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Abstract

It is well known thata sparseJacobianmatrix canbedeterminedwith fewer func-
tion evaluationsor automaticdifferentiationpassesthan the numberof independent
variablesof theunderlyingfunction. In this paperwe show thatby groupingtogether
rows into blocks one can reducethis numberfurther. We proposea graphcoloring
techniquefor row partitionedJacobianmatricesto ef�ciently determinethe nonzero
entriesusingadirectmethod.Wecharacterizeoptimaldirectdeterminationandderive
resultson theoptimality of any directdeterminationtechniquebasedon columncom-
putation.Thecomputationalresultsfrom coloringexperimentsonHarwell-Boeingtest
matrix collectiondemonstratethat our row partitioneddirect determinationapproach
can yields considerablesavings in function evaluationsor AD passesover methods
basedon theCurtis,Powell, andReidtechnique.

Keywords: Jacobianmatrix,graphcoloring,row partitioning

1 Intr oduction

Computationor estimationof theJacobianmatrix J �
n

¶fi
¶x j

o
of a mappingf : Rn ! Rm

is an importantsubproblemin many numericalprocedures.Mathematicalderivativescan
be approximatedor calculatedby a variety of techniquesincluding automatic(or algo-
rithmic) differentiation(AD) [12], �nite differencing(FD) [7], andcomputationaldivided
differencing(CDD) (or algorithmicdifferencing)[24].

We assumethat the Jacobianmatriceshave a �x ed sparsitypatternin the domainof
interest. Further, we computethe whole columnof J even if only a few componentsare
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needed.A computersubroutineimplementinga functionwill evaluatethecommonsubex-
pressionsonly onceratherthanreevaluatingthe samesubexpressionin differentcompo-
nentsof thevector f (x).

Automaticdifferentiationtechniquescanbe employed asan alternative to FD to ap-
proximateJ. Unlike FD, AD techniquesyield derivative valuesfree of truncationerrors.
AD views computerprogramsevaluatinga mathematicalfunction asa “giant” mapping
composedof elementarymathematicalfunctionsandarithmeticoperations.Applying the
Chainrule theevaluationprogramcanbeaugmentedto accumulatethe“elementary”par-
tial derivativesso that the function andits derivativesat choseninput arecomputed.An
excellentintroductionto AD techniquescanbefoundin ([12]).

The notationalconventionsusedin this paperareintroducedbelow. Additional nota-
tions will be describedasneeded.If an uppercaseletter is usedto denotea matrix (e.g.,
A), thenthe(i; j) entry is denotedby A(i; j) or by correspondinglowercaseletterai j . We
alsousecolonnotation[10] to specifya submatrixof a matrix. For A 2 Rm� n, A(i; :) and
A(:; j) denotestheith row andthe jth columnrespectively. For a vectorof columnindices
v, A(:;v) denotesthesubmatrixconsistingof columnswhoseindicesarecontainedin v. For
a vectorof row indicesu, A(u; :) denotesthesubmatrixconsistingof rows whoseindices
arecontainedin u. A vectoris speci�ed usingonly onedimension.For example,the ith
elementof v 2 Rn is writtenv(i). Thetransposeoperatoris denotedby (�)T . A blankor “0”
representsazeroentryandany othersymbolin amatrixdenotesanonzeroentry.

Both AD and FD allow the estimatesof the nonzeroentriesof J to be obtainedas
matrix-vectorproducts.For a sparsematrix with known sparsitypatternor if thesparsity
canbedeterminedeasily[13] substantialsavingsin thecomputationalcost(i.e. thenumber
of matrix-vectorproducts)canbeachieved.

A groupof columnsin which no two columnshave nonzeroelementsin thesamerow
positionisknownasstructurally orthogonal. If columnsj andk arestructurallyorthogonal,
then for eachrow index i at most one of J(i; j) and J(i;k) can be nonzero. In general
å j J(i; j) = J(i;k) for somek (k will dependon i) wherethesumis takenover a groupof
structurallyorthogonalcolumns.An estimateof thenonzeroelementsin thegroupcanbe
obtainedin

¶f (x+ ts)
¶t

�
�
�
�
t= 0

= f 0(x)s � As=
1
e

[ f (x+ es) � f (x)] � b

with a forward difference(oneextra function evaluation)whereb is the �nite difference
approximationands = å j ej . With forward automaticdifferentiationthe unknowns ele-
mentsin thegroupareobtainedastheproductb = f 0(x)saccurateupto theround-off error
resultingfrom the�nite machineprecision.

A GraphG= (V;E) is asetV of verticesandasetE of edges. An edgee2 E is denoted
by anunorderedpair f u;vg which connectsverticesu andv, u;v 2 V. A graphG is said
to bea completegraphor cliqueif thereis anedgebetweenevery pair of distinctvertices.
In this papermultiple edgesbetweena pair of verticesareconsideredasa singleedge.A
p-coloring of the verticesof G is a function F : V ! f 1;2; � � � ; pg suchthat f u;vg 2 E
implies F (u) 6= F (v). The chromatic numberc(G) of G is the smallestp for which it
hasa p-coloring. An optimal coloring is a p-coloring with p = c(G). Given an m� n
matrix A, the intersectiongraph of the columnsof A is denotedby G(A) = (V;E) where
correspondingto A(:; j); j = 1;2; : : : ;n, thereis avertex v j 2 V andf v j ;vl g 2 E if andonly
if A(:; j) andA(:; l ); l 6= j have nonzeroelementsin thesamerow position.

Thematrixdeterminationproblemcanbeconvenientlymodelledby graphs[4, 22] and
suchgraphmodelsoftenrevealvaluablepropertiesthatcanbeutilized in �nding ef�cient
solutions. It hasbeenobserved that �nding a partition of the columnsof A in groupsof
structurallyorthogonalcolumnsis equivalent to coloring the verticesof the intersection
graphG(A). A combinedapproachwheresparsityis exploited moreeffectively by a bi-
directionalpartitioningschemehasbeenproposedin [6, 15]. Thesetechniquesusethe
forward andreversemodesof AD to computethe productAV andWTA for matricesV
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andW. On the otherhand,the aforementionedpartitioningschemeshave beenfound to
be “unsatisfactory” on certainsparsitypatterns[4, 14]. Furthermore,it is not clearwhat
constitutesan optimal partition in thesedirect methods.This paperdescribesan optimal
directdeterminationprocedurefor determiningJacobianmatrices.Themaincontributions
of thispaperaresummarizedbelow.

1. Characterization of the determination of sparseJacobian matrices basedon
matrix-v ector products:
We view theJacobianmatrix determinationproblemasa matrix problemandapply
combinatorialandgraphtheoretictechniquesastools for analyzinganddesigning
algorithmsfor ef�cient determination.Consequently, we proposea uniform charac-
terizationof all directmethodsthatusesmatrix-vectorproductsto obtainthenonzero
estimates.This is not anentirelynew idea. However, to thebestof our knowledge
weareunawareof any publishedliteraturethatprovidesaprecisede�nition of direct
methodsandcharacterizationof their optimality. Sections2 and3 presentthemain
resultsof thiswork - anuniform theoreticalframework expressedin thelanguageof
linearalgebrafor all directmethodsincludingtheCPR-basedmethods.

2. Graph coloring techniquesto obtain the optimal partition :
Thetestresultsfrom ourcolumnsegmentsapproachappliedonanumberof Harwell-
BoeingtestproblemsprovidestheclearestevidencethattheCPR-baseddirectmeth-
odsarenot optimalon practicalproblems.Further, theEisenstatexamplewhich has
beenfrequentlyusedin the literatureasa counterexampleto theclaim of optimal-
ity of CPR-basedmethodscannow be optimally partitionedusing the techniques
presentedin thispaper.

Thepresentationof thepaperis structuredasfollows. In section2 we proposea par-
titioning schemebasedon structurallyorthogonalcolumnsegmentsto determinesparse
Jacobianmatrices.Thecharacterizationof directdeterminationof Jacobianmatricespre-
sentedin thissectionisbasedonfamiliarmatrix-vectorproducts.Section3presentsagraph
coloringformulationof thepartitioningproblemandshowsthatthecoloringproblemis un-
likely to besolvedef�ciently . Severalcomplexity resultsconcerningthecolorabilityof the
column-segmentgraphis given. Thesectionendswith theconditionsfor optimality of di-
rectdeterminationmethods.Section4 containsresultsfrom coloringexperimentswith test
matricesin Harwell-Boeingcollection. Finally, thepaperis concludedin section5 with a
discussionon topicsfor furtherstudies.

2 Dir ectDetermination and Row Partitioning

In this sectionwe formulatethe Jacobianmatrix determinationproblemasa partitioning
problemandprovide a precisecharacterizationof directdetermination.Thecolumnseg-
mentpartitioningtechniquefor ef�cient determinationof sparseJacobianmatricesis given
next. Weassumethatthesparsitypatternof theJacobianmatricesin thedomaininterestis
known apriori.

The JacobianMatrix Determination Problem:
Obtainvectorss1; � � � ;sp suchthatthematrix-vectorproducts

bi � Asi ; i = 1; � � � ; p or B � AS

determinethem� n matrixA uniquely. Matrix Sis theseedmatrix.
Denoteby r i thenumberof nonzeroelementsin row i of A andlet v 2 Rr i containthe

columnindicesof (unknown) nonzeroelementsin row i of A. Let S2 Rn� p beany (seed)
matrix. Compute

B = AS:
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Let
A(i;v) =

�
a1 � � � a r i

�
= aT ;a 2 Rr i ;

B(i; :) =
�

b1 � � � bp
�

= bT ;b 2 Rp;

and
Ŝi

T
= S(v; :):

Then
Ŝia = b (1)

A S B

i

0

B
B
B
B
B
B
B
B
B
B
B
B
@

k1 k2 k3

1

C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
A

k1
k2

k3

=

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
A

i

Figure1: Determinationof theunknown entrieswith columnindicesk1;k2, andk3 in row i
of A.

In Figure1 row i (with r i = 3 nonzeroentries)of the matrix A areto be determined.
Thevector

v =
�

k1 k2 k3
�

containsthecolumnindicesof theunknown elements

A(i;v) = aT ; a 2 Rr i

in row i thatareto besolvedfor from

Ŝa = b

whereŜ � S(v; :) andb = B(i; :) areknown quantities. The darkenedboxes in Figure1
constitutethereducedlinearsystem(1).

De�nition 2.1 If for every 1 � k � r i thereis anindex 1 � k0� p suchthatak = bk0 then
we saythat row i of A is determineddirectly. We have direct determinationof A if each
row of A canbedetermineddirectly.

Let u be a vectorcontainingindicessuchthat u(k) = k0; k = 1; � � � ; r i for k0 asgiven in
De�nition 2.1. Thena = b(u) so that the nonzeroelementsin row i; i = 1; � � � ;m canbe
readoff thevectorb sincethesparsitypatternof A is available.De�nition 2.1 leadsto the
following observationsregardingthereducedsystem:

1. If r i = p, thenŜi is apermutationmatrix (permutedidentitymatrix).

2. If r i < p, thenŜi(u; :) is apermutationmatrix.

3. If u containstheindicesnot in u, thenb(u) = 0 if theseedmatrix is constructedfrom
structurallyorthogonalcolumnsof A.
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An importantimplication of observation 3 is that, in general,matrix B neednot be the
“compressed”Jacobianmatrix asde�ned in ([1, 4, 7]). Thereforea precisede�nition of
“direct methods”is necessary. Thefollowing example

A =

0

B
B
B
B
B
B
B
B
@

a11 0 0 a14 0 0
0 a22 0 0 a25 0
0 0 a33 0 0 a36

a41 a42 a43 0 0 0
a51 0 0 0 a55 a56
0 a62 0 a64 0 a66
0 0 a73 a74 a75 0

1

C
C
C
C
C
C
C
C
A

dueto Stanley Eisenstathasappearedin theliteratureonJacobianmatrixcomputationillus-
tratingthattheCPR-baseddirectmethodsmayfail to �nd anoptimaldirectdetermination.
TheCPRseedmatrix for this exampleis theidentitymatrix I6. It hasbeencommonto say
thatthebestway to estimateor computethisexampleis using5 matrix-vectorproduct(see
[4, 22]) with

S=

0

B
B
B
B
B
B
@

1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
0 1 1 0 0
0 1 0 1 0
0 1 0 0 1

1

C
C
C
C
C
C
A

andcomputing

B = AS=

0

B
B
B
B
B
B
B
B
@

a11 a14 a11+ a14 0 0
a22 a25 0 a22+ a25 0
a33 a36 0 0 a33+ a36

a41+ a42+ a43 0 a41 a42 a43
a51 a55+ a56 a51 a55 a56
a62 a64+ a66 a64 a62 a66
a73 a74+ a75 a74 a75 a73

1

C
C
C
C
C
C
C
C
A

usingAD forwardmodeor FD. It canbeveri�ed thatfor eachnonzeroelementin A there
is a linear equationfrom which the elementis recoveredwithout any further arithmetic
operation. For examplethe nonzeroelementsin row 5 is determinedin the the reduced
linearsystem

0

B
B
B
B
@

1 0 0
0 1 1
1 0 0
0 1 0
0 0 1

1

C
C
C
C
A

0

@
a1
a2
a3

1

A =

0

B
B
B
B
@

b1
b2
b3
b4
b5

1

C
C
C
C
A

�

0

B
B
B
B
@

a51
a55+ a56
a51
a55
a56

1

C
C
C
C
A

yielding 0

@
a1
a2
a3

1

A =

0

@
a51
a55
a56

1

A

Essentially, thedeterminationof nonzeroelementsin theexamplecorrespondsto the �rst
threerowsbeingdeterminedindependentof theremainingrowsasshownbelow. Partitioning
the rows of A into blocksA1 andA2 asin Figure2 matrix A is determinedin two steps-
�rst determineA1 using2 matrix-vectorproductswhencetheestimatesfor A2 areignored.
Thenuse3 additionalmatrix-vectorproductsto determineA2 andignoreA1 estimates.This
methodof estimationby independentblocksof rows hasalsobeenconsideredin [11] as
partialargumentseparabilityor columnsplitting. However, aswedemonstratehere,this is
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A1

8
<

:

A2

8
<

:

0

B
B
B
B
B
B
B
B
@

a11 0 0 a14 0 0
0 a22 0 0 a25 0
0 0 a33 0 0 a36

a41 a42 a43 0 0 0
a51 0 0 0 a55 a56
0 a62 0 a64 0 a66
0 0 a73 a74 a75 0

1

C
C
C
C
C
C
C
C
A

=)

0

B
B
B
B
B
B
B
B
@

A1

A2

1

C
C
C
C
C
C
C
C
A

=)

0

B
B
B
B
B
B
B
B
@

A1

�

1

C
C
C
C
C
C
C
C
A

;

0

B
B
B
B
B
B
B
B
@

�

A2

1

C
C
C
C
C
C
C
C
A

Figure2: DetermineA1 andA2 separately

not thebestway to determinethematrix. Thefollowing seedmatrix with only 4 columns
yieldsdirectdeterminationof A. Let

S=

0

B
B
B
B
B
B
@

0 0 1 1
0 1 0 1
1 0 0 1
1 1 0 0
1 0 1 0
0 1 1 0

1

C
C
C
C
C
C
A

:

Then,

B = AS=

0

B
B
B
B
B
B
B
B
@

a14 a14 a11 a11
a25 a22 a25 a22
a33 a36 a36 a33
a43 a42 a41 a43+ a41+ a42
a55 a56 a51+ a55+ a56 a51
a64 a62+ a64+ a66 a66 a62

a73+ a74+ a75 a74 a75 a73

1

C
C
C
C
C
C
C
C
A

:

Figure3: Optimaldeterminationof Eisenstatexamplematrix

Thereducedsystemfor row 5 is
0

B
B
@

0 1 0
0 0 1
1 1 1
1 0 0

1

C
C
A

0

@
a1
a2
a3

1

A =

0

B
B
@

b1
b2
b3
b4

1

C
C
A �

0

B
B
@

a55
a56
a51+ a55+ a56
a51

1

C
C
A

yielding 0

@
a2
a3
a1

1

A =

0

@
a55
a56
a51

1

A :

Again, it is a straight-forward exerciseto checkthat the remainingrows of A canbe
determineddirectly.

The proposalof NewsamandRamsdell[22] entailsthe estimationof the nonzeroel-
ementsasgroupsof “isolated” elements.Given matrix A, the nonzeroelementA(i; j) is
saidto beisolatedfrom thenonzeroelementA(p;q) if andonly if A(i;q) = A(p; j) = 0 or
j = q. Ournext resultshows thatdirectdeterminationyieldselementisolation.
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A1

Aĩ

Aq

Figure4: Row q-partitionof A whereAĩ denotesA(wĩ ; :)

��

�

��

�

1 2 3 4 5 6 7

X

X

A d b

=

Figure5: If theelementsmarked arezero,thentheelementsmarked X are“isolated”
andcanbedeterminedin onematrix-vectorproductAd = b.

Theorem1 Directdeterminationimpliesthatall nonzero elementsdeterminedin a matrix-
vectorproductare isolatedelements.

Proof. Let ai j and akl be two arbitrary nonzeroelementsof A that are determined
directlyin AS(:; �p) for some�p2 f 1;2; : : : ; pg. If j = l , thenai j andakl areisolated.Sinceai j
andakl aredetermineddirectly, i 6= k. Also,ai j determineddirectlyimpliesai j = eT

i AS(:; �p)
andhenceail = 0. Similarly, we concludethatak j = 0. But thentheelementsai j andakl
areisolatedasrequired.

In Figure2 matrix A is directly determinedfrom the productB = AS. The unknown
elementsthataredeterminedfrom productB(:; j) = AS(:; j) areisolated.For example,in
column1 of B all entriesexceptthe lastoneareisolated.Formalizingthepartitioningof
rows leadsto theconceptof columnsegments.

2.1 Column SegmentSeed

Let P be a partition of f 1;2; : : : ;mg yielding w1;w2; : : : ;wq wherewĩ containsthe row
indicesthatconstituteblock ĩ andA(wĩ ; :) 2 Rmĩ � n; ĩ = 1;2; : : : ;q.

De�nition 2.2 A segmentof column j in block ĩ of A denotedby A(wĩ ; j); ĩ = 1;2; : : : ;q is
calledacolumnsegment.

Figure4 shows a row q-partitionedA wherevectorwĩ containstherow indicesthatconsti-
tuteblockAĩ . Notethattherowscanbepermutedsothatthey areconsecutive in theblocks
resultingfrom P.
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A indicatescolumn segments

Aq

A(wĩ ; j)

Aĩ

A1

jl

Figure6: Segmentof column j in blockAĩ is denotedby A(wĩ ; j)

De�nition 2.3

� (Same Column )

ColumnsegmentsA(wĩ ; j) andA(wk̃; j) arestructurallyorthogonal

� (Same Row Block )

ColumnsegmentsA(wĩ ; j) andA(wĩ ; l ) arestructurallyorthogonalif they donothave
nonzeroentriesin thesamerow position.

� (Different )

ColumnsegmentsA(wĩ ; j) andA(wk̃; l ), ĩ 6= k̃ and j 6= l arestructurallyorthogonalif

– A(wĩ ; j) andA(wĩ ; l ) arestructurallyorthogonaland

– A(wk̃; j) andA(wk̃; l ) arestructurallyorthogonal

An orthogonalpartition of columnsegmentsis amapping

k : f ĩ; jg ! f 1;2; : : : ; pg for ĩ = 1;2; : : : ;q and j = 1;2; : : : ;n

wherecolumnsegmentsin eachgrouparestructurallyorthogonal.

Theorem2 Let k beanyorthogonalpartition of thecolumnsegmentsin p groups.Then
thereexistsa n� p seedmatrixSthat yieldsdirectdetermination.

Proof. De�ne column j;1 � j � p in then� p seedmatrix

S(:; j) = å
f k:k(ĩ;k)= j;1� ĩ� qg

ek:

It suf�ces to show that for any row i of A, Ŝi containsa r i � r i permutationmatrix asa
submatrix.Assumethatrow i of A is includedin blockA(wĩ ; :). Letvi beavectorcontaining
thecolumnindicesof thenonzeroentriesof row i. ThenŜT

i = S(vi ; :) (sothat thenumber
of rows in ŜT

i is r i). Also k(ĩ;vi(k0)) 6= k(ĩ;vi(k00)) sincethecolumnsegmentsA(wĩ ;vi(k0))
and A(wĩ ;vi(k00)) are not structurallyorthogonalfor 1 � k0;k00� r i . For eachnonzero
entry A(i;vi(k0)) ; 1 � k0 � r i we have S(vi(k0);k(ĩ;vi(k0))) = 1. We claim that all other
entriesin columnvi(k0) of S(vi ; :) areidentical0. If not thenlet S(vi(k00);k(ĩ;vi(k0))) = 1
for someindex k00. But thenA(wĩ ;vi(k0)) andA(wĩ ;vi(k00)) arestructurallyorthogonal-
a contradiction.ThereforeS(vi ;k(ĩ;vi(k0))) is a unit coordinatevectorof lengthr i . Also
sincek is a functiontheunit coordinatevectorscorrespondingto r i nonzeroentriesA(i;vi)
areuniqueandhenceconstitutea r i � r i permutationmatrix.
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The“seedmatrix” constructprovidesa convenientway to expressthesparsityexploit-
ing “compression”in Jacobianmatrix calculation.Thede�nition of directmethodsof this
this paperallows for seedmatricesthataremoreef�cient thantheCPRcompression.The
seedmatricesfor theEisenstatexampledemonstratethatdirectly determinedelementsare
isolated.In thenext sectionweshow thattheconverseis alsotrueandhenceestablishthat
elementisolationcharacterizesdirectdetermination.

3 The coloring problem

In thissectionthematrixpartitioningproblemof section2 is modelledasagraphcoloring
problem. This sectionpresentsoneof the main resultsof this paper, namely, a precise
characterizationof optimaldirectmethodsfor thedeterminationof Jacobianmatrices.The
useof graphtechniquesfor analyzingthematrixdeterminationproblemfor symmetricand
nonsymmetricmatricesarereportedin [3, 4, 6, 15, 19, 22].

De�nition 3.1 Given matrix A androw q-partition P, the column-segmentgraph associ-
atedwith A underpartition P is a graphGP (A) = (V;E) wherethe vertex vĩ j 2 V corre-
spondsto thecolumnsegmentA(wĩ ; j) not identically0, andf vĩ j ;vk̃l g 2 E 1 � ĩ; k̃ � q;1 �
j; l � n if andonly if columnsegmentsA(wĩ ; j) andA(wk̃; l ) arenotstructurallyorthogonal.

Theproblemof determiningJacobianmatricesusingcolumnsegmentscanbestatedasthe
following graphproblem.

Theorem3 F is a coloring of GP (A) if andonly if F inducesa orthogonalpartition k of
thecolumnsegmentsof A.

Proof. Let P be a row q� partition of A. Verticescorrespondingto a groupof struc-
turally orthogonalcolumnsegmentscanbecoloredwith thesamecolor sincetherecannot
beany edgeamongthem.Ontheotherhand,givena p-coloringof GP (A) thecolumnseg-
mentscorrespondingto a particularcolor arestructurallyorthogonal.Hencethecoloring
inducesanorthogonalpartitionof thecolumnsegments.

A polynomialtime algorithmfor solving thecoloringproblemof Theorem3 canalso
solve the partitioningproblemef�ciently . We next show that this coloring problemis no
easierthan the generalgraphcoloring problem([21]). The constructionswe usein the
proofsaresimilar to theoneusedin [22]. Thefollowing technicallemmashows thatgiven
an arbitrary graphwhich G is p-colorablewe can de�ne a new graphG which is also
p-colorable. ThenG is shown to be isomorphicto GP (A) for somematrix A anda row
q-partitionP.

Let j � j denotethenumberof elementscontainedin aset.

Lemma 1 Givena graphG= (V;E), andpositiveintegers1 � p � jVj = n and1 � q there
is a graphG = (V;E) such thatG is p-colorableif andonly if G is p-colorable.

Proof. Theconstructionof G canbedescribedasfollows:

1. thevertex setV =
S n

i= 1(Vi
S

Ui
S

f viqg) consistsof :

(a) the“replicationvertices”Vi = f vi1;vi2; : : : ;vi(q� 1)g

(b) the“clique vertices”Ui = f ui1;ui2; : : : ;ui( p� 1)g

(c) the“connectorvertex” = viq

de�ned for eachvertex vi 2 V and

2. theedgesetE = E0S
E00S E000is de�ned as

(a) the“cliqueedges”E0=
S n

i= 1E0
i whereE0

i = ff uik;uil gj1 � k; l � ( p� 1);k6= lg,
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(b) the“enforcementedges”E00=
S n

i= 1E00
i where

E00
i = f f vik;uil gj1 � k � q;1 � l � ( p� 1)g and,

(c) the“crossedges”E000=
S n

i= 1E000
i where

E000
i =

�
f vik;v j l gjf vi ;v jg 2 E; for some�x edk 2 f 1;2; : : : ;qg andfor all 1 � l � q:

	

(a)

v4

v3v2

v1

v5

(b)

u12u11
u13

v11
v12

u21

u23

v21

v22

v41

u31

u32

u33

v31

v32

u51

u53

u52

v51
u41

u42

u43

u22

v52v42

Figure7: (a)GraphG= (V;E) (b) GraphG= (V;E) asin Theorem1 with p= 4 andq= 2.

Let F bea p-coloringof G andconsidervi 2 V. A p-coloringF 0for G canbeobtained
by assigningF 0(vik) = F (vi);k = 1;2; � � � ;q andthecliqueverticesUi arecoloredso that
they satisfy

F 0(uil ) 2 f 1;2; � � � ; pg andF 0(uil ) 6= F 0(uil 0) 6= F (vi); l 6= l0 for l = 1;2; � � � ; ( p� 1):

ThereforeF 0 is a p-coloring.
Conversely, in a p-coloring of G the verticesin U0

i mustassumep� 1 colorsforcing
theverticesin V0

i to usetheremainingcolor. We canusethecolor of V0
i for vertex vi 2 V.

To seethat this is a p-coloring just observe that for any edgef vi ;v jg 2 E, vi andv j will
assumedifferentcolorssincetheverticesin V0

i andV0
j musthave differentcolors.

To show thatJacobianestimationby adirectmethodis noeasierthanthegeneralgraph
coloringproblemit suf�ces to show thatG is isomorphicto columnsegmentgraphGP (A)
for someJacobianmatrixA. Let H = (V;E) beagraphwhereV = f v1;v2; � � � ;vng andE =
f e1;e2; � � � ;emg. De�ne H 2 Rm� n suchthatei = f vk;vl g implies

H (i;k) 6= 0;H (i; l ) 6= 0 andfor j 6= k 6= l H (i; j) = 0:

Thenit canbeshown thatH is isomorphicto G(H ).
The techniquesusedin the following result is very similar to the NP-completeness

resultin [22] whereit is shown for q = m.

Theorem4 Givena graph H = (V;E) and positiveintegers p � n and q � m there ex-
ists a mapping f : Rnp ! Rm+ n such that for a row q-partition P of f 0(x), GP ( f 0(x)) is
isomorphicto H.
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Proof. As outlinedin thediscussionfollowing Lemma1 we de�ne matrix H 2 Rm� n

suchthatthecolumnintersectiongraphG(H ) is isomorphicto H. Let

A =
�

H 0
D C

�
(2)

whereD is a n� n diagonalmatrix with nonzeroentrieson the diagonal,C(i; :) hasthe
pattern

(i � 1)( p� 1) + 1 : : : i( p� 1)
# : : : #

( : : : 0 � : : : � 0 : : : )

for i = 1;2; : : : ;n, and0 is anm� n matrix of all zeroentries.Figure8 depictsthesparsity
patternof matricesH andC whenp = 4. Thenonzeroentryin row i of matrix D together
with 3 nonzeroelementsin the samerow of C constitutesa clique on the corresponding
verticesin G(A).

H =

0

B
B
B
@

� � 0 0 0
� 0 � 0 0
0 � 0 � 0
0 � 0 0 �
0 0 � � 0
0 0 � 0 �
0 0 0 � �

1

C
C
C
A

C=

0

B
@

� � � 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 � � � 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 � � � 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 � � � 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 � � �

1

C
A

Figure8: Sparsitystructureof matricesH andCusedin Theorem4

It is notdif�cult to constructamappingf : Rnp ! Rm+ n suchthatits Jacobianmatrixat
x hasthesamesparsitypatternasmatrixA. Let P bearow q-partitionof A in whichthelast
blockA(wq; :) containsall of

�
D C

�
. ThenthegraphsH andGP (A) will havethesame

numberof verticeswhich canbeeasilyveri�ed. To establishtheedgecorrespondencewe
identify the `clique”, the “replication”, andthe “connector”verticesof H with the corre-
spondingverticesin GP (A). Clearly, the “clique” verticesUi of H correspondto column
segmentsC(:; (i � 1)( p � 1) + 1 : i(p � 1)) . With a row q-partition columni of A yields
q columnsegmentswhich correspondto the q� 1 “replication” verticesVi andthe “con-
nector” vertex viq. It is straightforward to identify the “enforcement”and“clique” edges
of H with correspondingedgesin GP (A). To establishcorrespondencewith “cross” edges
of H considercolumnsegmentsA(wĩ ; j) andA(wĩ ;k) j 6= k. If they arenot structurally
orthogonalthen f vi ;v jg is an edgein H so that f v j ĩ ;vkl̃ g l̃ = 1;2; � � � ;q are the “cross”
edgesin H. Thecolumnsegmentsnot structurallyorthogonalalsoimplies that in GP (A)
thevertex correspondingto A(wĩ ; j) is connectedby anedgeto verticescorrespondingto
A(wĩ ;k

0) k0= 1;2; : : : ;q whicharepreciselythe“cross”edgesof H.
Theorems3 and4 give thefollowing result.

Theorem5 Givena matrixA �nding a minimumcoloring for GP (A) is NP-hard.

GraphG = (V;E) illustratedin Figure7 is isomorphicto the columnsegmentgraph
GP (A) whereP is a row 2-partitionin which �rst threerows of A constitutethe �rst row
blockandtheremainingrowsconstitutethesecondblock.

A re�nementof row q-partitionP yieldsa row q0-partitionP0wheretherow blocksof
P aresubdividedfurthersothatq � q0.

Theorem6 For a rowq0-partition P0resultingfromanyre�nementof rowq-partitionP

c(GP0(A)) � c(GP (A)) :
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Proof. Let F bea coloringof GP (A). To establishthetheoremit suf�ces to show that
F inducesa coloringof GP0(A). ConsidercolumnsegmentA(wĩ ; j) underP andthecor-
respondingvertex vĩ j . WeclaimthatsettingF (vĩ0j ) = F (vĩ j ) whereĩ0aretheblock indices
underP0 obtainedfrom A(wĩ ; j) for ĩ = 1;2; : : : ;q and j = 1;2; : : : ;n yieldsa coloringfor
GP0(A).

For verticesvĩ0j and vk̃0l correspondingto column segmentsA(wĩ0; j) and A(wk̃0; l ),
F (vĩ0j ) = F (vk̃0l ) if andonly if F (vĩ j ) = F (vk̃l ) implying thatF is a coloringfor GP0(A).
Thiscompletestheproof.

Theelementisolationgraphassociatedwith A 2 Rm� n is denotedGI = (V;E) where

V = f A(i; j) 6= 0 : 1 � i � m;1 � j � ng

and
E = ff A(i; j); A(p;q)g j A(i; j) is not isolatedfrom A(p;q)g:

Thefollowing resultis adirectconsequenceof thede�nition of thetwo graphs.

Lemma 2 Givena m� n matrixA anda rowm-partitionP m, c(GPm(A)) = c(GI (A)) .

let Pm andP1 denotetherow m-partitionandrow 1-partitionrespectively. Thefollow-
ing inequalitiesfollow from Theorem6.

Corollary 1 c(GPm(A)) � c(GP0(A)) � c(GP (A)) � c(GP1(A)) = c(G(A))

Theknowledgeof “optimality” of derivative estimationmethodsis usefulin obtaining
complexity estimates.The classi�cationschemefor the determinationof sparseHessian
matricesgiven in [19] is similar to whatwe proposein this paperfor Jacobianmatrix de-
termination.However, ourcharacterizationof directmethodsarebasedonthecomputation
of matrix-vectorproductsin thelanguageof vectorsandmatrices.With thesemethodsno
extra recovery cost (e.g.,arithmeticoperations)is incurredin determiningthe unknown
elementsfrom their FD or AD estimates. Ignoring symmetry, the methodsoutlined in
[4, 5, 7, 11,19, 23, 25] areall examplesof directmethods.

Theorem2 estimatesagroupof isolatedelementswith onematrix-vectorproduct.Our
next resultscharacterizedirectmethods.

Theorem7 DirectdeterminationA in p matrix-vectorproductis equivalentto a partition
of A in p groupsof isolatedelements.

Proof. By Theorem1 direct determinationimplies that elementsdeterminedin each
columnof B = ASareareisolated.If we have elementisolation,thenusingtheorem2 we
canconstructseedmatrixSwith p columnswhichgivesdirectdetermination.

Theorem8 The minimal numberof matrix-vectormultiply in any direct determination
methodis p = c(GI (A)) .

Proof. Considertheelementisolationgraphc(GI (A)) of matrix A. Thenonzeroele-
ments(columnsegments)thataredirectlydeterminedin theproduct

ASek = Bek;k = 1;2; : : : ;q

arestructurallyorthogonal.Hencetheverticesin c(GI (A)) correspondingto thosedirectly
determinednonzeroelementscanbegivencolork. Sinceall thenonzeroelementsmustbe
determineddirectlyall verticesin c(GI (A)) will receiveacolor. By Lemma2 andcorollary
1 p = c(GI (A)) is minimal.
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4 Numerical Experiments

In thissectionweprovidesomecoloringresultsfromnumericaltestingof ourrow-partitioned
Jacobianmatrix determination. More detailednumericaltestingcan be found in [18].
Thecoloringalgorithmsbacktrack-DSATUR [2] andChaff [9] areusedon matricesfrom
Harwell-Boeingtestcollection[8].

The main ideaof backtrack-DSATUR is to choose,at eachsearchstep,an uncolored
vertex thatde�nes a new subproblem.This is donefor eachfeasiblecolor for thevertex.
The algorithm choosesa vertex with maximal saturationdegree(i.e., a vertex which is
connectedto the largestnumberof coloredvertices). Onceall possibilitiesareexplored
at thecurrentvertex thealgorithmbacktracksto themostrecentlycoloredvertex for new
subproblemsthathavenotbeenexplored.Tiesarebrokenrandomly.

Thepropositionalsatis�ability problemis concernedwith thedeterminationof whether
or not thereis a truth assignmentto the propositionalvariablesappearingin a Boolean
formulafor which theformulaevaluatesto true.VanGelder[9] proposesa “circuit-based”
encodingschemefor representingcoloringinstancesasBooleanformulas.Thecoloringis
reconstructedfrom thesolutioncomputedby thesatis�ability solverChaff [20].

Table1 summarizesthecoloringresults.Thebacktrack-DSATUR requiresfewercolors
on GP (A) thanon G(A). However, not all thetestproblemsconsideredherearesolvedby
thisalgorithm.In theexperimentsweusethem-block row partitionP m � P. On theother
hand,thesatis�ability solver returnedwith acoloringonall thetestinstances.

Table 1: Exact coloring test results for SMTAPE collection using coloring routines:
backtrack-DSATUR andChaff.

Matrix GP (A); q = 1 GP (A); q = m
Nodes Edges c(GP (A)) Nodes Edges c(GP (A))

ash219 85 219 4 438 2205 4
abb313 176 3206 10 1557 65390 (10)9
ash331 104 331 6 662 4185 4
will199 199 960 7 701 7065 7
ash608 188 608 6 1216 7844 4
ash958 292 958 6 1916 12506 (5)4

In Table1 wereportthefollowing information.“Nodes”denotesthenumberof nodes,
“Edges”denotesthenumberof edges,andc (�) denotesthechromaticnumberof G(A) and
GP (A).

Outof 6 exampleswehaveinvestigated,4 of themhaveshown areductionin chromatic
numberfrom G(A) to GP (A). Thecoloringroutinebasedonbacktrack-DSATUR doesnot
terminateon examples“ash958”and“abb313'. Bestcoloring achieved in thesecaseare
indicatedin (�). On theseexamples,sizeof the largestcliquecannotbecon�rmed by the
coloringroutine. It is interestingto notethatwhenever thecoloringroutineterminatedit
terminatedquickly. ColoringonGP (A) shown aretheresultsobtainedin [9]. Theproblem
“abb313”took316secondsto besolvedandall theremaininginstancesweresolvedwithin
2 seconds.

5 Concluding Remarks

This paperpresentsa columnsegmentpartitioningtechniquefor computingsparseJaco-
bian matricesef�ciently . The partitioningproblemhasbeenmodelledasa specialgraph
coloringproblemwhich is no easierto solve thanthegeneralgraphcoloring.On theother
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hand,with columnsegmentpartitioninga Jacobianmatrix canbe determinedwith fewer
AD passes.

In view of theexampleattributedto Stanley Eisenstatit haslongbeenanopenquestion
asto whatconstitutedanoptimaldirectmethod.Theresultspresentedin thispaperprovide
anuniform theoreticalframework expressedin thelanguageof linearalgebrafor all direct
methodsincludingtheCPR-basedmethods.

The ideaspresentedin this paperleadto a numberof new researchdirectionsthatde-
serve furtherenquiry. Thebi-directionalanalogueof columnsegmentpartitionis expected
to have lowercomputationalcost.Wearecurrentlyexploring theseideas.

Indirectmethodscanbefurtherclassi�edassubstitutionandeliminationmethods[17,
22] . Oursubstitutionproposalin [16] leadsto aone-directionalsubstitutionproblemcalled
“consecutivezeros”problemwhichin itself is ahardproblem.It will beinterestingto study
thebi-directionalsubstitutionandits graphmodel.

Thereareno known direct or substitutionmethodsthat canbe “optimally” solved in
polynomial time. On the otherhand,the eliminationmethodsneedonly maxi r i matrix-
vectorproductsandsolutionof r i � r i systemof linearequations.Consequently, investiga-
tion of thecomplexity hierarchy of theJacobianmatrixdeterminationproblemsconstitutes
an opentopic for further study. For example,it would be useful if we knew the point at
which thematrix determinationproblembecomescomputationallysolvablefrom beingan
intractable[21] problem.
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andEngineeringResearchCouncil of CanadaunderRGPIN andthe work of the second
authorwas supportedby the ResearchCouncil of Norway. The �rst authorthankshis
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