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Abstract.  Traditional stochastic programming is risk neutral in the sensethat it is concerned
with the optimization of an expectation criterion. A common approach to addressing risk in
decision making problems is to consider a weighted mean-risk objectiv e, where some dispersion
statistic is used as a measure of risk. We investigate the computational suitabilit y of various
mean-risk objectiv e functions in addressing risk in stochastic programming models. We prove
that the classical mean-variance criterion leads to computational intractabilit y even in the
simplest stochastic programs. On the other hand, a number of alternativ e mean-risk functions
are shown to be computationally tractable using slight variants of existing stochastic program-
ming decomposition algorithms. We prop osea parametric cutting plane algorithm to generate
the entire mean-risk e cien t frontier for a particular mean-risk objectiv e.

Key words. Stochastic programming, mean-risk objectiv es, computational complexity, cut-
ting plane algorithms.

1. Intro duction

This paper is concernedwith stochastic programming problems of the form
minf E[f (x;!)]: x2 Xg; Q)

where x 2 R" is a vector of decision variables; X R" is a non-empty set
of feasible decisions;( ;F;P) is a probability spacewith elemens ! ; and f
R" 7! R is a cost function such that f (;!) is corvexforall! 2 , and
f (x; ) is F-measurableand P-integrable for all x 2 R". Of particular interest
are instancesof (1) corresponding to two-stagestochastic linear programs(cf. [1,
13]), where X is a polyhedron and

foat)=clx+Qx (1)) )
with
Q(x; )=minfqg'y:Wy=h+Tx; y Og: (3)
Here = (q;W;h; T) represens a particular realization of the random data (!)
for the linear program in (3).

Formulation (1) is risk-neutral in the sensethat it is concernedwith the
optimization of an expectation objective. A commonapproad to addressingrisk
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is to considera weighted mean-risk criterion, where somedispersion statistic is
usedasa proxy for risk, i.e.,

minf E[f (x;! )]+ D[f(x;!)]: x2 Xg; (4)

where D is a dispersion statistic, and is a non-negative weight to trade-o
expected cost with risk. The classical Markowitz [8] mean-\ariance portfolio
optimization model is an example of (4) wherevarianceis usedasthe dispersion
statistic.

In this paper we investigate various alternativ e mean-risk objective functions
and their computational suitabilit y in addressingrisk in stochastic programming
models. We prove that the mean-\ariance criterion leadsto computational in-
tractabilit y even in the simplest stochastic programs. On the other hand, a
number of alternative mean-risk functions are showvn to be computationally
tractable using slight variants of existing stochastic programming decomposi-
tion algorithms. We proposea parametric algorithm to generatethe mean-risk
e cien t frontier for a particular mean-risk objective in the corntext of stochastic
linear programs. Computational results involving standard stochastic program-
ming test problems are reported.

2. Complexit y of mean-v ariance stochastic programming

In this section we show that mean-\ariance extensions of even very simple
stochastic linear programs lead to NP-hard optimization problems.

Consider the class of two-stage stochastic linear programs with simple re-
course (cf. [1]), i.e., problem (1) with

X X
Feat)y = axp+ Qi () ®)

and
Qs )=0q (5 )e+qg (i X)e; (6)

where( ), = maxf ;0g, and ++q Oforallj = 1;:::;n. The following lemma
providesa closed-formformula for the variance of the simple recoursefunction (6)
when j(!) has a discrete distribution. The proof follows from algebra and is
omitted.

Lemma 1. Consider the function Q(x; ) = g* (x )« + 9 ( X)+, where
X; 2 R. Let (!) bearandom variable with the discrete distribution (! ) =

8 .
<a if x 1;

VIQ(X; (') = bex2+ ax+deif 1 X K k=2::0:K:
e if x K
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From the above lemma, it can be seenthat the function V[Q(x; (!))] is piece-
wise corvex quadratic (note that by 0 for all k), but non-corvex in general.
Consequetly, we encourter computational complications in using the mean-
variance criterion in stochastic programs with simple recourse.

Theorem 1. The mean-variance stochastic programming problem

minf E[f (x; )]+ VIf(x; )]: x2 Xg @)
corresnding to the simple recourse function (5) is NP-hard for any > O.
Proof. Considerthe Binary Integer Feasibility problem:

Given an integer matrix A 2 Z™ ";and integer vector b2 Z™;
is there a vector x 2 f 1;1g"such that Ax  b? (8)

The binary integer feasibility problem (8) is known to be NP-complete [2]. We
shall shaw that given any instance of (8) with n variables, we can construct a
polynomial (in n) sizedinstance of the mean-\ariance stochastic program (7) for
any > 0 sud that (8) hasan answer \y es" if and only if (7) has an optimal
objective value of (3+ 2 + 3-)n.

An instance of (8) is given by the data pair (A; b). Given any suc instance,
we can construct an instance of (7) for any > 0 asfollows.Let X = fx 2 R" :
Ax b; e Xx eg, ebea n-vector of ones,and qj+ =1q = 1¢ = Ofor

distribution 8

< 3 L wp: %;
i(t)y=". Ow:p:?;
©3+ L wipr g
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Owing to the independenceof ;(!), the mean-\ariance stochastic program (7)
corresponding to the above data reducesto

X
minf - (BIQy (x5 j (! )I+ VIQ (x5 j (1D = x2 Xag: 9)

j=1
It follows from Lemma 1 that forallj = 1;:::;n;
E[Q (xj; j(! NI+ VIQj(xj; j(! )] =

(4 +1+ 22+2%g+3% if 3 L x5 0
(4 +1+ 22 22%G+32) if 0 x 3+

-l>|w-l>‘w

Notethat forallj = 1;:::;n, E[Q;(Xj; j(! DI+ VIQi(Xj; j(! N B+ 2+3)
for any x; 2 [ 1;1], with equality holding if and only if x; 2 f 1;1g. Thus (9)
hasan optimal objective value of (3+ 2+ 3-)n if and only if there existsx 2 X
such that x 2 f 1;1g", i.e., problem (8) hasan armativ e answer. t

In the classical setting of portfolio optimization, the function f (x;!) =
r(!)"x wherer(!) 2 R" is a random vector of returns, and X R" is a
polyhedral set of feasible weights for the n assetsin the portfolio. In this case,
VI[f (x;!)] = x" Cx where C is the covariance matrix of the random vector r (! ).
Consequetly, (7) reducesto a deterministic (convex) quadratic program suit-
able for very e cien t computation. For typical stochastic programsf (x;!) is
nonlinear (although convex) in x. Furthermore, the variance operator, although
convex, is non-monotone. Consequetly E[f (x;!)] + VIf(x;!)] is not guaran-
teed to be convex in X, leading to the computational complication proven in
Theorem 1. In the following section, we investigate mean-risk objectives that
presene corvexity, hencecomputational tractabilit y.

3. Tractable mean-risk objectiv es

Given a random variable Y : 7! R, represeiing cost, belongingto the linear
spaceXp = Lp( ;F;P) forp 1, ascalar 0, and an appropriate function
D : X, 7! R to measurethe risk assiated with Y, we de ne a mean-risk
function g. , : X, 7! R as

g.,[Y]= E[Y]+ D[YI (10)

Using (10) to addressrisk in the context of the stochastic program (1), we arrive
at the formulation

minf (x) = g. ,[f(x!)]: x2 Xg: (12)

From a computational viewpoint, it is desirablethat the objective function ()
in (11) be corvex. As discussedin Section 2, even though f ( ;! ) is corvex for
all! 2, the corvexity of the composite function (x) = g. ,[f (x;! )] may not
be presened, for example, if variance is used as the measureof risk in g. .
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3.1. Sucient conditions for preserving convexity

We shall say that a function g : X, 7! R is convexity-preserving if the composite
function (x) = g[f (x;!)] is corvex for any function f (x;!) suc that f (;!)
iscorvexforall! 2 andf(x; )2 X, for all x 2 R". Recall that a function
g: Xy 7' Risconvexif gfY1+ (1 )Y-] gvi]+ (1 )g[Y2]; for all
Y1;Y2 2 Xp and 2 [0; 1]; is non-decreasing if g[Y1]  g[Y2] for all Y1;Y, 2 X
sudh that Y1 Y»; and is positively homagenousif g[ Y ]= g[Y]forall Y 2 X,
and 0.
The following result is well-known (cf. [14]).

Prop osition 1. If g: X, 7! R is convexand non-decreasing, then g is convexity-
preserving.

Lemma 2. A convex and positively homagenousfunction g : X, 7! R is non-
decreasing if and only if it satises g[Y] OforallY O.

Proof. Supposeg satisesg[Y] OforallY O.LetY; Y, ie, Yo=Y+

for some 0. Then

zolYi+ ]

gizYi+ 1 ]

zdval+ 70l ]

20[Ya];

where the secondline follows from positive-homogeneiy, the third line follows

from corvexity, and the fourth line follows from the fact that g[ ] 0 (since
0). Thus g[ ] is non-decreasing.Conversely if g[ ] is non-decreasing,then

oY] og0]=O0forallY O. t

The following result immediately follows from Lemma 2 and Proposition 1.

29[Y2]

Prop osition 2. 1f g: X, 7! R is convex, positively homayenous,and satis es
gY] OforallY O, then g is convexity-preserving.

3.2. Examples

Here we show that a number of common mean-risk objectives are corvexity
preserving, and hencesuitable for optimization.

Semideviationfrom a target[11]. ForY 2 X, anda xed target T 2 R, the p-th
Semideviation from T is de ned as
SrplY]= (E(Y TEDY™:
Prop osition 3. The mean-risk objective
g, ., [YI= EIY]+ Stp[Y]
is convexity preservingfor all p 1 and 0.

Proof. Since St[Y] corvex and non-decreasingin Y for all p 1, the result
follows from Proposition 1. t
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Conditional value-at-risk [12]. For Y 2 X; and 2 (0;1) the -Conditional
value at risk is de ned as

CVaR [Y]= minf + i 1 E[(Y ):]o

Prop osition 4. The mean-CVaR objective
9 o [Y]I= E[Y]+ CVaR [Y]
is convexity preservingfor all 0.

Proof. Since CVaR [] convex and non-decreasingin Y [12], the result follows
from Proposition 1. ti

Central semideviation[9]. ForY 2 X,, the p-th certral semideviationis de ned
as

oY1= E[Y EY)]P:
Prop osition 5. The mean-semideviation objective

g [Y]= E[Y]+ Y]
is convexity-preservingfor all p 1 and 2 [0;1].

Proof. Ogryczak and Ruszczynski [9] have shawvn that | is corvexfor all p 1.
Furthermore, it can be veried that | is positively-homogenous.Thus g. . [Y]

is corvex and positively homogenousfor all 0. Moreover, if Y 0, then
(Y EY). EY. Thusg. p[Y] 1 JEY O for all 1. The result
then follows from Proposition 2. t

Quantile-deviation [10]. Given 2 (0;1) andY 2 Xy, let
h [Y]=E[maxt(1 )Y YD O [Y] Y)d:
where [Y]isthe -th quartile ofY,i.e,Pr(Y < [Y]) Pr(Y [YD.
Prop osition 6. The mean-quantile deviation objective
9, [YI=EN]+ h [Y]
is convexity preservingfor all 2 [0; 1= ].

Proof. Ogryczak and Ruszczynski [10] have shown that h [Y] is convex and
positively homogenous.Thus g, [Y] is convex and positively homogenousfor
all 0. Moreover, Forany Y O,wehave [Y] O.Thus [Y] Y Y,
andh [Y] EIC [Y] Y) E[Y]. Therefore,g, [Y] (1 )JE[Y] O;
since 1= . The result then follows from Proposition 2. u



Mean-risk objectiv esin stochastic programming 7

Gini mean di er enee [16]. For Y 2 X; with distribution function Fy, the Gini
meandi erence is de ned as
Z

[YI=E[(  Y)+]ldry():
Prop osition 7. The mean-Gini mean di er ence objective
9, [YI=E[Y]+ [Y]
is convexity preservingfor all 2 [0; 1].

Proof. Ogryczakand Ruszczynski[10]haveshovnthat [ ]is convexand positively-

homogenous.Thus g. [] is corvex and positively-homogenousfor all 0.
Moreover, if Y 0 then
z z
E[C Y)+1dFv () E[YldFy ()= E[Y]
Thusg. [Y] (@1 )E[Y] O for all 1. The result then follows from
Proposition 2. t

Remark 1. Note that the non-decreasinghenceconvexity preserving,property of
9, ,,9, ,andg maynotholdfor >1, >1= ,and > 1,respectively.
Howevwer, as shown in [9,10], these mean-risk objectives are guararteed to be
consistent with standard stochastic ordering rulesonly if 2 (0;1), 2 (0;1=a)
and 2 (0;1), respectively.

4. Solving mean-risk stochastic programs

In this section, we discussmethods for solving stochastic programswith corvex-
ity preserving mean-risk objectives. We provide speci ¢ details for a particular
classof mean-risk stochastic programs, those that involve the semideviation risk
measure , with p= 1, i.e.,

1[Y]= E[(Y EY):]

which is referred to asthe absolute semideviation (ASD).

4.1. Deterministic equivalent formulation

Considerthe stochastic program (1) wheref (x; ! ) is given asthe value function
of a second-stageoptimization problem

fOG!)=minfRo(Xy;! ) Fi(xy;!t) Oi=1::i;myy2Yg
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For example, the two-stage stochastic linear programming objective function
(2)-(3) is a special case.If the mean-risk objective is non-decreasing,then the
corresponding mean-risk stochastic program (11) can be written as:

min’ g, o[Fo(x; y(! )i!)]
st: x2X (12)
Fity(t)t) 0i=1:m
y(t)zy

When is nite, problem (12) is a large-scaledeterministic optimization prob-
lem which may be solved by standard methods.
In particular, considerthe mean-ASD objective function g. . It canbe ver-
ied that
g, ,[yYI=@ ) [YI+ [Y] (13)

where [Y] = E[Y] and [Y] = E[maxfY;EY(]. The deterministic equivalernt
(12) of the mean-ASD stochastic program is then (cf. [15]):

) R R
mn (1 ) FoOy();t)dP(!l) + (1)dP(!)

xy (1); (1)
sit: x2X 9
Figcy(t);t) O0i=1::my (14)
(") RoCxy(t):!) 81 2
() Fo(x;y( ); )dP() 3
y(')2Y ’

are linear and the setsX and Y are polyhedral. Then, in caseof a nite set of
scenarios,the mean-ASD problem (14) is a large-scalelinear program. Unfortu-

nately, this linear program doesnot posseghe dual-block angular structure that

is natural in the deterministic equivalents of standard two-stagestochastic linear
programs[15]. Consequetly, decomposition methods (such asthe Bendersor L-

shaped algorithm) (cf. Chapter 3 of [13]) used for solving standard two-stage
stochastic linear programs cannot be directly applied. In the next section, we
show that problem decomposition can be achieved by using slight variations of
these methods.

4.2. Cutting plane methads

When f(;!) is corvex for all ! 2 and the mean-risk function g. ,[] is
corvexity-preserving, the mean-risk stochastic program (11) involvesminimizing
a corvex (often non-smaoth) objective function (x) = g. ,[f (x;!)]. Eective
solution sthemesfor sud problems are subgradiert-based methods, sud asvar-
ious cutting plane algorithms, bundle methods, or level methods [3,4]. Given a
candidate solution x 2 R", these methods require the calculation of a subgra-
dient s of the composite function () = g. ,[f(;!)] at x, i.e., s2 @ (x). Such
a subgradiert can be calculated as follows. Let Y(! ) = f(x;!)and (!)2 R"
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be a subgradiert of f (;!) at x,i.e., (!)2 @(x;!), forall! 2 . Note that
1 Xp 7! R (here X, is the dual spaceof X, and in this caseX, = Xp) is a
subgradiert of g. , at Y 2 X, ,i.e.,, 2 @, [Y]Iif

9.o[YT g [YI+ [Y® Y] 8Y°2Xy; (15)

and such a subgradiert always existsif g. , is real-valued, cornvex, and corntinu-
ous.Givena 2 @. ,[Y], it is easily veri ed that

s=([al [k [ DT 2@ (x): (16)

In fact, it can be showvn that @ (x) is given by the corvex hull of all such
s (cf. [14]). The above subgradiert can now be usedfor the optimization of the
mean-risk stochastic program (11) using, for example, a generic cutting plane
algorithm, such as Algorithm 1, or somevariant of it.

Algorithm 1 A cutting plane algorithm for the mean-risk stochastic program

(11).
1: let 0 be a pre-specied tolerance; seti= 1,LB = 1 and UB = +1 .
2: while YB_LtB do
3:  solve the following master problem ) )
LB = minf : x2 X; Y+ (HT(x x)yj= 1000 g
X5

and let x' beits optimal solution (or any feasible solution if an optimal doesnot exist).
4. for ! 2 do ) ) )
5 compute Y'(!)=f(x';t)and '()2 @ (x';!).
6: end for ) ) ) o o ] )
7 compute (x')=g9. [Y'Tands" = ('[ {0 '] IDT, where T2 @. ,[Y']
8. setUB = minfUB; (x')g.
9: end while

In caseof the Mean-ASD objective, a subgradiet 2 @. l[*3] can be
calculated as follows.

Prop osition 8. Given ¥ 2 X; with péobability distribution P, the function

[Y]=EY + (Y EY)dP
Y EP

is a sulgradient of g, _[Y] at ¥.

Proof. Note that .
1[Y1= E[(Y EY).]= (Y EY)dP:
Y EY

Let b, =f1 2 :% EPgand ., =f'2 :Y EYg Then
Z Z

R
b (Y EY)dP = (Y EY)dP+ (Y EY)dP

b.n( +\ b, +\ by
| } oz }
0 L (Y EY)dP

R
(Y EY)dP:
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Thus R
g ,[P1+ [y ¥]=EeY+ R ev(Y EY)dP
EY+ | (Y EY)dP
=g [ [Y];
and the result follows from the de nition (15) of a subgradien. u

From the aboveresult and (16), asubgradiert s 2 @ (x), where (x) = g, [f (x;!)],
is given by 7
s=E[ ]+ ( (*) E[ DdP;
O ) EIf ()]

where (1)2 @(x;!) forall! 2

In caseof two-stage stochastic linear programs of the form (2)-(3), a sub-
gradient (1) 2 @ (x;!) is givenby c+ TT#(! ) where#(! ) is a dual optimal
solution to the second-stagelinear program (3) for given x and realization ! .
When is nite, the second-stagesubproblemscorresponding to a given x can
be solved independertly for ead realization ! 2 allowing for a computa-
tionally corveniert decomposition. The optimal objective values and the dual
solutions for the subproblemscan then be used compute the function value and
its subgradiert (seeAlgorithm 1 for details). This schemeis a slight variation of
the well-known L-shaped (or Benders) decomposition method for solving stan-
dard two-stagestochastic linear programsinvolving an expectedvalue objective.
If the mean-risk function is polyhedral (as in caseof the Mean-ASD objective),
then Algorithm 1 is guaranteedto terminate in a nite number of iterations with
an -optimal solution for any 0.

4.3. A parametric cutting plane algorithm for mean-ASD stochastic linear
programs

Often, it is necessaryto solve the mean-risk stochastic program (11) for many
di erent values of the mean-risk tradeo parameter so as to trace out the
mean-risk e cien t frontier. This can, of course,be accomplishedby repeatedly
solving the problem for di erent valuesof . However,amoree cien t parametric
optimization schemeis possible.Note that in Algorithm 1, the tradeo parameter

is embedded within the cut coe cien ts, and as sud, this algorithm is not
suitable for an e cien t parametric analysis of the mean-risk model with respect
to . Fortunately, in caseof mean-ASD, this issuecan be resoled. Recall from
(13), that the mean-ASD stochastic program is

minfg. [fOGDI=@Q ) FOGHI+ [FOH)]: x2Xg  (17)

where [Y] = EY and [Y] = E[maxfY;EY(g]. Note that both and are

convex non-decreasingfunctions, and sothe composite functions [f (x;! )] and
[f (x;!)] are convex in x that can be approximated by supporting hyperplanes

(cuts) within a cutting plane scheme. A subgradiert for is given as follows.
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Prop osition 9. Given P 2 X, with prokability distribution P, the function
z z

v[Y] = YdP + EY dP
1P )>ED 1:9(1) EP

is a sulgradient of [Y]= E[maxfY;EY(].

Proof. Let b, =f1 2 ¥ Epg, +=f1'2 Y EYg, bi = nb,
and ¢ = n ..Notethat, forany Y 2 Xq,
[P1 vy ]
= K] R
= +
b, YdP be EYdP 7 .
= b,  YdP+ YdP + EYdP+ p., . EYdP
A e\ o
| {2} | —{z—1}
R R b,y ¢ EYdP bey , YdP
. YdP + . EYdP
= [YI
and the result follows from the de nition (15) of a subgradiert. t

If we usea cutting plane scheme for (17) where separate cuts are usedto ap-
proximate the functions and , then the cut coe cien ts are independert of
the tradeo weight which only appearsin the objective function of the master
problem. Thus the cuts are valid for any 2 [0; 1]. If X is polyhedral, then the
master problem is a linear program for which a parametric analysiswith respect
to the objective coe cient can be easily carried out to detect the range of
for which the current master problem basisremains optimal. We can then chose
a outside this range and reoptimize. In this way we can construct the e cien t
frontier for the ertire range of 2 [0;1]. This parametric modi cation of the
cutting plane Algorithm 1 is summarizedin Algorithm 2.

We implemented an enhancedversionof Alogrithm 2 and applied it to gener-
ate the mean-ASD frontier for v e standard stochastic linear programming test
problems. Our implemertation extends the basic scheme of Algorithm 2 with
an "; {trust-region basedregularization as described in [6]. We usedthe GNU
Linear Programming Kit (GLPK) [7] library routines to solve linear program-
ming subproblems. All computations were carried out on a Linux workstation
with dual 2.4 GHz Intel Xeon processorsand 2 GB RAM. The stochastic linear
programming test problemsin our experiments are derived from those usedin
[5]. We consider the problems LandS gbd, 20term, storm and ssn. Data for
theseinstancesare available from the website:

http://lwww.cs.wisc.edu/ swright/stochastic/sampling

These problems involve extremely large number of scenarios(joint realizations
of the uncertain problem parameters). Consequetly, we considerinstanceswith
500, 100,50, 50, and 25 equi-probable sampled scenariofor the problemsLandS
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Algorithm 2 A parametric cutting plane algorithm for the mean-ASD stochas-
tic program (17) (the set X is polyhedral).

1: let 0 be a pre-specied tolerance; set =0,i=1,LB = 1 andUB = +1.
2: while YB_LtB do
3:  solve the following master linear program

1
=
Lo

LB = minf(l ) + :x2X; Oy + W)T(x  x)j
- )+ ()T (x X))

I
L
[N
Q

and let x' beits optimal solution (or any feasible solution if an optimal doesnot exist).

4. for ! 2 do _ _ _
5: compute Y'(! )= f(x';!')and '(!1)2 @ (x';!).
6: end for ) i ) )
7. compute (x')= E[Y']andu' = E[ ']
8: compute ()= EmaxfY'; (x')g] R _
and v! = i) (x) '(!. )dP (! )f Wiy (xi) u'dP(!) (cf. Proposition 9).
9: setUB = minfUB;(1 ) XY+  (x")g.
10: end while
11: use parametric analysis on the master problem to nd the range [; ] for which the

current master problem basis remain optimal.
12: if < 1,set = minfl, + "g(where" > Oisverysmall), LB = 1 andUB = +1
and return to step 2.

gbd, 20term, storm and ssn, respectively. Figures 1-5 shows the mean-ASDe -

cient frontier obtained by the parametric cutting plane algorithm (Algorithm 2)
for the v e problems. In ead case,the parametric strategy was signi cantly
more e cien t than resolving the problem for scratch for di erent values of

228.6

T
efficient frontier —+—

2285

228.41

228.3

E(f(x,w))

228.2

228.1F

228 I I I I I
22 22.2 22.4 22.6 22.8 23 23.2

ASD

Fig. 1. Mean-ASD frontier for the LandS problem
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Fig. 2. Mean-ASD frontier for the gbd problem
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Fig. 4. Mean-ASD frontier for the storm problem
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