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Abstract

We present the optimization component of a decisionsupport system developed for a sedan
serviceprovider. The system assistssupervisors and dispatchers in scheduling driver shifts and
routing the 
eet throughout the day to satisfy customer demandswithin tight time windows.
We periodically take a snapshotof the dynamic data and formulate an integer program, which
we solve to near-optimalit y using column generation. Although the data snapshotis stale by the
time a solution is computed, we are able to solve the integer program quickly enough that the
solution can be adopted after minor modi�cations are madeby a fast local-search heuristic. The
system described in this paper is currently in useand has improved the provider's productivit y
signi�can tly .

1 In tro duction

Improvements in technology areenablingnew applications of optimization techniques. In this paper
we describe an application in which vehiclesare dispatched to meet customerdemandswithin tight
time windows. We present the optimization component of a decisionsupport systemdeveloped for
a provider of car service. Cheap, reliable communications and high-speedcomputing are the two
key advancesthat have enabledreal-time optimization in this setting. Cars are �tted with two-way
data terminals allowing the dispatch center to maintain knowledgeof drivers' states and positions
at all times. Modestly priced compute servers allow us to solve and re-solve the scheduling and
routing problem nearly optimally throughout the day as demandschange. Despite highly dynamic
data, our optimization tool is able to solve the scheduling and dispatching problem quickly enough
to provide a timely schedule, i.e., before the demands have changed so much that the schedule
is largely invalid. Combined with a mechanism that locally updates a schedule within secondsin
response to single a new input, this yields a system in which the car service provider operates
more e�cien tly than it could with its former manual scheduling system. The system described in
this paper was installed in March, 2003and is currently in use 24 hours a day. Productivit y has
increasedsigni�cantly since its introduction.

We separatethe static problem of constructing a schedule for a given set of demandsand resources
from the dynamic problem of maintaining such a schedule as data changesthroughout the day.
In the static problem we are given several vehicle/driv er base locations, a set of drivers and a
number of cars at each base,and a list of rides. Each driver has upper and lower limits on start
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and end times and a wage. Each ride has a start time and a predicted duration. In addition, we
are given predicted travel times from the end of one ride to the start of another, and from each
of the basesto each of the rides and vice versa, and mileage costs for each travel segment. The
problem is to construct a near-optimal collection of driver schedules| onecovering asmany of the
rides as possibleat the smallest possibledriver and mileage cost. (The actual objective function
is somewhat more complicated and is detailed later.) Each driver's schedule must meet his shift
limits and must begin and end at his base. The schedulemust be feasiblein the obvious sensethat
the driver should be able to pick up each passengeron time (within latenessallowances,described
later) and deliver him to his destination before proceedingto the next. Of course, the schedule
must useonly as many cars as are available at each base.

In the dynamic problem, the data changesthroughout the day. New reservations are made,existing
oneschangeor are cancelled,and actual ride start times and durations deviate from the forecasts.
When a driver is dispatched to a ride, the assignment is locked and becomesa constraint on the
schedule. The objective is to maintain a near-optimal collection of driver schedulesat all times as
the data changes.

In this paper, we describe an optimization-basedapproach to solving the static problem and discuss
how it is alsousedto solve the dynamic problem. Later sectionswill detail our precisemathematical
model and the algorithms weuseto solve it. Herewegivea high-level description of our solution. We
solve the problem on three di�eren t time scales:daily (day-aheadplanning) or o�ine , periodically
(say, every 15 minutes) throughout the scheduling day (continual), and on demand with 15-second
responsetime in responseto a single new input (instantaneous). O�ine mode is used to develop
a sta�ng plan for the next day. It is executedseveral times during the day as more information
about the day-ahead rides is becoming available. A signi�cant fraction of reservations are made
or changed on the day of service. Thus it is necessaryto reoptimize the schedule even while it is
being executed. This is the function of continual mode optimization. The primary purposeof the
instantaneousmode is to maintain in the a schedule that is at all times feasibleand near-optimal
with respect to constantly changing data. This mode is activated in response to a single input
change,for exampleto reschedulea ride whoseplanned driver is running late on another ride. Note
that continual and instantaneousmodesrun in parallel and thus must be synchronized.

Two optimization modules are used: an integer program (IP) solver (described in detail below in
Sections3 and 4) and a heuristic local improvement solver (described in detail in Section 5).

The IP solver is usedin two of the modes,o�ine and continual. We chosean IP solver rather than
a heuristic solver for two reasons.First, we conjecture that given enoughcomputation time an IP
solution would be of better quality than a heuristic solution, and second,the IP solution enablesus
also to quantify the quality of the solution basedon the value of the dual solution. The heuristic
local improvement solver is usedin instantaneousmode and in the synchronization of the continual
and instantaneousmodesas described below.

Becausethe frequency of data changesis much higher than the frequency at which the IP solver
usedin continual mode can be invoked, the continual mode schedulemay not be fully synchronized
with the input data. Thus, using instantaneous mode, we maintain a foreground schedule that is
always feasiblewith respect to the up-to-the-minute input. This is done while running continual
mode in the background with a snapshotof the input data. When the background IP solver usedin
continual mode completes,assignments may be committed (locked) in the foregroundschedulethat
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con
ict with those in the continual mode solution. These locks are extracted from the foreground
schedule and the remainder of the foreground schedule is discarded. The locks are then applied to
the continual mode schedule and the heuristic solver patchesany \holes" thus created.

Our problem is a variant of the general multi-depot vehicle routing problem with time windows.
Due to the wide applicabilit y and the economicimportance of this problem it has beenextensively
studied in the vehicle routing literature; for a review see[19] and also [6]. Much of the research
has focusedon the designand empirical analysisof heuristics for the problem; for a survey of such
empirical studies see[18, 8]. Bramel and Simchi-Levi [5] formulated the vehicle routing problem
with time windows as an integer program and proposedto solve it in two phases:�rst to solve the
linear-programming relaxation using column generation and then to �nd an integer solution using
branch and bound. Our static solver also usescolumn generation to solve linear-programming
relaxations of the problem. These relaxations are solved to obtain a lower bound on the cost,
and in the �x-and-price processthey are used to �nd an integer solution. Related problems with
applications to airline 
eet scheduling are consideredin Barnhart et al. [3] and Rexing et al. [16].

Independently of and in parallel to our work, Krumk e, Rambau and Torres [12] consideredthe
problem of real-time vehicle dispatching with soft time windows. They developed a systemfor the
dispatch of roadside-servicevehiclesto assistmotorists whosecars becomedisabled. Interestingly,
the solution is very similar to ours. They solve the static problem intermitten tly, using an integer
programming formulation that is solved by repeatedly solving linear-programming relaxations using
column generation. Naturally , there is no knowledgeof future breakdowns. Thus, in contrast to our
static problem, their dispatch problem consistsof only current demand. This makes the problem
somewhat simpler and enables Krumk e et al. to use their integer programming solver in the
foreground rather than in the background.

2 Formal problem de�nition

In this section we describe the sedan service scheduling (SSS)problem more precisely and present
an integer programming formulation for it. For a similar approach for aircraft scheduling problems
see[3] and for a generaldiscussionof the approach see[4].

For a given geographical location, which in practice is a metropolitan area, an instance of the
problem consistsof two major parts. Demanddata describe the collection of rides to be served and
resource data consist of a collection of bases,each with a limited number of cars and drivers.

� Each driver has shift limits, a basepay rate, an overtime pay rate, and a number of user-
de�ned attributes such as experience level and commercial licenses. A driver's shift limits
are given by minimum and maximum values for each of the shift start time, end time, and
duration. The pay rate for the shift changesfrom the baserate to the overtime rate for the
portion of the shift in excessof a given duration.

� Cars are grouped into several typesbasedon user-de�ned attributes such as commercial op-
erating permits and car models. Cars of the sametype are consideredto be indistinguishable.
Each car type has an associated mileagecost.
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� Each ride has an origin, a destination, a pickup time, a maximum lateness limit, and a
\bump penalty." Serving a ride late (arriving to pick up the customer after the pickup time
but within the latenesslimit) imposesa penalty dependent on the lateness. If a ride is not
served, the bump penalty is applied. Rides also have associated service requirements (such
as driver experiencelevel and car or vehicle licensesspeci�c to a location such as an airport)
which, if not met, incur various penalties. More precisely, for every driver and ride, as well
as for every car type and ride combination, there is a mismatch penalty (possibly zero).

� Finally, the input data includes the travel times and distancesbetween any two signi�cant
locations, namely all basesand all ride origins and destinations. The travel-time data depends
on the time of day, sincetra�c conditions vary.

The objective is to minimize total cost, which is the sum of the drivers' pay, car mileagecosts,and
various penalty costs.

For simplicit y, in the remainder of this section and the next, we will assumethat late pickups are
not allowed. Section 4.5 will detail the handling of lateness.

2.1 Hardness of The SSS problem

We note that the SSSproblem is NP-hard as it generalizesthe minimum set cover problem (Set
Cover). In other words, given an instance of Set Cover, one can construct an instance of the SSS
such that an optimal solution of the SSSinstance yields an optimal solution of the Set Cover
instance.

For the sake of completeness,we �rst de�ne Set Cover formally: Given a �nite set S = f 1; : : : ; mg
and a collection C = f C1; : : : ; Cng of its subsets,�nd a minimum-cardinality subcollection �C � C
such that each element of S is contained in at least one set in �C.

Theorem 1 The sedan service scheduling problem is NP-hard.

Pro of: For a given instanceof Set Cover, for each r 2 S we de�ne a ride r , and for every C i 2 C we
de�ne a driver i . There is a single baseand all drivers belong to that base. Driv ers are uniformly
paid $1 for the day. All travel times, including ride durations, are set to 1 minute. The start time
for ride r is set to 2r and all driver shifts span the period 0; : : : ; 2m + 1, so that any driver can
serve any subsetof the rides without lateness.However, we set the servicerequestsof rides so that
driver i is a good match for ride r only if r 2 Ci . If a driver is not a good match for a ride than
there is a $10 penalty for assigningthe driver to that ride. Each ride is assigneda bump penalty
of $10. Finally, all mileagecostsare set to zero.

The cost of a solution of the SSSinstance consists of penalties and driver salaries. Since it is
cheaper to add a driver ($1) than to bump a ride or violate a preference($10), an optimal solution
doesnot bump any rides or violate any ride preferences.In addition, an optimal solution of the SSS
instance minimizes the number of drivers since every driver has unit cost. Therefore, an optimal
solution of the SSSinstance givesan optimal solution of the Set Cover instance.
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2.2 In teger Programming Form ulation

It is possible to formulate the SSSproblem as a large integer program with a variable for every
possible(feasible) schedule for every driver. In this formulation, a driver schedule corresponds to
a round trip beginning and ending at the driver's baseand is speci�ed by the following:

� a driver with �xed shift start and end times (respecting his shift limits),

� a car type and a time window over which the car will be occupied, and

� a list of rides that will be served.

For a schedule to be feasiblethe driver's shift must be feasibleand the travel time data must allow
the rides to be served on time. Due to imposedlower boundson the length of a driver shift, it may
properly contain the time window for the car, implying that the driver is idle, with no car allocated
to him, for part of his shift.

We divide the day into a �xed number of discrete time periods. Each period corresponds to a half
open time interval. As we discusslater in our solution approach, the time periods can be arbitrarily
small without signi�cantly increasingthe required computational e�ort.

Let sij denote the j th schedule of driver i . We usethe following notation:

T is the index set of all time periods,

R is the index set of all rides,

B is the index set of all bases,

K is the index set of all car types,

D is the index set of all drivers available,

S is the index set of all possibleschedules,

Sd is the index set of all schedulesof driver d,

base(i ) is the baseof driver i .

time(sij ) is the set of time periods (which we require to be consecutive) when the schedule
sij requiresa car,

type(sij ) is the car type allocated for schedule sij ,

Rij is the set of rides served by schedule sij ,

cij is the cost of schedule sij ,

pr is the bump penalty for not serving ride r ,

cars(d;k) is the number of cars of type k available at based.

We use binary variable x ij to denote whether driver schedule sij is in the solution, and binary
variable yr to indicate whether ride j is bumped.
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min
X

r 2 R

pr yr +
X

i 2 D

X

j 2 Si

cij x ij (1)

s.t.
X

j 2 Si

x ij � 1 8i 2 D (2)

yr +
X

i 2 D

X

j 2 Si :
r 2 R ij

x ij = 1 8r 2 R (3)

X

i 2 D :
base(i )= b

X

j 2 Si :
t2 time (sij )
type(sij )= k

x ij � cars(b;k) 8b2 B ; 8k 2 K ; 8t 2 T (4)

yr 2 f 0; 1g 8r 2 R (5)

x ij 2 f 0; 1g 8i 2 D ; 8j 2 Si (6)

The driver constraints (2) ensurethat each driver is assignedat most one schedule; the ride con-
straints (3) ensure that each ride is either bumped or covered by exactly one schedule; and the
car constraints (4) ensurethat for each base,car type, and time period, the number of cars in use
is not more than the number of available cars. The cost of a schedule is the sum of all mileage
costs, driver pay basedon shift durations, bump penalties for rides that are not covered by the
schedule, and ride mismatch penalties for both car type and driver attributes. In addition, if rides
are allowed to be served late (as is the casein the continual mode), there is a penalty for each ride
that is served late. This penalty dependson the di�erence betweenthe scheduled pickup time and
the requestedpickup time.

Our solution approach consistsof three stages. First we solve the linear programming relaxation
of the problem to near-optimality using column generation. Next, we usea �x-and-price heuristic
which combinesvariable �xing with column generation to producea feasiblesolution to the integer
program. Finally, we apply local search heuristics to the solution to improve its quality. This
is done primarily to increasethe con�dence of the user in the output solution, as it prevents a
situation where the solution can be easily manually. These stagesare described in detail in the
following sections.

3 Solving the linear program

In this section we describe how we solve the linear relaxation of the problem to near-optimality.
To simplify and speedup the computation we actually solve a further relaxation by allowing rides
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to be covered multiple times. Denote by LP this relaxed linear program:

min
X

r 2 R

pr yr +
X

i 2 D

X

j 2 Si

cij x ij (7)

s.t.
X

j 2 Si

x ij � 1 8i 2 D (8)

yr +
X

i 2 D

X

j 2 Si :
r 2 R ij

x ij � 1 8r 2 R (9)

X

i 2 D :
base(i )= b

X

j 2 Si :
t2 time (sij )
type(sij )= k

x ij � cars(b;k) 8b2 B ; 8k 2 K ; 8t 2 T (10)

0 � yr � 1 8r 2 R (11)

0 � x ij � 1 8i 2 D ; 8j 2 Si (12)

Notice that LP has the sameoptimal value as the original linear relaxation, provided that deleting
a ride from a driver scheduledoesnot increasethe cost of the driver schedule. When we generatea
solution to the integer program via �x-and-price (seeSection4), we ensurethat each ride is covered
exactly once.

Since there are many car constraints 10 we treat these constraints as \cutting planes" and add
them \on demand" as explained in Section 3.3.3.

Since there are far too many possibledriver schedulesto enumerate explicitly , the columns of the
formulation are generatedonly as needed. This is a powerful technique that has been discussed,
for example, in [4], and usedin [7]. Thus we iterativ ely solve a linear program LP 0 which contains
only a small subsetof all possiblecolumns,and then generateimproving driver schedules: columns
with negative reduced cost with respect to the current dual solution. The generated schedules
are added to LP 0 and the next iteration follows. As discussedbelow, it is possibleto generatea
lowest-reduced-costcolumn for each driver e�cien tly. We could iterate this processuntil we solve
LP to optimalit y. In practice, however, this may take too long, so from time to time lower bounds
are computed for the optimal solution of LP and we stop the column generation processwhen
the optimalit y gap is below a certain threshold. See[14] for a recent review of column generation
approaches to solving linear programs. Algorithm 1 gives an overview of how we solve LP with
column generation. In the remainder of the section we discuss the details. First the column
generation processis discussed,then the lower bounding technique. Finally, various methods for
speedingup computations are presented.

3.1 Generating impro ving columns

In this sectionwe show that generating improving (negative-reduced-cost)columns is equivalent to
solving a shortest path problem. See[3] for a similar observation. To do so, we �rst describe the
anatomy of a column corresponding to a schedule as well as its cost structure:
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Algorithm 1 Solving LP with Column Generation
1: Formulate an initial linear program (LP 0) with bump-ride variables only
2: Generatea small number of setsof non-overlapping schedulesthat cover all rides
3: Generatea small number of setsof overlapping schedulesthat cover di�cult rides
4: rep eat
5: Reoptimize LP 0

6: for randomly selecteddrivers do
7: Using the dual solution generatea schedule for the driver
8: if the corresponding column has a negative reducedcost then
9: Add it to LP 0

10: Discount the duals for the rides in the schedule
11: end if
12: end for
13: if car availabilit y constraints are not satis�ed then
14: Add constraints as cutting planesuntil all satis�ed
15: end if
16: Every 20 iterations compute a lower bound
17: un til optimal value of LP 0 and lower bound are close

columnT = [ 00001000| {z } ; 000010000100010000000| {z } ; 00000111111111000000000000000| {z } ]

the driver rides in the schedule car type and time

The �rst block is the set of driver constraints (8); exactly one driver is selectedfor the schedule.
The secondblock has a 1 in the row of each covered ride. The third block has a set of consecutive
1's for the time periods during which a car is assignedto the schedule (car constraints (10)). Note
that we assumethat a driver usesonly one car in a shift and this is why the 1's in this block are
indeed consecutive.

The cost of a schedule is:

Cost = Driver pay + Car mileagecost + Car/R ide and Driver/R ide mismatch penalties:

The reducedcost of the corresponding column is the di�erence of the cost of the column and the
inner product of the dual vector and the column. Given the structure of the columns, the reduced
cost has the form:

Reduced Cost = Cost � driver dual �
X

(ride duals) �
X

(car duals):

Sincedriver and car duals are non-positive and ride duals are non-negative, the reduced cost can
be interpreted as follows. If we adopt the schedulecorresponding to the column, we pay the cost of
the schedule,pay a penalty for using the driver and the car, and collect prizes for the rides covered.

Next we describe how to generate the column with the lowest reduced cost when the driver, his
shift start time, and the assignedcar type are �xed, and all rides must be served on time. We show
that this is equivalent to solving a shortest path problem in a directed acyclic graph.
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In this graph, two special nodess and t represents the baseof the driver at the beginning and end
of his shift. In addition, there is a node for every ride. There is a directed arc (r 1; r2) from ride
r1 to ride r 2 if it is possible to reach the start location of ride r 2 on time after serving ride r 1.
Similarly, there is a directed arc from node s to a ride (resp. from a ride to t) if that ride can be
served after the driver leaveshis baseat the given shift start time (resp. the driver can get back to
his basewithout violating his shift limits). Clearly, every s-t path in this graph corresponds to a
feasibleschedule.

Now consider a schedule of driver i 2 D that covers rides r 1; : : : ; r m and occupiesa car of type
k 2 K from baseb 2 B , from time period t1 to tn . Denoting the dual vector by � , the reducedcost
of the schedule is:

Reduced Cost = Driver pay (according to shift length) (13)

+
mX

j =1

mileage(r j ) (14)

+ mileage(s; r 1) +
m� 1X

j =1

mileage(r j ; r j +1 ) + mileage(r m ; t) (15)

+
mX

j =1

(penalty(k; r j ) + penalty(i; r j )) (16)

� � i (17)

�
mX

j =1

� r j (18)

�
tnX

t= t1

� ck ;b ;t (19)

The various cost components of the reducedcost are assignedto the nodesand arcs in the graph
such that the total cost of an s-t path is exactly the reduced cost of the corresponding schedule
(with a constant o�set) as follows. The mileage cost (14) of a ride, the car/ride and driver/ride
penalties (16), and the ride dual (18) are assignedto the node corresponding to the ride. The
mileagecosts(15) betweenthe rides and to and from the basesare assignedto the associated arcs.

Recall that we have created this graph for a �xed driver with a �xed schedule start time and car
type to be used. If a particular ride is the last one on the schedule then it is easyto compute the
time at which the driver gets back to the base. This has two implications. First, the interval over
which a car is neededis known, and hencethe sum (19) of the car duals for that time interval can
be computed. Second,the length of the driver's shift is known, hencehis pay (13) for the schedule
can be computed. We assignthesetwo cost items to the arc from the ride back to the base. For a
�xed driver the driver dual (17) is a constant o�set.

In this arc- and node-weighted graph the s-t paths are preciselythe feasibleschedules,and the cost
of a path is the reducedcost of the corresponding schedule. Sinceall arcs go forward in time, the
graph is acyclic, and the shortest path problem can be solved in time linear in the number of arcs.

9



To assignthe car dualsand driver pay to the arcswehad to assumethat the car typeand the driver's
start time are �xed. In our application, the number of car typesis very small, predetermined, and
independent of the problem instance. To limit the number of possibleshift start times the drivers
are assumedto start and end their shifts only at hour and half-hour boundaries. Thus the column
generationproblem canbesolved to optimalit y for every driver by solving the shortest path problem
for every car type and every start time.

3.2 Lower bound

It is important to note that it can take a long time to solve LP to optimalit y. In practice, we do
not need an optimal solution (see,e.g., [14]). It is enough to �nd a near-optimal solution, i.e., a
primal solution that comescloseenough to the optimal cost of LP . (Recall that LP denotesthe
linear program with all possibleschedules).

To prove that our solution is near-optimal we need to derive a lower bound on the optimal value
of LP . This can easily be done by exploiting the driver constraints (8) that state that at most one
schedule per driver can be contained in any �nal solution. More precisely, if � is a feasibledual
solution to the partial formulation LP 0, then

z(� ) +
X

i 2 D

min
j 2 Si

rc� (sj ) � z� (LP );

where z(� ) is the dual objective function corresponding to � , rc � (s) is the reduced cost of the
variable corresponding to schedule s with respect to � , and z � (LP ) is the optimal value of LP .
Note that if LP 0 is solved to optimalit y then z� (LP 0) = z(� � ) where � � is an optimal dual solution
to LP 0 and the optimalit y gap of the linear program can be bounded as

z� (LP 0) � z� (LP ) �
X

i 2 D

min
j 2 Si

rc� (sj ):

3.3 Impro ving computational performance

In the remainder of this section we describe several methods to speed up computation. These
methods are independent of each other, and each of them has a positive e�ect whether applied
individually or in combination with others.

3.3.1 Using the volume algorithm instead of the simplex algorithm

It is well known that in practice simplex-basedcolumn generationhaspoor convergencedue to the
tailing-o� e�ect and failure to produce good dual solutions neededto compute the lower bounds;
see[10] for an early referenceand [13, 15] for some discussion. In some applications, so-called
stabilized column generation techniques are used to achieve better convergenceresults with the
simplex algorithm. See[14] for a discussion.

Instead, weusethe volumealgorithm to improveconvergence.The volumealgorithm is a subgradient-
basedalgorithm that producesapproximate primal aswell asdual solutions to linear programming
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problems. While we do not use the primal solutions, we have still opted for the volume algorithm
instead of the subgradient algorithm since we believe it has a better termination criterion. Ordi-
nary subgradient algorithms have only the seriesof converging dual solutions to decide when to
terminate, while the volume algorithm has the seriesof converging primal solutions as well|hence
better termination criteria can be devised. Our termination criterion is that the maximum primal
violation must be small (at most 2%) and the relative gap betweenthe primal and dual objectives
must be small as well (0:75%).

It has been noted that, especially for large combinatorial problems, the volume algorithm is fast
(much faster than the simplex method) and stable [1, 2]. In our application, due to the relatively
small size of the formulation, the volume algorithm is not noticeably faster. However, the dual
values provided by the algorithm are of \high quality" in the sensethat it requires signi�cantly
fewer column generationiterations to obtain a formulation that hasa valuecloseto the lower bound.
In our computational experience, using the volume algorithm instead of the simplex algorithm
decreasedthe number of column generation iterations and the number of schedulesgeneratedby
about 20%. In addition, with the volume algorithm, re-optimizing the LP after adding columns
took approximately 10% lesstime on the average.

It is possible to use the dual solution �� produced by the volume algorithm for computing lower
bounds on z� (LP ) since �� is a feasibledual solution. But since �� is not necessarilyoptimal, one
can not be certain that z� (LP 0) is closeto z� (LP ) when z( �� ) is closeto the lower bound on z� (LP ).
To overcome this problem, we stop using the volume algorithm when z( �� ) is close to the lower
bound (within 1%) and start using the simplex algorithm. We terminate the simplex basedcolumn
generationwhen we prove that z� (LP 0) is closeto z� (LP ) (within 1%). In our application, this last
step typically doesnot require any column generation sincez( �� ) is very closeto z � (LP 0).

3.3.2 Adjusting dual values

In this section we describe a heuristic that in our experiencesigni�cantly decreasesthe number of
major iterations neededin Algorithm 1. We are not aware of any similar heuristic in the literature.
In our earlier experiments, we observed that we were generating many schedulesthat included the
samefew rides with the greatestprizes (dual values). To obtain a well-balancedset of columns,we
discount the ride duals during the column generation phase. That is, after generating a schedule
for a driver, we multiply the duals of the rides in the generatedscheduleby a discount factor � < 1.
In addition, we start every iteration by randomly ordering the drivers, and we generateschedules
only for the �rst m. The valuesof � and m changeas the algorithm progresses.At the beginning
of the column generation processwe use � = 0:0 and m = jD j for a small number of iterations; in
a secondphase,we use� = 0:8 and m = jD j, again for a small number of iterations; �nally , we use
� = 0:3 and m = jD j=4 until the algorithm terminates.

With thesesettings, we start by generatinga set of disjoint schedulesat every iteration, sinceif the
dual value of a ride is discounted to 0 then there is no incentiv e to include that ride in any further
generatedschedule. This gives a balanced coverageof the rides. Since the drivers are randomly
reorderedbeforeeach column generation iteration, the drivers have a diverseset of schedules: the
rides with the greatest prizes are assignedto di�eren t drivers. Following iterations generatea set
of highly overlapping schedules. Theseschedulestend to cover rides with large negative dual values
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several times and in somesenseprovide a good coverageof the di�cult rides. In the remainder of
the column generation process,we generatescheduleswithout much overlap, for only a small set
of drivers. This last phaseis intended to �ll the gaps.

In our experience, these techniques decreasethe number of major iterations neededto solve LP
to near optimalit y by 30-50%. This also meansthat the size of each resulting formulation LP 0 is
noticeably smaller and therefore is faster to solve.

When computing lower bounds as discussedin Section 3.2, we do not discount ride duals. In the
�xing phasediscussedin Section 4 we use� = 0:8 and m = jD j=8.

3.3.3 Treating car constrain ts as cutting planes

Most of the non-zerosin the formulation appear in the car constraints. Recall that a column has
the following form:

columnT = [ 00001000| {z } ; 000010000100010000000| {z } ; 00000111111111000000000000000| {z } ]

1 driver few rides many periods

To keep the size of the linear programming relaxation LP 0 under control we have treated the car
constraints as \cutting planes." This is a well-known integer programming technique. Initially all
car constraints are relaxed. If constraints for a car type are violated in all time periods in [a;b]
then we add to the formulation the constraint for time period d(a + b)=2e. In practice we needto
add only a handful of cuts; this signi�cantly reducesthe sizeof the formulation, and thus reduces
the time neededto solve LP to near-optimality by about 20%.

3.3.4 Speeding up the shortest path computation

We next describe two simple ideas that helped reduce the time spent in shortest path computa-
tions approximately 20-fold. Although shortest path computation is very fast (linear time), these
subproblemsconstitute a computational bottleneck due to their size. We may have a few hundred
drivers, each with several possibleshift start times, and a few car types; the product may yield as
many as 2500subproblemsto solve in each iteration, each of which may have a graph with many
hundreds of nodes(rides) and perhaps500000arcs (possibleconnections).

We have taken two steps to overcome this problem. First, we precompute as much as possible.
Instead of building a graph separately for each subproblem, we build a master graph of the rides
for each car type, including all mileagecostsand car/ride mismatch penalties. For a given driver,
shift start time, and car type, we only need to adjust the costs of the nodes and the costs of the
arcs returning to the baset.

Second,we do exact column generationonly every twenty major iterations. In the other iterations
we work with a restricted connection graph in which there is no slack | time the driver spends
waiting for the customerafter arriving at the pickup location | greater than onehour. The general
idea of not doing exact column generation in every iteration is a well-known integer programming
technique.
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4 Solving the in teger program

In this section we describe a �x-and-price heuristic that �nds feasible solutions to the integer
program (1)-(6). See[4] for an in-depth discussionon solving large integer programs with column
generation. The heuristic starts with the set of columns produced by Algorithm 1 and combines
variable �xing with column generation to obtain a good solution. It is given a target optimalit y
gap for the �nal solution value, and switches from �xing to column generation if the value of the
current (restricted) LP becomestoo large with respect to the optimum. We use the lower bound
described in Section3.2 to give a conservative estimate of the optimalit y gap. We usea target gap
of 1%, which means that the aim is to �nd an integral feasible solution with value at most 1.01
times the lower bound computed in the initial column generation phase.

Our heuristic iterativ ely restricts the current formulation by �xing somevariablesto 1 and augments
it with new columns that are consistent with earlier �xing decisions. It also has a limited \follo w-
on" �xing step which we describe later. The heuristic is outlined in Algorithm 2. This algorithm
can also be viewed as a diving heuristic in which we explore only a single branch at each branch-
and-bound node.

As discussedin Section 3, we mostly use the volume algorithm for solving the linear programs in
the initial (column generation) phase. Though the volume algorithm producesgood dual solutions
for column generation, it producesprimal solutions with few valuesnear 1, which is undesirablefor
a �xing heuristic. In the �xing phase,we only use the simplex algorithm as it produces(extreme
point) solutions which are \less fractional."

Basedon the solution of the initial LP, producedin the column generationphase,we �x all columns
with values 0:99 or more to 1. In addition, ride-bump variables with value 0:95 or higher are set
to 1. This is the only step in the algorithm in which we �x the valuesof the ride-bump variables
explicitly . After this step the value of the LP typically is unchangedfrom its value at the start and
5-10%of the rides are covered with the �xed columns. The number of rides bumped after this step
is usually lessthan 1% of the total, and on averagehalf of the rides bumped in the �nal solution
are identi�ed in this step. After this initial �xing step, we reduce the sizeof the formulation (see
Section4.1), executefollow-on �xing (Section4.2), and start �xing columnsiterativ ely (Section4.3).

4.1 Reducing the size of the form ulation

Whenever a column is �xed to 1, other columnsthat have the samedriver or someof the samerides
becomeredundant due to constraints (2) and (3). Furthermore, constraints (2) and (3) themselves
becomeredundant sinceno other column in a feasiblesolution can have the samedriver or contain
the rides served by that driver. Therefore, throughout the heuristic, whenever a column is �xed to 1
wereducethe sizeof the formulation by deleting the redundant rows and columns. We alsosuppress
generation of columns in the future for a driver whoseschedule has been�xed and we modify the
column generation algorithm to avoid generating schedules for other drivers that serve the rides
already assignedto the driver whose schedule has been �xed. Similarly, we delete all columns
that include bumped rides and modify the column generation algorithm to avoid generating new
schedulesthat contain them.

As discussedearlier in Section 3, we use a relaxation of (2)-(4) obtained by changing the ride
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Algorithm 2 Fix-and-Price Heuristic
1: Re-solve the LP using Simplex
2: Fix somevariables to 1
3: Reducethe sizeof the formulation
4: for somenumber of iterations do
5: Fix follow-on rides
6: if LP solution value has deteriorated signi�cantly then
7: Generatemore columns and re-solve the LP
8: end if
9: end for

10: Generatemore columns and re-solve the LP
11: Delete (non-basic) columns with large reducedcost from the formulation
12: rep eat
13: Fix someof the variables to 1
14: Reducethe sizeof the formulation and re-solve LP
15: if the LP value has deteriorated or most of the drivers are already �xed then
16: Generatemore columns and re-solve the LP
17: end if
18: Delete columns with large reducedcost from the formulation
19: un til the solution is integral
20: Return solution

constraints (3) to inequality. The reformulation step alsoguaranteesthat rides are covered at most
oncein the �nal solution.

4.2 Follo w-on �xing

After reducing the sizeof the formulation, we identify pairs of rides that appear consecutively with
large weight in the (fractional) optimal solution of the LP. More precisely, we compute a weight
fon(r 1; r2) for every ordered pair of rides (r 1; r2) that can be scheduled one after the other in a
feasibleschedule. Let PAI R ij be the set of all pairs of consecutive rides in schedule sij . De�ne:

fon(r 1; r2) =
X

i 2 D

X

j 2 Si :
(r 1 ;r 2)2 P AI R ij

x ij

If fon(r 1; r2) is greater than 0:95 for a pair of rides we implicitly �x it to 1 by forcing schedules
to either contain both of the rides consecutively, or neither of them. This is achieved by deleting
non-conforming columns from the formulation and modifying the column generation algorithm to
produce only columns that conform to this restriction. We then re-solve the restricted problem,
and generatemore columns if the value of the LP increasesby more than 0.5%. We recompute
the weights and repeat this procedureuntil there are no pairs of rides with fon weight greater than
0:95. Next, we continue follow-on �xing by choosing a small number of pairs with the largest fon
weights. We terminate the procedurewhen the largest fon weight is below 0:85.
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The �xing proceduretypically reducesthe total running time of the heuristic by 20% and doesnot
a�ect the quality of the �nal solution. This idea has beenusedin airline crew scheduling problems
and it was brought to our attention by J. Forrest [9]. Also note that follow-on �xing can be viewed
as diving in an enumeration tree in which branching decisionsare made using the Ryan-Foster
branching rule [17].

4.3 Iterativ e �x-and-price pro cedure

After follow-on �xing, we generatemore columns,attempting to reducethe gap betweenthe current
LP value and the lower bound to half the target optimalit y gap. Since this may not always be
possible,we also limit the number of column generation iterations. We then delete all non-basic
columns with a reduced cost larger than 10% of the actual | not reduced | cost of an average
column.

Finally we start the iterativ e �x-and-price procedurewhich choosesa set of columns �S that satis�esP
i;j 2 �S(1 � x ij ) < 1 and �xes all of the columns in �S to 1. This condition also guarantees that

the resulting restricted formulation does not becomeinfeasible (it is possibleto obtain a feasible
integral solution by deleting all columns that have not been �xed). We include in �S the columns
with the largest values. The idea is to �x many columnsto 1 if they are all closeto 1 in the current
solution, and �x just a few (possibly only one) if all valuesare far from 1.

After �xing the columns in �S to 1, we reducethe sizeof the formulation as discussedin Section4.1
and re-solve the resulting LP. If the gap between the LP value and the lower bound exceedsthe
target optimalit y gap, we generatemore columns. If most (we use 70%) of the driver schedules
have already been �xed to 1, we generatemore schedules regardlessof the LP value. In earlier
experiments, we realized that both the column generation and the LP reoptimization take very
little time oncemost of the schedulesare �xed, sincethe LP sizehasbeensubstantially reduced. In
practice, generatingmore columnsat this stagecan decreasethe optimalit y gap from the target gap
(1%) to a signi�cantly smaller value (0.5%). Finally, we delete from the formulation all non-basic
columns with large reduced cost (at least 50% of the average cost of a column) and repeat the
iterativ e �xing procedure.

When the iterativ e �xing procedure terminates, the solution of the current LP formulation is
integral.

4.4 Computational performance

We measuredthe performance of the �x-and-price heuristic on six real-world sample data sets.
Table 1 shows the sizeof the instance, its computation time (minutes:seconds),the optimalit y gap
(basedon the lower bound) and number of columns generatedto solve the linear and integer prob-
lems to near-optimality. The computations are done on a single processorof a current-generation
IBM RS6000workstation.

All of these problems were solved to near-optimality in under 3 minutes (much less than the 15
minutes time limit, as turned out to be the casein practice). Most of the time is spent on obtaining
a high-quality LP solution. We can then generatean integral solution very quickly. During the
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Number of LP LP+IP

Instance Rides Driv ers Time Gap Cols Time Gap Cols

Prob 1 685 171 1:40 0.10% 3494 2:58 1.00% 5165

Prob 2 672 158 1:37 0.09% 3425 2:25 1.22% 5065

Prob 3 565 136 1:16 0.07% 2950 1:31 0.58% 3521

Prob 4 516 187 1:16 0.07% 2943 1:25 0.89% 3218

Prob 5 684 208 1:40 0.06% 3907 2:18 0.76% 5499

Prob 6 492 191 1:07 0.07% 2891 1:16 0.77% 3147

Table 1: SampleRuns

solution process,we generate15 to 30 schedulesper driver.

4.5 Solving the in teger program in contin ual mode

There are two issuesthat in
uence how the integer program is handled in continual mode. The
�rst is that latenessis allowed, i.e., a driver is allowed to arrive late to pick up a passenger,though
a penalty must be paid for being late. See[20] for a similar application from the airline industry.
The secondissue is that in continual mode, we are working under a time constraint; we have to
deliver a solution reasonablyquickly.

Latenessa�ects solving LP (the full formulation) and thus the integer program indirectly: the
connection graph is more denseand many more columns can be generated. Therefore solving any
individual column generationsubproblem is signi�cantly slower than without lateness. In the next
two subsections,�rst we describe how we addressthe latenessproblem in generatingcolumns, then
how we modify the �x-and-price algorithm to stay within the allotted running time (as well as
addressother arising issues).

4.5.1 Column generation with lateness

In continual mode there is a maximum allowable start time for each ride. Up to this limit the ride
may be served late, but a penalty is incurred; this penalty increaseswith increasing lateness. In
this case,the pricing problem can still be formulated as a simple shortest path problem as follows,
but in a graph larger than the one described in Section 3.1. Also see[20].

Now there is a directed arc (r 1; r2) from ride r 1 to ride r 2 if, after serving ride r 1, it is possibleto
reach the start location of ride r 2 no later than the maximum allowed latenessfor r 2. Since the
granularit y of the data is 1 minute and the maximum allowed latenessis boundedby a constant we
could, in principle, create multiple nodes for each ride (one for each possiblestart time) and still
have a linear time algorithm (in the number of arcs, which is quadratic in the number of rides) for
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generating columns. However, the constant factor makes this prohibitiv ely expensive. Instead, we
have adopted the following strategy.

Two restricted column generation proceduresare used. The �rst allows a late arrival for a ride,
but the ride must be �nished on time. This is possiblebecausefor many rides an \early arrival
bu�er" is speci�ed. The target time for the driver to arrive at the pickup location is earlier than
the passenger'sreservation time, but the ride is assumedto start at the reservation time. We may
usethis margin to schedule a late arrival. Note that in this approach we further limit the lateness
of the driver's arrival to the length of th \early arrival bu�er", which may be lessthan the allowed
lateness.By doing this, we may disallow somelegal schedulesin order to have a smaller graph.

The secondmethod is signi�cantly slower, but it considersa larger set of schedules. However it, too,
may excludesomelegal schedules. We create only one node for each ride and include arc (r 1; r2) if
r2 can be served after r 1 (albeit possibly late) and the original start time of r 1 is no later than that
of r2; this keepsthe graph acyclic. Otherwise, with long latenessand short ride time there could
be a cycle, though it is unlikely. As we proceedin the shortest path computation we attach two
labels to each node, its cost and its lateness.When a node is labeled with a cost, it is labeledwith
the cheapest possibleway (including penalties) to reach it within its latenesslimit among paths
through earlier nodes (whose latenessesare already �xed). This determines the latenessfor the
current node as well as the cost.

With this restricted column generation we are solving a restricted linear programming problem
thus we generatea lower bound only for the restricted problem, not the original LP . Nonetheless,
in practice this approach works remarkably well: experiments demonstrate that this lower bound
is not much higher than a true lower bound computed using column generation for the original
problem.

4.5.2 Changes in �x-and-price in contin ual mo de

In continual mode, there is a limit (say, 15 minutes) on the total execution time of the integer
programming module. To guarantee that our algorithm terminates in the allotted time (preferably
with a feasiblesolution) we do the following:

1. In most column generation iterations, use the �rst method (i.e., with latenesslimited to the
early arrival bu�er time);

2. terminate generatingcolumnsin the initial (LP) phaseif 40%of the allocated time haspassed;
3. generatefewer columns in the second(IP) phaseif 65% of the allocated time has passed;
4. deletemost of the non-basiccolumns from the formulation and start generatingvery few new

onesafter 85% of the allocated time has passed;
5. terminate the algorithm without a feasiblesolution if the time is up.

Though the basic building block of our approach, column generation, is slower in continual mode
becauseof latenessallowances,there are a few aspectsof continual mode that speedup our compu-
tations. A driver that has started his schedule is already assigneda car type and his start time is
�xed. As the day progresses,more and more rides (those that are in the past) will be locked to his
schedule. Restricting the column generation algorithm to produce schedulesconsistent with these
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constraints simpli�es the pricing problem by reducing the size of the solution space. In addition,
an initial solution is available in continual mode: the scheduleproducedby the previous call to the
optimizer and updated by the heuristic solver to accommodate changesin the data. In this case,
we simply add the columns corresponding to these individual driver schedulesto the formulation
at the beginning of the column generation phase. This typically speedsup the convergenceof the
column generation algorithm.

4.6 Online solution qualit y

In this section we compare the o�ine schedule cost at the beginning of the day with the online
cost seenat the end of the day for the six sample data sets introduced in Section 4.4. It would
be more natural to compare the online cost with the optimal cost on the �nal, end-of-day data,
but unfortunately this is not possible. The larger system our scheduler residesin encodesvarious
events as arti�cial ride requestsand arti�cial modi�cations to the true ride requestsdata. For
example, a driver positioned at an airport in the expectation that demand may emergethere, is
dispatched on a seriesof arti�cial, zero-distancerides from and to the airport. Similarly, if a ride
is supposedto start at 12:00but the passengerarrivesat 12:30,the ride is re-encoded as one with
a start time of 12:30. These arti�cial re-encodings capture the data essential to the optimizer for
computing a valid schedule for the remainder of the scheduling day, but the resulting end-of-day
data has many arti�cial valuesmixed in with the true demand data. We do not have accessto the
system to extract the actual data, nor any way to distinguish real and arti�cial data values in the
log �les.

A comparison of online to optimal performanceon the end-of-day data, even if it were possible,
would still have limitations. We are not simply comparing our online algorithm to a clairvoyant
one, but also comparing observed travel times to estimated ones. Even the end-of-day data cannot
be clairvoyant in this sense:actual travel times for segments driven are measured,but travel times
for all other possiblesegments are available only as projections. Also, the online performance is
not just that of our scheduler, but that of a system including human dispatchers who make the
�nal scheduling decisions.

In Table 2, we compareactual online end-of-day cost to o�ine start-of-day projected cost. Because
the sets of demands are not the same, it does not make senseto compare total schedule costs.
Instead we present the data in terms of the averagecost per ride (CPR), de�ned as the total driver
wagesand mileagecostsdivided by the number of rides. For the six sample instances,the online
CPR is 7{28% greater than the start-of-day o�ine CPR.

5 Lo cal-Search Heuristics

In this section we describe the local-improvement heuristic for the SSS.In instantaneous mode,
if for example a ride runs long, making the driver's next ride infeasible, bumping the infeasible
ride gives a schedule that is feasiblebut suboptimal. There is no time to invoke IP to reoptimize,
and the local solver is used to try to reschedule the ride in a near-optimal fashion, in an allotted
time of 15 seconds. In this case the local heuristics are invoked with special attention to the
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Instance Rides before Cancelled New Rides after CPR Increase

Prob 1 685 29 103 759 16%

Prob 2 672 41 95 726 13%

Prob 3 565 31 52 586 28%

Prob 4 516 23 113 606 7%

Prob 5 684 54 61 691 22%

Prob 6 492 23 50 519 19%

Table 2: Start-of-day o�ine vs. end-of-day online cost per ride (CPR) comparison

bumped ride (which should be assignedto a driver if possible)and the driver it camefrom (whose
already-changed schedule is rip e for the addition or substitution of other rides). Also, when a
continual-mode IP reoptimization completes,the new schedule must be made consistent with the
by-now changeddata. In this caseseveral rides and drivers | all those whoseschedulescannot be
as in the IP solution | are singled out for special attention.

The local solver may also be called upon in rare circumstancesto producea schedule from scratch
to solve the o�ine problem. Experiments on the examplesof Table 1 show that with a 2-minute
run (the time consumedon averageby IP), the local solver's o�ine schedulesare on averageunder
6% worse. This declineswith increasingrun time to under 3%; details are given in Section 5.5.

5.1 Problem form ulation and complications

The local-search solver starts with the sameinputs as described for the IP solver, along with an
initial solution. (In o�ine mode, the initial solution simply has all rides on the bumped list, and
no carsassignedto any driver.) Optionally but typically, a list of drivers, rides, or both is provided
as hints; theseare to be given special consideration for schedule improvement.

The samecost function as that usedby the IP solver is usedto drive local improvement. The cost
of a small change (such as rescheduling a single ride) can be evaluated quickly by updating the
costs for just its original and new drivers.

Unlike the IP solver, the local solver must deal with infeasiblestates. We developed a set of policies
for managing infeasibility. An infeasible driver schedule is given a �xed, prohibitiv ely high cost.
Since adding further rides to such a schedule would decreaseother costs without increasing this
�xed cost, seemingly improving matters but actually making them worse, the local solver ignores
infeasibledriver scheduleswhenever possible. (However, if called with special attention to a driver
whoseschedule is infeasible,the local solver doesattempt to minimize its cost, and in particular to
make it feasible.) The local solver guaranteesnot to make any feasibledriver schedule infeasible.
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5.2 Depth-one and depth-t wo ride-assignmen t search

We now introduce the local solver's methods, and later revisit how they are employed, but for the
moment imagine that the goal is simply to schedule a single bumped ride r . Recall that R and D
are the setsof all rides and drivers; we will useR? and D ? to be subsetsof special interest.

The most-usedprimitiv e action is to move a ride from its current driver (or the bumped list) to
a speci�ed driver (or the bumped list) and revise the schedule cost. Using this primitiv e, depth-
one search Insert(r; D ?) tries all such possibilities and selectsa cheapest one. Simply invoking
Insert(r; D ) may be good enoughfor inserting a singlenew ride, or (applied sequentially to all rides,
perhaps in order of their pickup times) for constructing a plausible initial schedule from scratch,
but it can easily get trapp ed in a local minimum: it is unable even to swap two roughly concurrent
rides betweena pair of driver schedules.

Depth-two search, InsertBump(r; D ?
1; D ?

2) tries moving r to each schedule in D ?
1, but usesa di�eren t

\move" primitiv e which bumps any con
icting rides; each such ride r 0 is then reassignedusing
Insert(r 0; D ?

2). A simple swap can occur as follows. Supposethat a ride r is originally on driver
d's schedule, and someride r 0 is on another schedule d0. If InsertBumpcausesr to be moved to d0,
displacing r 0, and the subsequent Insert moves r 0 to d, then r and r 0 have traded places.

Depth-two search was found to be adequatefor providing a reasonablescheduleupdate in response
to a small changesuch as a new ride. If a driver's car type is not already locked, any or all of the
ride-moving and insertion heuristics may also be allowed to choosea good car type.

The number of rides on a driver schedule (ten or so at most) and the number of car classescan
be treated as small constants, i.e., O(1), and so depth-one insertion takes time O(n) (where n is
the number of drivers) and depth-two insertion time O(n2), in typical use where the driver lists
contain all drivers, D ?

1 = D ?
2 = D. The run time of depth-two search is large enoughthat it is an

interruptible operation: if its allotted time runs out, it returns the best solution it has found so far.

5.3 From local towards global

Our �nal heuristic tool, Ripup-redo, has a very simple strategy: It unschedulesa random set of,
say, ten rides, and reschedulesthem using Insert. It selectsthe better of this solution and the one
at the start of the round, and repeats this until a �xed number of rounds is reached or until it runs
out of time, whichever comes�rst. The treatment of several rides at a time allows the local solver
to break out of a local minimum, from which no single Insert or InsertBumpmove would give an
improvement. Even if a local improvement is possible,we may not have time to �nd it; Ripup-redo
o�ers a good tradeo� betweenruntime and solution quality.

In instantaneous-mode use, with just a few secondsto run, Ripup-redooften gives small improve-
ments in the schedule, helping to keep it near optimal. In o�ine mode (in caseof IP failure),
given a coupleof hours to run (much more than IP actually takes), Ripup-redois the workhorsefor
constructing a schedule of near-IP quality.

In contrast to the proceduredescribed above, we might acceptthe result of a round which increases
the cost, in the hope of \clim bing out of" a local minimum and �nding a better solution in a later
round, perhapsusing simulated annealing [11] to control the increases.In fact we did not usesuch
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an approach, becauseit would introduce control parameters that would have to be tuned for the
full range of problem instances,and becausethe results without it seemedgood enough.

While details such as using simulated annealing or not, and using Insert or InsertBump, are fairly
arbitrary , others are �xed. For one,it is important that the ripp ed-upridesare reinsertedin random
sequence.If lower-numbered rides were always inserted �rst, for example, they would always be
favored, and Ripup-redowould be lesslikely to hit on a globally preferableschedule.

Also, the number of rides rescheduled in each iteration, or \rip size", must be chosenreasonably
well. If it is too small then the iteration is likely to reconstruct the original schedule: the ripp ed-up
rides are likely to be all at di�eren t times, and if the schedule is fairly full each will get rescheduled
to its vacated original slot. If the rip size is too large then a round's greedy scheduling of the
ripp ed-up rides is overwhelmingly likely to producea scheduleworsethan its starting schedule,and
the round will return its original schedule. Thus it is important to pick a rip size not too large,
but large enough that it is likely to include two rides at similar times. This suggestsa rip size
on the order of the squareroot of the \n umber of time slots." Dividing our 24-hour schedule into
15-minute intervals (a reasonablelevel of resolution for this purpose) suggestedabout 100 time
slots, and a rip sizeon the order of 10; experimentation con�rmed this as a reasonablechoice.

5.4 Use of heuristics to respond to an event

The foregoing operations are bundled up into a heuristic Respond(R?; D ?), which is called in re-
sponseto triggering events. In instantaneous-mode use,if a ride r is bumpedbecauseits predecessor
on driver d's schedule ran late, then Respond(f r g; f dg) is invoked: only the ride and driver just
changedare of special interest. In usefor reconciling the foregroundscheduleand a scheduleoutput
by IP, trivially feasiblechangesare �rst madeto the IP schedule to make it feasiblewith respect to
the current input. New rides are placed on the bump list. Rides assignedin the IP schedule that
con
ict with committed actions in the foreground are likewisebumped. Then Respond is called on
this amendedIP schedule, with D ? being those drivers whoseschedulesdi�er from the IP output,
and R? those rides scheduled to di�eren t drivers (and all bumped rides). Pseudo-code of Respond
is as follows:

Algorithm 3 Respond (R?; D ?)
1: for each r 2 R?, Insert(r; D )
2: for each r 2 R, Insert(r; D ?)
3: for each r 2 R?, InsertBump(r; D ; D )
4: Ripup-redo(R; D ; 10; 100)

Respond is purely heuristic. The intent is to �rst try to schedule the special-interest rides before
time runs out, then seeif things can be improved quickly by focusingon the special-interest drivers
(who may, for example, have gaps in their schedules). Next, if time remains we try to do a better
job on the special-interest rides, and �nally useany remaining time to try to improve the schedule
generally.

In the unlikely event that the IP o�ine mode fails, the heuristic o�ine solver begins by calling
Respond with all rides and no drivers (taking seconds),then runs Ripup-redofor the rest of the
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allocated time (2 hours, for example).

5.5 Performance of the local-search solver

Performanceof the heuristic solver is most easily quanti�ed for the o�ine mode. Figure 1 shows
the performanceachieved by the local-search solver when solving from scratch on our six sample
instances.
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Figure 1: Cost of local-search solution asa function of run time, divided by cost of LP lower bound.
Instance number from Table 1 is indicated to the left of each trace.

The local solver's initial greedysolutions, produced in under a second,are almost 20% worsethan
the LP lower bounds; they are not shown in the �gure. Application of the depth-2 search heuristic
to all rides takeson average33 secondsand reducesthe averagegap to under 10%; thesesolutions
are the �gure's initial points. Ripup-redoprogressively reduces the cost: after 20 minutes the
averagegap is under 5%, and after 90 minutes under 4%. Compared with the IP solutions, by the
2-minute mark (the averagetime taken for IP) the averagedi�erence is under 6%, in 5 minutes it
is under 5%, in 25 minutes under 4%, and in 2 hours under 3%.

6 Conclusion

In this paper we have described an optimization-based approach to a highly dynamic real-time
problem. We periodically solve static snapshotsof the dynamic problem to near-optimality. We are
able to solve the snapshotquickly enoughthat the solution can be usedwith minor modi�cations.
In parallel, we dynamically maintain a schedule that is always feasiblewith respect to the up-to-
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the-minute input and is much more e�cien t than manually constructed schedule. Our systemis in
full-time useand productivit y has increasedsigni�cantly.

Other serviceoperations such as mobile installation and repair serviceand packagedelivery share
the key characteristics of the problem that made this solution possibleand pro�table: a complex
optimization problem that can be solved to near-optimality, and constantly changing demands. We
expect this type of continual optimization to becomemore common in the future. Hopefully, this
will lead to more progressin IP and heuristic solution techniques.
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