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Abstract. Resultsare reported of testing a number of existing state of the
art solversfor global constrainedoptimization and constraint satisfactionon
a set of over 1000test problemsin up to 1000variables.

1 Overview

As the recern survey Neumaier [24] of completesolution techniquesin global
optimization documerts, there are now about a dozensolversfor constrained
global optimization that claim to solve global optimization and/or constrairt
satisfaction problemsto global optimality by performing a completeseard.

Within the COCONUT project [30, 31], we evaluated many of the existing
software padkagesfor global optimization and constrairt satisfaction prob-
lems. This isthe rst time that di®eren constrainedglobal optimization and
constraint satisfaction algorithms are comparedon a systematic basis and
with a test setthat allows to derive statistically signi cant conclusions.We
tested the global solvers BARON, GlobSol, ICOS, LGO, LINGO, OQNLP,
Premium Solwer, the local solver MINOS, and a basic conbination strategy
COCOSimplemerted in the COCONUT platform.

1



The testing processturned out to be extremely time-consuming,due to var-
ious reasonsnot initially articipated. A lot of e®ortwent into creating ap-
propriate interfaces, making the comparisonfair and reliable, and making
it possibleto processa large number of test examplesin a semiautomatic
fashion.

In arecert paper about testing local optimization software, Dolan & Mor &
[6, 7] write: We realize that testing optimization software is a notoriously dif-

“cult problemand that there may be objections to the testing presente in this
reprt. For example,performance of a particular solvermay improvesigni -

cantly if non-defaultoptions are given. Another objection is that we only use
one starting point per problemand that the performance of a solver may be
sensitiveto the choice of starting point. We also haveusel the default stop-
ping criteria of the solvers. This choicee may biasresultsbut shouldnot a®et
comparisons that rely on large time di®eenes. In spite of theseobjections,
wefeel that it is essentialthat we provide someindication of the performanace
of optimization solverson interesting problems.

Thesedizculties are also presen with our bendmarking studies. Section
2 descrikes our testing methodology We use a large test set of over 1000
problems from various collections. Our main performancecriterium is cur-
rently how often the attainment of the global optimum, or the infeasibility of
a problem, is correctly or incorrectly claimed (within sometime limit). All

solvers are tested with the default options suggestediy the providers of the
codes, with the requestto stop at a time limit or after the solver believed
that rst global solution was obtained.

Theseare very high standards, much more demandingthan what had been
done by anyone before. Thorough comparisonsare indeedvery rare, due to
the dixcult y of performing extensive and meaningful testing. Indeed, we
know of only two comparative studies[17, 22]in global optimization ranging
over more than perhapsa dozenexamples,and both are limited to bound
constrainedblack box optimization. (SeealsoHuyer [14] for somefurther
tests.)

Only recenly rudimentary beginningswere made elsewheren testing con-
strained global optimization [11]. On the other hand, there are a number of
reports about comparing codesin local optimization [1, 4, 6, 7, 13, 16, 27],
and there is an extensiwe web site [21] with wide-rangingcomparative results
on local constrainedoptimization codes.

Section 3 descrilkes the tests done on the most important state of the art
global solvers. Shortly expressedthe result is the following:



Among the curren tly available global solver, BAR ON is the fastest
and most robust one, with LINGO and OQNLP being close. None
of the current global solvers is fully reliable, with one exception:
For pure constrain t satisfaction problems, ICOS, while slower than
BAR ON, has excellent reliabilit y prop erties when it is able to nish
the complete search.

Mo dels in dimension < 100can currently be solved with a success
rate (global optim um found) of about 80% (BAR ON and OQNLP)

while (within half an hour of CPU time) much fewer larger models
can be solved. Overall, the stochastic solver OQNLP was most
successful, but it is much slower and cannot o®er information about
when the search is completed.
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Figure 1. COCOSvs. BARON: Times for lib2s2 , hard models with 10{99
variables. Marks at the upper border of the gure indicate inability to nd
a global minimizer within the alloted time

The best completesolvers (BARON and LINGO) wereableto completethe
seart in about one third of the models with lessthan 100 variables, but
BARON, the most reliable optimizer, lost in about 7 percert of the caseghe
global minimum.



times (unit = 1000 Mcycles)

F + + F xxx x o ok ok ok ko % K ok ok o ok ok % %k x % % % ok ok ok ok % ok x x K % ok ]
[ X
. « kXX +++
10" ¢ 3
10° 3
+
101k + B
+
10° | E
107 | E
| | | | | | | |
0 5 10 15 20 25 30 35 40

+=BARON6/GAMS x=COCOS0-47

Figure 2: COCOSvs. BARON: Timesfor lib2s3 , hard modelswith 100{999
variables. Marks at the upper border of the gure indicate inability to nd
a global minimizer within the alloted time

Section4 corntains comparisonswith a basic conbination strategy COCOS
implemerted in the COCONUT platform (Schichl [30, 31]). Our COCOS
prototype strategy is already of comparablestrength with the solversGlobSol
and Premium Solver. While not yet asgood as BARON, it already solvesa
number of modelswith 100and more variablesthat BARON could not solve
within the allotted time (cf. Figure 2).

Sincethe COCONUT environment is not yet fully bug-free, COCOSwasrun
in debugmode (printing lots of auxiliary information which slows everything
down) and without any compiler optimization. Moreover, unresohed bugsin
the implemertation of someof the theoretically excient techniques(exclusion
boxes)causedfurther slovdown. We expectthat the resolution of thesebugs,
full optimization, and better conbinations of the strategiesavailable will lead
in the nearfuture (by the end of 2004)to a padckagethat is fully competitive
with BARON, or even outperformsit. Indications for this can already be
seenin Figure 1 (modelsare sorted by time taken by COCOS;the marks at
the top of the gure indicates failure to nd the global optimum): Among
the models between 10 and 100 variablesof library 2 that were hard in the
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sensehat the local solver MINOS did not nd the global minimum, COCOS
and BARON solved about the samenumber of models (but mostly di®eren
ones)within the time limit. A combination COCOS+BARON (which is in
principle possiblewithin the COCONUT ervironment) would almost double
the exciency.

Much more detailed resultsthan can be given hereare available online at [3].

Ac knowledgmen ts

We are happy to adknowledgecooperation with various people. Dan Fylstra
(Frontline Solwer), Baker Kearfott (GlobSol), Alex Meeraus(GAMS), Yahia
Lebbah (ICOS), JanosPinter (LGO), Nick Sahinidis (BARON), and Linus
Sdirage (LINGO) provided valuable support in obtaining and running their
software. The rst round of testing GlobSol was done by Bogl&rka THth
(SzegedHungary). Mihgly Markot testedand debuggedpreliminary versions
of the COCOS strategy.

The resultspresetted are part of work donein the context of the COCONUT
project [30, 31] sponsoredby the European Union, with the goal of inte-
grating various existing complete approadiesto global optimization into a
uniform whole. Funding by the European Union under the IST Project Ref-
erenceNumber IST-2000-26063within the FET Open Scemeis gratefully
adknowledged.

2 Testing

Intro duction.  We presen test results for the global optimization systems
BARON, GlobSol, ICOS, LGO/GAMS, LINGO, OQNLP Premium Soler,
for comparisonthe local solver MINOS, and (in the next section) a basic
conbination strategy COCOSimplemerted in the COCONUT ervironmert.

All tests were made on the COCONUT bendimarking suite descriked in

Shcherbina etal. [32). For generalitieson bendimarking and the asseiated
dixculties, in particular for global optimization, seeDeliverable D10. Here
we concettrate on the documertation of the testing conditions usedand on
the interpretation of the results obtained. For the interpretation of the main
results, seethe overviewin Section1l.

The test set. A good bendimark must be onethat canbeinterfacedwith all
existing solhers,in a way that a suxcient number of comparative results can
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be obtained. There are various smaller-scalebendimark projects for partial
domains, in particular the bendimarks for local optimization by Mittel-
mann [21]. A very recen web site, the GAMS Global Library [17] started
collectingreal life global optimization problemswith industrial relevance,but
currently most problemson this site are without computational results. Our
bendimark (described in more detail in [32]) includes most of the problems
from thesecollections.

The test set consistsof 1322 models varying in dimension (number of vari-
ables) betweenl and over 1000,coded in the modeling languageAMPL [8].
They are sorted by sizeand source(library). Sizek denotesmodels whose
number of variables (after creating the corresppnding DAG and simplifying
it) hask decimal digits. Library 1 (from Global Library [12]) and Library
2 (from CUTE [5], in the versionof Vanderbei [33]) consistof global (and
somelocal) optimization problemswith nonempty feasibledomain, while Li-
brary 3 (from EPFL [32]) consistsof pure constraint satisfaction problems
(constart objective function), almost all being feasible. The resulting 12
model classesare labeled aslib2sl (= sizel modelsfrom Library 2), etc..

Table 1: Number of test models

Number of variables| 1j 9| 10; 99| 100; 999|, 1000
sizel size2 size3 | size4 | total
Library 1 84 90 44 48 | 266
Library 2 347 100 93 187 | 727
Library 3 225 76 22 6| 329
total 656 266 159 241| 1322

Werestricted testing to modelswith lessthan 1000variablessincethe models
of size 3 already poseso many ditculties that working on the (much more
CPU time consuming)larger modelsis likely to give no additional insight for
the current generationof solvers.

We alsoexcludeda small number of modelsfrom thesetest setsbecauseof dif-
“culties unrelatedto the solers. In particular, the functionsif , log10, tan,
atan, asin, acos and acosh are currently not supported by the ampl2dag
corverter. Since they are used in the models ColumnDesign-original
FatigueDesign-original , djtl , hubfit (if ), bearing (log10), yfit |,
yfitu  (tan), artif , helix , s332, TrussDesign-full , TrussDesign0O1l
(atan), dallasl , dallasm, dallass (asin), chebygad cresc4, cresc50,
crescl00, crescl32 (acos), coshfun (acosh), thesemodels were excluded.



A few of the problems in Library 3 (pure constraint satisfaction prob-
lems) in fact contained objective functions, and hencewere excluded, too.
This was the casefor the models h78, h80, h81, logcheb, medianexp,
mediannonconvex robotarm, steenbre. A few other models, namely
ex8.3_12, ex8.3_14, concon, mconcon osborneb, shaved strange behavior,
making us suspect that it is due unspotted bugsin our corverters.

Finally, sewral problems (elec100, elec200, polygonl100, arglina,
chandheq, dtoclnd, eigenc2, flosp2hh, flosp2hl, flosp2hm,
integreq, s368, logcheb, arglina, nnls, all of size3) causedmemory
over°ow for our solution cheder, and were therefore excluded.

The modelswherenone of the solversfound a feasiblepoint and someother
attempts to get one failed, are regardedin the following as being infeasible
(though someof thesemight possesaindiscovered feasiblepoints).

The computers. Becauseof the large number of modelsto be solved, we
performedour tests on a number of di®erert computers,called Lisa, Hektor,
Zenon, Theseusand Bagend. Their brand and their general performance
characteristic are displayed below. The standard unit time STU is de ned
accordingto Shcherbina et al. [32]; for Bogomipsand Linpack, see
http://www.tldp.org/HOWTO/mini/BogoMips-2.html
http://www.netlib.org/benchmark/linpackjava

Computer CPU type os CPU/MHz | Bogomips | STU/sec | Linpack
Lisa AMD Athlon Linux 1678.86 3348.88 50 7.42
XP2000+
Hektor AMD Athlon Linux 1544.51 3080.19 53 6.66
XP1800+
Zenon AMD Family 6 | Windows 1001 | 74 46.78
Model 4 NT 4.0
Theseus Pentium 111 Linux 1000.07 1992.29 130 4.12
Bagend AMD Athlon Linux 1666.72 3329.22 36 5.68
MP2000+

To decideon the bestway to compareacrosscomputers,we ran the models
from liblsl with BARON on both Lisa and Theseus,and compared the
resulting ratios of CPU times with the ratios of performanceindices, given
by the following table.

Lisa | Theseus| Ratios | Inverseratios
Frequency| 1678.86| 1000.07| 1.68 0.60
Bogomips | 3348.88| 1992.29| 1.68 0.59
STU 50.00 | 130.00 | 0.38 2.60
Linpack 7.42 4.12 1.80 0.56
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As Figure 3 with the results shaws, the appropriate index to useis the fre-
guency We therefore measuretimes in multiples of 1000 Mcycles, obtained
by multiplying the CPU time by the nominal frequencyof the CPU in MHz,
and dividing the result by 1000. Figure 3 alsoshowns that small times are not
well comparable;we thereforedecidedto round the resulting numberst to 1
digit after the decimal point if t < 10, and to the nearestintegerif t , 10.

Figure 3: Times and timing ratios for libl1s1with BARON
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The solvers. The following tables summarizesomeof the main properties
of thesesolwers, as far as known to us. Missing information is indicated by



a question mark, and partial applicability by a + or j
dominant technique (if any) exploited by the solver is denotedby ++.

in parertheses;the

The rst two rows give the nameof the solversand the accesdanguageused
to passthe problem description. The next two rows indicate whether it is
possibleto specify integer constrairts (although we don't test this feature),
and whether it is necessaryto specify a nite seart box within which all
functions can be evaluated without °oating point exceptions.

Solver Minos LGO BARON ICOS GlobSol
accesdanguage GAMS C GAMS AMPL  Fortran90
optimization? + + + - +
integer constrains i + + i i
seart bounds i required recommended | required
black box eval. + + i i i
complete i (i) + + +
rigorous i i i + +
local ++ + + + (+)
CP i i + ++ +
other interval i i P+ ++
convex/LP i i ++ + i
dual + i + i i
available + + + + +
free i i i + +
Soler Premium  LINGO ®BB GloptiPoly  OptQuest
Solver Global
accesdanguage Visual Basic LINGO MINOPT Matlab Visual Basic
optimization? + + + (+) +
integer constrairts + + + i +
seart bounds + - ? i +
black box eval. i i i i +
complete + + + + i
rigorous (+) i i i i
local + + + i +
CP + + i i i
interval ++ + + i i
corvex + ++ ++ + i
dual i + i ++ i
available + + i + +
free i i i + i




The next three rows indicate whether black box function evaluation is sup-
ported, whether the seart is complete (i.e., is claimed to cover the whole
seart regionif the arithmetic is exactand suzciently fast) or evenrigorous
(i.e., the results are claimedto be valid with mathematical certainty evenin
the presenceof rounding errors). Note that generaltheoremsforbid a com-
plete nite seart if black box functions are part of the problem formulation,
and that a rigorous seart is necessarilycomplete. In view of the goals of
the COCONUT project we weremainly interestedin completesolvers. How-
ewver, we were curious how (some) incomplete solvers perform. Five further
rows indicate the mathematical techniqguesusedto do the global seartr. We
report whether local optimization techniques, constrairt propagation, other
interval techniques, convex analysisand linear programming (LP), or dual
(multiplier) techniquesare part of the toolkit of the solver.

The nal two rows indicate whether the code is available (we include in this
list of properties the solver ®B becauseof its good reported properties,
although we failed to obtain a copy of the code), and whether it is free (in
the public domain).

In this report, we study the behavior of the solversBARON/GAMS version6
[28, 29|, GlobSol (versionreleasedl1 Septenber 2003)[18], ICOS (beta-test
version from February 16, 2004) [19] LGO/GAMS [2€], LINGO version8.0
[20], OQNLP/GAMS [10], Premium Soler (Interval Global Solver from the
Premium Solwer Platform of Frontline Systems,Version5) [9]. (Gloptip oly
is limited to polynomial systemsof dimension< 20, and wasnot yet tested.)

To enableus to asses$iow ditcult it is (i) to nd a global minimum, and
(i) to verify it asglobal { in many instances,part (ii) is signi cantly harder
than part (i) {, results (without timings) from the local solver MINOS [23]
are alsoincluded in the tables.

ICOS only handles pure constraint satisfaction problems, and hence was
tested only on Library 3. Two of the solvers (BARON and ICOS) alsoallow
the generationof multiple solutions, but dueto the lack of a reliable basisfor
comparison,this featurehasnot yet beentested. Two of the solvers(BAR ON
and LINGO) allow oneto poseintegerconstrairnts, and one(Premium Solwer)
allows nonsmamth expressions.Neither of these featureshas beentested in
this study.

Passing the models. The accesdo all test modelsis through an AMPL
interface, which translatesthe AMPL model de nition into the internal form
of adirectedacyclicgraph (DAG) which is labelledin sud away asto provide
auniquedescriptionof the modelto be solved. This internal descriptioncould
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be simpli ed by a program dagsimplify which performs simple presohe
and DAG simpli cation tasks. Moreover, all maximization problems are
converted to minimization problems,with objective multiplied by j 1. This
preprocessingensureghat all solversstart with a uniform level of description
of the model. The DAG is then translated into the input format required by
ead solver (without simpli cation).

A testing ervironment wascreatedto make asmuch aspossibleof the testing
work automatic. We had to rerun many calculationsfor many modelswhen-
ewver bugswere xed, new versionsof a solver becameavailable,, new solvers
wereadded,improvemerts in the testing statistics weremade, etc.; this would
have beenimpossiblewithout the support of sud a testing environmert.

Performance criteria. All solversare tested with the default options sug-
gestedby the providers of the codes. (Most solvers may be made to work
signi cantly better by tuning the options to particular model classeshence
the view given by our comparisonsmay look more pessimisticthan the view
users get who spend time and e®ort on tuning a solver to their models.
Howewer, in a large-scaleautomated comparison,it is impossibleto do sud
tuning.)

The timeout limit usedwas (scaledto a 1000MHz macdine) around 170sec-
ondsCPU time for modelsof sizel, around 850 seconddor models of size2,
and around 1700secondgor modelsof size3. The precisevalue changedbe-
tweendi®eren runs sincewe experimerted with di®eren units for measuring
time on di®eren macines. But changing (not too much) the value for the
timeout limit hardly a®ectsthe cumulative results, sincethe overwhelming
majority of the modelswas either completedvery quickly, or extremely slow.
(Once we shall have settled all aspects of the bendimarking procedure, we
shall rerun all tests with uniform timeout limits, to have publishable data.)

The solver WinLGO and GlobSolrequired a boundedseart region, and we
boundedead variable betweenj 1000and 1000,exceptin a few caseswvhere
this lead to a lossof the global optimum.

The reliability of claimed results is the most poorly documerted aspect of
current global optimization software. Indeed, as was shavn by Neumaier

& Shcherbina [25] aspart of the current project, even famousstate-of-the-
art solerslike CPLEX8.0 (and many other commercial MILP codes) may
lose an integral global solution of an innocert-looking mixed integer linear
program. We usethe following v e categoriesgo descrike the quality claimed:
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| Sign | Description

model not acceptedby the solver

model claimed infeasibleby the solver

result claimedto be a global optimizer

result claimedto be a local (possibly global) optimizer
unresohed (no solution found or error message)
timeout reaced (quali es L and U)

—HCcCm|o | X

Note that the unresohed casemay cortain casesvherea feasiblebut nonop-
timal point was found, but the system stopped before claiming a local or
global optimum.

Checking for best function value. The program solcheck from the
COCONUT Environmernt cheds the feasibility of putativ e solutionsof solver
results. This was necessarysince we found lots of inconsistencieswhere
di®eren solvers produceddi®eren results, and we neededa way of cheking
whether the problem wasin the solver or in our interfaceto it. A point was
consideredto be (nearly) feasibleif eat constrairt ¢(x) 2 [c;T] was satis ed
within an absolute error of tol for bounds with absolutevalue < 1, and a
relative error of tol for all other bounds. Equality constraints were handled
by the samerecipe with c= C.

To ewvaluate the test results, the bestfunction value is neededfor ead model.
We cheded in all casesthe near feasibility of the best points usedto verify
the claim of global optimality or feasibility. In a later stage of testing we
intend to prove rigorously the existenceof a nearby feasiblepoint. More
speci cally:

The resultsof all solverstestedweretakeninto accour, andthe bestfunction
value was chosenfrom the minimum of the (nearly) feasiblesolutions by any
solver. For modelswherethis did not give a (nearly) feasiblepoint, we tried
to nd feasiblepoints by ad hoc means,which were sometimessuccessful.
If there was still no feasiblesolution for a given model, the (local) solution
with the minimal residualwas chosen(but the result marked asinfeasible).

To test which accuracyrequiremers on the constrairt residualswere ade-
guate, we courted the number of solutionsof BARON and LINGO onlib1sl
which were acceptedasfeasiblewith various solcheck tolerances.Basedon
the results given in the following table, it was decidedthat a tolerance of
10 ° was adequate. (The default tolerancesused for running BARON and
LINGO were10 8.)
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| soher | tolerance| all | accepted| +G | G! | G? | I? |

BARON le-4 |91 88 75136 1| 0
le-5 91 88 75136 1| 0
le-6 91 88 56| 24| 13| O
le-7 91 88 49119 18| O
LINGO le-4 91 91 82|66 3| 0
le-5 91 91 81|65 4| 0
le-6 91 91 77,63 6| 0
le-7 91 91 52141| 28| O

Test results. In online Tes [3], we give a completelist of results we cur-
rently have on the nine model classeqi.e., excluding the models with 1000
or more variables,and the few modelsdescribed before.) For the purposesof
comparisonin view of roundo®, we rounded function valuesto 3 signi cant
decimal digits, and regarded function valuesof < 10 * as zero (but print
them in the tables as nonzeros)when the best known function value was
zero. Otherwise, we regard the global minimum as achieved if the printed
(rounded) valuesagree.

Notation in the tables. In the summary statistic tables the following
notation is used:

| Column | Description |
library descrikesthe library

all library/size

accepted| the number of models acceptedby the solver

+G number of modelsfor which the global solution was found

G! number of modelsfor which the global solution was
correctly claimedto be found

G? number of modelsfor which a global solution was claimed

but the true global solution wasin fact signi cantly better
or the global solution is reported but in fact that is an
infeasiblepoint

[? number of modelsfor which the model was claimed
infeasiblealthough a feasiblepoint exists

For modelswherea local optimizer nds the global optimum (without know-
ing it), the purposeof a global code is to chedk whether there is indeed
no better point; this may well be the most time-consumingpart of a com-
plete seart. For the remaining modelsthe seard for the global optimum is
already hard. We therefore split the evaluation into
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2 'easy location models' where the local optimizer MINOS found the
global solution,

2 and 'hard location models' where a local optimizer did not nd the
global solution.

For the easyand hard models (accordingto this classi cation), the claimed
status is given in the columns;the rows cortain a comparisonwith the true
status:

| Column | Description |
wrong | number of wrong claims, i.e. the sum of G? and 1? from
the summary statistic table

+G how often the solution found wasin fact global

i G how often it wasin fact not global

I how many modelsare in fact infeasible

For ead library detailedtablesfor all modelsand all solverstested,and many
more gures (of the sametype asthe few presered here) are also available,
for reasonsof spacethey are preserted online on the web [3].

GlobSol. Totest GlobSol,we usedan evaluation versionof LAHEY Fortran
95 compiler. Note that we had ditculties with the Intel Fortran compiler.

In the rst round we tested GlobSol on Library 1 size 1 problems(contains
91 problems)with the sametime limit asusedfor the other solvers. GlobSol
failed to solve most of the problems (only 29 problemswere solved) within

the strict time limit. For this reasonwe decidedto use a very permissie
time limit.

Figure 4 comparesthe two global solvers BARON and GlobSolon the sizel
problemsfrom Library 1. The gure cortains timing results for the models
described in the gure caption, sorted by the time usedby GlobSol. Conver-
sion times for putting the modelsinto the format required by the solversare
not included. Times (given in units of 1000Mcycles) below 0.05 are places
on the bottom border of ead gure, models for which the global minimum
was not found by the solver get a dummy time above the timeout value, and
are placedat the top border of ead gure. In this way one can assesghe
successfutompletion of the global optimization task.

Clearly, GlobSolis much lessexcient in both time and solving capacity than
BARON. To alargeextert this may be dueto the fact that GlobSolstrivesto
adhieve mathematicalrigor, resulting in signi cant slovdown dueto the need
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Figure 4: Times for liblsl , all models, GlobSolvs. BARON
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of rigorously validated techniques. (There may be also systematic reasons
in the comparison,since GlobSol does not output a best approximation to
a global solution but boxes, from which we had to extract a test point.) In
view of theseresults, we refrained from further testing GlobSol.

The summary statistics on library 11s1can be found in the following table.

GlobSol summary statistics

library

all accepted| +G G!

G? I?

liblsl

91 77| 29 29

29 0

A more detailed table gives more information. Included is an evaluation of
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the status claimed about model feasibility and the global optimum, and the
true status (basedon the best point known to us).

GlobSolon libls1l

status | all | wrong | easylocation | hard location

+G G | |[+G G |
all 91 29| 15 23 0| 14 39 O
G 58 29| 15 12 0| 14 17 O
U 17 0 0 50 0 12 0
uT 2 0 0 10 0 1 0
X 14 0 0 50 0 9 0

Figure 5:

Times for liblsl , all models, Premium Solwer vs.
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Premium Solver. The sametests asfor GlobSol were performedfor Pre-
mium Soler, with slightly worse performance. In view of theseresults, we
refrained from further testing Premium Solver.

Premium summary statistics

library | all accepted| +G G!| G? 1?
liblsl | 91 75| 35 27| 14 1
Premium Solwver on lib1sl
status | all | wrong | easylocation | hard location

+G G I |+G G |
all 91 15| 29 25 2 6 29 O
G 41 14| 22 11 O 5 3 0
L 12 0 4 2 0 1 5 0
LT 9 0 2 31 0 3 0
U 12 0 1 10 0O 10 O
X 16 0 0 7 1 0 8 0
I 1 1 0 10 0 0 O

BAR ON, LINGO, OQNLP , LGO and MINOS. The following tables
cortain the summarystatistics for the performanceof the other solverstested,
apart from COCOS.ICOS is a pure constrairnt solver, which cannot handle
modelswith an objective function, and hencewastested only on library 3.

BARON/GAMS summary statistics
library | all accepted| +G G! | G? I?
liblsl | 91 88| 66 35| 1 O
libls2 | 80 79| 64 34| 2 O
libls3 | 38 34, 15 0| 0 O
lib2s1 | 324 3001232 91| 7 O
lib2s2 | 99 89| 62 19| 2 2
lib2s3 | 86 81| 31 10| 7 3
lib3s1l | 217 196|165 1| 0 3
lib3s2 | 69 65| 48 0| 0 2
lib3s3 | 20 18 9 0| 0 1

17



LINGO summary statistics

library | all accepted| +G G!| G? 1?
liblsl | 91 91| 70 59| 8 O
libls2 | 80 80| 42 33|12 O
libls3 | 38 38 9 3/ 1 O
lib2sl | 324 324|195 170| 37 O
lib2s2 | 99 99| 55 33|11 O
lib2s3 | 86 86| 30 21| 3 O
lib3sl | 217 2171167 17| 2 O
lib3s2 | 69 69| 42 3/ 0 O
lib3s3 | 20 20 6 2| 0 O
OQNLP/GAMS summary statistics
library | all accepted| +G G! | G? I?
liblsl | 91 91, 70 0| O 1
libls2 | 80 80 62 0| 0 2
libls3 | 38 27 11 0| 0 4
lib2sl | 324 3161246 0| 0 3
lib2s2 | 99 95| 75 0| 0 2
lib2s3 | 86 74, 61 0| O 3
lib3s1l | 217 213189 0| 0 6
lib3s2 | 69 67| 53 0| 0 4
lib3s3 | 20 17 7 0| 0O 6
LGO/GAMS summary statistics
library | all accepted| +G G! | G? 1?
liblsl | 91 85| 51 0| 0 O
libls2 | 80 78/ 37 0| O 8
libls3 | 38 22 3 0| 0 10
lib2sl | 324 3111208 O| O 6
lib2s2 | 99 91, 48 0| 0 17
lib2s3 | 86 48| 14 0| 0 10
lib3s1l | 217 2121142 0| O 48
lib3s2 | 69 67 28 0| 0 22
lib3s3 | 20 10 2 0| 0 6
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MINOS/GAMS summary statistics
library | all accepted| +G G! | G? 1?
liblsl | 91 91, 53 0| O O
libls2 | 80 80| 43 4| 0 4
libls3 | 38 38| 16 0| 1 4
lib2s1 | 324 324|213 10| 6 13
lib2s2 | 99 97| 65 4| 2 4
lib2s3 | 86 85| 34 1| 0 11
lib3sl | 217 213|151 2 0 27
lib3s2 | 69 69 36 1| 0 12
lib3s3 | 20 20 8 1| 0 6

ICOS summary statistics
library | all accepted| +G G!| G? I?
lib3sl | 217 198|128 122 2 O
lib3s2 | 69 0 0 0O, 0 O
lib3s3 | 20 18 3 3/ 0 O

The correspnding reliability analysistables are as follows.

Reliability analysisfor BARON

global minimum found/accepted

sizel 463/584 Y4 79%
size2 174/233 Y4 75%
size3 55/133 %4 41%
all 692/950v4 73%
correctly claimed global/accepted
sizel 127/584 Y4 22%
size2 53/233 Y4 23%
size3 10/133 %4 8%
all 190/950%4 20%
wrongly claimed global/claimed global
sizel 8/135 ¥4 6%
size2 4/57 Y4 7%
size3 7117 Y2 41%
all 19/209 ¥4 9%
claimed infeasible/acceptedand feasible
sizel 3/537 Y4 1%
size2 4/202 Y4 2%
size3 4/102 Y4 4%
all 11/841 Y4 1%
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Reliability analysisfor LINGO

global minimum found/accepted

sizel 432/632 Y4 68%
size?2 139/248%456%
size3 45/144 Y4 31%
all 616/1024Y4 60%
correctly claimed global/accepted
sizel 246/632 Y4 39%
size2 69/248 /4 28%
size3 26/144 Y, 18%
all 341/1024Y4 33%
wrongly claimed global/claimed global
sizel 471293 Y4 16%
size2 23/92 Y4 25%
size3 4/30 Y2 13%
all 74/415 Y4 18%
claimed infeasible/acceptedand feasible
sizel 0/513 ¥ 0%
size2 0/164 % 0%
size3 0/63 ¥4 0%
all 0/740 % 0%
Reliability analysisfor OQNLP |
global minimum found/accepted
sizel 505/620v4 81%
size2 190/242 %4 79%
size3 79/118 ¥4 67%
all 774/980Y4 79%
claimed infeasible/acceptedand feasible
sizel 10/582 ¥4 2%
size2 8/220 ¥4 4%
size3 13/95 Y4 14%
all 31/897 ¥4 3%
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Reliability analysisfor LGO |

global minimum found/accepted
sizel 401/608 %2 66%
size?2 113/236%4 48%
size3 19/80 ¥4 24%
all 533/924 Y4 58%
claimed infeasible/acceptedand feasible
sizel 54/519 ¥4 10%
size2 47/170 Ya 28%
size3 26/45 Y4 58%
all 127/734%.17%
| Reliability analysisfor MINOS |
global minimum found/accepted
sizel 4171628 Y1 66%
size2 144/246Y2 59%
size3 58/143 Y4 41%
all 619/1017Y261%
correctly claimed global/accepted
sizel 12/628 ¥4 2%
size2 9/246 Y4 4%
size3 2/143 Y4 1%
all 23/1017 % 2%
| | wrongly claimed global/claimed global |
sizel 6/18 Y1 33%
size2 2/11 %2 18%
size3 1/3 ¥4 33%
all 9/32 Y1 28%
claimed infeasible/acceptedand feasible
sizel 40/526 Y2 8%
size2 20/189 %4 11%
size3 21/96 Y4 22%
all 81/811 %, 10%

The results speak for themselhes, here only a few obsenations.

The GAMS solvers LGO and OQNLP are very cautious, never claiming a
globalminimum. This re°ectsthe obsenedunreliability of the internal claims
(asseenby studying the log Te) of the LGO versionusedby GAMS, and their

decisionrather to err on the consenrative side.
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For pure CSPswhen the objective function is constart, any feasiblepoint is
a global solution. But asthe results shaw, this is not recognizedby any of
the solversexceptICOS.

It isremarkablethat under GAMS, the local solver MINOS sometimesclaims
to have found a global result. This is the case,e.g.,becausesomemodelsare
recognizedas linear programsfor which ewery local solution is global.

Another remarkable obsenation is that the models from Library 1, which
were collected speci cally as test problemsfor global optimization, do not
behare much di®erenly from thoseof Library 2, which were collectedastest
problemsfor local optimization routines.

3 Comparing the COCOS combination
strategy

In this section we compare COCQOS, a basic conbination strategy imple-
merted in the COCONUT ervironmert (version 0.99), with BARON, and
on liblsl (problemsfrom GlobalLib with lessthan 10 variables) also with
GlobSol, LINGO, and Premium Solwer, the other complete solvers usedin
our tests.

liblsl summary statistics
solver all accepted| +G G! | G? I?
LINGO 91 91| 70 59| 8 O
BARON | 91 88| 66 35| 1 O
OQNLP | 91 91| 53 0| O O
MINOS | 91 91| 53 0| 0 O
LGO 91 85| 51 0| O O
COCOSs | 91 91| 41 26| 12 O
Premium | 91 75| 35 27| 14 1
GlobSol | 91 77| 29 29|29 O

Clearly, COCOS cannot yet compete with the best solvers, but it performs
already at the samelevel as GlobSol and Premium Solwer. On the other
sublibraries, the performanceis as follows.
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COCOS summary statistics
library | all accepted| +G G! | G? 1?
liblsl 91 91| 41 26| 12 O
libls2 | 80 80| 35 9| 7 O
libls3 | 38 38 6 0| 6 O
lib2s1l | 324 323|132 76| 32 O
lib2s2 | 99 9| 37 9| 5 0
lib2s3 | 86 86| 16 4| 3 O
lib3sl | 217 2171129 40, 3 O
lib3s2 | 69 69| 38 16| 2 O
lib3s3 | 20 20 6 3| 0 O
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| Reliability analysisfor COCOS |

global minimum found/accepted

sizel 302/631 Y4 48%
size?2 110/248%4 44%
size3 28/144 %4 19%

all 440/1023%2 43%

correctly claimed global/accepted

sizel 142/631%4 23%
size2 34/248 Y4 14%
size3 71144 Y4 5%

all 183/1023Y4 18%

wrongly claimed global/claimed global

all | Y%
sizel 47/189 Y4 25%
size2 14/48 Y2 29%
size3 9/16 ¥4 56%

all 70/253 Y4 28%

claimed infeasible/acceptedand feasible

sizel 0/398 ¥4 0%
size2 0/136 ¥ 0%
size3 0/38 ¥ 0%

all 0/572 ¥4 0%

For the hard models (where the local solver MINOS did not nd the global
optimum), the performanceis already closeto that of the currently best
solversBARON and LINGO; seethe gures in Sectionl.

Performanceon problemswith few variables, or easy problems (where the
local solver MINOS already found the global optimum) was lessgood. The
current versionof COCOSis dominated for small or easierproblemsby over-
headdueto printing debugginginformation and the presenceof choicesthat
are really useful only for larger, hard problems. We did not yet have time
to tune the parametersin the COCOS strategy to get a uniformly good
performance;this will be donein the near future.

References

[1] R.S.Barr, B.L. Golden,J.P. Kelly, M.G.C. Resendeand W.R. Stewatrt,
Designing and reporting on computational experimerts with heuristic

24



methods, Journal of Heuristics 1 (1995), 9{32.
http://www.research.att.com/~mgcr/abstracts/guidelines.htmi

[2] F. Benhamouand F. Goualard, Universally Quarti ed Interval Con-
straints. In Proceadings of the 6th International Conference on Princi-
ples and Practice of Constraint Programming (CP'2000), pages67{82,
2000.

[3] COCONUT test results, WWW-directory, 2004.
http://www.mat.univie.ac.at/ neum/glopt/coconut/tests/figures/

[4] H.P. Crowder, R.S. Dembo and J.M. Mulvey, On reporting Computa-
tional Experimerts with Mathematical Software, ACM Transactionson
Mathematical Software, 5 (1979), 193{203.

[5] N.I.M. Gould, D. Orban and Ph.L. Toint, CUTEr, a constrainedand
unconstrainedtesting environment, revisited, WWW-do cumen, 2001.
http://cuter.rl.ac.uk/cuter-www/problems.html

[6] E.D. Dolan and J.J. Mor&, Bendhmarking Optimization Software with
COPS, Tedh. Report ANL/MCS-246, Argonne Nat. Lab., Novenber
2000.
http://www-unix.mcs.anl.gov/~more/cops

[7] E.D. Dolan and J.J. Mor$, Bendhmarking Optimization Software with
Performance Pro les, Tecdh. Report ANL/MCS-P861-1200, Argonne
Nat. Lab., January 2001
http://www-unix.mcs.anl.gov/ more/cops

[8] R. Fourer, D.M. Gay and B.W. Kernighan, AMPL: A Modeling Lan-
guage for Mathematical Programming, Duxbury Press, Brooks/Cole
Publishing Compary, 1993.
http://www.ampl.com/cm/cs/what/ampl/

[9] Frontline Systems, Inc., Solver Tednology - Global Optimization,
WWW-do cumernt (2003).
http://www.solver.com/technology5.htm

[10] GAMS Solwer descriptions, GAMS/OQNLP , WWW-do cumert (2003).
http://www.gams.com/solvers/solvers.htm#OQNLP

[11] GAMS World, WWW-do cumert, 2002.
http://www.gamsworld.org

25



[12] GLOBAL Library, WWW-do cumert, 2002.
http://www.gamsworld.org/global/globallib.htm

[13] H.J. Greerberg, Computational testing: Why, how, and how much,
ORSA Journal on Computing 2 (1990), 94{97.

[14] W. Huyer, A comparison of some algorithms for bound constrained
global optimization, WWW-do cumert (2004).
http://www.mat.univie.ac.at/ neum/glopt/contrib/compbound.pdf

[15] ILOG. ILOG Solver. Referene Manual. 2002.

[16] R.H.F. Jackkson, P.T. Boggs, S.G. Nash and S. Powell, Guidelines for
reporting results of computational experimerts. Report of the ad hoc
committee, Mathematical Programming 49 (1990/91), 413{426.

[17] E. Janka, Vergleih Stochastisher Verfahrenzur GlobalenOptimierung,
Diplomarbeit, Mathematisches|Inst., Universitdt Wien, 1999.
A shorter online versionin English languageis at
http://www.mat.univie.ac.at/~neum/glopt/janka/gopt _eng.html .

[18] R.B. Kearfott, RigorousGlobal Seard: Cortinuous Problems, Kluwer,
Dordrecht 1996.
www.mscs.mu.edu/globsol

[19] Y. Lebbah, ICOS (Interval COnstraints Soler), WWW-documert
(2003).
http://www-sop.inria.fr/coprin/ylebbah/icos/

[20] Lindo Systems,Inc., New LINGO 8.0, WWW-do cumert (2003).
http://www.lindo.com/table/lgofeatures8t.html

[21] H. Mittelmann, Bencdhmarks. WWW-do cumert, 2002.
http://plato.la.asu.edu/topics/benchm.html

[22] M. Mongeau,H. Karserty, V. Rouz, J.-B. Hiriart-Urrut y, Comparison
of public-domain software for bladk box global optimization, Optimiza-
tion Methods and Software 13 (2000), 203{226.
http://mip.ups-tise.fr/publi/rapp99/99.50.html

[23] B.A. Murtagh and M.A. Saunders,MINOS 5.4 User's Guide, Report
SOL 83-20R, Systems Optimization Laboratory, Stanford University,
Decenber 1983(revised February 1995).
http://www.sbsi-sol-optimize.com/Minos.htm

26



[24] A. Neumaier,Complete Seart in Continuous Global Optimization and
Constraint Satisfaction, to appear in: Acta Numerica 2004 (A. Iserles,
ed.), Cambridge University Press2004.
http://www.mat.univie.ac.at/ neum/papers.htmi#glopt03

[25] A. Neumaier and O. Shderbina, Safe bounds in linear and mixed-
integer programming, Math. Programming A 99 (2004), 283-296.
http://www.mat.univie.ac.at/ neum/papers.html#mip

[26] J.D. Pinter, Global Optimization in Action, Kluwer, Dordrecht 1996.
http://www.dal.ca/~jdpinter/| _s_d.html

[27] H. D. Ratli® and W. Pierskalla, Reporting Computational Experience
in Operations Researb, Operations Researt 29 (2) (1981), xi{xiv.

[28] H.S. Ryoo and N.V. Sahinidis, A branch-and-reduceapproad to global
optimization, J. Global Optim. 8 (1996), 107{139.
http://archimedes.scs.uiuc.edu/baron/baron.html

[29] N. Sahinidis and M. Tawarmalani, Global Optimization with
GAMS/BAR ON
http://www.gams.com/presentations/present _baron2.pdf

[30] H. Sdichl, Global optimization in the COCONUT project. in: Proceed-
ings of the Dagstuhl Seminar "Numerical Software with Result Veri -
cation”, Springer Lecture Notes in Computer Science2991, Springer,
Berlin, 2004.

[31] H. Sdichl, Mathematical Modeling and Global Optimization, Habilita-
tion Thesis(2003), Cambridge Univ. Press,to appear.

[32] O. Shderbina, A. Neumaier, Djamila Sam-Haroud, Xuan-Ha Vu and
Tuan-Viet Nguyen, Bendhmarking global optimization and constrairt
satisfaction codes, Proc. COCOS'02, Springer, to appear.

[33] B. Vanderbkei, Nonlinear Optimization Models, WWW-do cumen.
http://www.orfe.princeton.edu/~rvdb/ampl/nimodels/

27



