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Abstract

In this paper we propose a new class of primal-dual path-following interior point algorithms
for solving monotone linear complementarity problems. At each iteration, the method would
select a target on the central path with a large update from the current iterate, and then the
Newton method is used to get the search directions, followed by adaptively choosing the step
sizes, which are e.g. the largest possible steps before leaving a neighborhood that is even wider
than a given N neighborhood. The only deviation from the classical approach is that we treat
the classical Newton direction as the sum of two other directions, corresponding to respectively
the negative part and the positive part of the right-hand-side. We show that if these two directions
are equipped with different and appropriate step sizes then the method enjoys the low iteration
bound of O(y/nlog (wo)TSO), with n the dimension of the problem, ¢ the required precision, and

g
(2°,5%) the initial interior solution. For a predictor-corrector variant of the method, we further

prove that, besides the predictor steps, each corrector step also reduces the duality gap by a rate
of 1 — 1/0(y/n). Additionally, if the problem has a strict complementarity solution then each
predictor step achieves a Q-quadratic convergence rate.
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1 Introduction

In this paper we consider the following monotone linear complementary problem (LCP):

s=Mx+q
z>0,5>0,27s=0,

(LCP) {

where ¢ € R and M € R™ ™ is a monotone matrix, i.e. M + M7 is positive semidefinite, or

equivalently, 7 Mz > 0 for any z € R".

0
_AT
the corresponding monotone LCP problem is nothing but a linear programming problem.

A particular choice of M is a block skew symmetric matrix, namely M =

A
0 ] . In that case,

The primal-dual interior point method for linear programming was first introduced by Kojima,
Mizuno and Yoshise [5] and Megiddo [7], which essentially aims at solving the following parame-

terized problem by Newton’s method, for shrinking values of the parameter p > 0,

s=Mx+q
z;>0,8 >0, z8,=p,1=1,...,n.

acn, |

The exact solution of the above problem is known as the analytic central path, with the varying
path parameter p > 0. At each iteration, the method would choose a target on the central path and
apply the Newton method to move closer to the target, while confining the iterate to stay within a
certain neighborhood of the analytic central path. This method was found to be not only elegant in
its simplicity and symmetricity, but also extremely efficient in practical implementations. There has
been, however, an inconsistency between theory and practice: fast algorithms in practice may actually
render worse complexity bounds. In their first paper [5], Kojima, Mizuno and Yoshise proposed that
the iterates reside in a wide neighborhood of the central path, known as the N -neighborhood
(details of the notion will be discussed later), and the targets on the central path are shifted towards
the origin by a large update (percentage reduction) at each iteration. The worst case iteration
bound was proved to be O(nL), where n is the larger dimension of a standard linear programming
problem, and L is its input-length. Then, in a subsequent paper, [6], the same authors proposed
a variant of the method, where the iterates are restricted to a much smaller neighborhood, known
as the Ny-neighborhood, and at each step the target is shifted with a small update. The algorithm
became too conservative to be efficient in practice. However, the worst case iteration bound of the
variant was improved to O(y/nL). In fact, many early primal-dual interior point methods either
use narrow neighborhood, or take small step sizes; see e.g. the primal-dual method by Monteiro and
Adler [9, 10]. The first practically efficient O(y/nL) primal-dual interior point algorithm was the
celebrated predictor-corrector algorithm of Mizuno, Todd and Ye [8]. In the predictor step of the

algorithm, an adaptive step size is taken, ensuring its practical efficiency. The iteration bound is still



retained to be O(y/nL) since the Ny small neighborhoods are used to control the centrality of the
iterates. Gonzaga [2] proposed to compute and combine the predictor and corrector steps based on
the information of the same iterate, thus reducing the effort required by the Cholesky factorization.
Along a related but different line, Ye, Giiler, Tapia and Zhang [18] proved that the predictor step
in the predictor-corrector scheme reduces the duality gap with a quadratic convergence rate. This
result was extended by Ye and Anstreicher in [17] to the monotone LCP problem, assuming a strict
complementary solution exists. We refer to Wright [14] for an excellent exposition on the primal-dual

interior point method for linear programming and LCP problems.

The issue of the neighborhood size in the method has generated some research interests on its own.
It is believed that in its original form, the primal-dual interior point algorithm of Kojima, Mizuno
and Yoshise [5] may indeed not enjoy the low iteration bound of O(y/nL). However, it is possible to
modify the algorithm to gain both the theoretical and the practical advantages. First such attempt
was made by Xu [15], who proposed an O(y/nL) method, in which the small neighborhood was only
used as a safeguard, and the iterates are allowed to go far beyond. However, the new neighborhood,
though much larger than the small neighborhood, does not necessarily contain the wide neighborhood:
the neighborhood is still much narrower than the N wide neighborhood. Hung and Ye [4] proposed
to use higher-order corrections on the Newton method, and showed that the iteration bound of their
high order primal-dual interior point method with the N wide neighborhood can be reduced to
O(n%z1 L). Sturm and Zhang [13] proposed to follow a central region, instead of the central path.
The central region is defined to be precisely an N wide neighborhood of the central path. Then,
they introduced a (narrow) neighborhood of the central region (the whole area is thus wider than
the central region which is a wide neighborhood itself) in which all the iterates reside. By choosing
the direction towards a target in the central region properly, Sturm and Zhang [13] managed to
show that their algorithm has an iteration bound of O(y/nL). Since the iterates are required to take
adaptive (thus long) steps, maximum possible within the wide neighborhood, the algorithm is highly
efficient in practice. Later, Sturm generalized the method to solve Semidefinite Programming (SDP)
problems, and the method has become one of the pillars for his famous SDP solver SeDuMi [12].
Ai [1] proposed a new wide neighborhood interior point algorithm with O(y/nL) iteration bound.
The current paper is inspired by [1], in the definition of the new wide neighborhood; however, they
differ greatly in both the scope and the results to be achieved. Recently, Peng, Terlaky and Zhao [11]
introduced a variant of the corrector-predictor approach, based on a self-regular function to define
the neighborhood, which is wide. They showed that their algorithm enjoys the iteration bound of
O(y/nlognL) for linear programming problems.

This paper aims at modifying the original (large updates and wide neighborhood) primal-dual interior
point method with minimum changes, to retain the O(y/nL) iteration bound and practical efficiency.
We organize the paper as follows. Our new methodology will be introduced in Section 2, where the

main underlying ideas will be explained. In Section 3, we present the technical lemmas that will be



important for the subsequent analysis, and in Section 4 we discuss some easy implementable variants
of the general method and show the low computational complexity status. In a similar spirit, we
discuss another variant in Section 5, based on the predictor-corrector methodology. Novel properties
of the algorithm will be discussed, including its progressive property even for the corrector steps.
The low complexity bound will be proven for this variant, and the superlinear convergence property

will be shown, provided that a strictly complementary solution exists.

The notation used in this paper is fairly standard: the i-th component of vector x € R™ is denoted by
x;; e is the all one vector with an appropriate dimension; if d € R" then we denote D to be an n x n
diagonal matrix with d as the diagonal components; for z,y € R", zy is the component product in
7, and so is true for other operations, e.g. 1/(zy) and (zy)~°?; 2 > (>)y means that the inequality
holds component-wisely; for any a € R, a™ denotes its nonnegative part, i.e. a® := max{a,0}, and
a~ denotes its nonpositive part, i.e. a~ := min{a,0}; the same notation is used for vector z € R",
namely 2" is the nonnegative part of z and z~ is the nonpositive part of z; the Ly-norm of z € R"

is denoted by ||z||p, and in particular we write ||z|| for ||z|2 — the Euclidean norm.

2 Separating large and small components: a new paradigm

Let us denote
Fir:={(z,8) | s=Mz+q, z>0,s >0},

which is assumed to be nonempty throughout this paper.

The central path for (LCP) is defined as
C:={(z,5) € Fry | ws = pe}
and its small neighborhood is defined as

Na(B) :=A{(w, 5) € Fiyy | llos — pell < Bu}

where 3 € (0,1) is a given constant and p := x¥'s/n. The so-called wide neighborhood is defined as

follows:
'/\/’o_o(1 - T2) = {($7y78) € F—H— | rs > 7—2;“6}

where 0 < 79 < 1.

Before proceeding, let us recall the classical primal-dual interior point method with wide neighborhood
and large update of the targets. Let 0 < 7 < 1 and 0 < 73 < 1 be two given parameters. Suppose
that the current iterate is (z,s) € N (1 — 72). The search direction (Ax, As) is the solution of the



following system of linear equations:

As = M Az, ()
sAx + xAs = Tue — xs,
where
pw=as/n.

Then the next iterate will be given by
(x + adx,s + ads)
where & is the solution of the subproblem

minimize (2 + aAz)T (s + aAs)
subject to  (z + alx,s + als) e No(1 — 1)
a € [0,1].

Naturally, all the iterates are contained in the wide neighborhood N (1 — 72).

An important ingredient of this paper is to introduce a new neighborhood for the central path, defined

'N’(7—1772777) = NO?J<1 - TQ)m {(%,S) € f++ ‘ H(Tlﬂe - xS)JrH < 77(7-1 - 7'2)/1’} ) (2)

where 1 > 1 and 7 satisfying 0 < 75 < 71 < 1, are two more parameters.
The above defined neighborhood is itself a wide neighborhood, since one can easily verify that
Noo(X = 711) CN(11,72,m) CSNL(1 = T2).
Moreover, if 71 —n(1 — 72)/v/n — 1 > 79, then
No (L =m4n(n—7)/vn—1) CN(11,72,1),
and if 7 — (11 — 12)/v/n —1 < 19, then
N (71, 72,m) = N (1 = 72).
In this paper, the newly introduced neighborhood N (71, 72, n) will play an important role. The reason
for working with N(71,72,7n) is that the measure for the components in xs that are ‘dangerously’
close to zero is captured by the quantity ||(mipue — xs)T||, and we are less concerned about the ‘large’
components of xs present in (1jpue — xs)”. In fact, we will see later that this separation is crucial.

The part (ripue —xs)™ is used to control the centrality, and the other part (r1pue — zs)™ is important

for the progress towards optimality.



If we set n = 1, then we simply have

N(71,72,1) = {(2,5) € Fop | [[(ripe — w8) || < (11— m)p} 2 NG (1= 7). 3)

Suppose that our current iterate is (x, s). Let 0 < 7 < 1. Another key ingredient of our method is to
decompose the Newton step, from zs to the target on the central path Tue (large update), into two
equations:
{ As_ = MAx_ ()
sAx_ 4+ xAs_ = (Tpe — xs)”
and
{ Asy = MAzy 5)
sAzy +xAsy = (Tpe — xs) ™.

Since Tpe — xs = (Tpe — xs)” + (Tpe — xs)™, the usual Newton direction is simply (Az_, As_) +
(Axy, Asy). In this paper, however, we propose to treat these two directions separately. Essentially
those are what we need to modify the original large update and wide neighborhood path-following
method. The payoff for the changes will become clear later. At this stage, we only remark that
the extra computational effort is very marginal, compared to the computation of a single Newton

direction. For reference, we shall call (Az_, As_) and (Az, As,) the Newton constituent directions.

Let o := (a1, a2) € B2 be the step sizes taken along (Az_, As_) and (Az,, Asy) respectively. The
step is
(x(a),s(@)) == (x,s) + a1 (Az_, As_) + aa(Azy, Asy).

The best « can be obtained by solving the following two-dimensional optimization problem:

minimize  z(a)?s(a)
,S(Ct)) GN(leT%U) (6)
1<

subject to  (z(«
0< 1,0<as<1.

)

Remark that due to the monotonicity, the above objective function x(a)?s(a) is convex in a.

Below we describe a generic framework for our wide-neighborhood and large-update primal-dual

path-following method.

Algorithm 2.1.

Input parameters: required precision € > 0, neighborhood parameters n* > 1, 0 < Tf < T{“ <1, and
target parameters 0 < 78 <1, k = 0,1, ..., and the initial solution (2°,5°) € N (70, 79,1°).

Output: a sequence of iterates {(x*,s*) | k=0,1,2,...}.



Step 0 Set k = 0.
Step 1 If (z*)Ts* < ¢ then stop.
Step 2 Solve (Az*, As*) and (Azk | Ask) based on (4) and (5).
Find step size vector o € R% |, such that (z(ak), s(a®)) € N(rf, 75, n%).

Step 3 Set (zFt1, sF11) := (2(aF), s(a¥)).

Let k:=k+1 and go to Step 1.

We remark here that the optimal step sizes according to (6) may be used in Step 2, and the
parameters 7%, 7%, 75 and 7% may set to be constants. It is however convenient to allow the flexibilities

at this stage.

The main result of this paper is to prove that the above generic method can be specified into
easy implementable variants with given parameters, in such a way that the iteration bound will
be O(y/nlog %) Moreover, the method can also be implemented in the predictor-corrector
style. In that case, in addition to the above iteration bound one also obtains a quadratic convergence
rate for the predictor steps, provided that a strict complementary solution exists. These specific
implementations will be discussed in Sections 4 and 5 respectively. To facilitate the analysis, we need
to study the properties of the two separated Newton constituent directions. This will be the topic of

the next section.

3 Technical lemmas

In this section we choose to set 7 = 7.

First, it is useful for our subsequent analysis to note the following triangle inequalities for the ‘minus’

and ‘plus’ operations on the vectors.

Proposition 3.1. For any u,v € R and p > 1, we have
1w+ 0) Tl < llwFllp + vl

and
[(w+0)"llp < lullp + v lp-

Proof. As0< (u+wv)" <u®™ +v" we conclude that

1w +0) "l < flu + 0"l < Jlutllp + [0 .



Similarly, we have
1w+ )" [l < Ju”[lp + o~ llp-

The next proposition is concerned with the feasibility of the iterates along given Newton directions.

It would be undesirable if the iterates would leave the feasible region and then return to it again.

Proposition 3.2. Suppose that (x,s) € Fyy and z + xs > 0. Let (Ax,As) be the solution of
As = MAzx, sAzx + xAs = z. If (x + toAzx)(s + tgAs) > 0 for some 0 <ty < 1, then x + tAz > 0
and s +tAs >0 for all 0 <t < tg.

Proof. Let (z,5) := (v + toAx, s + toAs).
We have

(x + 0toAz)(s + oty As)
= s+ 6to(sAz + xAs) + §*t5 AvAs
= x5+ 0toz + 62(Z5 — toz — xs)
= (1—20)xs+06(1—0)(toz + xs) + 6%E5 > 0 (7)
forall 0 <6 <1.

If there are 0 < ¢; < tgp and 1 < i < n with either (z + ¢t;Az); < 0 or (s + t1As); < 0, then, since
(z,s) > 0, by continuity there must exist 0 < to < t; < tp, such that (x + toAz);(s + t2As); = 0.
Letting 0 = t2/to, we have (x4 0tgAx);(s+0tgAs); = 0, which would contradict (7). The proposition

is thus proven. O

The term z + xs is sometimes called the target to be tracked, and it is naturally nonnegative for
most interior point methods. In particular, for Algorithm 2.1, this property boils down to verifying

xs + ai(Tipe — x8)” + ao(Tipe — xs)t > 0.
Let us denote
h(a) := x5 + ai(tipe — x5)~ + ag(Tipe — xs)™ (8)
and
It = {i| mpu — x;8; > 0}. (9)
Since (x,s) € Fy4 we have

hi(a) = { xi8; + ag(mip — zi8) = (1 — ag)xis; + agmp > 0, iel™, (10)

xiSi +aq(Tip — Ti8i) > 38 + Tip — xis; = T > 0, igIT,



for all o € [0, 1]2. Proposition 3.2 thus asserts that (z(a), s(a)) € N (11, 72,7) if and only if z(a)s(a) >

Tou(a) and H(Tl,u(oz)e - m(a)s(a))JrH < n(m — m2)pu(a), where

We further have

wla) = (z+ Az(a)’ (s + As(a))/n
= (275 + T Azx(a) + 2T As(a) + Az(a) As(a)) /n
= p+aoel (ripe —x8)7 /n 4 agel (type — x8)T /n+ Ax(a)t As(a)/n,
where Az(a) = e Az 4+ agAx; and As(a) = ag As— + agAsy.
Lemma 3.3. It holds that
pla) = (1 —ai)p.

Proof. By the monotonicity we have Az(a)” As(a) > 0. Therefore from (12) we have

v

p(a) p+ el (ripe — xs)” /n

Y

p+ arel (—xs)/n

(1 —ai)p.

We note the following simple but useful relationships:

el (rue —28)™ = —(1 —m)aTs — el (e — zs) ¥,

[(s)~ % (e — xs)™ || = [(Vas — mipe/v/as)* | < [[Vas|| = 27s,

T (ripie — ) < V| (rupse — ws)*]|.

For convenience we set

T — T2

0= .

1

Obviously we have 8 € (0,1), 11 — 72 = #1 and 72 = (1 — §)71. Let

[ (T1pe — xs) || 1}
BTip ’

n= max{
It follows that 7 < n if (x,s) € N (71, 72,7).
Lemma 3.4. If u(a) < p, then it holds that

[(r1p(a)e = ()|l < (1 = a2)iBrip(e).

(11)

(14)

(15)



Proof. As u(a) < p it follows from (10) that

mp(a) — #hi(a) = #(1 — o) (T — 248;), ifierlt,

0, else,

mipu(a) = hi(a) < {
which implies that

l(ru(a)e — (@) < P21~ ag)|(rp— zs) | < (1 — az)iBrpla).

7
O
Lemma 3.5. Let u,v € R" be such that u"v >0, and let r = u+v. Then, we have
- + 1 2
OO PN (COAN I
Proof. Let the index set J be
J = {Z ’ Uiv; > 0}.
As uTv > 0 we have
_ 1 1 1
Cw0) 7l < M) Tl = D wws < 7D (w4 i) = 7 > () < il
ieJ ieJ ieJ
O

Lemma 3.6. Suppose 3 < % and a1 = taen % for some t > 0. Then we have

I(Az () As(@)~ [l < [[(Az(e)As() [l < (8 + 1)adn*Brip/4.

Proof. We have

sAz(a) + 2As(a) = ai(tipe — x5)” + ag(Tipe — xs) ™.

Multiply both sides of the above equality by (xs)7°®. Denote u := x79%s9°As, v := 2055705As
and r := (25)7%5(a1(riue — x5)~ + az(ripe — xs)T). So we have u +v = r. Notice that u’v =
Az(a)T As(a) > 0. Therefore, by Lemma 3.5 we have

I(Az(e)As(a)) ™ [lx

< Jl(A(0)As(@)) ]

< fl@s)Pan(rape — as)” + (5)Par(rape — a5)* P

= L (@3(VES — rupe/ V) I+ 03l ()0 ae — ) 2)
< 2 (o3IVEE? + a3l (re — xs)* |/ (ro)

< 5 (PodiBru-+ o3P Bmup)

= (2 +1)a2i?Brip/4. (16)

10



Lemma 3.7. Suppose that 71 < 1/4 and 3 < 1/2. If oy = ozzﬁ\/% and ag < 1/72, then we have

) < (1 ’zﬁazm.

Proof. By (12), (13) and Lemma 3.6 we have

pla) < p+are’ (ripe —xs)” /n+ age’ (ripe — xs)T /n+ ||(Ax(a) As(a) |1 /n
< p—ai(l=m)p+ asllel|[(npe — zs) || /n + [|(Ax(a) As(a) Tl /n
< p—ar(l—7)p+ aofBrip//n + a5i® Bri/2n
< p—3onp/4+ BanfTip/2v/n
3Bl = 2y/Br)p
= M= Q2 4\/5
< u—ay 3ﬁ\/ﬁ511\/—ﬁ1/\/§)u
< (1- azﬁg\ﬁ/?)u-

Lemma 3.8. Suppose that (z,s) € N(m1,72,m), 1 < 1/4 and 8 < 1/2. If o = a1 % and
oy < 1/, then (x(a), s(a)) € N(11,72,7).

Proof. By Lemma 3.7 it follows that u(«) < p. Further, it follows from (10) and Lemma 3.6 that

z(a)s(a)

h(a) + Az(a)As(«)
(r2p + (i — m2)p)e — || (Az(a) As(a)) ™ e
(Top + cofrip)e — (a3 Bri/2)e

(AVARRAYS

Y

(Topt + 2 BT11t — BT 11/2)e

v

Tole

v

TQM(O()@,
which also implies (x(«), s(cr)) > 0 according to Proposition 3.2. Therefore, (x(a), s(ar)) € Ng(1—72).

At the same time, by Lemma 3.3 we have

pla) > (1 —a)p> (1 - ﬁ\/\/?)u > (1—/Bri)p > p/2.

11



Using Lemmas 3.4 and 3.6 we obtain

s(a)) "l
rip(a)e — h(a) — Az(a)As(a)" |

€
=N
2
w
|
8
£

< l(nple)e = h(a)™ + (=Az(a)As(a) 7|
< l(rmp(e)e — h(a)* || + [[(Az(a) As(a) ||
< (1 —ag)nfrip(a) + a5 Brip/2
< (1= a2)iprip(a) + aznprip(a)

IN A
S D
X @
i
T T

proving that (z(«), s(a)) € N (71,72, 7). 0

4 The iteration bound

Now we are in a position to present our complexity results.

First, let us consider the generic Algorithm 2.1.

Theorem 4.1. Suppose thatn > 1, 7 =1 < 1/4 and B < 1/2 are fized for all iterations. Further-
more, suppose that the plane-search procedure (6) is applied at each iteration of Algorithm 2.1. Then,
Algorithm 2.1 terminates in O(y/nlog @) iterations.

Proof. By Lemma 3.8, at each iteration, if we let & = (/371 /n/%,1/H?) then we have
(z(a), s(&)) € N(71,72,7).

Furthermore, according to Lemma 3.7 we also have

N A
107y/n 10yy/n"

Therefore, the exact plane search would lead to at least the same amount of reduction in pu(«), and

n(@) < (1-

< (1

hence the theorem is proven. O

The plane-search subproblem being an optimization problem with an convex objective and only two
variables can be solved relatively easily. However, it is also possible to reduce the number of search

variables in the subproblem to only one without sacrificing too much the practical efficiency.

12



The main observation here is that under some mild conditions, the objective function in the subprob-

lem (6) is monotone with respect to a; for any fixed oo € [0, 1].

More precisely, we have the following result.

Theorem 4.2. Suppose (x,5) € Ng(1 — 1), 7 =7 < 1/4 and 71 < 279 (i.e. § < 1/2). For any
fized az € [0,1], ()T s(a) is a monotonically decreasing function in oy for ay € [0,1].

Proof. We have

z(a)Ts(a) = (r+oAr_ 4+ anAzxy) (s + a1 As_ + aAs,)
= 2ls+a1(aTAs_ +sT Az ) + (a2l Asy + sT Azy)
+al Azt As_ + ajan (Aa:TAer + AxiAs_) + a3Azt Asy.

Therefore, since 0 < a3 <land 0 < ap <1,

T
('W = el (ripe — x8)” + 201 Az As_ + ap(AzT Asy + Azl As_)
1
< ef(rpe —xs)” +2A2TAs_ + (D' Az_)T(DAsy) + (DAs_)" (D' Azy))
< el(rpe —xs)” +2A2T As_ 4 ||(D71Az_,DAs )|||(D~ Az, , DAs,)|| (17)

where D = X1/26-1/2,

By Lemma 3.6 and lemma 3.5, we have

AT As_ < |[(Az_As_)*H|
= [((D7'Az)(DAs )" |l
< (D Ae-)(DAs )y
< 1(ID " Aw >+ [DAs )
< %||D*1Aa:_+DAs_H2

i“(ﬁue —ws)” /Vas|
= LIV e (s e ol

1
< IV — ey

= el(zs —Tipe)t /4, (18)

where we used the monotonicity (D~'Az_)'DAs_ = AzT” As_ > 0 in the fifth step, and the fact
that 0 < (zs —mpe)™/xs < e in the eighth step. In fact, one concludes from the chain of inequalities
n (18) that

[(D7'Az_, DAs )||> < el'(xs — Tipe) ™. (19)

13



Similarly,

|(D~'Axy, DAs)|? < || D' Azy + DAs|P
= |[(rupse — ws)* Va5 2
< |V(rime —as)T|? = ¥ (ripe — as)*,

where the third step is due to the fact that since 71 < 275 and (z,s) € N (1 — 72) and so

(ripe — zs5)T < (2mope — z5)T = (2(mope — xs) + xs)T < ws.

Furthermore,
el (mpe —xs)t < n(m —m)u

< np/8

< (L—m7)nu/6

= el'(zs—Tipe)/6

< el'(xs —mue)t /6.
Therefore we have

|(D~1 Az, DAs )| < ¢ (w5 — 71jae)*/6. (20)

Substituting (18),(19) and (20) into (17) finally yields that

z(a)Ts(a
w < - <; — \}6) eT(:CS-Tl,ue)+ <0.

In view of Theorem 4.1 and Theorem 4.2, we may solve subproblem (6) approximately in the following
way. First, set as = 1/f%. Second, find the greatest a; in [0, 1] such that (z(ay,1/7?), s(a1,1/9%)) €
N (71,72,m). One may for instance use bisection on «; for this purpose. Then, set a; = @;. Theo-
rem 4.2 guarantees that a; > 71/07m/n. It is clear that if the plane search procedure as described
. . . . (gjO)TSO . .

in Theorem 4.1 is replaced by this line search procedure then the O(y/nlog ) iteration bound
still holds.

5 A predictor-corrector scheme

In this section, we shall slightly change the notation. For simplicity, we shall always choose n = 1,
i.e. we consider the neighborhood N (1, 72,1). We introduce a new notation N (71; 8) to indicate the
set N(71,72,1), ie.,

N(r:8) = {(z,5) € Foy |I(Tape — xs)"|| < Brip} (21)
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where 8 = (11 — m2)/71, as given in (14).

Below we describe another variant of Algorithm 2.1, which is essentially a predictor-corrector type

algorithm.
Algorithm 5.1.

Input parameters: required precision € > 0, neighborhood parameters 0 < 7 < 1/4,0< 3 <1/2, and
the initial solution (z°,s°) € N'(1;3/2).

Output: a sequence of iterates {(x*,s*) | k=0,1,2,...}.

Step 0 Set k = 0.

Step 1 If (z¥)Tsk < & then stop. Otherwise, if k is even (including 0), go to Step 2; if k is odd, go
to Step 3.

Step 2 (Predictor Step). Set 7% = 0. Solve (Az*, As*) based on (4).
Find largest step size 0 < of < 1, such that (z(a}),s(a})) € N(r;3). Go to Step 4.

Step 3 (Corrector Step). Set 78 = 7. Solve (Az* | As*) and (Axk | Ask) based on (4) and (5).
Find step size vector o = (af,1) € [0,1]2, such that (z(c¥),s(ak)) € N(m1;3/2) and of is
mazimum. Go to Step 4.

Step 4 Set (zF+1, sF11) .= (2(aF), s(a¥)).

Let k:=k+ 1 and go to Step 1.

k

Remark that in the predictor step, since 7% is set to be 0, we have (7*uze — 2¥s¥)* = 0, and so the

Newton constituent direction with respect to the positive part is simply zero. In both the corrector
and the predictor steps, we only need to search for a single step size. An important feature of the
above algorithm is that in the corrector step we also aim at a large update of the target. In other

words, the gap function is expected to be reduced for the corrector steps as well.
We shall now prove that Algorithm 5.1 indeed works correctly.

Let us denote
A= [[(rpe — x8)F |1 /|| (Tipe — 25) 7|1, (22)

which means

el (rype — 28)™ + el (ripe — xs)* = 0.

So when we choose a7 > A we have

(o, 1) < p+ Az(ar,1)T As(aq, 1) /n. (23)
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If (z,8) € N(m;8), 1 <1/4 and 8 < 1/2, then we derive from (13) that

A< Vn|(mipe —zs)t/ ((1 —Tl)l’TS)
< Vbn /ﬁﬁ
- 1-7
. V2 @. (24)
3 n
If (z,s) € N(m1;8), then computing 7 from (15) would yield
n=1, (25)
and so by (10) we obtain immediately
h(aq,1) > Tiue (26)

for all @y € [0,1] and for all (z,s) € Fi4.
Lemma 5.2. Suppose (z,s) € N(m;0), 7 =71 < 1/4 and < 1/2. Then, for any a; € [)\, ﬂﬁ]

2n
we have (x(a1,1),s(a1,1)) € N(m;6/2).

Proof. First of all, observe that (24) guarantees that the interval [)\, 522} is not empty. Due to
(23), (26), (25) and Lemma 3.6, we have

|(rep(an, e — x(n, 1)s(eg, 1) 7|
= |[(np(e,1)e = h(an,1) - Al‘(al, 1)As(ay, 1) 7|
T +
< (Tlue — h(ag,1) + nAz(ar, 17)1 As(ai, 1)6 — Azx(aq,1)As(aq, 1))
Jr

< <7’1Aa:(a1,17)l As(al,l)e B Ax(al,l)As(a1,1)>

T
< |pAten VAN D 4 Anfar, 1) As(or, 1))

T A
< T1A.T(Oéla17)l 0417 H + H A:IZ ah )AS(O[l, H
< Az(ay,1)TAs(ay, 1) + H (Az(aq,1)As(ag, 1 H
= [[(Az(ax, )As(oq, Hl — [[(Az(ax, )As(al, )_Hl + || (Az (o, 1) As(ea, 1))~ |
< H (Az(ai,1)As(aq, 1 H1

< (B/2)11(3u/4).
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Applying Lemma 3.3 yields

plon, 1) > (1= /B /2n)p = (1= 1/4)p = 3p/4.
Therefore, (z(aq,1),s(a1,1)) € N(m;6/2). 0

Lemma 5.3. Suppose that (z,s) € N(m1;8), T=71 < 1/4 and 5 < 1/2. Then we have

B V20T
2n 32y/n

1( 1) <(1- )i

Proof. Let us denote o’ := (\/g—;l, 1). Notice that 7 = 1. Due to (13) and Lemma 3.6 we obtain

M( @7 D o= 4 |Br1 et (ripe — ws)” N el (ripe — xs)t N Az(a®)T As(aV)
2n 2n n n n
S oo on — (L= 7m)u+[|(ripe — zs) T /vn+ [[(Az(a®)As(a®) |1 /n
< \f @M+571M+3ﬂ71/~0
8 n vn 8n

3v2 [p7 B 3 |Bn
< _2ve 2 2,/
S p e e R
_ V2 [bn
N 32 n

The lemma is proven. O

A remarkable feature of Algorithm 5.1 as revealed by Lemma 5.3 is that, the gap measurement p is
reduced by a rate of 1 —1/0(y/n) even at the corrector steps.

Lemma 5.4. Let (Ax®, As®) be the search direction of a predictor step in Algorithm 5.1, and & be

the actual step size taken in that predictor step. Then,

B 2
a >

T 14+ 4/1+40/87

where § = ||Ax*As®|| /.

Proof. We have
p(e) = z(a) s(@)/n = (1 — a)u+ o*(Az*)T As”/n.
Note that (z,s) € Ny (11,0) and

H (71((A$“)TAsa/n)e - Ax“As“)+ H2

IN

HTl((A:ca)TAs“/n)e - Am“As“Hz
| A2?As?||> — 712 — 1) ((Az®)T As?)? /n
< Azt Ase?.
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Therefore,

H (rip(a)e — 1‘(04)8(04))+ H
= H (1 — a)(ripe — z8) + 11 ((Az*)T As®/n)e — aQA:L'“As“)JrH

IN

(1—-a) H(Tl,ue - $8)+H + o? H (Tl((Ax“)TAs“/n)e - Am“As“)W‘
< (1-a)fmup+o? A A7)

Applying similar reasoning as in Lemma 4.17 of [16], we see that for each o with
2

1+x/1+45/ﬂ7’1

0<a<

we will have

[(rup(ade - ala)s(@)|| < (1 a)frup+a? |42 A57|
< 261(1—a)u
QﬂTlﬂ(Oé),

_ : ~ 2
and therefore, (z(a),s(a)) € N(71;26). Differently put, we have a > ST

claims. 0

IN

as the lemma

Since § < n/2, together with Lemma 5.3, the next theorem follows immediately (see also the proof
of Theorem 4.18 in [16]).

_ - - - : ()0 - -
Theorem 5.5. Let § = 1/4. Then Algorithm 5.1 will terminate in O(y/nlog *——=) iterations.
Assume additionally that the LCP problem has a strictly complementary solution; that is, there is
a partition B and N, and solution (z*,s*), such that BUN = {1,2,--- ,n}, BN N =0, 7§ >
0,2y = 0, and s = 0, sy > 0. Since the sequence generated by Algorithm 5.1 is contained in a

wide neighborhood, it satisfies
(1= B < 2Pk < npk. (27)

Using Lemma 2 of [3], we know that there exists some constant 0 < £ < 1 such that
¢<al<1/¢ for jeB, and £<sh<1/¢ for jeN. (28)

For simplicity, we drop the index k. We apply the same proof as for Theorem 3.6 in [17], and so
relations (27) and (28) give rise to

|4z = O(p) and  [|Az?]| = O(n).

Then due to Lemma 5.4, we have the following result:
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Theorem 5.6. Let {(z*,s*) | k =0,1,2,...} be the sequence generated by Algorithm 5.1. Suppose that

(LCP) has a strictly complementary solution. Then, (x

\Tsk — 0 Q-quadratically for the predictor

steps.
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