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Abstract

It is well known thata sparselacobiamrmatrix canbe determinedvith fewer func-
tion evaluationsor automaticdifferentiationpasseshan the numberof independent
variablesof the underlyingfunction. In this paperwe shav thatby groupingtogether
rows into blocks one canreducethis numberfurther We proposea graphcoloring
techniquefor row partitionedJacobiammatricesto ef ciently determinethe nonzero
entriesusingadirectmethod.We characteriz@ptimaldirectdeterminatiorandderive
resultson the optimality of ary directdeterminatiortechniquebasedon columncom-
putation. Thecomputationatesultsfrom coloringexperimentson Harwell-Boeingtest
matrix collectiondemonstratehat our row partitioneddirect determinatiorapproach
canyields considerablesavings in function evaluationsor AD passesver methods
basednthe Curtis,Pavell, andReidtechnique.

Keywords: Jacobiamatrix, graphcoloring,row partitioning

1 Intr oduction

n o
Computationor estimationof the Jacobiammatrix J % of amappingf : R"! RM
is animportantsubproblenin mary numericalproceduresMathematicalderivativescan
be approximatedbr calculatedby a variety of techniquedncluding automatic(or algo-
rithmic) differentiation(AD) [12], nite differencing(FD) [7], andcomputationatlivided
differencing(CDD) (or algorithmicdifferencing)[24].

We assumethat the Jacobiammatriceshave a x ed sparsitypatternin the domainof

interest. Further we computethe whole columnof J evenif only a few componentsre
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neededA computersubroutindmplementinga functionwill evaluatethecommonsubex-
pressionnly onceratherthanreevaluatingthe samesubepressionin differentcompo-
nentsof thevector f (X).

Automatic differentiationtechniquesan be emplgyed as an alternatve to FD to ap-
proximateJ. Unlike FD, AD technigueyield dervative valuesfree of truncationerrors.
AD views computerprogramsevaluatinga mathematicafunction asa “giant” mapping
composedf elementarynathematicafunctionsandarithmeticoperations.Applying the
Chainrule the evaluationprogramcanbe augmentedo accumulateghe “elementary”par
tial derivativesso that the function andits derivativesat choseninput are computed.An
excellentintroductionto AD techniquesanbefoundin ([12]).

The notationalcorventionsusedin this paperareintroducedbelov. Additional nota-
tionswill be describedasneeded.If anuppercaséetteris usedto denotea matrix (e.g.,
A), thenthe(i; j) entryis denotedby A(i; j) or by correspondindowercasdettera;j. We
alsousecolonnotation[10] to specifya submatrixof a matrix. For A2 R™ " A(i;:) and
A(:; j) denotegheith row andthe jth columnrespectiely. For avectorof columnindices
v, A(:;v) denoteghe submatrixconsistingof columnswhoseindicesarecontainedn v. For
a vectorof row indicesu, A(u;:) denoteghe submatrixconsistingof rows whoseindices
arecontainedn u. A vectoris speci ed usingonly onedimension.For example,theith
elemenbfv2 R"iswrittenv(i). Thetranspos@peratoiis denotedoy (). A blankor “0”
representa zeroentryandary othersymbolin a matrix denotesa nonzeroentry.

Both AD and FD allow the estimatesof the nonzeroentriesof J to be obtainedas
matrix-vectorproducts.For a sparsematrix with known sparsitypatternor if the sparsity
canbedetermineckasily[13] substantiabavingsin thecomputationatost(i.e. thenumber
of matrix-vectorproducts)canbeachieved.

A groupof columnsin which no two columnshave nonzeroelementsn the samerow
positionis known asstructurlly orthogonal If columnsj andk arestructurallyorthogonal,
thenfor eachrow index i at mostone of J(i; j) andJ(i;k) canbe nonzero. In general
aJ(i; j) = J(i;k) for somek (k will dependoni) wherethe sumis taken over a groupof
structurallyorthogonalcolumns.An estimateof the nonzeroelementsn the groupcanbe
obtainedn

Tf(x+ t9)
Tt =0

with a forward difference(one extra function evaluation)whereb is the nite difference
approximationands = & jej. With forward automaticdifferentiationthe unknawvns ele-
mentsin thegroupareobtainedastheproductb = f{x)saccurataupto theround-of error
resultingfrom the nite machineprecision.

A GraphG = (V;E) isasetV of verticesandasetE of edges An edgee? E isdenoted
by anunorderedair f u; vg which connectsverticesu andv, u;v2 V. A graphG is said
to bea completegraphor cliqueif thereis anedgebetweenrevery pair of distinctvertices.
In this papermultiple edgeshetweenra pair of verticesareconsideredisa singleedge. A
p-coloring of the verticesof G is a functionF :V ! f1;2; ;pg suchthatfu;vg2 E
implies F (u) 6 F(v). Thechromaticnumberc(G) of G is the smallestp for which it
hasa p-coloring An optimal coloring is a p-coloring with p= ¢(G). Givenanm n
matrix A, the intersectiongraph of the columnsof A is denotedby G(A) = (V;E) where
correspondingo A(:; j); j = 1,2;:::;n, thereis avertex vj 2 V andf vj;vig 2 E if andonly
if A(;;j) andA(:;1);1 6 j have nonzercelementsn the samerow position.

Thematrix determinatiorproblemcanbe cornvenientlymodelledby graphg4, 22] and
suchgraphmodelsoftenreveal valuablepropertieghatcanbe utilized in nding ef cient
solutions. It hasbeenobsenred that nding a partition of the columnsof A in groupsof
structurallyorthogonalcolumnsis equivalentto coloring the verticesof the intersection
graphG(A). A combinedapproachwheresparsityis exploited more effectively by a bi-
directional partitioning schemehasbeenproposedn [6, 15]. Thesetechniquesusethe
forward and reversemodesof AD to computethe productA/ andWTA for matricesV

= f{%s As= %[f(x+ es) f(X)] b



andW. On the otherhand,the aforementionegbartitioningschemeshave beenfound to
be “unsatishctory” on certainsparsitypatterng4, 14]. Furthermoreijt is not clearwhat
constitutesan optimal partitionin thesedirect methods. This paperdescribesan optimal
directdeterminatiorprocedurdor determininglacobiammatrices.The maincontrikutions
of this paperaresummarizedelow.

1. Characterization of the determination of sparse Jacobian matrices basedon
matrix-v ector products
We view the Jacobiarmatrix determinatiorproblemasa matrix problemandapply
combinatorialand graphtheoretictechniquesastools for analyzingand designing
algorithmsfor ef cient determinationConsequentlywe proposea uniform charac-
terizationof all directmethodghatusesmatrix-vectorproductgo obtainthenonzero
estimates.This is not an entirely new idea. However, to the bestof our knowvledge
we areunavareof ary publishediteraturethatprovidesaprecisede nition of direct
methodsandcharacterizatiof their optimality. Section2 and3 presenthe main
resultsof thiswork - anuniform theoreticaframevork expressedn thelanguageof
linearalgebrafor all directmethodsncludingthe CPR-basednethods.

2. Graph coloring techniquesto obtain the optimal partition :
Thetestresultsfrom our columnsegmentsapproactappliedonanumberof Harwell-
Boeingtestproblemsprovidesthe clearesevidencethatthe CPR-basedirectmeth-
odsarenot optimal on practicalproblems.Further the Eisenstaexamplewhich has
beenfrequentlyusedin the literatureasa counterexampleto the claim of optimal-
ity of CPR-basednethodscannow be optimally partitionedusing the techniques
presentedh this paper

The presentatiorof the paperis structuredasfollows. In section2 we proposea par
titioning schemebasedon structurallyorthogonalcolumn segmentsto determinesparse
Jacobiarmatrices.The characterizatiowf directdeterminatiorof Jacobiammatricespre-
sentedn thissectionis basednfamiliarmatrix-vectorproducts.Section3 presentagraph
coloringformulationof thepartitioningproblemandshowvsthatthe coloringproblemis un-
likely to besolvedef ciently . Severalcomplexity resultsconcerninghecolorability of the
column-sgmentgraphis given. The sectionendswith the conditionsfor optimality of di-
rectdeterminatiormethods Sectiond containsresultsfrom coloringexperimentswith test
matricesin Harwell-Boeingcollection. Finally, the paperis concludedn section5 with a
discussioron topicsfor furtherstudies.

2 DirectDetermination and Row Partitioning

In this sectionwe formulatethe Jacobiarmatrix determinatiorproblemasa partitioning
problemandprovide a precisecharacterizatiomf directdetermination.The columnseg-
mentpartitioningtechniqueor ef cient determinatiorof sparseJacobiammatriceds given
next. We assumehatthe sparsitypatternof the Jacobiarmatricesin the domaininterestis
known a priori.

The JacobianMatrix Determination Problem:

Obtainvectorss;;  ;sp suchthatthe matrix-vectorproducts

b As;i=1, ;porB AS

determinghem n matrix A uniquely Matrix Sis the seedmatrix.

Denoteby r; thenumberof nonzeroelementsn row i of A andletv2 R'i containthe
columnindicesof (unknavn) nonzeroelementsn row i of A. Let S2 R" P beary (seed)
matrix. Compute

B= AS



Let

AGiv)=  ap ar, =a;a2Ri
B(i;:)= by bp =b";b2RP
and .
S =98u)
Then A
Sa=b 1)
0 A 1 S 0 B 1
0 1
I k
I ko
i HA ] I -
I ks
ki ko ks

Figurel: Determinatiorof theunknavn entrieswith columnindicesk; ky, andks in row i
of A,

In Figurel row i (with rj = 3 nonzeroentries)of the matrix A areto be determined.
Thevector

v= ki k2 ks
containsthe columnindicesof theunknovn elements
AGi:v)=a';a2 R
in row i thatareto besolvedfor from
S=b
whereS  §(v;:) andb = B(i;:) areknown quantities. The darkenedboxesin Figure 1
constitutethereducedinear system(1).

De nition 2.1 If foreveryl k rjthereisanindex1 Kk° psuchthatay= byothen
we saythatrow i of A is determineddirectly. We have direct determinationof A if each
row of A canbedeterminediirectly.

Let u be a vector containingindicessuchthatu(k) = k% k= 1; ;r; for k®asgivenin
De nition 2.1. Thena = b(u) sothatthe nonzeroelementsn row i;i= 1; ;mcanbe
readoff thevectorb sincethe sparsitypatternof A is available. De nition 2.1leadsto the
following obsenationsregardingthe reducedsystem:

1. If r; = p, then§ is apermutatiormatrix (permuteddentity matrix).
2. If ri < p, then§(u;:) is apermutatiormatrix.

3. If tcontaingheindicesnotin u, thenb(t) = 0if theseednatrixis constructedrom
structurallyorthogonakolumnsof A.



An importantimplication of obsenation 3 is that, in general,matrix B neednot be the
“compressedJacobiammatrix asde ned in ([1, 4, 7]). Thereforea precisede nition of
“direct methods’is necessaryThefollowing example

1
arl 0 0 aia 0 0

0 ago 0 0 ags 0
0 0 ass 0 0 aze

A=B ay ap au3 0 O O
as1 0 0 0 ass  Asp
0O a2 0 as O &g

0 O a3 as as O

dueto Stanley Eisenstahasappearedh theliteratureon Jacobiamrmatrix computationllus-

tratingthatthe CPR-basedirectmethodsmayfail to nd anoptimaldirectdetermination.
The CPRseedmatrix for this exampleis theidentity matrix Ig. It hasbeencommonto say
thatthe bestway to estimateor computethis exampleis using5 matrix-vectorproduct(see

[4, 22]) with 0 1
10100
1 00 10
S= 1 0 0 0 1
01100
01 010
01001
andcomputing
0 1
any ays apt+ agy 0 0
a2 azs 0 axp+ ags 0
ags ags 0 0 agz+ agg
B=AS=B asi+ asp+ a3 0 ayy as2 ay3
as1 as5+ as6 as1 ass as6
as2 8e4t Ap6 as4 as2 366
ara aza+ ars ar4 ars ars

usingAD forwardmodeor FD. It canbeveri ed thatfor eachnonzeroelementin A there
is a linear equationfrom which the elementis recoveredwithout ary further arithmetic
operation. For examplethe nonzeroelementsn row 5 is determinedn the the reduced
linearsystem

0 1 0 1 0 1
1 0O 0 1 b1 as1
011 ai b, ass+ Ase
%100%@82A:%b3§ %351 é
010 as ba ass
0 0 1 b5 ase
yielding 0 1 0 1
a as1
@ ap A=@ ass A
as asg

Essentiallythe determinatiorof nonzeroelementsn the examplecorrespondso the rst
threerowsbeingdeterminedndependendf theremainingrowsasshowvn below. Partitioning
therows of A into blocksA; andA; asin Figure2 matrix A is determinedn two steps-
rst determineA; using2 matrix-vectorproductswhencethe estimategor A, areignored.
Thenuse3 additionalmatrix-vectorproductso determine®; andignoreA; estimatesThis
methodof estimationby independenblocks of rows hasalsobeenconsideredn [11] as
partialargumentseparabilityor columnsplitting. However, aswe demonstratéere thisis



0 1 0 1 0 1

8 ail 0 0 aiq 0 0

<
A 0 apo 0 0 ags 0 Aq A

1 : 0 0 a3z O 0 asg

E a1 a2 a3 0 0 O =) =) ;
Ao asgz 0 0 0 a5 ase Az

: 0 a2 0 as 0 aes

0 O a3 ams as O

Figure2: DetermineA; andA; separately

not the bestway to determinethe matrix. The following seedmatrix with only 4 columns
yieldsdirectdeterminatiorof A. Let

0 1

0 011

01 01

1 0 01

STB 110 0

1 010

0110

Then,
0 1
a4 a4 a a1
ags azz aps a2
az3 aze aze ass
B= AS= a3 as2 an ayzt gt age

ass asg @51+ 855+ 85 as1
864 g2t Agat Aep 366 a2
arz+ ara+ ars aza ars ara

Figure3: Optimaldeterminatiorof Eisenstatexamplematrix

Thereducedsystemfor row 5 is

0 1 0 1 0 1
010 0 a1 1 b1 ass
%00 @azA:%b2§ %856 §
1 1 1 a bz a1t asst aAse
100 3 b4 as1
yielding 0 1 0 1
az ass
@ as A=-@ ase A
ai as1

Again, it is a straight-forvard exerciseto checkthat the remainingrows of A canbe
determinedlirectly.

The proposalof Newsamand Ramsdell[22] entailsthe estimationof the nonzeroel-
ementsasgroupsof “isolated” elements.Given matrix A, the nonzeroelementA(i; j) is
saidto beisolatedfrom the nonzeroelementA( p; q) if andonlyif A(i;q) = A(p;j) = Oor
j = g. Ournext resultshavs thatdirectdeterminatioryieldselementsolation.

o



A

Aq

Figure4: Row g-partitionof A whereA; denotesA(w:; )

1 2 3 4 5 6 7

] l
L] n
A d b

Figure5: If theelementsnarked— arezero,thenthe elementsnarked| X | are“isolated”
andcanbedeterminedn onematrix-vectorproductAd = b.

Theorem 1 Directdeterminatiorimpliesthatall nonzeo elementsleterminedn a matrix-
vectorproductare isolatedelements.

Proof. Let a; andag be two arbitrary nonzeroelementsof A that are determined
directlyin AS:; p) forsomep2 f 1;2;:::; pg. If j = |, thena;j; anday areisolated.Sincea;
anday aredeterminediirectly, i 6 k. Also, aj determinedlirectlyimpliesa;; = ' A:; p)
andhencea; = 0. Similarly, we concludethatay; = 0. But thenthe elementsa;; anday
areisolatedasrequired.d

In Figure 2 matrix A is directly determinedrom the productB = AS The unknavn
elementdhataredeterminedrom productB(:; j) = AY:;]) areisolated.For example,in
column1 of B all entriesexceptthe lastoneareisolated. Formalizingthe partitioning of
rows leadsto the concepif columnseggments.

2.1 Column SegmentSeed

Let P be a partition of f1;2;:::;mg yielding wi;ws;:::;wy wherew; containsthe row
indicesthatconstituteblocki andA(w:;:) 2 R™ " 1= 1;2;::::0.

De nition 2.2 A sggmentof columnj in blocki of A denotedoy A(ws; j);i = 1,2;:::;qis
calleda columnsegment.

Figure4 shavs arow g-partitionedA wherevectorw; containsthe row indicesthatconsti-
tuteblock A;. Notethattherows canbepermutedsothatthey areconsecutiein theblocks
resultingfrom P.



A

A )

Aq

A B indicatescolumn segments
Figure6: Segmentof columnj in block A; is denotedoy A(ws; j)

De nition 2.3

(Same Column)
ColumnsegmentsA(w;; j) andA(wg; j) arestructurallyorthogonal

(Same Row Block )

ColumnsgmentsA(w:; j) andA(w:; 1) arestructurallyorthogonaif they donothave
nonzeroentriesin the samerow position.

(Different )
ColumnsegmentsA(w;; j) andA(wi;l), 6 Randj 6 | arestructurallyorthogonalf

— A(ws; j) andA(ws; 1) arestructurallyorthogonaknd
— A(wg; j) andA(wg; 1) arestructurallyorthogonal

An orthogonalpartition of columnsegmentss a mapping
k:fiijg! f1;2::;pgfori= 1;2;:::;qandj= 1;2;:::;n
wherecolumnseggmentsn eachgrouparestructurallyorthogonal.

Theorem2 Letk beanyorthogonal partition of the columnsegmentsn p groups. Then
there existsan p seedmatrix Sthatyieldsdirectdetermination.

Proof. De ne columnj;1 j pinthen pseedmatrix

) = a ac
fkk(ik=j;1 7 qg

It sufces to show thatfor any row i of A, é containsar; r; permutationmatrix asa
submatrix Assumethatrow i of Aisincludedin block A(w; ). Letv; beavectorcontaining
the columnindicesof the nonzeroentriesof row i. ThenST = Yvi;:) (sothatthe number
of rowsin § isr;). Alsok(i;vi(k9) 6 k(i;vi(k%) sincethe columnsegmentsA(w; vi(k9)

and A(w:; Vi (k%) are not structurally orthogonalfor 1 k%k% r;. For eachnonzero
entry A(i;vi(k9); 1 kO r; we have S(vi(K9; k(i;vi(k9)) = 1. We claim thatall other
entriesin columnvi(k9 of vi;:) areidenticalO. If notthenlet S(vi(k%;k(i:vi(k9)) = 1
for someindex k% But then A(w:; vi(k9) and A(w:;vi(K) are structurallyorthogonal-
a contradiction. ThereforeS(vi; k(i; vi(K9)) is a unit coordinatevectorof lengthr . Also
sincek is afunctiontheunit coordinatevectorscorrespondindo r ; nonzercentriesA(i; v;)

areuniqueandhenceconstitutear; r; permutatiomrmatrix.



The*“seedmatrix” constructprovidesa cornvenientway to expressthe sparsityexploit-
ing “compression’in Jacobiarmatrix calculation.Thede nition of directmethodof this
this paperallows for seedmatricesthataremoreef cient thanthe CPRcompressionThe
seedmatricesfor the Eisenstatxampledemonstrat¢éhatdirectly determineclementsare
isolated.In the next sectionwe shav thatthe corverseis alsotrue andhenceestablistthat
elemenisolationcharacterizedirectdetermination.

3 The coloring problem

In this sectionthe matrix partitioningproblemof section2 is modelledasa graphcoloring
problem. This sectionpresentsone of the main resultsof this paper namely a precise
characterizationf optimaldirectmethoddor the determinatiorof Jacobiamrmatrices.The
useof graphtechniquesor analyzingthe matrix determinatiorproblemfor symmetricand
nonsymmetrianatricesarereportedn [3, 4, 6, 15, 19, 22].

De nition 3.1 Givenmatrix A androw g-partition P, the column-sgmentgraph associ-
atedwith A underpartition P is a graphGp (A) = (V;E) wherethe vertex v;; 2 V corre-
spondso thecolumnsegmentA(w;; j) notidenticallyO, andf v;;;vyg2 E 1 ik g1

j;1 nif andonlyif columnsegmentsA(wi; j) andA(wg; 1) arenotstructurallyorthogonal.

The problemof determininglacobiamatricesusingcolumnsegmentscanbe statedasthe
following graphproblem.

Theorem3 F is a coloring of Gp (A) if andonlyif F inducesa orthogonal partition k of
the columnsegmentsof A.

Proof LetP bearow q partitionof A. Verticescorrespondingo a groupof struc-
turally orthogonalcolumnsegmentscanbe coloredwith the samecolor sincetherecannot
beary edgeamongthem.Ontheotherhand,givena p-coloringof Gp (A) thecolumnsey-
mentscorrespondindo a particularcolor are structurallyorthogonal.Hencethe coloring
inducesanorthogonabatrtitionof the columnsegments

A polynomialtime algorithmfor solvingthe coloring problemof Theorem3 canalso
solve the partitioning problemef ciently. We next shaw thatthis coloring problemis no
easierthanthe generalgraphcoloring problem([21]). The constructionsve usein the
proofsaresimilarto theoneusedin [22]. Thefollowing technicallemmashawvsthatgiven
an arbitrary graphwhich G is p-colorablewe cande ne a new graphG which is also
p-colorable. ThenG is shavn to be isomorphicto Gp (A) for somematrix A anda row
g-partitionP.

Letj j denotethe numberof elementsontainedn aset.

Lemmal GivenagraphG= (V;E), andpositiveintegersl p jVj=nandl qther
isagraphG = (V;E) sudthatG is p-colorableif andonlyif G is p-colorable

Proof. Theconstructiorof G canbedescribedasfollows:

— S S S .
1. thevertexsetV = ~ L (Vi U; fviqg) consistof :

(c) the“connectorvertex” = vig
de nedfor eachvertex v; 2 V and
2. theedgesetE = E0° E00 £00f de ned as
(a) the“clique edges'E®= Si”:lEiOwhereEiO: ff uicuigil kil (p 1):k6 g,



S
(b) the“enforcemenedgesE’%= "L EX%nhere
EP: ffwicwgil k g1 | (p 1)gand,
S
(c) the“crossedgesEE ~ 1L E®%here

EPL  fvi;vjgifvi;vjg 2 E;for somex edk2 f1;2;:::;qgandforall 1 |

(@ (b)

Figure7: (a) GraphG = (V;E) (b) GraphG = (V;E) asin Theoreml with p= 4 andq= 2.

Let F bea p-coloringof G andconsider; 2 V. A p-coloringF %for G canbeobtained
by assigningF Qvi) = F(vi);k= 1;2; ;qandtheclique verticesU; arecoloredsothat
they satisfy

FQui)2f1;2; ;pgandFYuy) 6 FYuj0) 6 F(v): 16 1%orl=12, ;(p 1):

ThereforeF %is a p-coloring.

Conversely in a p-coloring of G the verticesin U? mustassumep 1 colorsforcing
the verticesin V°to usethe remainingcolor. We canusethe color of V%for vertex v; 2 V.
To seethatthis is a p-coloring just obsere thatfor ary edgefv;;vjg 2 E, v; andv; will
assumaifferentcolorssincetheverticesin V.’andVv? musthave differentcolors.O

To shaw thatJacobiarestimatiorby adirectmethodis no easieithanthegeneralgraph
coloring problemit sufces to shav thatG is isomorphicto columnsegmentgraphGp (A)
for someJacobiammatrix A. LetH = (V;E) beagraphwhereV = fvy;vo;  ;vagandE =
fe;;e; ;emg. Dene H 2 R™ "suchthate = fvg;vigimplies

H (i;k) 6 O;H (i;1) 6 O andfor j 6 k& I H(i;j) = O:

Thenit canbeshavn thatH is isomorphicto G(H ).
The techniguesusedin the following resultis very similar to the NP-completeness
resultin [22] whereit is shavn for g= m.

Theorem4 Givena graphH = (V;E) and positiveintegers p nandq m ther ex-
ists a mappingf : R™ ! R™" sud that for a row g-partition P of f4x), Gp(fq{x)) is
isomorphicto H.

10
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Proof. As outlinedin the discussiorfollowing Lemmal we de ne matrixH 2 R™ "
suchthatthe columnintersectiorgraphG(H ) is isomorphicto H. Let

_ H o
A= D C 2

whereD is an n diagonalmatrix with nonzeroentrieson the diagonal,C(i;:) hasthe
pattern
i D(p H+1 0 i(p D
# ::: #
( =20 o 0 i)
fori=1;2;:::;n,andOisanm nmatrix of all zeroentries.Figure8 depictsthe sparsity
patternof matricesH andC whenp = 4. Thenonzeroentryin row i of matrix D together

with 3 nonzeroelementsn the samerow of C constitutesa clique on the corresponding
verticesin G(A).

0 o o ol 0
0 0 0 00 0000 O 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
H=EB o 0 o0 C:%o 0 0 0 0 0 0 0 0 0 0 0
0 0 0 00 0 0 0 0 0 0 O 0 0 0
0 0 0 00 0 0 0 0 0 0 0 0 0 0
0 0 0

Figure8: Sparsitystructureof matricesH andC usedin Theoremd

It is notdif cult to constructamappingf : R"P!  R™ " suchthatits Jacobiarmatrix at
x hasthesamesparsitypatternasmatrix A. Let P bearow g-partitionof Ain whichthelast
block A(wg;:) containsallof D C . ThenthegraphsH andGp (A) will havethesame
numberof verticeswhich canbe easilyveri ed. To establishthe edgecorrespondencee
identify the “clique”, the “replication”, andthe “connector”verticesof H with the corre-
spondingverticesin Gp (A). Clearly, the “clique” verticesU; of H correspondo column
sgmentsC(;;(i Y(p 1)+ 1:i(p 1)). With arow g-partition columni of A yields
g columnsegmentswhich correspondo theq 1 “replication” verticesV; andthe “con-
nector”vertex vig. It is straightforvard to identify the “enforcement”and*“clique” edges
of H with correspondingdgesn Gp (A). To establishcorrespondenceith “cross” edges
of H considercolumn segmentsA(ws; j) and A(wi; k) j & k. If they arenot structurally
orthogonalthenfvi;vjg is an edgein H sothatfv;;vigl = 1,2, ;g arethe “cross”
edgesin H. The columnsegmentsnot structurallyorthogonalalsoimpliesthatin Gp (A)
the vertex correspondindo A(ws; j) is connectedby an edgeto verticescorrespondindgo
AW, K) k0= 1;2;:::; g which arepreciselythe “cross” edgesof H. O

Theorems3 and4 give thefollowing result.

Theorem5 Givena matrix A nding a minimumcoloring for Gp (A) is NP-had.

GraphG = (V;E) illustratedin Figure 7 is isomorphicto the columnsegmentgraph
Gp (A) whereP is arow 2-partitionin which rst threerows of A constitutethe rst row
block andthe remainingrows constitutethe secondblock.

A re nementof row g-partitionP yieldsarow gpartition Pwherethe row blocksof
P aresubdvidedfurthersothatq q°

Theorem 6 For a row q%partition P °resultingfromanyre nementof row g-partition P

c(GpoA))  c(Gp(A):

11



Proof. Let F bea coloringof Gp (A). To establisithetheoremit sufces to show that
F inducesa coloring of Gpo(A). ConsidercolumnseggmentA(w:; j) underP andthe cor-
responding/ertex vi;. We claim thatsettingF (vio;) = F(V;) wherei®aretheblockindices
underP © obtainedfrom A(w; j) for i=1;2;:::;gandj = 1;2;:::;:nyieldsa coloring for
GpO(A).

For verticesvyp; and viq correspondingo column segmentsA(wi; j) and A(wig;l),
F (Vi) = F(viq) if andonly if F(v;;) = F(vg) implying thatF is a coloringfor Gpo(A).
This completegheproof.0

Theelemenisolationgraphassociateavith A2 R™ " is denotedG| = (V; E) where

V="fAGi;j)60:1 i ml | ng

and
E = ff A(i; )); A(p;a)gj A(i; j) is notisolatedfrom A(p; 0)g:

Thefollowing resultis a directconsequencef thede nition of thetwo graphs.
Lemma?2 Givenam nmatrixAandarowm-partitionP m, c(Gp,,(A)) = (G (A)).

let P, andP 1 denotetherow m-partitionandrow 1-partitionrespectiely. Thefollow-
ing inequalitiesfollow from Theoren®.

Corollary 1 ¢(Gp,(A))  c(Gpo(A))  c(Gr(A)  c(Gp,(A) = c(G(A)

Theknowledgeof “optimality” of derivative estimationmethodss usefulin obtaining
compl«ity estimates.The classi cation schemefor the determinatiorof sparseHessian
matricesgivenin [19] is similar to whatwe proposen this paperfor Jacobiarmmatrix de-
termination.However, our characterizationf directmethodsarebasednthecomputation
of matrix-vectorproductsin the languageof vectorsandmatrices.With thesemethodso
extra recovery cost (e.g., arithmeticoperations)s incurredin determiningthe unknavn
elementsfrom their FD or AD estimates. Ignoring symmetry the methodsoutlined in
[4,5,7,11,19, 23, 25] areall examplesof directmethods.

Theorem? estimates groupof isolatedelementsvith onematrix-vectorproduct.Our
next resultscharacterizelirectmethods.

Theorem 7 DirectdeterminationA in p matrix-vectorproductis equivalento a partition
of Ain p groupsof isolatedelements.

Proof. By Theoreml direct determinatioimplies that elementsdeterminedn each
columnof B= ASareareisolated.If we have elementisolation,thenusingtheorem2 we
canconstructseedmatrix Swith p columnswhich givesdirectdetermination

Theorem8 The minimal numberof matrix-vectormultiply in any direct determination
methods p= ¢(G (A)).

Proof. Considerthe elementisolationgraphc(Gj (A)) of matrix A. The nonzeroele-
ments(columnseggmentsthataredirectly determinedn the product

ASy = Begk=1;2;::::q

arestructurallyorthogonal Hencetheverticesin c(G) (A)) correspondingo thosedirectly
determinechonzercelementsanbegivencolork. Sinceall thenonzercelementsnustbe
determinedlirectlyall verticesin ¢c(G) (A)) will receveacolor. By Lemma2 andcorollary
1 p= c(G (A) isminimal.O

12



4 Numerical Experiments

In thissectionwe provide somecoloringresultsfrom numericatestingof ourrow-partitioned
Jacobianmatrix determination. More detailednumericaltesting can be found in [18].
The coloring algorithmsbacktrack-DSAUR [2] andChaf [9] areusedon matricesfrom
Harwell-Boeingtestcollection[8].

The mainideaof backtrack-DSAUR is to choose at eachsearchstep,an uncolored
vertex thatde nes a new subproblem.This is donefor eachfeasiblecolor for the vertex.
The algorithm choosesa vertex with maximal saturationdegree (i.e., a vertex which is
connectedo the largestnumberof coloredvertices). Onceall possibilitiesare explored
at the currentvertex the algorithmbacktrackgo the mostrecentlycoloredvertex for new
subproblemshathave not beenexplored. Tiesarebrokenrandomly

Thepropositionakatis ability problemis concernedvith thedeterminatiorof whether
or not thereis a truth assignmento the propositionalvariablesappearingn a Boolean
formulafor whichtheformulaevaluatedo true. VanGelder[9] proposes “circuit-based”
encodingschemdor representingoloringinstancesasBooleanformulas.Thecoloringis
reconstructedrom the solutioncomputedoy the satis ability solver Chaf [20].

Tablel summarizeshecoloringresults.Thebacktrack-DSAUR requiredewer colors
on Gp (A) thanon G(A). However, not all thetestproblemsconsiderederearesolved by
thisalgorithm.In the experimentsve usethe m-block row partitionP,, P. Ontheother
hand thesatis ability solver returnedwith a coloringon all thetestinstances.

Table 1: Exact coloring test resultsfor SMTAPE collection using coloring routines:
backtrack-DSAUR andChatf.

Matrix Gp(A); =1 Gp(A); g=m
Nodes| Edges | ¢(Gp(A)) | Nodes| Edges | c(Gp(A))
ash219 85 219 4 438 | 2205 4
abb313 176 | 3206 10| 1557 | 65390 (20)9
ash331 104 331 6 662 | 4185 4
will199 199 960 7 701 | 7065 7
ash608 188 608 6| 1216| 7844 4
ash958 292 958 6 | 1916 | 12506 (5)4

In Table1 we reportthefollowing information.“Nodes” denoteghe numberof nodes,
“Edges”denoteghenumberof edgesandc ( ) denoteghe chromaticnumberof G(A) and
Gp(A).

Outof 6 exampleswve haveinvestigated 4 of themhave shavn areductionin chromatic
numberfrom G(A) to Gp (A). Thecoloringroutinebasedn backtrack-DSAUR doesnot
terminateon examples*ash958”and“abb313'. Bestcoloring achieved in thesecaseare
indicatedin (). Ontheseexamples sizeof the largestclique cannotbe con rmed by the
coloringroutine. It is interestingto notethatwheneer the coloring routineterminatedt
terminatedquickly. Coloringon Gp (A) shaowvn aretheresultsobtainedn [9]. Theproblem
“abb313"took 316secondso besolvedandall theremaininginstancesveresolvedwithin
2 seconds.

5 Concluding Remarks
This paperpresentsa columnsegmentpartitioningtechniquefor computingsparselaco-

bian matricesef ciently. The partitioning problemhasbeenmodelledasa specialgraph
coloringproblemwhichis no easietto solve thanthe generalgraphcoloring. On the other
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hand,with columnseggmentpartitioninga Jacobiammatrix canbe determinedwith fewer
AD passes.

In view of theexampleattributedto Stanlgy Eisenstait haslongbeenanopenquestion
asto whatconstitutecanoptimaldirectmethod.Theresultspresentedh this paperprovide
anuniform theoreticaframeavork expressedn the languageof linearalgebrafor all direct
methodsncludingthe CPR-basednethods.

Theideaspresentedn this paperleadto a numberof new researchdirectionsthatde-
sene furtherenquiry The bi-directionalanalogueof columnsegmentpartitionis expected
to have lower computationatost. We arecurrentlyexploring thesedeas.

Indirectmethodscanbefurtherclassi ed assubstitutionandeliminationmethodq17,
22] . Oursubstitutiorproposalin [16] leadsto aone-directionasubstitutiorproblemcalled
“consecutve zeros”problemwhichin itselfis ahardproblem.It will beinterestingo study
thebi-directionalsubstitutionandits graphmodel.

Thereareno known direct or substitutionmethodsthat canbe “optimally” solved in
polynomialtime. On the otherhand,the eliminationmethodsneedonly max r; matrix-
vectorproductsandsolutionof r;  r; systenof linearequationsConsequentlyinvestica-
tion of thecompleity hierarcly of the Jacobiarmatrix determinatiorproblemsconstitutes
an opentopic for further study For example,it would be usefulif we knew the point at
which the matrix determinatiorproblembecomesomputationallysolvablefrom beingan
intractablg21] problem.
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authorwas supportedby the ResearchCouncil of Norway. The rst authorthankshis
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