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Abstract

The properties of the barrier F (x) = ¡ log(det(x)), de¯ned over
the coneof squaresof a Euclidean Jordan algebra, are analyzedusing
pure algebraic techniques. Furthermore, relating the Carath¶eodory
number of a symmetric conewith the rank of an underlying Euclidean
Jordan algebra, conclusions about the optimal parameter of F are
suitably obtained. Namely, in a more direct and suitable way than the
one presented by Osman GÄuler and Levent Tun»cel (Characterization
of the barrier parameter of homogeneous convex cones, Mathematical
Programming, 81 (1998): 55-76), it is proved that the Carath¶eodory
number of the coneof squaresof a Euclidean Jordan algebrais equal to
the rank of the algebra. Then, taking into account the result obtained
in the samepaper whereit is stated that the Carath¶eodory number of a
symmetric coneQ is the optimal parameter of a self-concordant barrier
de¯ned over Q, we may conclude that the rank of every underlying
Euclidean Jordan algebra is also the self-concordant barrier optimal
parameter.
Keyw ords : Symmetric cones,self-concordant barriers, optimal parameters.

1 In tro duction

Faybusovich was the ¯rst author to consider interior point methods in the
general context of Euclidean Jordan algebras [3, 4, 5]. Tsuchiya also ap-
plied a Jordan algebraicapproach to the optimization over the Lorentz cone,
which is a particular symmetric cone[14,15]. Recently , Alizadeh and Schmi-
eta have published several papers studying interior point techniques within
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the framework of Euclidean Jordan algebras[1, 12, 13]. Self-concordant bar-
riers, intro duced in [10], play an important role in interior point methods
applied to conic programming, and the determination of the optimal barrier
parameter is crucial to thesemethods when applied to convex programming
over symmetric cones. From [7] we may conclude that this optimal value
is equal to the rank of an underlying Euclidean Jordan algebra. However,
in this paper, in a more direct and suitable way, following a pure algebraic
approach, we prove that the optimal parameter of a self-concordant barrier
over a symmetric cone is equal to the rank of every underlying Euclidean
Jordan algebra.
A deep study on Euclidean Jordan algebras is done in [2, 9]. However, in
order to follow the results of this paper, it is su±cient to read the short
intro duction recently given in [13] and the next section, where the concepts
and theoremsmore often usedin this work are shortly presented. In section
3, the main properties of the log-determinant barrier are analyzed. Finally,
in section 4, the main result of this paper, which states that the rank of a
Euclidean Jordan algebra is equal to the Carath¶eodory number of its cone
of squares,is proved. Therefore, sincea coneis symmetric if and only if it is
the interior of the coneof squaresof someEuclidean Jordan algebra [2] and,
according to [7], the optimal parameter of a self-concordant barrier over a
symmetric coneis equalto its Carath¶eodory number, the rank of a Euclidean
Jordan algebra is the optimal parameter of a self-concordant barrier de¯ned
over its coneof squares.A more generalresult was obtained in [8], where it
is stated that "An y self-concordant barrier function for a convex set S has
self-concordanceparameter at least k if there exists an a±ne subspaceU
such that S \ U contains a vertex at which preciselyk linearly independent
smooth constraints are active".

2 Basic results on Euclidean Jordan algebras

Consider a n dimensional real vector spaceV with a multiplication ± such
that the map (x; y) ! x ± y is bilinear. For an element x in V , L (x) is the
linear map of V de¯ned by L(x)y = x±y. If for all x 2 V (x±x)±x = x±(x±x),
then V is called a power associative algebra. Let V be a power associative
algebra with unit element e, x 2 V , and let k be the least natural number
such that f e;x; x2; : : : ; xkg is linear dependent. Then k is the rank of x
and we write r ank(x) = k. We de¯ne the rank of V as being the natural
number r = rank(V ) = maxf r ank(x) : x 2 Vg: An element x 2 V is regular
if its rank is equal to the rank of the algebra. Given a regular element x
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in a power associative algebra V with unit element e and rank r , we may
concludethat there are r unique real numbers a1(x); a2(x); : : : ; ar (x) such
that

xr ¡ a1(x)x r ¡ 1 + : : : + (¡ 1)r ar (x)e = 0; (1)

where 0 is the null vector of V . Taking into account (1), the polynomial

p(x; ¸ ) = ¸ r ¡ a1(x)¸ r ¡ 1 + : : : + (¡ 1)r ar (x) (2)

is called the characteristic polynomial of x, where each coe±cient ai is a
homogeneouspolynomial of degreei . The de¯nition of the characteristic
polynomial may be extended to any element of V . Indeed, since the set of
regular elements of V is a denseset in V [2], if x 2 V then there exists a
sequencef xngn2 N of regular elements of V converging to x. De¯ning ai (x) =
limn!1 ai (xn ) = ai (lim n!1 xn ); we obtain the characteristic polynomial of
a non regular element asbeing the polynomial (2). Jordan algebraswith unit
element are examplesof power associative real algebraswith unit element.

De¯nition 2.1. Let V be a ¯nite dimensional real vector space, with the
operation of multiplication of vectors ± determined by the bilinear function
(x; y) ! x ±y. We say that V is a Jordan algebra if for all x; y 2 V

i) x ±y = y ±x

ii) x ± (x2 ±y) = x2 ± (x ±y); where x2 = x ±x.

From now on, a Jordan algebra V is a ¯nite dimensional real algebra
with unit element e. Since, as it is proved in [9], a Jordan algebra V is
power associative, each element x 2 V has its characteristic polynomial.

Thus, if r is the rank of V and the characteristic polynomial of x is the
polynomial (2) then we de¯ne the determinant and the trace of x, respec-
tiv ely, by the equalities tr( x) = a1(x) and det(x) = ar (x). Given a Jordan
algebra V we say that the element x 2 V is invertible if 9y 2 R[x] 1 such
that x ±y = e, and then y is the inverseof x and it is denoted by x ¡ 1.

A real Jordan algebra V is Euclidean if there is an inner product h¢; ¢i
such that hu±v; wi = hu; v±wi for all u; v; w 2 V . Additionally , two elements
c;d 2 V are orthogonal relatively to the algebra V if c ± d = 0. Assuming
that e is the unit element of V , c 2 V is an idempotent if c2 = c and

1Subalgebra of V spanned by e and x.
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f c1; c2; : : : ; ckg is a complete systemof orthogonal idempotents if

(i ) c2
i = ci 8i 2 f 1; : : : ; kg;

(ii ) ci ±cj = 0 8i 6= j ;

(iii ) c1 + c2 + ¢¢¢+ ck = e:

An idempotent c is primitive if it is not the sum of two non null idempotents.
We say that f c1; c2; : : : ; ckg is a complete system of orthogonal primitiv e
idempotents or a Jordan frame if f c1; c2; : : : ; ckg is a complete system of
orthogonal idempotents such that each idempotent is primitiv e.

Theorem 2.1 ([2], p. 43). Let V be a Euclidean Jordan algebra and x 2
V . Then there are k unique real numbers ¸ 1; ¸ 2; : : : ; ¸ k , all distinct, and a
unique complete systemof orthogonal idempotents f c1; c2; : : : ; ckg such that

x = ¸ 1c1 + ¸ 2c2 + ¢¢¢+ ¸ kck : (3)

Additional ly, cj 2 R[x], for j = 1; : : : ; k.

The numbers ¸ j of (3) are called the eigenvaluesof x and x =
P k

i=1 ¸ i ci

is the spectral decomposition of x.

Theorem 2.2 ([2], p. 44). Let V be a Euclidean Jordan algebra with rank
r . Then, for each x 2 V there is a Jordan frame f c1; c2; : : : ; cr g and there
are real numbers ¸ 1; ¸ 2; : : : ; ¸ r such that

x =
rX

j =1

¸ j cj :

The ¸ i s, together with their multiplicities, are uniquely determined by x.
Furthermore, det(x) = ¦ r

j =1 ¸ j and tr (x) =
P r

j =1 ¸ j :

If V is a Euclidean Jordan algebra with rank r and c is a primitiv e
idempotent of V then tr( c) = 1 and, therefore,we may concludethat tr( e) =
r:

De¯nition 2.2. A Euclidean Jordan algebra V is simple or irr educible if V
does not contain any non-trivial ideal.

Theorem 2.3 ([2], p. 54). Every Euclidean Jordan algebra V is, in a unique
way, the direct sum of l simple Euclidean Jordan subalgebras Vi of V which
are ideals of V .
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If V is a Euclidean Jordan algebra then its coneof squaresis the set

Q = f x2 : x 2 Vg:

From now on, given a coneC, int (C) will denotesthe interior of C.

Theorem 2.4. Let V be a Euclidean Jordan algebra with rank r and Q its
cone of squares. If x 2 V is such that x =

P r
i =1 ¸ i ci , where f c1; c2; : : : ; cr g

is a Jordan frame of V , then

(i) ¸ i ¸ 0 for i = 1; : : : ; r ; if and only if x 2 Q:

(ii) ¸ i > 0 for i = 1; : : : ; r ; if and only if x 2 int (Q):

Pro of. The proof is a consequenceof Theorem II I.2.1 in [2].

If V is a Euclidean Jordan algebra with rank r and x 2 V has the
spectral decomposition x =

P k
i=1 ¸ i ci then x is positive de¯nite if ¸ i >

0 for all i , and is positive semide¯nite if ¸ i ¸ 0 for all i . According to
Theorem 2.4 we may rede¯ne Q and int( Q), respectively, by Q = f x 2 V :
x is positive semide¯niteg and int (Q) = f x 2 V : x is positive de¯nite g:

Theorem 2.5. Let V be a Euclidean Jordan algebra, Q its cone of squares
and x 2 int (Q). Then x is invertible and x ¡ 1 2 int (Q).

Pro of. Consider x 2 int (Q). By Theorem II I.2.1 in [2], x is invertible. From
Theorems2.2 and 2.4 it follows that x =

P r
i =1 ¸ i ci with all ¸ i > 0 and f c1; : : : ; cr g

a Jordan frame. Therefore x ¡ 1 =
P r

i =1
1

¸ i
ci and x ¡ 1 2 int (Q).

The quadratic representation P of a Jordan algebra V is the function

P : V 7! End(V )

x 7! P(x);

where End(V ) denotesthe set of endomorphismsof V and P is such that

P(x) = 2L 2(x) ¡ L (x2) 8x 2 V: (4)

Let V be a Euclidean Jordan algebra. Then the quadratic representation P
of V has the following properties:

1. If ¹x 2 V then ¹x is invertible if and only if P( ¹x) is invertible.

2. 8x; y 2 V P(P(x)y) = P(x)P(y)P(x):

From property 2 of P we may concludethat in a Jordan algebra V

P(xn ) = (P(x))n 8x 2 V 8n 2 N: (5)
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Theorem 2.6. Let Q be the cone of squares of a Euclidean Jordan algebra
V and h¢; ¢i the inner product de¯ned by hx; yi = tr (x ±y). Then, considering
the function

F : int (Q) ! R

x ! ¡ logdet x;

for all x 2 int (Q) and for all h 2 V ,

DF (x)[h] = h¡ x ¡ 1; hi ; (6)

D 2F (x)[h; h] = hP ¡ 1(x)h; hi : (7)

Pro of. The equality (6) is stated by Proposition I I I.4.2 in [2]. The equality (7)
is a direct consequenceof Proposition I I.3.3 in [2].

Let V be a Euclidean Jordan algebrawith rank r and x 2 V an invertible
element whose spectral decomposition is x =

P k
i=1 ¸ i ci : If all ¸ i ¸ 0 we

de¯ne x
1
2 as being the element x

1
2 =

P k
i=1

p
¸ i ci . Furthermore, if all ¸ i > 0

we de¯ne x ¡ 1
2 = (x

1
2 )¡ 1:

Theorem 2.7. If V is a Euclidean Jordan algebra and x 2 V is positive
de¯nite then P(x) is positive de¯nite, P(x) = P(x

1
2 )P(x

1
2 ) and P ¡ 1(x

1
2 ) =

P ¡ 1
2 (x).

Pro of. Let x be a positive de¯nite element of V . Then, x is in the interior of
the cone of squaresQ of V , that is, there exists x

1
2 2 Q such that x = P(x

1
2 )e.

Therefore,
P(x) = P(x

1
2 )P(e)P(x

1
2 ) = P(x

1
2 )P(x

1
2 )

and P(x) is positive de¯nite (see [2], p. 55). Furthermore x
1
2 is invertible and,

sinceP
1
2 (x) = P(x

1
2 ), it follows that

P ¡ 1(x
1
2 ) = (P(x

1
2 )) ¡ 1 = (P

1
2 (x)) ¡ 1 = P ¡ 1

2 (x):

A symmetric coneis an open, nonempty, self-dualand homogeneouscone
(see[2], for details).

Theorem 2.8. A cone is symmetric if and only if it is the interior of the
cone of squares of someEuclidean Jordan algebra.

Pro of. Theorem II I.2.1 in [2] states that the interior of the coneof squaresof an
Euclidean Jordan algebra is a symmetric cone. Conversely, Theorem II I.3.1 in [2]
statesthat a symmetric coneis the interior of the coneof squaresof someEuclidean
Jordan algebra.
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3 Some prop erties of the log-determinan t barrier
over a symmetric cone

Through this section we will consider the function

F : int (Q) ! R

x ! F (x); (8)

where F (x) = ¡ log(det(x)) and Q is the cone of squaresof a Euclidean
Jordan algebra with rank r .
We verify easily that the function F admits derivativesof any order. Indeed,
sincedet is a polynomial, the function F is analytic in all points x 2 V such
that det(x) > 0. Therefore, since for all x 2 int (Q) det(x) > 0, the
conclusionfollows. Additionally , we may concludethe following properties:

a) F is a strictly convex function.

b) F is a barrier for Q, that is, lim int (Q)3 x! @(Q) F (x) = 1 , where @(Q)
denotesthe boundary of Q.

In fact, sinceP ¡ 1(x) = P(x ¡ 1) for x 2 int (Q) (seeProposition I I.3.1 in [2]),
using Theorems2.4, 2.5, 2.6 and 2.7, the property a) follows. The property
b) can be concluded, taking into account that by Theorems 2.2 and 2.4
x 2 int (Q) if and only if det(x) 6= 0, F is continuous in int (Q) and then

lim
int (Q)3 x! @(Q)

F (x) = F ( lim
int (Q)3 x! @(Q)

x):

It will now be proved that the function F is a r -self-concordant barrier,
where r = r (V ) denotes the rank of V . Before that, some concepts are
de¯ned as in [10].

De¯nition 3.1. Let E be a ¯nite dimensional vector space over R; K ½ E
a pointed, closed, convex cone with nonempty interior, and G : int (K ) ! R
a C3-smooth convex function.

1. If for all x 2 int (K ) and for all h 2 E the following inequality holds:

jD 3G(x)[h; h; h]j · 2(D 2G(x)[h; h])
3
2 ; (9)

then G is called self-concordant function on int (K ).

2. If G is a barrier for K which is a self-concordant function on int (K )
and there existes# ¸ 1 such that

(DG(x)[h]j)2 · #D 2G(x)[h; h]; (10)

then G is called #-self concordant barrier for K .
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3. If G is a barrier for K , ° ¸ 1, and, for each x 2 int (K ) and each
t > 0,

G(tx ) = G(x) ¡ ° ln t; (11)

then G is called ° -logarithmically homogeneous barrier for K .

4. If G is a ° -logarithmically homogeneous barrier for K which is a self-
concordant function on int (K ), then G is called ° -normal barrier for
K .

In Theorem 3.1 below, we prove that F is a self-concordant barrier func-
tion, and in Theorem 3.2, that F is r -logarithmically homogeneous.A proof
that F is a self-concordant function has been also obtained, algebraically,
by Schmieta [11] in a di®erent way from the one presented in this paper.

Theorem 3.1. F is a self-concordant function in int (Q):

Pro of. Taking into account that F is a strictly convex function on int (Q), we will
establish this theorem by proving that for all x 2 int (Q) and for all h 2 V

jD 3F (x)[h; h; h]j · 2(D 2F (x)[h; h])
3
2 :

Let x 2 int (Q); h 2 V and let the inner product h¢; ¢i be de¯ned by hu; vi = tr( u±v):
By Theorem 2.6 it follows that

DF (x)[h] = h¡ x ¡ 1; hi

D 2F (x)[h; h] = hP ¡ 1(x)h; hi :

Thus, for x 2 int (Q), we have

D 3F (x)[h; h; h] =
@
@t

jt =0 hP ¡ 1(x + th)h; hi

= lim
t ! 0

hP ¡ 1(x + th)h; hi ¡ hP ¡ 1(x)h; hi
t

= hlim
t ! 0

P ¡ 1(P(x
1
2 )(e+ tP ¡ 1(x

1
2 )h))h ¡ P ¡ 1(x)h

t
; hi :

Taking into account property 2 of P and Theorem 2.7, it follows that

D 3F (x)[h; h; h] = hlim
t ! 0

³
P

³
P(x

1
2 )(e+ tP ¡ 1(x

1
2 )h)

´ ´ ¡ 1
h ¡ P ¡ 1(x)h

t
; hi

= hlim
t ! 0

³
P(x

1
2 )(P(e+ tP ¡ 1(x

1
2 )h)P(x

1
2 )

´ ¡ 1
h ¡ P ¡ 1(x)h

t
; hi

= hlim
t ! 0

P ¡ 1
2 (x)P ¡ 1(e+ tP ¡ 1

2 (x)h)P ¡ 1
2 (x)h ¡ P ¡ 1(x)h

t
; hi :
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Expanding P(e+ tu)v, by (4), we obtain

P(e+ tu)v = (2L(e+ tu)L (e+ tu) ¡ L ((e+ tu)2))v

= 2(L (e) + tL (u))(( L (e) + tL (u))v) ¡ L (e2 + 2tu + t2u2)v

= (I + 2tL (u) + t2(2L(u)L (u) ¡ L (u2))) v:

Therefore, P(e + tu) = I + 2tL (u) + t2(2L 2(u) ¡ L (u2)) = I ¡ (¡ 2tL (u) ¡
t2(2L 2(u) ¡ L (u2))) and then

P ¡ 1(e+ tu) = I +( ¡ 2tL (u)¡ t2(2L 2(u)¡ L (u2)))+( ¡ 2tL (u)¡ t2(2L 2(u)¡ L (u2))) 2+ ¢¢¢:

It must be noted that since e + tu 2 int( Q) for small valuesof t, by Theo-
rem 2.5and property 1 of the quadratic representation, P(e+ tu) is invertible.
Thus, for small valuesof t, it follows that P ¡ 1(e+ tu) = I ¡ 2tL (u) + o(t2).
Considering u = P ¡ 1

2 (x)h; we conclude that P ¡ 1(e + tP ¡ 1
2 (x)h) = I ¡

2tL (P ¡ 1
2 (x)h) + o(t2) and thus

D 3F (x)[h; h; h] = hlim
t ! 0

P ¡ 1
2 (x)P ¡ 1(e+ tP ¡ 1

2 (x)h)P ¡ 1
2 (x)h ¡ P ¡ 1(x)h

t
; hi

= hlim
t ! 0

P ¡ 1
2 (x)( I ¡ 2tL (P ¡ 1

2 (x)h)P ¡ 1
2 (x)h

t
; hi +

+ hlim
t ! 0

t2P ¡ 1
2 (x)(¢¢¢)P ¡ 1

2 (x)h
t

; hi ¡ hlim
t ! 0

P ¡ 1(x)h
t

; hi

= ¡ 2h(L (P ¡ 1
2 (x)h))P ¡ 1

2 (x)h; P ¡ 1
2 (x)hi :

As a consequence,we have D 3F (x)[h; h; h] = ¡ 2hu2; ui = ¡ 2tr (u3), where
u = P ¡ 1=2(x)h. By the spectral decomposition of u and the Cauchy-Schwarz
inequality, it follows that tr (u3) · kuk3 and then, taking into account (7),
jD 3F (x)[h; h; h]j · 2(D 2F (x)[h; h])3=2.

Theorem 3.2. The function F is r-logarithmic homogeneous, in the sense
that F veri¯es (11), that is, for all x 2 int (Q) and for all t > 0, F (tx ) =
F (x) ¡ r log(t):

Pro of. The proof that F is a r -logarithmic homogeneousbarrier follows from the
equalities:

F (tx ) = ¡ log(det(tx )) = ¡ log(ar (tx )) = ¡ log(t r det(x)) = F (x) ¡ r log t:

Note that ar is a homogeneouspolynomial of degreer .

Then, taking into account the De¯nition 3.1-4, from Theorems 3.1 and
3.2, we have the following corollary:

Corollary 3.1. The function F is a r -normal barrier for Q.

The next theorem is a direct consequenceof Theorems3.1 and 3.2, com-
bined with Corollary 2.3.2 in [10].

Theorem 3.3. The function F is a r -self-concordant barrier for Q.
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4 Rank of a Euclidean Jordan algebra and Carath ¶eodory
num ber of the cone of squares

In this section we establish that if V is a simple Euclidean Jordan algebra
(i.e., irreducible) and Q is the coneof squaresof V , then the Carath¶eodory
number of Q is equal to the rank of the Jordan algebra V . First, we intro-
duce the de¯nition of extreme direction and the de¯nition of Carath¶eodory
number.

De¯nition 4.1. Let V be a Euclidean Jordan algebra and Q its cone of
squares. We call x 2 Qnf 0g a extremedirection of Q if for all y; z 2 Qnf 0g
x = y + z ) y = ¸ 1x ^ z = ¯ 1x; with ¸ 1 ¸ 0 and ¯ 1 ¸ 0.

De¯nition 4.2. Let V be a Euclidean Jordan algebra, Q the cone of squares
of V and Ex(Q) the setof extremedirections of Q. We de¯ne the Carath¶eodory
number of Q; denoted by k(Q); as the smallest number k of extreme direc-
tions of Q such that for all x 2 Q

9x1; : : : ; xk 2 Ex(Q) ^ 9¸ 1 : : : ¸ k ¸ 0 such that x =
kX

i =1

¸ i x i :

Osman Guler and Levent Tun»cel prove in [7] that if C is an open, non-
empty, self-dual, homogeneouscone,then the smallestparameter ° (C) such
that there is a ° (C)¡ self-concordant barrier over C coincides with k(C).
SinceF is a r (V )-self-concordant barrier and int (Q) is a symmetric cone, if
r (V ) = k(Q) then F is a self-concordant barrier over int (Q) with the best
parameter. The equality r (V ) = k(Q) is proved in the next sections in a
more direct and suitable way than the one presented in [7]. Our proof is
simpler, since we do not use the classi¯cation of simple Euclidean Jordan
algebras,and we neednot consider the exceptional conecaseseparately.

4.1 Case I: Simple Euclidean Jordan algebras

Faraut and Kor¶anyi [2], considering a simple Euclidean Jordan algebra V ,
prove that for each extreme direction d of the coneof squaresQ there exists
a primitiv e idempotent c of V such that d = ¸c , with ¸ > 0. Sincefor each
x 2 Q, by Theorems 2.2 and 2.4, there is a Jordan frame f c1; : : : ; cr g such
that x =

P r
i =1 ¸ i ci , where all ¸ i are real non-negative numbers. Then we

may concludethat the Carath¶eodory number of Q is not greater than r (V ),
that is,

k(Q) · r (V ): (12)
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Theorem 4.1. Let V be a ¯nite dimensional simple Euclidean Jordan al-
gebra with unit element e and rank r (V ). If Q is the cone of squares of V
then r (V ) = k(Q).

Pro of. Let k(Q) = k: Then, as the extreme directions are just the half-lines
f ¸c : ¸ > 0g, where c is a primitiv e idempotent, there are k primitiv e idempotents
and k real non negative numbers (®i ¸ 0; i = 1; : : : ; k) such that e =

P k
i =1 ®i ci .

Thus, multiplying both members of the previous equality on the right by ci , we
obtain ci = ®i (ci ± ci ) +

P k
j 6= i ®j (cj ± ci ) and then, sincetr( ci ) = 1,

1 = ®i tr( ci ) +
kX

j 6= i

®j tr( cj ±ci ) = ®i +
kX

j 6= i

®j hcj ; ci i : (13)

Taking into account that for all j ; i 2 f 1; : : : ; kg ®j ¸ 0 and hcj ; ci i = hc2
j ; c2

i i ¸ 0

(since c2
j ; c2

i 2 Q and Q is self-dual), the inequality
P k

j 6= i ®j hcj ; ci i ¸ 0 follows.
Therefore, according to (13), we conclude that for all i 2 f 1; : : : ; kg 0 · ®i · 1.
Thus

r (V ) = tr( e) =
kX

i =1

®i tr( ci ) =
kX

i =1

®i · k: (14)

Finally, by (12) and (14), it follows that r (V ) = k(Q).

4.2 Case I I: Reducible Euclidean Jordan algebras

Now, we may extend the Theorem 4.1 to the general case of Euclidean
Jordan algebras(not necessarilyirreducible).

Corollary 4.1. Let V be a Euclidean Jordan algebra with cone of squares
Q. Then k(Q) = r (V ).

Pro of. Sincethis result is already proved when V is irreducible (that is, simple),
in the following we will consider that V is a reducible Euclidean Jordan algebra.
Therefore, by Theorem 2.3, there are l simple Euclidean Jordan subalgebrasVi of
V such that V =

L l
i =1 Vi and, additionally, for all i 6= j u ± v = 0 for u 2 Vi and

v 2 Vj . Note that Vi ± Vj = 0 for all i 6= j implies that the coneof squaresQ may
be decomposedin Q =

L l
i =1 Qi where Qi denotesthe coneof squaresof Vi .

We have r (V ) =
P l

i =1 r (Vi ) and k(Q) =
P l

i =1 k(Qi ), see [1]. Since every Vi

is a simple Euclidean Jordan algebra, by Theorem 4.1, k(Qi ) = r (Vi ) for all i .
Therefore, k(Q) =

P l
i =1 k(Qi ) =

P l
i =1 r (Vi ) = r (V ):

Since it was proved in [7] that the best parameter of a self-concordant
barrier de¯ned over a symmetric coneis equal to the Charath¶eodory number
of the cone and, according to Theorem 2.8, every symmetric cone is the
interior of the coneof squaresof someEuclidean Jordan algebra, Corollary
4.1 implies that the rank of an underlying Euclidean Jordan algebra of a
symmetric coneis also the best self-concordant barrier parameter.

11



Ac kno wledgemen ts . We are grateful to the anonymous ref-
ereesfor constructive criticism that helped to improve the pa-
per. The ¯rst author was supported by Centre for Research in
Optimization and Control (CEOC) of the University of Aveiro,
co-¯nanced by the European Communit y fund FEDER.

References

[1] F. Alizadeh and S. H. Schmieta, Symmetric cones, potential reduction
methodsand word-by-word extensions, in: H. Wolkowicz, R. Saigaland L.
Vandenberghe,editors, Handbook of Semide¯nite Programming, Theory,
Algorithms and Applications, Kluwer Academic Publishers (2000) 195-
233.

[2] J. Faraut and A. Kor¶anyi, Analysis on symmetric cones, ClarendonPress
(1994).

[3] L. Faybusovich, Euclidean Jordan algebras and interior point algorithms,
Positivit y, (1997): 331-357.

[4] L. Faybusovich, Linear systemsin Jordan algebras and primal-dual inte-
rior point methods, Journal of Computational and Applied Mathematics,
86 (1997): 149-175.

[5] L. Faybusovich, A Jordan-algebraic approach to potencial-reduction al-
gorithms, Technical report, Department of Mathematics, University of
Notre Dame, Notre Dame, IN 46556-5683,(1998).

[6] O. GÄuler, Barrier functions in interior point methods, Mathematics of
Operation Research, 21 (1996): 860-885.

[7] O. GÄuler and L. Tun»cel, Characterization of the barrier parameter of
homogeneous convex cones, Mathematical Programming 81 (1998): 55-
76.

[8] F. Jarre, Interior-p oint methods via self-concordance or relative Lipschitz
condition, Habilitation, UniversitÄat WÄurzburg (1994).

[9] M. Koecher, The Minnesota notes on Jordan algebras and their applica-
tions, Lecture notes in Mathematics, Springer (1999).

[10] Y. Nesterov and A. Nemirovskii, Interior point polynomial algorithms
in convex programming, SIAM, Philadelphia (1994).

12



[11] S. H. Schmieta, Completeclassi¯cation of self-scaled barrier functions,
Technical report-TR-2000-01, Columbia University (2000).

[12] S. H. Schmieta and F. Alizadeh, Associative and Jordan algebras, and
polynomial time interior point algorithms for symmetric cones, Mathe-
matics of Operations Research, 26, 3 (2001): 543-564.

[13] S. H. Schmieta and F. Alizadeh, Extension of primal-dual interior point
algorithms to symmetric cones, Mathematical Programming, Ser. A 96,
3 (2003): 409-438.

[14] T. Tsuchiya, A Polynomial primal-dual path-following algorithms for
second-order cone programming, Research Memorandum N. 649, The
Institute of Statistical Mathematics, Tokyo, Japan (1997).

[15] T. Tsuchiya, A convergence analysis of the scaling-invariant primal-
dual path-following algorithms for second-order cone programming, Op-
tim. Methods and Softw., 11 (1999): 141-182.

13


