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Abstract

We describe a graph coloring problem associated with the determination ofmmetibal
derivatives. The coloring instances are obtained as intersectiongyodpbw partitioned
sparse derivative matrices. The size of the graph is dependent oartiteop and can be
varied between the number of columns and the number of nonzero eritsielyeld exactly
our proposal will yield a significant reduction in computational cost. Cotprésults from
backtrack DSATUR and Small-k algorithms applied on the coloring instaneegiaen.
We analyze the test results and remark on the hardness of the genetatedydnstances.
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1 Introduction

Computation or estimation of the Jacobian mairix g—)‘:; of a mappingf : R" —

R™M constitutes an important subtask in many numerical praesdiathematical
derivatives can be approximated or calculated by a varietgahniques including
automatic (or algorithmic) differentiation (AD) [12], fite differencing (FD) [7],
and computational divided differencing (CDD) (or algoritierdifferencing) [22].
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The derivative matrices often posses exploitable infolmnasuch as sparsity and
other special structurer like symmetry. Numerical techegjfor solving such large-
scale problems must obtain these derivative informati@oieftly and accurately.

For a sparse matrix with known sparsity pattern or if the sipacan be determined
easily [13] substantial savings in the computational castlme achieved.

A group of columns in which no two columns have nonzero eldmenthe same
row position is known astructurally orthogonal If columns j andk are struc-
turally orthogonal, then for each row indexat most one ofl(i, j) andJ(i,k) can

be nonzero. In generd; J(i, j) = J(i, k) for somek (k will depend on) where the
sum is taken over a group of structurally orthogonal columrsestimate of the
nonzero elements in the group can be obtained in

of(x+ts)|  _ f’(x)szAs::—:[f(x-i—ss)—f(x)]Eb (1)

with a forward difference (one extra function evaluatiofjeseb is the finite dif-
ference approximation angl= 3 ; ej. With forward automatic differentiation the
unknown elements in the group are obtained as the prdductf’(x)s accurate
up to the round-off error resulting from the finite machinegsion. The matrix is
completely determined from a structurally orthogonalipiart of the columns into
p < ngroups.

The following notational conventions are used in the palb@mn uppercase letter
is used to denote a matrix (e.d\), then the(i, j) entry is denoted b(i, j) or
by corresponding lowercase lett@y. We also use colon notation [11] to specify
a submatrix of a matrix. Foh € R™", A(i,:) andA(:, j) denotes théth row and
the jth column respectively. For a vector of column indice#\(:,v) denotes the
submatrix consisting of columns whose indices are contkiime. For a vector of
row indicesu, A(u,:) denotes the submatrix consisting of rows whose indices are
contained inu. A vector is specified using only one dimension. For exanpie,
ith element ofv € R is writtenv(i). The transpose operator is denoted(By . A
blank or “0” represents a zero entry and any other symbol ina&rimndenotes a
nonzero entry.

The matrix determination problem can be conveniently meddly graphs [3,17,21]
and such graph models often reveal valuable propertiesémalbe utilized in find-
ing efficient solutions. It has been observed that findingatpman of the columns of
Ain groups of structurally orthogonal columns is equivatertoloring the vertices
of the associated column intersection graph. A combinedoaab where sparsity
is exploited more effectively by a bi-directional partiting scheme has been pro-
posed in [5,15]. These techniques use the forward and eevecgles of AD to
compute the produc andwWT A for matricesv andW. Our recent proposal [17]
shows that sparsity information can be exploited more &¥fely by partitioning
column segments. A graph coloring formulation of this geming problem has
also been considered there. In this paper we present aqalaagplication of the



column segment approach and describe the coloring instaaoa analyze their
properties. The specific contributions of this work are dieWes.

(1) The column segments method generalizes the columrtipaitig problem in
sparse derivative matrix estimation. Its equivalence toaply coloring prob-
lem provides benchmark coloring instances some of whicthare to solve.
Furthermore, standard benchmark matrix instances e.gweHflaBoeing [9]
collection constitute a rich set of real-life data that canused to generate
practical coloring instances. We have developed C++ c@slegGraph18]
that implements the graph generator

(2) Our logarithmic example represents general struct@igractical problems
from the field of molecular distance geometry. We show thatdbmputa-
tional effort (measured in terms of the number of AD forwardda evalua-
tions or the number of function evaluations) in the caldafaof first deriva-
tive vector of the underlying function is logarithmic in thember of inde-
pendent variables. This is a considerable gain in computational efficiency
compared with ordinary column partition which neederward mode evalu-
ations or function evaluations.

(3) Our testresults from the Harwell-Boeing benchmark peotd are obtained by
two well-known exact coloring algorithm e.g., back-tracBATUR, Small-
k, and a SAT solver Chaff [10]. Chaff outperformed the other twa was
able to solve all 4 benchmark instances. We provide detailyais on the
performance of the three solvers.

The remainder of the paper is organized as follows. In se@iwve review a par-
titioning scheme [17] based on structurally orthogonauool segments to de-
termine sparse Jacobian matrices. A graph coloring fortomlaf the partition-
ing problem is given. We show that the coloring problem iskety to be solved
efficiently. Complexity results concerning the coloralildf the column-segment
graph is given. Section 3 presents the molecular distanometey problem where
the column segment method yields the gradient of the olbgefiinction efficiently.
Section 4 contains results from computational testing dbrang instances ob-
tained from our column segments graph generator. The t®sitsdrom backtrack
DSATUR [1] and Small-k [6] algorithms are presented and yred. Finally, the
paper is concluded in section 5 with a discussion on topicifther studies.

2 Column Segment Partitioning and Graph Coloring

We assume that the sparsity pattern of the Jacobian mataesdered in this
paper is known a priori. Also, the whole column is computeeine only part of a

1A copy can be obtained by contacting the first author at:
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column is needed.

Both finite difference approximation and automatic différaton allows the deter-
mination of a Jacobian matrix from its product with a speatt of vectors. Then
the problem of sparse Jacobian matrix determination catalbedsas:

Obtain vectorsy, ..., sp such that the matrix-vector products
bi=As,i=1....,porB=AS

determine thenx n matrix A uniquely. MatrixSis called theseed matrixNote that
once thep products are computed and storedBithe unknown entries of matrix
Ainrowi,i=1,2,...,mare obtained by solving the followingn sets of linear
equation systems:

AS=B.

The seed matris determines the structure of the linear systems to be sotwed f

A S B
| ke
| Kk
| am 1 |
I
ki ko ks

Fig. 1. Determination of the unknown entries with column indikg®,, andks in row i of
A

the unknown elements in each row Af In Figure 1 rowi (hnumber of nonzero
elements in row, p; = 3) of the matrixA are to be determined.

The Jacobian matrix is said to betermined directlyf Sis such that the unknown
entries in each row can be read-off (i.e., with no extra arétic operation except
memory read) from the (reduced) linear system. A preciseaciterization of opti-
mal direct determination of sparse Jacobian matrices céouoel in [17]. Efficient
direct determination is concerned with finding seed madngih fewest columns.



As we shall see in this paper the efficient direct determomatif Jacobian matrices
is closely related with graph coloring problems and thatablering instances for
certain test problems can be very hard to solve.

A Graph G= (V,E) is a setV of verticesand a seE of edgesAn edgeec E is
denoted by an unordered pdin, v} which connects verticesandv, u,veV. A
graphG is said to be @ompletegraph orcliqueif there is an edge between every
pair of distinct vertices. In this paper multiple edges lesw a pair of vertices
are considered as a single edgep#oloring of the vertices ofG is a function
®:V —{1,2,---,p} such that{u,v} € E implies ®(u) # ®(v). The chromatic
numbery(G) of G is the smallesp for which it has ap-coloring An optimal
coloring is ap-coloringwith p = x(G). Given anmx n matrix A, theintersection
graph of the columns ofA is denoted byG(A) = (V,E) where corresponding to
AL j),i=12,...,n thereis avertex; € V and{vj,vi} € Eifand only if A(:, j)
andA(:, 1), # j have nonzero elements in the same row position.

Let N be a partition of{1,2,...,m} yielding wy,ws, ..., wyq wherew: contains the
row indices that constitute blodkandA(w:,:) € R™" T=1,2,....q. A segment
of column j in block i of A denoted byA(ws, j),T: 1,2,...,qis called acolumn
segment

Definition 2.1 Structurally orthogonal column segment

e (Same Column)
Column segmenta(w:, j) andA(wg, j), I k arestructurally orthogonal
e (Same Row Block)
Column segmenté\(w:, j) andA(ws, 1), j # | arestructurally orthogonalif
they do not have nonzero entries in the same row position.
o (Different )
Column segment&\(w:, j) and A(wg, 1), i £ kandj # | arestructurally or-
thogonalif
- A(ws, j) andA(w:, 1) arestructurally orthogonahnd
- A(wg, j) andA(wg, 1) arestructurally orthogonal

An orthogonal partition of column segmensgsa mapping
k:{(I,j):1<i<ql<j<n}—{L..,ph.

where column segments in each group are structurally oothelg A sparse Ja-
cobian matrix can be directly determined from an orthoggqaatition of the col-
umn segments [17]. Let be any orthogonal partition of the column segmentp in
groups. Then the seed matrix defined by partitaa

S, ) = Z €.

{kk(ik)=]j,1<i<q}

whereg is thekth coordinate vector.



Definition 2.2 Given matrixA and rowg-partition 1, the column-segment graph
associated withA under partitionl is a graphGn(A) = (V,E) where the ver-
tex vij € V corresponds to the column segmei(iv;, j) not identically 0, and
{Vij, i} EE 1< i,k<q1<j,l <nif and only if column segmenta(w, j)
andA(wg, 1) are not structurally orthogonal.

The problem of determining Jacobian matrices using colusgments can be
stated as the following graph problem.

Theorem 1 [17] @ is a coloring of Gy(A) if and only if ® induces a orthogonal
partition kK of the column segments of A.

This special graph coloring problem, however, is no eabian the general graph
p-coloring. Let| - | denote the number of elements contained in a set.

Lemma 1 [17] Given a graph G= (V,E), and positive integers < p<|V|=n
and1 < qthere is a graptG = (V,E) such thaiG is p-colorable if and only if G is
p-colorable.

To show that Jacobian estimation by a direct method is neetsan the general
graph coloring problem it suffices to show tl@ts isomorphic to column segment
graphGn(A) for some Jacobian matrik. LetH = (V,E) be a graph wher¥ =
{v1,V2, -+ ,Vn} andE = {ey, e, - ,em}. Definexr € R™" such thatgy = {v, v }
implies

H(i,k) # 0,4 (i,1) A0and forj Ak #1 # (i, j) =0.

Then it can be shown th&t is isomorphic toG(# ).
Theorem 2 [17] Given a graph H= (V,E) and positive integers g n and g< m

there exists a mapping :fR"P — R™" such that for a row g-partitior1 of f'(x),
Gn(f'(x)) is isomorphic tcH.

In Theorem 2H is obtained fronH as defined by Lemma 1. Theorems 1 and 2
give the following result.

Theorem 3 Given a matrix A finding a minimum coloring for{@A) is NP-hard.
Let My, andlM1 denote the rown-partition and row 1-partition respectively. The
number of blocksk defined by the row partitiofl varies from 1 tom, with M4
resulting in the column intersection graph (Theorefn[3]) while N, yielding the
element isolation grapbf A[21].

A refinemenbf row g-partitionl1 yields a rowqg'-partition’ where the row blocks
of N are subdivided further so thgt< (.

Theorem 4 For a row d-partition M’ resulting from any refinement of row g-



partition I
X(Grr(A)) < X(Gn(A)).

For all directly determined matrices the number of colurpr$ the seed matri
satisfies

P> X(Gnn(A) [17]

The following inequalities follow from Theorem 4.
Corollary 1 X(Gn,,(A)) < X(Grr(A)) < X(Gn(A)) < X(Gn,(A)) = X(G(A))

It is clear that row partitioning determines the sizeé3pf(A). AlthoughGpr (A) can
be larger tharG(A), Gn(A) never requires more colors th&{A). Therefore, an
important question is if there is an automatic way to cormsteurow partitionlly
with k < mblocks such thag (Gn, (A)) is equal (or very close) tg(Gn,,(A)). The
rows are (structurally) orthogonal if the columnsAf are (structurally) orthog-
onal. The following result shows that any partitioniﬁgin groups of structural
orthogonal columns oAT can be used.

Theorem 5 For any orthogonal column partitioll of AT, X(Gn,. (A)) = X(Gp (A)).

As a consequence of Theorem 5 we observe that a consistéitibpgone that is
found by some heuristic) rather than an optimal partitiod. @ptimal coloring of
G(A")) of matrix AT would suffice.

3 The Log-example and the Molecular Conformation Problem

The molecular conformation problem in cluster statics iso@ned with the deter-
mination of the minimum energy configuration of a cluster tihas or molecules
[20]. This problem is formulated as a unconstrained minatian problem where
the objective function can be represented in a partiallassdge (see [14]) form.
The gradient of partially separable functions can be coagafficiently.

Our log-example represents a class of sparsity patterhstbapecially hard for
determination methods based on column partitioning. THedlity in exploiting
sparsity in those examples is reflected in coloring the aatamtcolumn intersec-
tion graph which are complete graphs. With column segméetavailable sparsity
is exploitable as the associated graph is no longer a coengtaph.



3.1 The Log-example

The central idea in the definition of log-example instansdxest described in terms
of recursive definition of complete bipartite graphs. Gﬁ;l andGl%_1 be complete

bipartite graphs on®~Y, k > 1 vertices each. TheBx = G is the complete bi-
partite graph on '2vert|ces wherd/ _Vk JUVE , andE, = {{u viiueV2 ve

VL | }. Note thatGl, = (V{, E}) with Vi = {w}, E) = 0, fori,i =0,1,..., (2 - 1).

Given graplG = (V,E) whereV = {vo,v1,...,vh—1} andE = {ep, €1, ...,em-1} We
can definenx nmatrixAsuch thag = {vj,v;} e Eifand only ifA(l,i), A(l, j) #0
for indicesi, j,l. It then follows thaiG(A) is isomorphic tdG.

Letk>2andletG= (V,E),V = U VO,E U EO_(Z)
Fori=0,1,...,(k—1) do
Letix_1ik_2...ipandjk_1jk_2... jo be the binary rep[esentationsicztndj for
i,j=0, 1,...,~(2k— 1), respectively. Defingvi, v; } € E! for somel if i; # j; and
if= jyforalll >1i.
SetE = EU(UZ, "ED.
End-For

As noted earlier an edgy,v;} of G can be represented by a row containing two
nonzero entries in columnsand j of 2K x 2¢-1(2¢— 1) matrix A such thaiG(A) =
G.

A row partition (or coloring) can be defined by according te #igorithm where
thei’th block A; consists of rows defined in stépThen there aré& blocks in the

row partition. A suitable seed matrix for direct determioatof nonzero entries of
a Jacobian matrix with log-example sparsity pattern is eefioy

S(;,21) = > g andS(;, 21 +1) = > a
{iIii":(),i:(ik_lik_z...iii..io)z} {iZiﬁéo,i:(ik_lik_g...ii"...jo)z}

. )
fori=0,1,...,(k—1)/2and(-)2 denotes the binary representation of the number in
the parentheses. This implies that the number of columfsgr2k. With this seed
matrix A can be determined directly using onll fdrward mode AD passes. Since
G(A) is a complete graph *Zorward passes are necessary to computgthout
row partitioning. The above procedure can be generalizeléfioe matrices where
basic unit of construction iI(A) is a clique on a constant number of vertices.
Figure 2 illustrates the sparsity pattern for a log-exangpleé8 columns. The seed
matrix Sis obtained from a row 3-partitiork & 3) defined by Equation (2).
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Fig. 2. Sparsity structure of log-example on 8 columns and an associaidserix.

3.2 Molecular Conformation Problem

The molecular conformation problem in cluster statics iscewned with the deter-
mination of the minimum energy configuration of a cluster tias or molecules
[20]. This problem is formulated as a unconstrained minatian problem where
the objective function can be represented in a partiallassdpe (see [14]) form.
The gradient of a partially separable function can be coetpafficiently.

Given the positiongs, py, ..., pn of N molecules inRY, the energy potential is de-

fined as
n j—1

jzli;cp(llpj —pill2), 3)

where@: R — Ris the potential function between pairs of molecules. Wei@ases
that(r) is differentiable for > 0. The molecular conformation problem is to find



p=(p1,P2,..., Pn) € R such that the potential (3) is minimized.

Consider the molecular conformation problem in plane des 2. Let the coor-
dinates for positiorp; be xoi_1 andxy;. Then we have 2 independent variables

X1, ...,Xn. It follows thatgcan be written as a function of 4 variablgg (Xoi—1, X2i, X2j—1,X2j)
for positionsp; andpj. Let

n j—1

Wa(x) = Wij (%), (4)
2 JZ Zl j

Then the gradient o¥; is

OWa(x) = ¥'(x)"e, ¥ (x) = (W21(X) Wa1(X) Wa2(X) - .. Wnana-1(X)"  (5)

where@'(x) is the Jacobian matrix oP atx. It is easily seen that each row of the
Jacobian matri¥¥’(x) contains 4 nonzero elements corresponding to the variables
X2i—1,%2i,X2j—1, andx;.

Although LTJ’(x) is sparse (only 4 nonzero elements per row), it may not balgess
to exploit the sparsity directly since corresponding is¢éetion graph is a complete
graph. We show that the Jacobian mal*ﬁi'k(x) can be computed efficiently by
identifying its sparsity structure with our log-exampleagipropriate dimension.

Let G = (V,E) be a graph and letc E with e= {u,v}. Thecontractionof ein G

is the operation that removesnd the vertices andv, and adds a new vertexto

the graph such that is connected with exactly those vertices that were condecte
with u or vin G. An edge contraction i is the contraction of some edge= G.
Note that a sequence of edge contractions may lead to neutigijes between a
pair of vertices in the resulting graph. In such a case wergttte multiple edges
and treat them as a single edge.

Consider the Jacobian matt# (x). For simplicity we assume that= 2kd, k > 2.
Corresponding to the component functigiy there is a row inLTJ’( X) contain-
mg nonzero elements in columng;_1,Xzi,X2j—1,%2j. In the intersection graph
G(lP’( )) verticesxoi_1,Xoi,X2j—1,X2j constitutes a clique. For each such clique
we contract edge$xsi_1,X%i} and {x2j_1,X%j}. This corresponds to the columns
{X2i—1,%i } and{x2j_1,%2; } being “collapsed” into columnp; andp; respectively.
Note that the columnsy 1 andxy; fori =1,2,...,n have the same sparsity struc-
ture and the collapsing is done in a structural sense. If wedex the rows, it is
clear that the above construction gives the log-example.

To actually computé” (x) we need 4 AD forward passes for each block instead of
2. This construction easily carries over to three or moreetisions.

10



If the number of molecules satisfies
n
> 2
[logan]

then the number of AD forward passes to compute the Jacobédrixns strictly
less tham.

(6)

4 The Column Segment Graph Generator

In this section we describe an algorithm for constructiafumn segment graph
Gn(A) associated with & x n matrix A given row partitionl. Furthermore, we
describe the column segment matrix associated with thegoe partition.

Letl1 be a row partition of matriX that partitions the rows into bloclks, A, - - - Ax
(See Fig. 3(a)). Denote the intersection graph correspgntdi A; by G(A,r),i~:
1,2,---k. The construction of\n involves two phases. In the first phase, blogks
i=1,2,---, kare placed successively in left to right fashion (see Fig))3{uch that
each nonzero column segment is mapped to a unique coluik. & other words,
for every nonzero column segmentAfa column is created iAnq where all the
entries are zero except that the column segment is copi&e imatching row posi-
tions. This situation is illustrated in the top part of FigbB In the second phase of

] 9
A AL
Ao A2
NI AL
AT A
N== -

(@)

(b)

Fig. 3. (a): MatrixAis partitioned intdk blocks (b): Column segment matrix corresponding
to the partition.

construction, restrictions are enforced on column segsribiat are not structurally
orthogonal in order to prevent them from being grouped tagreConsider column

11



segmentsA(w; ;) andA(w; ) in Ay If there are nonzero entries in the same row
position inA(w; ;) andA(w; ) then they are not orthogonal implying thatw; ;)

is not orthogonal to column segmemswg) for all p # i ConsequentlyA(w; ;)
cannot be grouped together with any of the segmafig; o). Similarly, A(w; ) is

not orthogonal to column&(wg ;) for all j # i. To enforce these restrictions we
simply introduce two new rows iAn, one containing nonzero entries in the column
positions mapped by the column segmehfss ;) andA(wsq) and the other con-
taining nonzero entries in the column positions mapped byctilumn segments
A(W; o) andA(wg ;) for all p # I. This is done for every pair of dependent column
segments inA;, =12,k (see Fig. 3(b)). To see this dependency restriction
in terms of graphs, consider verticgs andvy, in G(A;). For each such edge we
define edges between vertex and vertices/gq from G(Ap) for p # . Similarly,
vertexvy, is connected with the verticeg; from G(Ag) for 5 # . This situation

is illustrated in Fig. 4. In Fig. 3(a) the matrix is partitiedh intok blocks denoted

¢

& @

G(Ap) Gn(A)

Fig. 4. GraphGn(A) before and after the insertion of edges due to the gagevi,} in
G(A)).

by A1, Az, -+, Ac. In Fig. 3(b) placement of each of the blochs, A, --- Ak is
shown. Column segments(w; ;) andA(w;,) are not orthogonal, and hence two
rows containing nonzero entries in the appropriate coluanasntroduced.

An upper bound on the size of the column segment matrix anghgis easily
obtained from its construction. Fokeblock partition, the number of columms <

p < nxk wherep is the number of nonzero elementsAn The number of rows
m <m+ (k—1) ¥, pi(pi — 1) wherep; is the number of nonzero in tligh row of

A. In practice, however, the numbersandn are smaller due to many zero column
segments and repeated edges between pair of distinctegertic

5 Graph Generator Implementation and Computational Experiments

Our graph generator is an object-oriented implementatieolomn segment graph
instances using C++. This software uses SparselLib++v.Bhda[collection of
C++ sparse matrix classes that can read and convert betwesnteenof standard

12



sparse matrix data structures e.g., coordinate, commlestemn, and compressed
row format which are also supported by Harwell-Boeing testrixaollection.
The software also allows to test the graph instances usiaegsupplied coloring
algorithms. Currently, DSATUR and Small-k coloring rousnare available with
the package. Furthermore, two specialized classes of gmatances, the Eisenstat
example and log-example, are provided. Detail informationthe software can be
found in [18].

The following example is due to Stanley Eisenstat[3]. Adée a(n+ 1) x n matrix

A Z 0
A= whereA; = [D1D2] andA; =
A D3 B

andD1,D,, D3 € R2*2 are non-singular diagonal matrices. The diagonal entfies o
B € R2*2 are zeros while off-diagonal entries are nonzé&e, R1*2 consists en-
tirely of nonzero elements andeOR1* 2 is a zero vector. Furthem,> 6 andn is an
even number. From its construction a row 2-partition candfendd corresponding
to firstn/2 rows in row block 1 and the nexk#/2+ 1 rows in row block 2 to deter-
mine A with a total ofp=n/2+ 2 AD forward mode evaluations. Table 1 presents
the result of applying DSATUR coloring routine on Eisensteamples. In the table

n denotes the size of the matrikdenotes the number of blocks in row partitign,
denotes that the matrix rows are randomly permuted befdreig row partition
andu denotes no row permutation. As expected, the column segmafnix gets
larger and denser with finer row partition. Row permutaticenséo yield a smaller
graph with a larger chromatic number for row partitions c¢ game cardinality.
Note that different row permutation in general will yieldfdrent column segment
graph. For larger problems DSATUR is unable to confirm theelolaound which

is indicated by asterisk(*). The effect of permutation soamnore prominent on the
chromatic number as the size of the problem grows. On the bied finer row
partition does not yield a proportionate reduction in theoaatic number.

The experimental results from log-example displayed thelar pattern with re-
gard to the effect of row partition and permutation on theatatic number. Small-

k coloring is best suited for graphs with small chromatic bem Since the chro-
matic number of both Eisenstat and log-example dependseoprtiblem dimen-
sion, Small-k was unsuitable for larger instances. For BEtgknstat and log-example,
only k = m patrtition yielded the optimal coloring. The smallest logmple tested
was the 28« 8 matrix shown in Figure 5. The column segment graph withm
row partition has 56 vertices and 364 edges. Using the preztéfow partition as

in 83.1(3 blocks) it needed 6 colors while with= m row partition (28 blocks) the
chromatic number of the resulting graph was found to be 5.

In Table 2 we report the following information. “Nodes” dees the number of
nodes, “Edges” denotes the number of edges xgnddenotes the chromatic num-
ber of G(A) andGr (A). Most striking difference in performance among the three

13



X X X O O 0O 0 0 0 X X o o o X
X X X O O O O o o o o X X o o o o o X

X X X O O O O O 0O O 0O oo o o © X o X o o X o

X O O O O O O O O 0 OO O o o o o X O X O o o X o
© ©0 0o X o o o X oo o X oo X X O o o oo X O o
©O 0o o X O o o X O g o X O X X O O O o O o o X O o
© O o X O O o X O 0 ©0 X o X o o o o X O o o

O O o X © O o X © 0 o X O X O o o o o X © o o

X
o o o X

o

X © o o X

O o o X

O O O 0O O O 0o 0o o o o o X
O O 0o o o o o o X
o o o o X

X

o
o
X

X

Fig. 5. Sparsity structure of log-example on 8 columns.

coloring algorithms is observed with Harwell-Boeing prabke Neither DSATUR
nor Small-k could solve the abb313GPIA problem (with rowtiian M) after
being run for 3 days on a Sun Blade 10 running Solaris. Chaff (& $Aver) to-
gether with efficient encoding was able to solve this prohleinnomatic number 9).
Small-k did solve the remaining five problems from the tegieswhile DSATUR
did not return on ash958GPIA with= mrow partition. Small-k found the optimal
coloring (4-coloring) using a total of 11.68 seconds. Ualike Eisenstat and log-
examples, however, the optimal coloring (4-coloring) df@8GPIA was obtained
with k = mrow partition.
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Table 1

DSATUR Coloring of Eisenstat Graphs.

n | Partition ) | Nodes Edges Lower bound| Subproblems Best coloring
u| p u P u p u p u p
6 1 6| 6 15 15 6 6 1 1 6 6
3 15| 13| 60 50 4 6 12 8 5 6
4 16| 15| 65 60 4 5 13 11 5 5
7 18| 18| 75 75 3 3 40 36 4 4
8 1 81| 8 28 28 8 8 1 1 8 8
3 20| 17| 121 | 97 5 7 30 11 6 8
5 25|24 | 168 | 158 | 5 6 21 19 6 6
9 28| 28| 198 | 198 | 5 5 39 50 6 6
16 1 16 | 16 | 120 | 120 | 16 16 1 1 16 16
3 40| 33| 543 | 410 | 9 16 54 18 10 16
4 48 | 43| 756 | 664 | 10* | 12* | 80 66 |11 13
9 69 | 67 | 1494 | 1414 | 9* 8* 61 375 | 10 11
17 88| 88 | 2460 | 2460 | 8* 8* 153| 184 | 10 10
Table 2

Exact coloring of SMTAPE collection using coloring routines: DSATURa@hand Small-

K.

6 Concluding Remarks

Matrix Gn(A),q=1 Gn(A), g=m
Nodes| Edges| x(Gn(A)) | Nodes| Edges| x(Gn(A))
ash219 85 219 4 438 | 2205 4
abb313| 176 | 3206 10 | 1557 | 65390 (10)9
ash331 104 331 6 662 | 4185 4
will199 199 960 7 701| 7065 7
ash608| 188 | 608 6| 1216| 7844 4
ash958 292 958 6| 1916 | 12506 (5)4

This paper describes an application of graph coloring idedse numerical de-
termination of large sparse derivative matrices. Othexteel work can be found in

[2,4,5,15]. We note that the procedure for the determinatiaJacobian matrices as

outlined in Section 2 can be given in a more general way [16}.@daph generator

15




provides an object-oriented implementation of the coluegnsents approach for
efficient determination of sparse Jacobian matrices. Ak e@lmn segment graph
generator provides a convenient tool for obtaining conprally hard coloring
instances. The computational test results indicate thatajority of real-world test
problem of moderate size, exact coloring can be combined atiter heuristics to
make it viable by, for example, terminating the coloringqedure as soon as an
“acceptable” coloring has been obtained.

There are a number of research directions for further irgatsdn related with this
work. The current graph generator is based on one-direddtipartitioning. Can
this procedure be generalized to two-directional partitig [5,15]? The column
segment coloring is what is known as distance-1 coloringafural extension to
this work is to generalize it to distanéezoloring [2,4,19] instance generators.
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