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ro ots, w e obtain c haracterizations of the sub deriv ativ e and regular

sub di�eren tial for these functions as w ell. In particular, w e com-

pletely c haracterize the sub deriv ativ e and regular sub di�eren tial

of the radius mapping (the maxim um of the mo duli of the ro ots).

The abscissa and radius mappings are imp ortan t for the study of

con tin uous and discrete time linear dynamical systems.
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1. Intr oduction

Let P

n

denote the linear space of complex p olynomials of degree

n or less. De�ne the r o ot mapping on P

n

to b e the m ultifunction

R : P

n

! C giv en b y

R ( p ) = f � j p ( � ) = 0 g ;

and let � : C ! I R [ f + 1g =

�

I R b e a lo w er semi-con tin uous con v ex

function. W e are concerned with the v ariational prop erties of functions

^

� : P

n

! I R [ f�1g de�ned as

(1)

^

� ( p ) = sup f � ( � ) j � 2 R ( p ) g :

The abscissa and radius mappings on P

n

are obtained b y taking � ( � ) =

Re � and � ( � ) = j � j , resp ectiv ely . Indeed, the abscissa and radius

mappings are the primary motiv ation for this study . The v ariational

b eha vior of these functions is imp ortan t for our understanding of the

stabilit y prop erties of con tin uous and discrete time dynamical systems

[1, 2].

The functions de�ned b y (1) p ossess a v ery ric h v ariational structure.

In addition, these functions are related to imp ortan t applied problems.

Consequen tly , they o�er an ideal setting in whic h to test the utilit y

and robustness of an y theory for analyzing the v ariational structure

of nonsmo oth functions. W e fo cus our study of the class (1) to their

b eha vior on the set M

n

of p olynomials of degree n . This set is an

op en dense subset of the linear space P

n

(endo w ed with the top ology

of p oin t wise con v ergence). Note that on the set M

n

the sup in (1) can

b e replaced b y max . The suprem um in (1) is only required for constan t

p olynomials. W e also note that the non-constan t mem b ers of the class

(1) are nev er lo cally Lipsc hitz on M

n

and are alw a ys un b ounded in

the neigh b orho o d of an y p oin t on the b oundary of M

n

. The non-

Lipsc hitzian b eha vior is seen b y considering the family of p olynomials

p

�

( � ) = ( � � �

0

)

n

� � . F or the un b oundedness of

^

� on the b oundary

of M

n

recall that for an y non-constan t con v ex function � there m ust

exist a nonzero direction a 2 C for whic h � ( � a ) ! + 1 as � " 1 . If

p 2 P

n

is an y p olynomial of degree less than n , the p olynomial de�ned

b y q

�

( � ) = (1 � a

� 1

�� ) p ( � ) is in P

n

, and satis�es q

�

! p as � & 0.

Moreo v er, �

� 1

a 2 R ( q

�

) for all � > 0. Therefore,

^

� ( q

�

) ! + 1 as � & 0.

It is this essen tial un b oundedness of the ro ots on the b oundary of M

n

that motiv ates the restriction to M

n

. On M

n

the ro ots of p olynomials

are con tin uous functions of their co e�cien ts, so the functions

^

� de�ned

in (1) are lo w er semi-con tin uous on M

n

.
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W e use the to ols dev elop ed in [6, 7, 12 , 14] to study the v ariational

prop erties of

^

� . Our earlier w ork demonstrates that these tec hniques

are w ell suited to applications in stabilit y theory [1, 2, 3, 4 , 5]. In

addition, w e mak e fundamen tal use of a classical result originally due to

Gauss and commonly kno wn as the Gauss-Lucas Theorem. This result

establishes a b eautiful and elemen tary con v exit y relationship b et w een

the ro ots of a p olynomial and the ro ots of its deriv ativ e.

Theorem 1.1. [Gauss-Luc as] A l l critic al p oints of a non-c onstant p oly-

nomial p lie in the c onvex hul l H of the set of r o ots of p . If the r o ots

of p ar e not c ol line ar, no critic al p oint of p lies on the b oundary of H

unless it is a multiple r o ot of p .

The Gauss-Lucas Theorem implies the follo wing c hain of inclusions

for an y p olynomial of degree n :

(2) con v R ( p

( n � 1)

) � con v R ( p

( n � 2

) � � � � � con v R ( p

0

) � con v R ( p ) ;

where con v S denotes the con v ex h ull of the set S .

Theorem 1.1 is referred to b y Gauss as early as 1830 and has b een

redisco v ered man y times. In 1879, Lucas [9, 10 ] published a re�nemen t

of Gauss's result. F or more on the Gauss-Lucas Theorem and its uses

see Marden [11 ].

In [5], Burk e and Ov erton in v estigate the v ariational prop erties of

the abscissa mapping using an approac h mo deled on w ork of Lev an-

to vskii [8]. Ho w ev er, this approac h is di�cult and length y , and pro vides

little insigh t in to the underlying v ariational geometry . F urthermore,

extending this approac h to other functions of the ro ots of p olynomials

w ould b e a daun ting task at b est. In [3], an approac h based on the

Gauss-Lucas Theorem is in tro duced to simplify the deriv ation of the

tangen t cone to the epigraph of the abscissa mapping at the p olyno-

mial p ( � ) = ( � � �

0

)

n

. This deriv ation is one of the t w o most di�cult

tec hnical h urdles in [5]. The second is the v eri�cation of sub di�eren tial

regularit y .

In this pap er, w e apply the Gauss-Lucas ideas in [3] to the class of

functions giv en b y (1). As in [3], w e fo cus on the computation of the

tangen t cone to the epigraph at the p olynomials

e

( n;�

0

)

( � ) = ( � � �

0

)

n

:

W e reco v er our earlier result for the abscissa mapping and obtain the

corresp onding result for the radius mapping whic h is stated b elo w.

Here and throughout, w e denote the complex conjugate of the complex

scalar z b y �z .
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Theorem 1.2. L et r : P

n

! I R denote the r adius mapping on P

n

:

r ( p ) = max fj � j j � 2 R ( p ) g :

L et ( v ; � ) 2 P

n

� I R b e such that

(3) v =

n

X

k =0

b

k

e

( n � k ;�

0

)

:

(i) ( v ; � ) is an element of the tangent c one to the epigr aph of r at

the p olynomial p ( � ) = �

n

if and only if

� �

1

n

j b

1

j ;(4)

0 = b

k

; k = 2 ; 3 ; : : : ; n:(5)

(ii) ( v ; � ) is an element of the tangent c one to the epigr aph of r at

the p olynomial p ( � ) = ( � � �

0

)

n

with �

0

6= 0 if and only if

� �

1

n j �

0

j

�

j b

2

j � Re

�

�

0

b

1

�

;(6)

0 = Re

�

�

0

p

� b

2

; and(7)

0 = b

k

; k = 3 ; : : : ; n:(8)

The notation and de�nitions follo w those established in [14]. The

de�nitions of the terms epigr aph and tangent c one used in Theorem 1.2

app ear in the next section.

Recall that the complex plane C is a Euclidean space when endo w ed

with the usual real inner pro duct h ! ; � i = Re �! � . By extension, C

n

is

also a Euclidean space when giv en the real inner pro duct




( !

1

; : : : ; !

n

)

T

; ( �

1

; : : : ; �

n

)

T

�

=

n

X

k =1

h !

k

; �

k

i :

Giv en �

0

2 C w e de�ne the basis

�

e

( k ;�

0

)

j k = 0 ; 1 ; : : : ; n

	

for P

n

,

where

e

( k ;�

0

)

( � ) = ( � � �

0

)

k

; k = 0 ; 1 ; : : : ; n:

Eac h suc h basis de�nes a real inner pro duct (or duality p airing ) on P

n

:

h p ; q i

�

0

= Re

n

X

k =0

�a

k

b

k

;

where p =

P

n

k =0

a

k

e

( k ;�

0

)

and q =

P

n

k =0

b

k

e

( k ;�

0

)

. In the case n =

0, w e reco v er the real inner pro duct on C . When �

0

= 0, w e drop

the subscript on the inner pro duct and simply write h� ; �i . Note that

this family of inner pro ducts b eha v es con tin uously in p; q , and �

0
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in the sense that the mapping ( p; q ; �

0

) ! h p ; q i

�

0

is con tin uous on

P

n

� P

n

� C . T o see this simply note that

h p ; q i

�

= Re

 

n

X

k =0

p

( k )

( � )

k !

q

( k )

( � )

k !

!

:

The inner pro duct on a Euclidean space giv es rise to a norm j �j in the

usual w a y b y setting j x j =

p

h x ; x i .

Giv en a mapping � : C !

�

I R , w e de�ne the mapping

~

� : I R

2

!

�

I R

b y the comp osition

~

� = � � �, where � : I R

2

! C is the linear

transformation

(9) �( x ) = x

1

+ i x

2

;

i 2 C denoting the imaginary unit. If w e endo w I R

2

with its usual inner

pro duct and C with the inner pro duct ab o v e, w e ha v e

�

� 1

� = �

�

� =

�

Re �

Im �

�

:

W e sa y that � is di�er entiable in the r e al sense if

~

� is di�eren tiable, in

whic h case the deriv ativ e of � is giv en b y the c hain rule as

�

0

( � ) = � r

~

� (�

�

� ) :

Here r

~

� denotes the gradien t of

~

� . Similarly , w e sa y that � is t wice

di�eren tiable in the real sense if

~

� is t wice di�eren tiable and again the

c hain rule giv es

(10) �

00

( � ) � = � r

2

~

� (�

�

� )�

�

� ;

where r

2

~

� denotes the Hessian of

~

� . Since these are the only notions

of di�eren tiabilit y w e emplo y , w e omit the qualifying phrase in the r e al

sense when sp ecifying that a function from C to

�

I R is di�eren tiable or

t wice di�eren tiable. W e also mak e use of the follo wing notation:

�

0

( � ; � ) = h �

0

( � ) ; � i ; and

�

00

( � ; ! ; � ) = h ! ; �

00

( � ) � i :

2. The T angent Cone and the Subderiv a tive

W e use the to ols in [7, 14 ] to describ e the v ariational geometry of the

function

^

� . These to ols are built on the lo cal geometry of the epigraph.

Recall that the epigraph of a function f mapping a Euclidean space E

in to the extended real n um b ers

�

I R = I R [ f + 1g is the subset of E � I R

giv en b y

(11) epi ( f ) = f ( x; � ) j f ( x ) � � g :
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The fundamen tal v ariational ob ject for f is the tangen t cone to its

epigraph [14, De�nition 6.1]. Giv en a set C in a linear space S and a

p oin t x 2 C , the tangen t cone to C at x is de�ned to b e the set

T

C

( x ) =

�

d

�

�

�

�

9f x

k

g � C ; f t

k

g � I R suc h that

x

k

! x; t

k

# 0 ; and t

� 1

k

( x

k

� x ) ! d

�

:

The tangen t cone to epi ( f ) at a p oin t can b e view ed as the epigraph

of another function called the sub deriv ativ e of f at x . It is denoted b y

d f ( x ) [14 , Theorem 8.2]:

(12) epi ( d f ( x )) = f ( w ; � ) j d f ( x )( w ) � � g = T

epi ( f )

( x; f ( x ))

for all x 2 dom ( f ) = f x j f ( x ) < + 1 g . The sub deriv ativ e generalizes

the notion of a directional deriv ativ e as seen b y the follo wing alternativ e

form ula [14, De�nition 8.1]:

(13) d f ( x )( w ) = lim inf

t & 0

w

0

! w

f ( x + tw

0

) � f ( x )

t

:

In the case of

^

� de�ned in (1), the computation of the tangen t cone

is simpli�ed due to the fact that ( p; � ) 2 epi (

^

� ) if and only if ( � p; � ) 2

epi (

^

� ) for ev ery nonzero complex scalar � .

Lemma 2.1. De�ne M

n

1

� M

n

to b e the set of monic p olynomials of

de gr e e n :

M

n

1

=

�

e

( n; 0)

+ q

�

�

q 2 P

n � 1

	

:

De�ne

^

�

1

: P

n

!

�

I R by

^

�

1

( p ) =

�

^

� ( p ) , if p 2 M

n

1

,

+ 1 , otherwise.

L et �

0

2 dom ( � ) , b

k

2 C ; k = 0 ; 1 ; : : : ; n , � 2 I R , and set

v =

n

X

k =0

b

k

e

( n � k ;�

0

)

and ~v =

n

X

k =1

b

k

e

( n � k ;�

0

)

:

Then

( v ; � ) 2 T

epi (

^

� )

�

e

( n;�

0

)

; � ( �

0

)

�

if and only if

( ~ v ; � ) 2 T

epi (

^

�

1

)

�

e

( n;�

0

)

; � ( �

0

)

�

:

Remark The lemma sho ws that

T

epi (

^

� )

�

e

( n;�

0

)

; � ( �

0

)

�

= C e

( n;�

0

)

+ T

epi (

^

�

1

)

�

e

( n;�

0

)

; � ( �

0

)

�

;

where C e

( n;�

0

)

=

�

� e

( n;�

0

)

j � 2 C

	

. Therefore, w e can restrict our

analysis of the tangen t cone to sequences that lie in the set M

n

1

. This



V ARIA TIONAL ANAL YSIS OF FUNCTIONS OF POL YNOMIAL R OOTS 7

is the approac h tak en in [4]. Here w e w ork on the seemingly more

general space M

n

in order to simplify applications.

Pr o of. Supp ose ( v ; � ) 2 T

epi (

^

� )

�

e

( n;�

0

)

; � ( �

0

)

�

, that is, there exists a

sequence �

j

# 0 suc h that

( e

( n;�

0

)

+ �

j

v + o ( �

j

) ; � ( �

0

) + �

j

� + o ( �

j

)) 2 epi (

^

� ) ;

or equiv alen tly ,

( e

( n;�

0

)

+

�

j

~v

1 + �

j

b

0

+ o ( �

j

) ; � ( �

0

) + �

j

� + o ( �

j

)) 2 epi (

^

�

1

) :

But then ( ~ v ; � ) 2 T

epi (

^

�

1

)

�

e

( n;�

0

)

; � ( �

0

)

�

.

Con v ersely , supp ose ( ~ v ; � ) 2 T

epi (

^

�

1

)

�

e

( n;�

0

)

; � ( �

0

)

�

. By de�nition,

there exists �

j

# 0 suc h that

(14) ( e

( n;�

0

)

+ �

j

~v + o ( �

j

) ; � ( �

0

) + �

j

� + o ( �

j

)) 2 epi (

^

�

1

) :

Multiplying e

( n;�

0

)

+ �

j

~v + o ( �

j

) b y (1 + �

j

b

0

) giv es

(1 + �

j

b

0

)( e

( n;�

0

)

+ �

j

~v + o ( �

j

)) = e

( n;�

0

)

+ �

j

v + o ( �

j

) :

Hence (14) is equiv alen t to

( e

( n;�

0

)

+ �

j

v + o ( �

j

) ; � ( �

0

) + �

j

� + o ( �

j

)) 2 epi (

^

� ) :

Therefore, ( v ; � ) 2 T

epi (

^

� )

�

e

( n;�

0

)

; � ( �

0

)

�

whic h pro v es the result. �

Next recall that the epigraph of the con v ex function � as w ell as all

of the lo w er lev el sets

lev

�

( � ) = f � j � ( � ) � � g

are con v ex sets [13]. This allo ws us to apply the Gauss-Lucas Theorem

in a p o w erful w a y . Since

(15) � �

^

� ( p ) ( ) R ( p ) � lev

�

( � ) ;

the Gauss-Lucas Theorem yields the follo wing c hain of inclusions for

an y p olynomial of degree n pro viding ( p; � ) 2 epi (

^

� ):

(16) con v R ( p

( n � 1)

) � � � � � con v R ( p

0

) � con v R ( p ) � lev

�

( � ) :

This system of inclusions along with sub di�eren tial information ab out

the function � pro vide the basis for a set of necessary conditions for a

pair ( v ; � ) 2 P

n

� I R to b e an elemen t of the tangen t cone to epi (

^

� ).

The con v exit y of � implies that � is directionally di�eren tiable in all

directions at ev ery p oin t in �

0

2 dom ( � ) [13 ] and one has

�

0

( �

0

; � ) = lim

� # 0

� ( �

0

+ � � ) � � ( �

0

)

�

= inf

� > 0

� ( �

0

+ � � ) � � ( �

0

)

�

:
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T aking � = 1 and � = � � �

0

in the righ t hand side of this expression

giv es the sub di�eren tial inequalit y

� ( � ) � � ( �

0

) + �

0

( �

0

; � � �

0

) :

A v ector ! is a subgradien t of � , written ! 2 @ � ( � ) [13], if and only if

(17) � ( � ) � � ( �

0

) + h ! ; � � �

0

i 8 � 2 C :

The sub di�eren tial @ � ( �

0

) is alw a ys a closed con v ex set, although it

ma y b e empt y at p oin ts on the b oundary of the set dom ( � ). The

sub di�eren tial is related to the directional deriv ativ e of � b y the form ula

(18) �

0

( �

0

; � ) = sup fh z ; � i j z 2 @ � ( �

0

) g :

Therefore, at p oin ts

�

0

2 dom ( @ � ) = f � j @ � ( � ) 6= ; g ;

w e ha v e �

0

( �

0

; � ) : C ! I R [ f + 1g is a lo w er semi-con tin uous con v ex

function. Since �

0

( �

0

; � ) is a con v ex function, w e can use (1) to de�ne

^

�

�

0

=

\

�

0

( �

0

; � ) :

That is, w e de�ne the function

^

�

�

0

: P

n

! I R [ f�1g b y

^

�

�

0

( q ) = sup f �

0

( �

0

; � ) j q ( � ) = 0 g :

The next lemma sho ws ho w to extend the sub di�eren tial inequalit y for

� to the the function

^

� b y using the function

^

�

�

0

.

Lemma 2.2. Given 0 < � 2 I R and �

0

2 dom ( � ) , de�ne the line ar

tr ansformation S

[ � ;�

0

]

: P

n

! P

n

by

S

[ � ;�

0

]

( p )( � ) = p ( �

0

+ � � ) :

Then, for every p 2 P

n

,

(19)

^

� ( p ) � � ( �

0

) + �

^

�

�

0

([ S

[ � ;�

0

]

( p )]

( ` )

) ;

for ` = 0 ; 1 ; : : : ; (deg ( p ) � 1) .

Pr o of. F or the case ` = 0, w e ha v e

^

� ( p ) = max f � ( � ) j p ( � ) = 0 g

= max f � ( � ) j S

[ � ;�

0

]

( p )( 
 ) = 0 ; � = �

0

+ � 
 g

= max f � ( �

0

+ � 
 ) j S

[ � ;�

0

]

( p )( 
 ) = 0 g

� max f � ( �

0

) + � �

0

( �

0

; 
 ) j S

[ � ;�

0

]

( p )( 
 ) = 0 g

= � ( �

0

) + �

^

�

�

0

( S

[ � ;�

0

]

( p )) :

The remaining cases follo w immediately from the the remark preceed-

ing the pro of, the equiv alence (15), and the c hain of inclusions (16). �
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W e no w translate the con ten t of Lemma 2.2 in to statemen ts ab out

the co e�cien ts of the underlying p olynomials. Consider the p olynomial

(20) p =

n

X

k =0

a

k

e

( n � k ;�

0

)

;

with a

0

6= 0. The ` th deriv ativ e of this p olynomial is giv en b y

(21) p

( ` )

= ` !

n � `

X

k =0

b ( n � k ; ` ) a

k

e

( n � ( k + ` ) ;�

0

)

;

where b ( n; k ) with k � n are the binomial co e�cien ts

b ( n; k ) =

n !

k !( n � k )!

:

Applying the op erator S

[ � ;�

0

]

to p yields

(22) S

[ � ;�

0

]

( p ) =

n

X

k =0

a

k

�

( n � k )

e

( n � k ; 0)

;

and

(23) [ S

[ � ;�

0

]

( p )]

( ` )

= ` ! �

n

n � `

X

k =0

b ( n � k ; ` ) �

� k

a

k

e

( n � ( k + ` ) ; 0)

;

for ` = 0 ; 1 ; 2 ; : : : ; ( n � 1) (the case ` = 0 is just (22). With this

notation, w e ha v e the follo wing simple consequence of Lemma 2.2.

Lemma 2.3. L et p 2 P

n

b e as in (20) and let t 2 I R b e p ositive. Then

(24)

^

� ( p ) � � ( �

0

) + t

1 =s

^

�

�

0

 

s

X

k =0

b ( n � k ; n � s ) t

� k =s

a

k

e

( s � k ; 0)

!

;

for s = 1 ; : : : ; n .

Pr o of. In (23) tak e ` = n � s and � = t

1 =s

for ` = 0 ; 1 ; 2 ; : : : ; ( n � 1),

or equiv alen tly , s = 1 ; : : : ; n , to obtain

S

[ � ;�

0

]

( p )

( n � s )

= ` ! t

n=s

s

X

k =0

b ( n � k ; n � s ) t

� k =s

a

k

e

( s � k ; 0)

;

for s = 1 ; : : : ; n . Plugging this expression in to (19) yields the result

since

^

�

�

0

( p ) =

^

�

�

0

( � p ) for ev ery nonzero complex n um b er � . �

The main result of the section no w follo ws.
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Theorem 2.4. L et �

0

2 dom ( @ � ) with @ � ( �

0

) 6= f 0 g . If ( v ; � ) 2

T

epi (

^

� )

�

( e

( n;�

0

)

; � ( �

0

))

�

with

(25) v =

n

X

k =0

b

k

e

( n � k ;�

0

)

;

then

� � �

0

( �

0

; � b

1

=n ) ;(26)

0 =

D

g ;

p

� b

2

E

8 g 2 @ � ( �

0

) ; and(27)

0 = b

k

; k = 3 ; : : : ; n:(28)

Thus, in p articular, if in t ( @ � ( �

0

)) 6= ; , then b

2

= 0 .

Pr o of. Let ( v ; � ) 2 T

epi (

^

� )

�

e

( n;�

0

)

; � ( �

0

)

�

with v giv en b y (25). By

Lemma 2.1, ( ~ v ; � ) 2 T

epi (

^

�

1

)

�

e

( n;�

0

)

; � ( �

0

)

�

, where

~v =

n

X

k =1

b

k

e

( n � k ;�

0

)

:

Hence there exist sequences t

j

# 0 and f ( p

j

; �

j

) g 2 epi (

^

�

1

) suc h that

t

� 1

j

(( p

j

; �

j

) � ( e

( n;�

0

)

; � ( �

0

))) ! ( v ; � ) :

That is, there exists f ( a

j

0

; a

j

1

; : : : ; a

j

n

) g 2 C

n +1

suc h that

p

j

=

n

X

k =0

a

j

k

e

( n � k ;�

0

)

;

t

� 1

j

( �

j

� � ( �

0

)) ! � , a

j

0

= 1 for all j = 1 ; 2 ; : : : , and a

j

k

! 0 with

t

� 1

j

a

j

k

! b

k

for k = 1 ; : : : ; n . By applying Lemma 2.3 to p

j

for eac h

j = 1 ; 2 ; : : : with t = t

j

w e obtain for s = 1 ; 2 ; : : : ; n

�

j

� � ( �

0

) + t

1 =s

j

^

�

�

0

 

s

X

k =0

b ( n � k ; n � s ) t

� k =s

j

a

j

k

e

( s � k ; 0)

!

;

or equiv alen tly ,

(29) t

� 1 =s

j

( �

j

� � ( �

0

)) �

^

�

�

0

 

s

X

k =0

b ( n � k ; n � s ) t

� k =s

j

a

j

k

e

( s � k ; 0)

!

for eac h s = 1 ; : : : ; n . W e no w consider the limit as j ! 1 in eac h of

these inequalities. First observ e that

"

s

X

k =0

b ( n � k ; n � s ) t

� k =s

j

a

j

k

e

( s � k ; 0)

#

!

�

b ( n; n � s ) e

( s; 0)

+ b

s

�
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for s = 1 ; : : : ; n . Hence

R

 

s

X

k =0

b ( n � k ; n � s ) t

� k =s

j

a

j

k

e

( s � k ; 0)

!

! R

�

b ( n; n � s ) e

( s; 0)

+ b

s

�

for s = 1 ; : : : ; n , since a

j

0

= 1 for all j = 1 ; 2 ; : : : and the ro ots of a

p olynomial are a con tin uous function of its co e�cien ts on M

n

. There-

fore, the lo w er semi-con tin uit y of

^

�

�

0

and the inequalities (29) imply

that

(30) � �

^

�

�

0

( b ( n; n � 1) e

(1 ; 0)

+ b

1

) = �

0

( �

0

; � b

1

=n )

and

0 �

^

�

�

0

( b ( n; n � s ) e

( s; 0)

+ b

s

)

= max

(

�

0

 

�

0

;

�

� b

s

b ( n; n � s )

�

1 =s

!

!

�

�

�

�

! = e

2 � k i =s

k = 0 ; : : : ; s � 1

)

(31)

for s = 2 ; : : : ; n . This pro v es (26). By assumption there exists g 2

@ � ( �

0

) with g 6= 0. Inequalit y (31) implies that

0 �

*

g ;

�

� b

s

b ( n; n � s )

�

1 =s

!

+

;

for ! = e

2 � k i =s

( k = 0 ; 1 ; : : : ; s � 1). F or s = 3 ; : : : ; n this can only

o ccur if b

s

= 0 whic h giv es (28). F or s = 2 w e ha v e

0 �

*

g ; �

�

� b

2

b ( n; n � 2)

�

1 = 2

+

8 g 2 @ � ( �

0

) ;

or equiv alen tly , condition (27) holds. �

If � is t wice con tin uously di�eren tiable with �

00

( �

0

; � ; � ) p ositiv e def-

inite, then this result can b e sharp ened. F or this w e mak e use of the

follo wing tec hnical result.

Lemma 2.5. If H is a 2-by-2 r e al symmetric matrix with nonne gative

tr ac e then the function

f ( w ) =




�

� 1

p

w ; H �

� 1

p

w

�

is subline ar, i.e. p ositive homo gene ous and sub additive (se e (9) for the

de�nition of � ).

Pr o of. If

H =

�

a b

b c

�
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and z = x + i y with x and y real, then

f ( z

2

) =




�

� 1

z ; H �

� 1

z

�

= ax

2

+ 2 bxy + cy

2

=

a + c

2

j z

2

j +

a � c

2

Re( z

2

) + b Im( z

2

) :

Hence

f ( w ) =

a + c

2

j w j +

a � c

2

Re( w ) + b Im ( w )

and the result follo ws. �

De�nition 2.6. A function f : C ! I R is said to b e quadr atic on C

exactly when f c omp ose d with � (de�ne d in (9)) is quadr atic on I R

2

.

W e no w sharp en the inequalit y (26) using the notation established

at the end of Section 1.

Theorem 2.7. If in The or em 2.4 it is further assume d that � is ei-

ther (i) quadr atic, or (ii) twic e c ontinuously di�er entiable at �

0

with

�

00

( �

0

; � ; � ) p ositive de�nite, then c ondition (26) c an b e str engthene d to

(32) � �

1

n

h

�

0

( �

0

; � b

1

) + �

00

( �

0

;

p

� b

2

;

p

� b

2

)

i

:

Pr o of. If � is quadratic, then the pro of follo ws essen tially the same

pattern of pro of as in the p ositiv e de�nite case. Therefore, w e only

pro vide the pro of in the case where � is assumed to b e t wice con tin u-

ously di�eren tiable at �

0

with �

00

( �

0

; � ; � ) p ositiv e de�nite.

Let ( v ; � ) 2 T

epi (

^

� )

�

e

( n;�

0

)

; � ( �

0

)

�

with v giv en b y (25). By Theorem

2.4, ( v ; � ) satis�es (26)-(28). By Lemma 2.1,

( ~ v ; � ) 2 T

epi (

^

� )

�

e

( n;�

0

)

; � ( �

0

)

�

;

where ~v =

P

n

k =1

b

k

e

( n � k ;�

0

)

. F rom (27) and (28), there exist sequences

t

r

# 0, �

r

! � , b

1 r

! b

1

; and b

2 r

! b

2

suc h that

(33) � ( �

0

) + �

r

t

r

+ o ( t

r

) �

^

� ( p

r

) ;

where

p

r

= e

( n;�

0

)

+ ( b

1 r

t

r

+ o ( t

r

)) e

( n � 1 ;�

0

)

+ ( b

2 r

t

r

+ o ( t

r

)) e

( n � 2 ;�

0

)

+ o ( t

r

) :

Let �

1 r

; : : : ; �

nr

denote the ro ots of the p olynomials p

r

for r = 1 ; 2 ; : : : ,

resp ectiv ely . W e ha v e

(34)

n

X

k =1

( �

k r

� �

0

) = � b

1 r

t

r

+ o ( t

r

) ;
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and

n

X

k =1

( �

k r

� �

0

)

2

=

"

n

X

k =1

( �

k r

� �

0

)

#

2

� 2

X

j <k

( �

j r

� �

0

)( �

k r

� �

0

)

= ( � b

1 r

t

r

+ o ( t

r

))

2

� 2( b

2 r

t

r

+ o ( t

r

))

= � 2 b

2 r

t

r

+ o ( t

r

) :(35)

Set z

k r

= �

k r

� �

0

for k = 1 ; : : : ; n and r = 1 ; 2 ; : : : . By (34) and

(35) w e ha v e

(36)

n

X

k =1

z

k r

= � b

1 r

t

r

+ o ( t

r

)

and

(37)

n

X

k =1

( z

k r

)

2

= � 2 b

2 r

t

r

+ o ( t

r

) ;

resp ectiv ely . With this notation, (33) b ecomes

� ( �

0

) + �

r

t

r

+ o ( t

r

) � � ( �

0

+ z

k r

) ; k = 1 ; : : : ; n:

T aking second-order T a ylor expansions yields

(38)

�

r

t

r

+ o ( t

r

) � �

0

( �

0

; z

k r

) +

1

2

�

00

( �

0

; z

k r

; z

k r

) + o ( j z

k r

j

2

) ; k = 1 ; : : : ; n;

(note that if � is quadratic then the term o ( j z

k r

j

2

) equals zero). Since

p

r

! e

( n;�

0

)

, w e ha v e z

k r

! 0 ; k = 1 ; : : : ; n . Hence, the p ositiv e

de�niteness of �

00

( �

0

; � ; � ) implies that for ev ery � > 0 there is an r

0

suc h that

1

2

�

00

( �

0

; z

k r

; z

k r

) + o ( j z

k r

j

2

) �

1 � �

2

�

00

( �

0

; z

k r

; z

k r

) ;

for k = 1 ; : : : ; n and all r � r

0

(if � is quadratic then w e can tak e � = 0

without the assumption of p ositiv e de�niteness). Therefore, for r � r

0

,

the inequalities (38) imply the inequalities

�

r

t

r

+ o ( t

r

) � �

0

( �

0

; z

k r

) +

1 � �

2

�

00

( �

0

; z

k r

; z

k r

) ; k = 1 ; : : : ; n:
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No w sum o v er k and again use the p ositiv e de�niteness of �

00

( �

0

; � ; � )

with Lemma 2.5 and de�nition (10) to obtain

�

r

t

r

+ o ( t

r

) �

1

n

"

�

0

( �

0

;

n

X

k =1

z

k r

) +

1 � �

2

n

X

k =1

�

00

�

�

0

;

q

z

2

k r

;

q

z

2

k r

�

#

�

1

n

2

4

�

0

( �

0

;

n

X

k =1

z

k r

) +

1 � �

2

�

00

0

@

�

0

;

v

u

u

t

n

X

k =1

z

2

k r

;

v

u

u

t

n

X

k =1

z

2

k r

1

A

3

5

;

for all r � r

0

. Plugging in (36) and (37) giv es the relation

�

r

t

r

�

t

r

n

h

�

0

( �

0

; � b

1 r

) + (1 � � ) �

00

( �

0

;

p

� b

2 r

;

p

� b

2 r

)

i

+ o ( t

r

) :

Dividing through b y t

r

and taking the limit yields the inequalit y

� �

1

n

h

�

0

( �

0

; � b

1

) + (1 � � ) �

00

( �

0

;

p

� b

2

;

p

� b

2

)

i

:

Observ e that if � is quadratic, w e can obtain this inequalit y with � = 0

without the p ositiv e de�niteness assumption. Since � > 0 w as arbitrary ,

w e obtain (32). �

If � is not quadratic and �

00

( �

0

; � ; � ) is only p ositiv e semide�nite, w e

can still sharp en (26) but not as �nely as in (32). The pro of in the

inde�nite case is completely di�eren t. Unlik e the pro of of Theorem

(2.7), it relies only on the Gauss-Lucas Theorem.

Theorem 2.8. If in The or em 2.4 it is further assume d that � is twic e

c ontinuously di�er entiable, then c ondition (26) c an b e str engthene d to

(39) � �

1

n

�

�

0

( �

0

; � b

1

) +

1

( n � 1)

�

00

( �

0

;

p

� b

2

;

p

� b

2

)

�

;

when n > 1 .

Pr o of. Consider the p olynomial

p =

n

X

k =0

a

k

e

( n � k ;�

0

)

and set

r =

s

�

a

1

na

0

�

2

�

2 a

2

n ( n � 1) a

0
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The Gauss-Lucas theorem tells us that if � �

^

� ( p ), then

� � max

�

� ( � )

�

�

p

( n � 2)

( � ) = 0

	

= max

�

� ( � )

�

�

�

�

� = �

0

+

� a

1

na

0

� r

�

� �

�

�

0

+

� a

1

na

0

� r

�

;

where

�

�

�

0

+

� a

1

na

0

� r

�

= � ( �

0

) +

�

�

0

( �

0

) ;

� a

1

na

0

�

+

1

2

�

�

00

( �

0

)

�

� a

1

na

0

�

;

�

� a

1

na

0

��

� h �

0

( �

0

) ; r i �

�

�

00

( �

0

)

�

� a

1

na

0

�

; r

�

+

1

2

h �

00

( �

0

) r ; r i + o

 

�

�

�

�

� a

1

na

0

� r

�

�

�

�

2

!

:

By adding the resulting pair of inequalities, one asso ciated with eac h

of the t w o ro ots, and then dividing b y 2, w e get the inequalit y

� � � ( �

0

) +

�

�

0

( �

0

) ;

� a

1

na

0

�

+

1

2

�

�

00

( �

0

)

�

� a

1

na

0

�

;

�

� a

1

na

0

��

+

1

2

h �

00

( �

0

) r ; r i + o

 

�

�

�

�

� a

1

na

0

� r

�

�

�

�

2

!

:(40)

Next, supp ose that ( v ; � ) 2 T

epi (

^

� )

�

( e

( n;�

0

)

; � ( �

0

))

�

with v giv en

b y (25). By Lemma 2.1, ( ~ v ; � ) 2 T

epi (

^

�

1

)

�

e

( n;�

0

)

; � ( �

0

)

�

, where ~v =

P

n

k =1

b

k

e

( n � k ;�

0

)

. Then, as in the pro of of Theorem 2.4, there exist

sequences t

j

# 0 and f ( p

j

; �

j

) g 2 epi (

^

�

1

) suc h that

t

� 1

j

(( p

j

; �

j

) � ( e

( n;�

0

)

; � ( �

0

))) ! ( v ; � ) :

That is, there exists f ( a

j

0

; a

j

1

; : : : ; a

j

n

) g 2 C

n +1

suc h that

p

j

=

n

X

k =0

a

j

k

e

( n � k ;�

0

)

;

t

� 1

j

( �

j

� � ( �

0

)) ! � , a

j

0

= 1 for all j = 1 ; 2 ; : : : , and t

� 1

j

a

j

k

! b

k

for

k = 1 ; : : : ; n . By replacing � b y �

j

and a

k

b y a

j

k

; k = 0 ; : : : ; n in (40),
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dividing through b y t

j

, and sligh tly re-arranging, w e obtain

�

j

� � ( �

0

)

t

j

�

*

�

0

( �

0

) ;

� a

j

1

nt

j

+

+

1

2

*

�

00

( �

0

)

 

� a

j

1

nt

j

!

;

 

� a

j

1

n

!+

+

1

2




�

00

( �

0

) r

j

; r

j

�

+ t

� 1

j

o

0

@

�

�

�

�

�

� a

j

1

n

� r

j

�

�

�

�

�

2

1

A

;

where

r

j

=

v

u

u

u

t

0

@

a

j

1

nt

1

2

j

1

A

2

�

2 a

j

2

n ( n � 1) t

j

:

T aking the limit in this inequalit y as j ! 1 yields (39). �

The represen tation (12) along with Theorems 2.4, 2.7, and 2.8 yield

the follo wing represen tations and b ounds for the sub deriv ativ e of the

function

^

� .

Theorem 2.9. L et

^

� b e as de�ne d in (1), �

0

2 dom ( @ � ) with @ � ( �

0

) 6=

f 0 g , and

v =

n

X

k =0

b

k

e

( n � k ;�

0

)

b e given. Then d

^

� ( e

( n;�

0

)

)( v ) = + 1 if (27) and (28) ar e not satis�e d;

otherwise,

(41) d

^

� ( e

( n;�

0

)

)( v ) �

1

n

�

0

( �

0

; � b

1

) ;

with e quality holding if in t ( @ � ( �

0

)) 6= ; .

If it is further assume d that the function � is twic e c ontinuously

di�er entiable at �

0

, then whenever n > 1 the ine quality (41) c an b e

r e�ne d to

1

n

�

�

0

( �

0

; � b

1

) +

1

n � 1

�

00

( �

0

;

p

� b

2

;

p

� b

2

)

�

(42)

� d

^

� ( e

( n;�

0

)

)( v )

�

1

n

h

�

0

( �

0

; � b

1

) + �

00

( �

0

;

p

� b

2

;

p

� b

2

)

i

;(43)
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whenever (27) and (28) ar e b oth satis�e d. Mor e over, e quality holds in

(43) if any one of the fol lowing thr e e c onditions hold:

�

00

( �

0

;

p

� b

2

;

p

� b

2

) = 0 ;(44)

�

00

( �

0

; � ; � ) is p ositive de�nite, or(45)

� is quadr atic.(46)

Pr o of. By Theorem 2.4 w e kno w that the sub deriv ativ e is + 1 if (27)

and (28) are not satis�ed. The lo w er b ounds (41) and (42) are imme-

diate consequences of Theorems 2.4 and 2.8, resp ectiv ely .

The represen tation (12) and Lemma 2.1 imply that with no loss in

generalit y w e ma y assume for the remainder of the pro of that b

0

= 0

in v .

Supp ose that in t ( @ � ( �

0

)) 6= ; and (27) and (28) hold. W e sho w that

equalit y m ust hold in (41). As noted in Theorem 2.4, in t ( @ � ( �

0

)) 6= ;

implies that b

k

= 0 ; k = 2 ; 3 ; : : : ; n . T o see that equalit y is attained

consider the family of p olynomials

p

�

( � ) = ( � � �

0

+ � b

1

=n )

n

= ( � � �

0

)

n

+ � b

1

( � � �

0

)

n � 1

+ o ( � ) :

F or an y sequence of real p ositiv e scalars f �

�

g decreasing to zero de�ni-

tion (13) sho ws that

�

0

( �

0

; � b

1

=n ) = lim

� !1

� ( �

0

� �

�

b

1

=n ) � � ( �

0

)

�

�

= lim

� !1

^

� ( p

�

�

) �

^

� ( e

( n;�

0

)

)

�

�

� d

^

� ( e

( n;�

0

)

)( v ) ;

hence equalit y holds in (41).

If either � is quadratic, or �

00

( �

0

; � ; � ) is p ositiv e de�nite, then The-

orem 2.7 tells us that the expression on the righ t hand side of (43) is

also a lo w er b ound. Th us, to establish equalit y in these t w o cases w e

need only establish the upp er b ound (43). In addition, once this up-

p er b ound is established then w e also obtain equalit y when (44) holds

since in this case the upp er b ound (43) reduces to the lo w er b ound

(41). Th us, it remains only to pro v e the upp er b ound (43). W e assume

throughout that the p olynomial v satis�es b oth (27) and (28).

W e use (13) to establish the upp er b ound (43). The b ound is ob-

tained b y considering the tangen ts to smo oth curv es ha ving as limit

e

( n;�

0

)

. The pro of pro ceed b y considering the ev en and o dd cases for n

separately . But in b oth cases w e mak e use of the follo wing family of
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p olynomials:

q

( � ;� )

( � ) =

�

� �

�

�

0

�

�

n

( b

1

�

1

2 m

� ) +

p

� b

2

� =m

��

m

�

�

� �

�

�

0

�

�

n

( b

1

�

1

2 m

� ) �

p

� b

2

� =m

��

m

=

�

( � � �

0

)

2

+

2 �

n

( b

1

�

�

2 m

)( � � �

0

) + b

2

� =m + o ( � )

�

m

= ( � � �

0

)

2 m

+

2 m�

n

( b

1

�

�

2 m

)( � � �

0

)

2 m � 1

+ b

2

� ( � � �

0

)

2 m � 2

+ o ( � ) :

First assume that n is ev en: n = 2 m for some p ositiv e in teger m .

Consider the family of p olynomials

q

( � ; 0)

( � ) = ( � � �

0

)

n

+ � v ( � ) + o ( � ) :

F or all � , this p olynomial has only t w o ro ots:

�

�

= �

0

�

b

1

n

� �

r

� b

2

m

� :

F or � real and p ositiv e, the second-order T a ylor expansion of � at these

ro ots giv es

^

� ( q

( � ; 0)

) = max

(

�

 

�

0

�

b

1

n

� +

r

� b

2

m

�

!

; �

 

�

0

�

b

1

n

� �

r

� b

2

m

�

!)

= � ( �

0

) + �

�

�

0

( �

0

; � b

1

=n ) +

1

2

�

00

( �

0

;

p

� b

2

=m ;

p

� b

2

=m )

�

+ o ( � )

since b y (27),




�

0

( �

0

) ;

p

� b

2

�

= 0. Therefore,

d

^

� ( e

( n;�

0

)

)( v ) � lim

� & 0

^

� ( q

( � ; 0)

) � � ( �

0

)

�

=

1

n

h

�

0

( �

0

; � b

1

) + �

00

( �

0

;

p

� b

2

;

p

� b

2

)

i

;

establishing the ev en case.

No w consider the o dd case with n = 2 m + 1. This time set

� = �

�

00

( �

0

;

p

� b

2

;

p

� b

2

)

�

0

( �

0

)

and consider the family of p olynomials

p

�

( � ) =

�

� �

�

�

0

�

�

n

( b

1

+ � )

��

q

( � ;� )

( � )

= ( � � �

0

)

n

+ � v ( � ) + o ( � ) :
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F or all v alues of � the ro ots of this p olynomial are

�

0

�

�

n

( b

1

+ � ) and �

0

�

�

n

( b

1

�

1

2 m

� ) �

p

� b

2

� =m:

T aking the second-order T a ylor expansion of � at the ro ot �

0

�

�

n

( b

1

+ � )

for � real and p ositiv e sho ws that � ( �

0

�

�

n

( b

1

+ � )) equals

(47) � ( �

0

) + ( � =n )

h

�

0

( �

0

; � b

1

) + �

00

( �

0

;

p

� b

2

;

p

� b

2

)

i

+ o ( � ) :

Similarly , taking the second-order T a ylor expansion of � at either of

the t w o ro ots �

0

�

�

n

( b

1

�

1

2 m

� ) �

p

� b

2

� =m for � real and p ositiv e and

using the fact that �

0

( �

0

;

p

� b

2

) = 0 sho ws that

�

�

�

0

�

�

n

( b

1

�

1

2 m

� ) �

p

� b

2

� =m

�

also equals (47). Therefore, for � real and p ositiv e, w e ha v e

^

� ( p

�

) = � ( �

0

) +

1

n

( �

0

( �

0

; � b

1

) + �

00

( �

0

;

p

� b

2

;

p

� b

2

)) � + o ( � ) :

The pro of is completed as in the ev en degree case. �

Theorem 2.4 and its re�nemen ts giv e necessary conditions for in-

clusion in the tangen t cone T

epi (

^

� )

�

( e

( n;�

0

)

; � ( �

0

))

�

. W e no w use the

conditions giv en in Theorem 2.9 to c haracterize the tangen t cone when

� is t wice di�eren tiable at �

0

.

Theorem 2.10. L et �

0

2 dom ( � ) b e such that @ � ( �

0

) 6= f 0 g , and set

v =

n

X

k =0

b

k

e

( n � k ;�

0

)

:

If either in t ( @ � ( �

0

)) 6= ; or � is twic e c ontinuously di�er entiable at

�

0

and any one of the thr e e c onditions (44)-(46) hold, then ( v ; � ) 2

T

epi (

^

� )

�

( e

( n;�

0

)

; � ( �

0

))

�

if and only if

� �

1

n

h

�

0

( �

0

; � b

1

) + �

00

( �

0

;

p

� b

2

;

p

� b

2

)

i

;

0 =

D

g ;

p

� b

2

E

8 g 2 @ � ( �

0

) ; and(48)

0 = b

k

; k = 3 ; : : : ; n;

wher e we interpr et the term �

00

( �

0

;

p

� b

2

;

p

� b

2

) as zer o when � is not

twic e c ontinuously di�er entiable at �

0

.

Pr o of. Apply Theorem 2.9 in conjunction with the represen tation (12).

�
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3. Regular Normals and Subgradients

Next consider the v ariational ob jects dual to the tangen t cone and

the sub deriv ativ e. These are the cone of r e gular normals to the epi-

graph at a p oin t and the set of r e gular sub gr adients . The cone of regular

normals is the p olar of the tangen t cone [14, Prop osition 6.5]:

b

N

epi ( f )

( x ) = T

epi ( f )

( x )

�

=

�

( z ; � )

�

�

h ( z ; � ) ; ( w ; � ) i � 0 ; 8 ( w ; � ) 2 T

epi ( f )

( x )

	

:

A v ector v is a regular subgradien t [14, De�nition 8.3] for f at x 2

dom ( f ) if

(49) f ( y ) � f ( x ) + h v ; y � x i + o ( j y � x j ) :

W e call the collection of all regular subgradien ts for f at x the r e gular

sub di�er ential of f at x and denote this set b y

^

@ f ( x ). The regular

sub di�eren tial at a p oin t is alw a ys a closed con v ex set. A t p oin ts x

where

^

@ f ( x ) 6= ; the regular normals and the regular subgradien ts are

related b y the form ula [14, Theorem 8.9]

(50)

b

N

epi ( f )

( x ) =

n

t ( v ; � 1)

�

�

�

v 2

^

@ f ( x ) ; t > 0

o

[

n

( v ; 0)

�

�

�

v 2

^

@ f ( x )

1

o

;

where

^

@ f ( x )

1

denotes the recession cone of the set

^

@ f ( x ) [14, De�nition

3.3]. The regular sub di�eren tial is related to the sub deriv ativ e b y the

form ula [14, Exercise 8.4]

(51)

^

@ f ( x ) = f v j h v ; w i � d f ( x )( w ) 8 w g :

Recall that the supp ort function for an y set D in a Euclidean space

E is giv en b y

�

D

( w ) = sup

v 2 D

h v ; w i :

The supp ort function of a set is a sublinear function and coincides

with the supp ort function for the closed con v ex h ull of the set. The

represen tation (51) implies the inequalit y

�

^

@ f ( x )

( w ) � d f ( x )( w ) 8 w 2 E :

W e use the relation (51) to estimate the regular sub di�eren tial of

^

�

at e

( n;�

0

)

and then use this estimate to appro ximate the cone of regular

normals. W e b egin b y de�ning a parametrized family of m ultifunctions

�

�

: C � C

n +1

with parameter v alues 0 � � 2 I R . F or � = 0, set

�

0

( �

0

) =

8

<

:

0

@

�

0

.

.

.

�

n

1

A

�

�

�

�

�

0

= 0 ; �

1

2 �

1

n

@ � ( �

0

) ;

h �

2

; g

2

i � 0 8 g 2 @ � ( �

0

)

9

=

;

:
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F or � > 0, the m ultifunction �

�

is only de�ned when � is t wice con-

tin uously di�eren tiable in whic h case ( �

0

; �

1

; : : : ; �

n

)

T

2 �

�

( �

0

) if and

only if

(52) �

0

= 0 ; �

1

=

� 1

n

�

0

( �

0

) ;

and �

2

satis�es

(53)




�

2

; �

0

( �

0

)

2

�

� � h ( i �

0

( �

0

)) ; �

00

( �

0

)( i �

0

( �

0

)) i :

Giv en �

0

2 dom ( @ � ) and � � 0, the set �

�

( �

0

), when de�ned,

is a non-empt y closed con v ex set. The recession cone of �

�

( �

0

) is

indep enden t of the c hoice of � � 0:

�

�

( �

0

)

1

=

8

<

:

0

@

�

0

.

.

.

�

n

1

A

�

�

�

�

�

0

= 0 ; �

1

= 0 ;

h �

2

; g

2

i � 0 8 g 2 @ � ( �

0

)

9

=

;

= f 0 g

2

� ( I R

+

@ � ( �

0

))

�

� C

n � 2

;(54)

where I R

+

@ � ( �

0

) = f �! j � 2 I R

+

; ! 2 @ � ( �

0

) g . W e no w c haracterize

the supp ort function for the sets �

�

( �

0

).

Lemma 3.1. L et �

0

2 dom ( � ) b e such that @ � ( �

0

) 6= f 0 g , and let

� � 0 . Then for every ve ctor

b = ( b

0

; b

1

; : : : ; b

n

)

T

2 C

n +1

we have �

�

�

( �

0

)

( b ) = + 1 if the c omp onents of b do not satisfy (27)

and (28); otherwise,

(55) �

�

�

( �

0

)

( b ) =

1

n

�

0

( �

0

; � b

1

) + � �

00

( �

0

;

p

� b

2

;

p

� b

2

) :

The term � �

00

( �

0

;

p

� b

2

;

p

� b

2

) is to b e interpr ete d as zer o with � = 0

whenever � is not twic e c ontinuously di�er entiable at �

0

, and e quals

zer o if � is twic e c ontinuously di�er entiable at �

0

with

h ( i �

0

( �

0

)) ; �

00

( �

0

)( i �

0

( �

0

)) i = 0 :

Pr o of. Set

�

( �; 2)

( �

0

) = f �

2

j � 2 �

�

( �

0

) g :
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Then

�

�

�

( �

0

)

( b ) = sup

� 2 �

�

( �

0

)

h � ; b i

= sup

8

<

:

n

X

j =1

h �

j

; b

j

i

�

�

�

�

�

�

�

1

2 �

1

n

@ � ( �

0

)

�

2

2 �

( �; 2)

( �

0

)

�

j

2 C ; j = 3 ; : : : ; n

9

=

;

=

1

n

�

0

( �

0

; � b

1

) + sup

�

2

2 �

( � ; 2)

( �

0

)

h �

2

; b

2

i +

n

X

j =3

sup

�

j

2 C

h �

j

; b

j

i ;(56)

where the second equalit y follo ws the de�nition of �

�

( �

0

) and the third

equalit y follo ws from (18).

Observ e that the �nal term in (56) implies that �

�

�

( �

0

)

( b ) = + 1 if

b do es not satisfy (28). W e no w sho w that (27) m ust also b e satis�ed.

Let g b e a nonzero subgradien t of � at �

0

and let �

2

2 �

( � ; 2)

( �

0

). Since

g is nonzero, there exist real scalars �

1

and �

2

suc h that

(57) �

2

= �

1

g

2

+ �

2

i g

2

;

and so

(58)




�

2

; g

2

�

= �

1

j g j

4

:

In particular, this implies that the inequalities h �

2

; g

2

i � 0 when � = 0

and (53) when � > 0 do not restrict the v alues that �

2

ma y tak e while

�

1

is allo w ed tak e arbitrarily large negativ e v alues. No w, as with �

2

,

there exist real scalars �

1

and �

2

suc h that

b

2

= �

1

g

2

+ �

2

i g

2

so that

h �

2

; b

2

i = �

1

�

1

j g j

4

+ �

2

�

2

j g j

4

:

The fact that �

2

is unrestricted implies that the second term in (56)

is + 1 unless �

2

= 0. Similarly , the fact that �

1

can tak e arbitrarily

large negativ e v alues implies that the second term in (56) + 1 unless

�

1

� 0. Therefore,

(59) �

�

�

( �

0

)

( b ) < 1 only if b

2

= �

1

g

2

with �

1

� 0 ;

or equiv alen tly ,

0 =

D

g ;

p

� b

2

E

:

Since g is an arbitrary nonzero elemen t of @ � ( �

0

), w e ha v e that (27)

holds. That is, �

�

�

( �

0

)

( b ) is �nite if and only if (27) and (28) are

satis�ed.
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Next assume that b satis�es (27) and (28) and consider the cases

� = 0 and � > 0 separately . If � = 0, then, b y (57), (58), and (59), the

second term in (56) tak es the form

sup

�

1

� 0

�

1

�

1

j g j

4

;

where �

1

� 0. This suprem um is ob viously zero, th us establishing (55).

On the other hand, if � > 0, then, again b y (57), (58), and (59), the

second term in (56) is the suprem um of the v alues �

1

�

1

j �

0

( �

0

) j

4

o v er

all v alues of �

1

satisfying

�

1

j �

0

( �

0

) j

4

� � h ( i �

0

( �

0

)) ; �

00

( �

0

) ( i �

0

( �

0

)) i :

Again, since �

1

� 0, this suprem um is giv en b y

� �

1

h ( i �

0

( �

0

)) ; �

00

( �

0

) ( i �

0

( �

0

)) i

= �

D�

i

p

�

1

�

0

( �

0

)

�

; �

00

( �

0

)

�

i

p

�

1

�

0

( �

0

)

� E

= �

D�

p

� b

2

�

; �

00

( �

0

)

�

p

� b

2

� E

;

where the second equalit y follo ws from (59). Hence, (55) is v alid in

this case as w ell and the �nal statemen t of the lemma also holds. �

Lemma 3.1 com bined with Theorem 2.9 and the represen tation (51)

pro vide a basis for estimates, and in some cases form ulas, for the reg-

ular sub di�eren tial of

^

� at e

( n;�

0

)

. But �rst w e need to map the sets

�

�

( �

0

) in to the space of p olynomials. Giv en �

0

2 C de�ne the linear

transformation �

�

0

: P

n

! C

n +1

to b e the mapping that tak es a p oly-

nomial to its T a ylor series co e�cien ts when expanded at the base p oin t

�

0

, sp eci�cally ,

(60) �

�

0

( p ) =

�

p ( �

0

) ; p

0

( �

0

) ; : : : ; p

( n )

( �

0

) =n !

�

T

:

Equiv alen tly , if p has the represen tation p =

P

n

k =0

a

k

e

( n � k ;�

0

)

, then

�

�

0

( p ) = ( a

n

; a

n � 1

; : : : ; a

0

)

T

. The family of linear transformations �

�

is

con tin uous in � , and for eac h �

0

the transformation �

�

0

is in v ertible.

Indeed, one has

�

� 1

�

0

= �

�

�

0

when the adjoin t �

�

�

0

is de�ned using the inner pro duct h� ; �i

�

0

.

Theorem 3.2. L et

^

� b e as de�ne d in (1) and �

0

2 dom ( � ) b e such

that @ � ( �

0

) 6= f 0 g . Then

(61) d

^

� ( e

( n;�

0

)

)( v ) � �

�

0

( �

0

)

( �

�

0

( v ))

for al l v 2 P

n

and

(62) �

�

�

0

�

0

( �

0

) �

^

@

^

� ( e

( n;�

0

)

) ;
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wher e �

�

�

0

is the adjoint of �

�

0

with r esp e ct to the inner pr o duct h� ; �i

�

0

.

Equality holds in b oth (61) and (62) if in t ( @ � ( �

0

)) 6= ; .

If it is further assume d that the function � is twic e c ontinuously

di�er entiable at �

0

with �

0

( �

0

) 6= 0 , then

(63) �

�

�

1

( �

0

)

( �

�

0

( v )) � d

^

� ( e

( n;�

0

)

)( v ) � �

�

�

2

( �

0

)

( �

�

0

( v )) ;

for al l v 2 P

n

, and

(64) �

�

�

0

�

�

1

( �

0

) �

^

@

^

� ( e

( n;�

0

)

) � �

�

�

0

�

�

2

( �

0

)

wher e �

1

= 1 = ( n ( n � 1)) and �

2

= 1 =n . F urthermor e, if � is quadr atic,

or �

00

( �

0

; � ; � ) is p ositive de�nite, or h ( i �

0

( �

0

)) ; �

00

( �

0

)( i �

0

( �

0

)) i = 0 ,

then

d

^

� ( e

( n;�

0

)

)( v ) = �

�

�

2

( �

0

)

( �

�

0

( v ))

for al l v 2 P

n

, and

^

@

^

� ( e

( n;�

0

)

) = �

�

�

0

�

�

2

( �

0

) :

Pr o of. Inequalit y (61) follo ws from the b ound (41) in Theorem 2.9 cou-

pled with Lemma 3.1. The left and righ t inequalities in (63) follo w from

(42) and (43) in Theorem 2.9, resp ectiv ely , again in conjunction with

Lemma 3.1. The sub di�eren tial inclusions in (62) and the left hand

side of (64) follo w immediately from the de�nition of the adjoin t trans-

formation, the represen tation (51) and the inequalites in (61) and the

left hand side of (63), resp ectiv ely . Here w e ha v e also used the iden tit y

�

D

( A � ) = �

A

�

D

( � ) ;

where A is an y linear transformation b et w een Euclidean spaces E

1

and

E

2

.

The inclusion on the righ t hand side of (64) follo ws from the def-

inition of the adjoin t transformations and the fact that for an y t w o

closed con v ex sets C

1

and C

2

one has that C

1

� C

2

if and only if

�

C

1

( v ) � �

C

2

( v ) for all v .

The �nal statemen t of the Theorem follo ws from the �nal statemen t

of Theorem 2.9, the �nal statemen t of Lemma 3.1, and the preceding

commen t on the relationship b et w een supp ort functions and con v ex

sets. �

W e no w apply Theorem 3.2 to (50) obtaining appro ximations to the

cone of regular normals to epi (

^

� ) at the p oin t ( e

( n;�

0

)

; � ( �

0

)). W e b egin

b y extending the de�nitions for the sets �

�

( �

0

). F or � = 0 de�ne

�

0

( �

0

) = f 
 ( � ; � 1) j � 2 �

0

( �

0

) ; 0 < 
 2 I R g [ �

0

( �

0

)

1

=

�

( w ; � ) 2 C

n +1

� I R

�

�

�

�

� � 0 ; w

0

= 0 ; w

1

2

�

n

@ � ( �

0

) ;

and h w

2

; g

2

i � 0 8 g 2 @ � ( �

0

)

�

:
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F or 0 < � 2 I R , w e assume that � is t wice con tin uously di�eren tiable

at �

0

and de�ne

�

�

( �

0

) = f 
 ( � ; � 1) j � 2 �

�

( �

0

) ; 0 < 
 2 I R g [ �

�

( �

0

)

1

so that ( w ; � ) 2 �

�

( �

0

) if and only if

� � 0 ; w

0

= 0 ; w

1

=

�

n

�

0

( �

0

) ; and




w

2

; �

0

( �

0

)

2

�

� � �� h ( i �

0

( �

0

)) ; �

00

( �

0

)( i �

0

( �

0

)) i ;

where w = ( w

0

; w

1

; : : : ; w

n

)

T

2 C

n +1

and � 2 I R . Also, for eac h

� 2 C , de�ne the linear transformation ^�

�

: P

n

� I R ! C

n +1

� I R b y

^�

�

( p; � ) = ( �

�

( p ) ; � ) where the linear transformation �

�

is de�ned in

(60). The adjoin t of ^�

�

, with resp ect to the inner pro duct

h ( q ; � ) ; ( p; � ) i = h q ; p i

�

0

+ � �

on P

n

� I R , is the linear transformation ^�

�

�

: C

n +1

� I R ! P

n

� I R

giv en b y

^�

�

�

( w ; � ) = ( �

�

�

( w ) ; � ) = ^�

� 1

�

( w ; � ) :

Theorem 3.2 and relation (50) giv e the follo wing corollary to Theorem

3.2.

Corollary 3.3. L et � � 0 and

^

� b e as de�ne d in (1) with �

0

2 dom ( @ � )

satisfying @ � ( �

0

) 6= f 0 g . Then

(65) ^�

�

�

0

�

0

( �

0

) �

b

N

epi (

^

� )

( e

( n;�

0

)

; � ( �

0

)) ;

with e quality holding if in t ( @ � ( �

0

)) 6= ; . If it is further assume d that

the function � is twic e c ontinuously di�er entiable at �

0

with �

0

( �

0

) 6= 0 ,

then

(66) ^�

�

�

0

�

�

1

( �

0

) �

b

N

epi (

^

� )

( e

( n;�

0

)

; � ( �

0

)) � ^�

�

�

0

�

�

2

( �

0

)

wher e �

1

= 1 = ( n ( n � 1)) and �

2

= 1 =n . F urthermor e, if � is quadr atic,

or �

00

( �

0

; � ; � ) is p ositive de�nite, or h ( i �

0

( �

0

)) ; �

00

( �

0

)( i �

0

( �

0

)) i = 0 ,

then

b

N

epi (

^

� )

( e

( n;�

0

)

; � ( �

0

)) = ^�

�

�

0

�

�

2

( �

0

) :

4. The Abscissa Mapping

W e apply the results of the preceding t w o sections to the abscissa

mapping for p olynomials:

a ( p ) = sup f Re � j � 2 R ( p ) g :

Here a =

^

� , where

^

� is de�ned in (1) with the function � giv en b y the

linear form

� ( � ) = h 1 ; � i :
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Since �

00

( � ) � 0, w e obtain complete c haracterizations for the v aria-

tional ob jects under study . W e state t w o results. The �rst concerns

the tangen t cone and sub deriv ativ e, and the second the regular normals

and sub di�eren tial.

Theorem 4.1. Given �

0

2 C , one has ( v ; � ) 2 T

epi ( a )

�

e

( n;�

0

)

; Re ( �

0

)

�

,

with

(67) v =

n

X

k =0

b

k

e

( n � k ;�

0

)

if and only if

� � �

1

n

Re ( b

1

) ;(68)

0 � Re b

2

; 0 = Im b

2

; and(69)

0 = b

k

; k = 3 ; : : : ; n:(70)

Mor e over, d a ( e

( n;�

0

)

)( v ) = + 1 if (69) and (70) ar e not satis�e d; oth-

erwise,

(71) d a ( e

( n;�

0

)

)( v ) = �

1

n

Re ( b

1

) :

Pr o of. The �nal statemen t of the theorem follo ws immediately from

the �nal statemen t of Theorem 2.9. The �rst part of the result follo ws

from Theorem 2.10. �

Remark The t w o conditions 0 � Re b

2

and 0 = Im b

2

in (69) are equiv-

alen t to the single condition 0 = Re

p

� b

2

whic h follo ws from condition

(48) in Theorem 2.10.

The sub di�eren tial and normal cone c haracterizations follo w directly

from Theorem 3.2 and Corollary 3.3.

Theorem 4.2. L et �

0

2 C b e given. Then

b

N

epi ( a )

( e

( n;�

0

)

; Re ( �

0

)) = ^�

�

�

0

�

t ( w ; � 1)

�

�

�

�

0 � t; w

0

= 0 ; w

1

=

� 1

n

and Re ( w

2

) � 0

�

;

and

@ a ( e

( n;�

0

)

) = �

�

�

0

f w j w

0

= 0 ; w

1

= � 1 =n; and Re ( w

2

) � 0 g :

The results of Theorems 4.1 and 4.2 coincide precisely with those

found in [3, 5 ].
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5. The Radius Mapping

Consider no w the radius mapping for p olynomials:

r ( p ) = sup f j � j j � 2 R ( p ) g :

Here r =

^

� , where

^

� is de�ned in (1) with the function � giv en b y the

mo dulus

� ( � ) = j � j :

The mo dulus is con v ex and in�nitely di�eren tiable in the real sense

except at the origin. The con v ex sub di�eren tial is giv en b y

@ j�j ( � ) =

�

B ; if � = 0;

� = j � j ; otherwise,

where B = f � j j � j � 1 g is the closed unit disk in C . A t nonzero � w e

ha v e

j�j

00

( � ; � ; � ) =

1

j � j

�

j � j

2

� h � = j � j ; � i

2

�

:

Since for �

0

6= 0 the Hessian is not p ositiv e de�nite and

1

j �

0

j

=

��

i �

0

j �

0

j

�

; �

00

( �

0

)

�

i �

0

j �

0

j

� �

;

it w ould seem that our strongest results for the p olynomial e

( �

0

;n )

do

not apply when �

0

6= 0. Ho w ev er, this di�cult y is easily sidestepp ed.

Lemma 5.1. L et p 2 M

n

b e any p olynomial for which r ( p ) > 0 . Then

( v ; � ) 2 T

epi ( r )

( p; � ) if and only if ( v ; �� ) 2 T

epi ( r

2

)

( p;

1

2

�

2

) , wher e

r

2

( p ) = sup

�

1

2

j � j

2

j � 2 R ( p )

�

:

Pr o of. Let ( v ; � ) 2 T

epi ( r )

( p; � ). Then there exist sequences

(72) f ( p

k

; �

k

) g � epi ( r ) and t

k

& 0

suc h that

p

k

� p

t

k

! v ; and(73)

�

k

� �

t

k

! � :(74)

Moreo v er, w e ma y assume with no loss in generalit y that �

k

> 0 for all

k since � � r ( p ) > 0.

No w since ( p; � ) 2 epi ( r ) if and only if ( p; �

2

= 2) 2 epi ( r

2

), w e ha v e

(72) is equiv alen t to

(75) f ( p

k

; �

2

k

= 2) g � epi ( r

2

) and t

k

& 0 :
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Also, since 0 < �; �

k

, (74) is equiv alen t to

( �

k

� � )( �

k

+ � )

t

k

! 2 ��

or equiv alen tly ,

(76)

1

2

�

2

k

�

1

2

�

2

t

k

! �� :

Therefore, the statemen ts (72){(74) are equiv alen t to the statemen ts

(75), (73), and (76), or equiv alen tly , ( v ; �� ) 2 T

epi ( r

2

)

( p; � ). �

Lemma 5.1 giv es the represen tation

(77) T

epi ( r )

( p; � ) =

�

( v ; � =� )

�

�

( v ; � ) 2 T

epi ( r

2

)

( p; �

2

= 2)

	

;

whenev er r ( p ) > 0. Since

1

2

j�j

2

is quadratic, with (

1

2

j �j

2

)

00

( � ; � ; � ) = j � j

2

,

Theorem 2.10 pro vides a complete c haracterization of the tangen t cone

T

epi ( r )

( e

( n;�

0

)

; j �

0

j ).

Theorem 5.2. L et �

0

2 C and let ( v ; � ) 2 P

n

� I R b e such that

(78) v =

n

X

k =0

b

k

e

( n � k ;�

0

)

:

(i) If �

0

= 0 , then ( v ; � ) 2 T

epi ( r )

( e

( n; 0)

; �

0

) if and only if

� �

1

n

j b

1

j ;(79)

0 = b

k

; k = 2 ; 3 ; : : : ; n:(80)

Mor e over, d r ( e

( n;�

0

)

)( v ) = + 1 if (80) is not satis�e d; other-

wise,

d r ( e

( n;�

0

)

)( v ) =

1

n

j b

1

j :

(ii) If �

0

6= 0 , then ( v ; � ) 2 T

epi ( r )

( e

( n;�

0

)

; j �

0

j ) if and only if

� �

1

n j �

0

j

�

j b

2

j � Re

�

�

0

b

1

�

;(81)

0 = Re

�

�

0

p

� b

2

; and(82)

0 = b

k

; k = 3 ; : : : ; n:(83)

Mor e over, d r ( e

( n;�

0

)

)( v ) = + 1 if (82) and (83) ar e not satis�e d;

otherwise,

d r ( e

( n;�

0

)

)( v ) =

1

n j �

0

j

�

j b

2

j � Re

�

�

0

b

1

�

:
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Pr o of. The case �

0

= 0 follo ws from Theorem 2.9 and the represen-

tation (12) since B = @ j�j (0) has non-empt y in terior, while the case

�

0

6= 0 follo ws from Theorem 2.10 and the represen tation (77). �

W e ha v e the follo wing dual v ariational results for the regular sub d-

i�eren tial and normal cone.

Theorem 5.3. L et �

0

2 C and let the line ar tr ansformation �

�

: P

n

!

C

n +1

b e as de�ne d in (60). Set

�

r

( �

0

) =

8

<

:

0

@

�

0

.

.

.

�

n

1

A

�

�

�

�

�

0

= 0 ; �

1

2

1

n

B

9

=

;

;

if �

0

= 0 ; otherwise, set

�

r

( �

0

) =

8

<

:

0

@

�

0

.

.

.

�

n

1

A

�

�

�

�

�

0

= 0 ; �

1

=

� �

0

n j �

0

j

;




�

2

; �

0

2

�

�

j �

0

j

n

9

=

;

:

(i) If �

0

= 0 , then

d r ( e

( n;�

0

)

)( v ) = �

�

r

( �

0

)

( �

�

0

( v )) ;

^

@ r ( e

( n;�

0

)

) = �

�

�

0

�

r

( �

0

) ;

and

N

epi ( r )

( e

( n;�

0

)

; 0) =

�

( �

�

�

0

( w ) ; � � )

�

�

�

�

� � 0 ; w 2 C

n +1

;

w

0

= 0 ; j w

1

j � �

�

:

(ii) If �

0

6= 0 , then

d r ( e

( n;�

0

)

)( v ) = �

�

r

( �

0

)

( �

�

0

( v )) ;(84)

^

@ r ( e

( n;�

0

)

) = �

�

�

0

�

r

( �

0

) ;(85)

and

(86)

N

epi ( r )

( e

( n;�

0

)

; �

0

) =

�

( �

�

�

0

( w ) ; � � )

�

�

�

�

� � 0 ; w

0

= 0 ; w

1

=

� ��

0

j �

0

j

;




w

2

; �

0

2

�

� � j �

0

j

�

:

Pr o of. Let us �rst supp ose that �

0

= 0. In this case, the sub di�eren tial

B = @ j�j (0) has non-empt y in terior and so the results of Theorems 2.9

and (66) directly apply to giv e the result.

Next supp ose that �

0

6= 0. In this case, Lemma 3.1 com bined with

P art (2) of Theorem 5.2 giv es (84). This in turn establishes (85) due to

the relation (51). The �nal relation (86) follo ws from the equiv alence

(50). �
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6. Concluding Remarks

W e ha v e sho wn that the Gauss-Lucas tec hnique presen ted in [3] ex-

tends nicely to the class (1) obtaining �rst-order necessary condition

for inclusion in the tangen t cone T

e

( n;�

0

)

(epi (

^

� )) (Theorem 2.4). Ho w-

ev er, substan tial additional w ork w as required to obtain the second-

order necessary and su�cien t conditions giv en in Theorem 2.10. It

is gratifying that the second-order result preserv es the simplicit y and

geometric app eal of Theorem 2.4. Simply stated the result sa ys that

�rst-order gro wth in

^

� is con trolled not only b y �

0

( �

0

) but also b y

the second-order b eha vior in directions that are b oth p erp endicular to

�

0

( �

0

) and corresp ond to a squarero ot splitting of the ro ots. This is

nicely illustrated in the application to the radius mapping in Section

5.

Ho w ev er, Theorem 2.10 is still incomplete in the case where �

00

( �

0

)

is inde�nite. W e conjecture that the result con tin ues to hold in this

case. This conjecture is closely related to the the m uc h deep er con-

jecture that the functions

^

� are pro x-regular [14 , De�nition 13.27] at

p oin ts where � is t wice di�eren tiable. If true, this result w ould mak e a

n um b er of results p ossible including the extension of Theorem 2.10 to

the inde�nite case. Indeed, the pro x-regularit y question is at this time

the most imp ortan t unresolv ed issue concerning this class of functions.

The extension of the results in the previous sections to general p oly-

nomials on M

n

and the v eri�cation of sub di�eren tial regularit y remain

to b e established and will app ear in a subsequen t pap er.
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