

We also considerspecial caseswhere all coe cient matrices Fo € M™ (a € F) are
symmetric, i.e., Fo € 8™ (a € F) in (1). In this casewewill call F(x) € E™ ™ anmxm
symmetric polynomial matriz. Let 2" ™ denotethe setof all m x m symmetric polynomial
matrices. By de nition, E™ ™ Cc E™ ™, Whenm = 1, E! ' = E' ! In this case,we write

insteadof =} ' = = 1,

Let a(x) € , A(x) € E" ™, and B the unit ball {x € R" : 1 — Tz > 0}. Then
the polynomial SDP (polynomial semide nite program) that we deal with throughout the
paper is descriked as

Py : minimize a(x) subjectto A(x) > O and x € B.
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We usethe symbol A for a support of the m x m polynomial matrix A(x).

2.2  Sums of squares of polynomial matrices and their character-
ization
We de ne the set X" ™ of sumsof squaresof m x m polynomial matrices as follows:

q is a positive integer '

o= {Z(Gp(w))TGp(az) :

By de nition, we know that ™ ™ C EI" ™ and that F(x) = O for every x € R" if

s

F(x) € ¥™ ™. We call eath symmetric polynomial matrix in ™ ™ a sum of squares of
polynomial matrices.

Whenm = 1, = X! !isthe setof sumsof squaresof real valued polynomials. It is
well-known and easily shavn that ead w(x) € is represeted as a positive semide nite
guadratic form of monomialsand vice versa. This section generalizeshis fact to the set
™ ™ of sumsof squaresof m x m polynomial matrices. We will assaiate eath sum of
squaresof polynomial matriceswith a positive semide nite matrix.

Supposethat

F(x) = > (G"z)" G'(z) e =™ ™

p=1
We may assumethat the polynomial matrices G?(x) € ™ ™ (p = 1,2,...,q) sharea
commonsupport G C Z’. Hencethey can be represeted as
a2
for someGY), € M™ (v € G, p=1,2,...,q); weallow casesvheresomecoe cien t matrices

GY, vanish. Let p € {1,2,...,¢q}. Then
T
(Z Gpaa:a) (Z G’c’xwa)
2§ 2§

> > (G Glaal
a2G 32G

Let s denotethe cardinality of G. Let V? denotethe sm x sm symmetric matrix whose
(a, B)th block Vpaﬁ is given by (G%,)" Gpﬁ (e € G, B € @G). For example,if G consistsof

three elemens a, B and ~, then

(Ga)' Ga (Ga)' Gy (Ga)' Gy

(¢5) G () G5 () &
(65) @ (64) 65 (5) &4

(Ga Gy G’:Y)T<Gg Gy G5 )
3

(G*(2)" G'()
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henceV? is a 3m x 3m symmetric positive semide nite matrix with rank at most m. In
general,we seethat V? € S7". We now let

q
Vag = Z; Z(Gpa) Gp (€@, Beg)and V= ZV”

p=1

Note that ead Vaﬁ (€ G, B € G) correspndsto the (a, B)th block of V € S¥". We
also seethat

F(z) = Z(Gp(a:)) G'(z)= > > V, gz P
a2G B82G

Thereforewe have shavn that ead F(x) € ™ ™ is represeted as

F)= > ) Vag z® P (2)
a2G (32G

for someV € S7", whereV , 3 denotesthe (e, B)th block of V' € ST,

Conversely we assumethat F(x) € E" ™ is represeted asin (2) for someV € S7" to
show that F'(x) is a sumof squaresof polynomlal matrices. SinceV is positive semide nite,
we can take a matrix G € M*™ suc that V = G'G. Let Gaﬁ denotethe (a, 3)th block

of G. Then, for ewvery pair (a0, ) ( € G, B € G), we have

729

In view of (2), we then obtain that

F(x) = Z Z (Z G’)’Ot G’Yﬂ) %P

a2G 32G \~v2G

- X T Y (Gra) Gygael
v2G a2G 32G

= Z (Z Gﬂyawa> (Z G')’Bmﬂ)
v2G \a2G B32G

= Y (V@) (=),
v2¢

where G7 () = Z G'yaw e ™ ™ (v € G). Thus we have shovn that eah F(x) €

oG
E7 " represeted asin (2) for someV € S5 is a sum of squaresof polynomial matrices,

s

i.e., F(x) e X™ ™.



For every nonempty nite subsetG of Z', we de ne

m m _ a.B. VeS!, wheres denotes
X" G = { Z Z Vap =27 e cardinality of G ‘
a2G 32G

Then we can rewrite the ertire set X ™ of sumsof squaresof polynomial matrices asthe
union of ™ ™(G) over all nonempty nite subsetG of Z";

»m o m = U »m m(g) (3)
07 Gczy

For a special casem = 1, we have that

- U (o ’
07 Gczy 4
(6)= Ve !
= Z Z af 2%l ; wheret denotesthe cardinality of G (
a2G 32G J

3 A penalty function approach

The term \a penalty function” usedbelov has a slightly di erent meaningfrom a conven-
tional penalty function. The di erence lies in that it imposesa penalty even for feasible
points of the polynomial SDP P, although the penalty valuesfor the feasiblepoints tend
to zero as the penalty parameter increases. We may regard it as a special caseof the
generalizedLagrangian function for the polynomial SDP P, given in the next section. We
showv convergenceof the optimal valuesof a sequencef penalizedpolynomial optimization
problems(Theorem 3.2), which will be usedto establishcorvergenceof the optimal values
of a sequencef generalized_agrangianduals of the polynomial SDP P, in the next section.

Let us rst introduce an ideal penalty function ¢, of the polynomial SDP F, over B,
de ned by

0 fxzeC,

01 (@) = { o if z € B\C.

Here C denotesthe feasibleregion {x € B : A(x) = O}. Then the polynomial SDP F is
equivalert to the problem

1 . minimize a(x) + ¢1 (x) subjectto x € B.

We will construct a sequence{¢,(x) (p € Z.)} of polynomial penalty functions that \con-
verges"to the ideal one ¢; (x) on B.
Take anw > 0 sud that || A(x)|| < w for every x € B, where||N|| = max ||IIN z|| = the

maximum absolute value of all eigervaluesof IV € S™. (Note that sud an w > 0 always
exists since A(x) is cortinuous with respect to « in a compactset B). For every x € R"
andewryp € Z,, de ne

op(x) = — (I — A(x) /w)™ o A(x).

5



Here I denotesthe m x m identity matrix and we assumethat (I — A(:n)/w)o = I. We
considerthe sequencef penalizedPOPs over the unit ball B

» . minimize a(x) + ¢,(x) subjectto x € B
(p € Z,). Let v, denotethe optimal value of this problem. By de nition,
dp(x) <0 foreweryx e C (p € Zy).

Hencewe seethat ¢, < ¢, (p € Zy). The lemmabelow shawvs that the polynomial function
op(x) \converges"to ¢1 (x) on B asp — oc.

Lemma 3.1.

(a) For any e > 0, there exists a positive integer P such that —e < ¢,(x) for every x € B
and every p > p.

(b) If 2 € B\C and k > 0 then there exist a positive number & and a positive integer p
such that k < ¢,(x) for every x € Uz(x) (B and every p > p.

Proof:  First we derive an inequality that will be usedto showv (a) and (b). Let « € B.
Take an m xm orthogonalmatrix P and anm xm diagonalmatrix M with the eigervalues
wi of A(xz) (i= 1,2,...,m) sud that A(x) = PMP”. Then
Pp(x) = —(I — A(x)/w)* o A(x)
= —TracgI - PMP” /) PMP"
—Tracg(I — M /w)* M

- Z(l — /W)

—w (Z(l — i fw) P pifw+ Y (1 - ui/w)”ui/w) :
ui 0

1i <O

Sincey;/w € [0, 1] if pu; > 0, we obtain that
Pp(x) > —mwpu(p) — w <Z(1 - ui/w)2”ui/w> : ()
pi <0

where u(p) = max{(1 — &)%¢: ¢ €[0,1]}. To show (a), we let ¢ > 0. Then we can nd
a positive integer f sud that u(p) < ¢/(mw) ofeveryp > p. Let x € Bandp > p. It
follows from (5) that

dp(x) > —mwp(p) > —e.

Now we prove (b). Supposethat = € B\C and x > 0. Sincex € B\C, there exist 6 > 0
and ;. < Osudh that if € Uz(x) () B then the minimum eigervalue of A(x) is not greater
than u. Since(l — p/w) > 1 and p < 0, we can take a positive integer p sud that

—mw — (1 — p/w)*p >k for every p > p

6



Supposethat « € Us(x) () B in the inequality (5). Let jimin denotethe minimum eigen-
value of A(x). Then u;, < u < 0. Hence

¢p(w) > _mw#(p) - (1 - ,Umin/w)Qp,umin > —mw — (1 - ;u/w)2p,u > K.

1
Now we are ready to shav the corvergenceof the optimal valuesy, of , (p € Z;) to
the original polynomial SDP P, asp — oo.

Theorem 3.2. (, > ¢, — (; as p — 0.

Proof:  Let z” be an optimal solution of , (p € Z,). Assumeon the cortrary that
the correspnding optimal value a(xz”) + ¢,(x?) doesnot corvergeto (,. Then thereis an
¢ > 0 and a subsequencédx? (p € J)} for someJ C Z, sud that

a(@’) + ¢p(x”) < ¢ — e (p € J). (6)

Sincethe subsequencgx? (p € J)} is cortained in the compactset B, we may assume
without loss of generality that it corvergesto « € B. By (6) and (b) of Lemma 3.1,
x € C. By (a) of Lemma3.1, there existsa f € Z, sud that

a(x?) —e/2 < a(xf) + ¢,(xP) if pe J andp > P.

If wetakethe limit of the subsequencéx” (p € J)}, the the left hand sideof the inequality
above convergesto a(x) — /2 > (, — ¢/2. Hencewe obtain that

G — € < a(x?) + ¢,(x?) for everysuciently largep € J.

This contradicts to the inequality (6).

4 A dual approach
4.1 A generalized Lagrangian dual
We introduce a (generalized)Lagrangian function
Mz, W) = a(x) — W(x) e A(x) for every W(x) € ¥™ ™ andx € R".
For every W(x) € ¥™ ™, we considera (generalized)Lagrangianrelaxation
( W) : minimize A(x, W) subjectto x € B.

Since B is a nonempty compact subset of R", the Lagrangian relaxation ( W) has an
optimal solution. Let A (W) denotethe optimal value of this problem;

A (W) =min{\xz,W) : x <€ B}.
If W(x) € ¥™ ™ andx € C then A(x) € S and A\(z, W) < a(x). Hence

A (W) <, for every W(x) e ¥™ ™.
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The penalizedPOP optimization problem , in the previoussectionis a special caseof
the Lagrangianrelaxation if we take W (z) = (I — A(z)/w)* € ¥™ ™; , isidertical to

(( I - A(z)/w)*).

For every nonempty subsetG of Z", we de ne a (generalized)Lagrangiandual
( G): maximize A (W) subjectto W(x) € X" "(G).
Let A (G) denotethe optimal value of this problem;
A (G) = sup{A (W) : W(z) € =" "(G)}.
We then seethat

A(W) <A (G) SANGY <A (Zh) <
if W(z)eX™ ™(G) andG C G°C Z. 7)

Recall that A denotesthe support of the m x m polynomial matrix A(x) involved in
the polynomial SDP F,. We de ne

A© {0}, AW = AU{O} c 7,
AP = da+ Brac AP BeADYCZ! (p=1,2,...,).

Theorem 4.1. ¢, > X (A?)) — ¢, as p — 0.

Proof: It follows from (7) that X (A%”) < ¢, (p € Z,). By construction, we know
that .A®) forms a support of the m x m polynomial matrix (I — A(z)/w)?; hence(I —
A(x)/w)? € Z™ ™(AP)). Hence

Y, = min{a(z) + ¢p(z) i x € B}

min {a(z) — (I — A(z)/w)™ e A(x) : x € B}

< sup min {a(x) — W (x) ¢ A(x) : x € B}
W(z) € =™ ™(AP)

= A (AP) (pe zy).

Thereforewe have shown that v, < A (AP) < ¢, (p € Z,). By Theorem 3.2, we obtain
the desiredresults.

Corollary 4.2. Suppose that a sequence {G, C Z!. (p € Z1)} satisfies
07 Gy C Gy (pEZy) and A C | ) G, (¢€Zy). (8)
pELys
Then ¢y > A (G,) — ¢, as p — oo.
Proof: By the rst inclusionrelation of (8) and (7), we have
A (Gp) <A (Gpi1) <G (p € Zy).

g € Z., (8) ensuresthe existenceof p € Z, suc that A9 G,; hence
A (G,). Thusthe result follows from Theorem4.1.

For ewer
A (A(q))

A<
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4.2 SOS relaxations of the Lagrangian duals

In this subsection,we presen a numerical method for appraximating ¢, basedon SOSre-
laxations of the Lagrangianduals ( G,) (p € Z.), where{G, € Z (p € Z.)} is a sequence
satisfying the assumption (8) of Corollary 4.2. For this purpose,we introduce an SOSre-
laxation of the Lagrangiandual ( G) (G € Z"). For ewvery triplet of nonempty nite subsets

G, G and G of Z", we consideran SOSoptimization problem
A(G.G.G): maximize 7
subjectto Az, W) — @(z)(1 — z’x) —n € ( G),
W(x) € ™ "(G), w(x) € (G).

In addition to a sequence{G, C Z (p € Z;)} satisfying (8), we prepare sequences
{Gycziwez)}and (G, c 2 (pez.)} suh that

07 G, C Gy (pEZy) and Z;

U 4
P GUZ+ ; )

pELy

0 # @,, C §p+1 (p€Zy) andZ7

Let n, denotethe optimal value of the problem K(gp, @,,, Ep);

_ Mz, W) —d(x)(L - zTz) —ne (G,
L S“p{"' W(z) € 5" "(G,), i@) € ( Gy) }

Theorem 4.3. (, > n, — (, as p — oo.

Proof:  First we obsene that 1, < ¢, (p € Z;). Let e be an arbitrary positive number.
By Corollary 4.2, there existsa p € Z, and a W (x) € X(G,)™ ™ sud that

a(z) — W(z) e A(x) — (¢, —€) >0 forevery z € B.

This implies that the polynomial a(x) — W (x) ¢ A(x) — ({, — ¢) is positive on the ball
B={x eR":1-zx > 0}. By Lemma4.10f[§], thereexistsaw(x) € andw(x) €
sud that

a(x) — W(x) e A(x) — w(x)(1 — z"x) — ({, —€) = w(x) for every x € R".

By (9), we cantake a nonnegatiwe integer > p sud that w(x) € ( ép) andw(x) € ( §p)
for every p > p. SinceW(x) € X(G,)™ ™ C X(G,)™ ™ for every p > p, we obtain that
(G —¢ < n, < G for every p > p.
1
It is possibleto convert the problem K(g, G, @) into an SDP by applying the convertional
techniqgue commonlyusedin SOSoptimization, but we do not describe the corversionhere.
Instead, we derive the SDP in the next sectionasthe dual of the SDP that is obtained by
a primal approad to the polynomial SDP F,.
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5 A primal approach

The purposeof this sectionis twofold. The oneis to derive an SDP relaxation directly from
the polynomial SDP P, without applying either a Lagrangian dual or its SOSrelaxation.
This part is an extensionof Lasserre'sSDP relaxation for POPs to polynomial SDPs. The
other purposeis to show that the dual of the SDP relaxation derived is equivalert to the
the SOSoptimization problem A(G, G, G).

5.1 Adding valid symmetric polynomial matrix inequality con-
straints

For every nonempy nite subsetG of Z", and € R”, let (z® : a € G) denotea column
vector consistingof elemens & (o € G). Although the order of the elemeits & (o € G)

in the vector is not important in the succeedingdiscussion,we assumex® precedeSwﬁ
if and only if @ € G is lexicographically smallerthan 3 € G. In particular, the vector
(z® : a € G) beginswith 20 = 1 wheno € G.

Let G, G and G be nonemptly nite subsetsof Z. Let s, t and u denotethe dimensions
of the vectors(z® : a € G), (z% : a € G) and (z™ : « € G), respectively. We considerthe
polynomial SDP

Pi(G,G.G): minimize  a(z)
subjectto  ((z®:a € G)(z®:acG)’) @ A(x) € 87",
((wa acQ)(z® ac é)T) 1-z"z) e S,
(X% acl)(z®: ac)l e Sh.

Here ® denotesthe Kronedker product of two matrices. If both G and G cortain 0 € 7",

the polynomial SDP P;(G, G, @) turns out to be equiwvalert to the original polynomial SDP
P,.

5.2 Linearization leading to an SDP relaxation

Sincethe left hand sidesof the inclusionrelationsin the constrairt aresymmetric polynomial
matrices, we can rewrite the polynomial SDP P;(G,G,G) as

PQ(Q,Q@) © minimize Z doy =
a2DG.G.G)
subject to Z Da a® — Dy e 87 x S x 8.
a2DG.G.G)

Here

0¢D(G.G.0) CZ, da €R (e € D(G.G.G)).
Dq € 87" x 8 xSt (a € {0} JD(G.G.,G)).
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By replacing eath morlomial x® by a single variable yo € R (a € D(g,é,@)) in the
polynomial SDP P,(G, G, G), we obtain an SDP relaxation of the polynomial SDP P,

P3(Q>é,§) . minimize Z do You
@2DG.G.G)
subject to Y Daya—DgeST xS, x84
@2DG.G.G)

5.3 Dual of Pg(g;é;ﬁ)
The dual of the SDP P;(G, G, @) is given by

Py(G,G,G) : maximize Dge X
subectto Dq e X = da (@ € D(G,G,G)), X € 87" x S} x St

We write eah feasiblesolution X € S5™ x !, x S* of P,(G,G,G) as
vV O O

X = diag(V,V,V)= (0 1% Q)esiwsgxsi,

O OV
vV = (Vaﬁ (o, B) eQxQ) SR
(an sm x sm matrix whose(a, 3)th block is an m x m matrix Vaﬁ)>

V= (Vagi(@Peidxg)es,
(an ¢ x t matrix whose(a, B)th elemen is XN/QB €R),
vV = (Vaﬁz(a,ﬁ)eaxé) est

(an u x v matrix whose(«, 3)th elemen is XA/QB € R).

Then we know that X = diag(V, v, ‘7) is a feasiblesolution of the dual SDP P,(G, g, @)
with the objective function value ( = D e X if and only if the identity

a(x) — Ve ((z% acg)(z®: ac )’ @A)
Ve ((a:a cac ) (z®:acd)l- wTw)>
Ve ((a:a acG)(z¥ ac @)T> = ¢ forewryz € R"
holds. SeeSection6 of [3]. We can rewrite the left hand side of the idertit y above as

a(m)(z Y Ve gz )oA(:c)

a2G 32G

Z ZV ﬁmamﬂ (1—a"x) — Z Z‘A/aﬁmamﬂ.

azéﬁzé az@ﬁz@
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Now, recall the relations (3) and (4) on the set ¥™ ™ of sums of squaresof polynomial
matricesand the set of sumsof real valued polynomials. Then we seethat

Z Zvaﬁw B e mm m@Ggycxmm
a2G (32G

Z Zvaﬁwamﬂe ( é)C ,
azéﬁzé

Z Z\/aﬁw wﬁe(g)c
az@ﬁz@

Thus ead feasiblesolution X = diag(V, v, 17) of the dual SDP P,(G, @,@) with the
objective function value ¢ = Dg e X hasinduced

(W (), (), ©(z)) € Z™ ™(G) x ( G) x ( G)
satisfying
a(x) — W(x) e A(x) — w(x)(1 — xTx) — w(x) = ¢ for every x € R” (10)

by the relations

W) = Y S Vege ayB cym mg) cxm ™
a2§G 32G

i) = Y > Vaga®aPe (g c |
a2G 32G

i) = > Y Vagz®aPe (0)c
a2G 32G

Conversely every (W (x), w(x), w(x)) € X" m(g) X ( g) x ( g) satlsfylng the idertity
(10) inducesa feasiblesolution X = diag(V, V V) of the dual SDP P,(G, g g) with the
objective function value ( = D e X. Thereforewe can rewrite the dual SDP P,(g, G, g)
as

Py(G,G,G) : maximize ¢
subject to  a(x) — W (z) ¢ A(z) — w(x)(1 — z"x) — € ( ),
W(x)e ™ ™(G) andw(x) € ( G),

which is idertical to the SOSoptimization problem K(g, G, @).

6 Concluding discussions

Throughout this paper, we have focusedon theoretical corvergenceof the optimal values
of the sequenceof SOS relaxations of the polynomial SDP P, basedon analysis of the
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penalizedproblem , and the Lagrangiandual ( G) of P, (Theorem 4.3). We have also
shown a relationship betweenthe SOSrelaxation and Lasserre'sSDP relaxation applied to
the polynomial SDP F,.

Practical aspectsof the SOSrelaxation are remaining issuesto be investigated. To solve
an SOSrelaxation of a polynomial optimization problem or a polynomial SDP, we needto
convert it into a corvertional SDP. The sizeof the resulting SDP increasesvery rapidly as
the original problembecomedargerand/or the maximum degreeof the polynomialsinvolved
there grows. This preverts the SDP relaxations from being usedwidely in practice. One
way to reducethis di cult y isto utilize powerful computing resourcedor solving large scale
SDPs. See[5] for example. Another way is to exploit sparsity of the data of the original
problem to reducethe sizeof its SDP relaxation without losing the e ectiveness.We can
apply similar techniquesproposedin the recen paper [2] for sparsepolynomial optimization
problemsto sparsepolynomial SDPs. But thosetechniquesmay not be su cient to sole
polynomial SDPsexceptvery small sizeand/or low degreeproblems.

The importance of polynomial SDPsthat can be obsened with a key application sud
as bilinear matrix inequalitiesin systemand cortrol theory haslead us to investigate the
SOSrelaxations of polynomial SDPsin this paper. A further extensionof SOSrelaxations
to a classof polynomial conic optimization problemsmay be a possibility. This will be a
subject of future study.

Acknowledgments. The author would like to thank Sunyoung Kim and Hayato Waki
for helpful discussionson SOSand SDP relaxations of polynomial optimization problems,
which lead him to investigatethe subject of this paper.

References

[1] D. Henrionand J. B. Lasserre \GloptiP oly: Global optimization over polynomialswith
Matlab and SeDuMi", Laboratoire d'Analyse et d'Architecture desSyst emes,Certre
National de la Reterdhe Scierti que, 7 Averue du Colonel Roche, 31 077 Toulouse,
cedex4, France, February, 2002.

[2] S.Kim, M. Kojima and H. Waki, \Generalized Lagrangianduals and sumsof squares
relaxationsof sparsepolynomial optimization problems", Researb Report B-395, Dept.
of Mathematical and Computing Sciences,Tokyo Institute of Tednology Meguro,
Tokyo 152-8552 Septenber 2003.

[3] M. Kojima, S. Kim and H. Waki, \A general framework for convex relaxation of
polynomial optimization problemsover cones”, Journal of Operations Research Society
of Japan, 46 (2003) 125-144.

[4] J. B. Lasserre, Global optimization with polynomials and the problems of momerts.
SIAM Journal on Optimization, 11 (2001) 796{817.

[5] R. D. C. Monteiro, \First- and second-ordemethods for semide nite programming,”
Mathematical Programming, 97 (2003) 209{244.

13



[6] P. A. Parrilo, \Semide nite programming relaxations for semialgebraicproblems”.
Mathematical Programming, 96 (2003) 293{320.

[7] S. Prajna, A. Papadiristodoulou and P. A. Parrilo, \SOSTOOLS: Sum of Squares
Optimization Toolbox for MATLAB { User'sGuide", Control and Dynamical Systems,
California Institute of Tednology, Pasadena,CA 91125USA, 2002.

[8] M. Putinar, \P ositive polynomialson compactsemi-algebraicsets”, Indiana University
Mathematics Journal, 42 (1993) 969{984.

[9] H. Wolkowicz, R. Saigaland L. Vanderberghe, eds., Handbook of Semidefinite Pro-
gramming, Theory, Algorithms, and Applications (Kluwer Academic Publishers, Mas-
sadwsetts, USA, 2000).

14



