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Abstract

It is known that predictor-corrector methods in a large neighborhood of the centrd path
are among the most excient interior point methods (IPMs) for linear optimization (LO)
probllems. the best iteration bound based on the classical logarithmic barrierfunction
is O nlog? . In this paper we propose a family of self-regular proximity based predictor-
corrector (SR-PC) IPM for LO in a large neighborhood of the central path. Like all predictor-
corrector IPMs, our new SR-PC algorithms have a predictor step and a corrector step.r the
predictor step we use either the atne scaling or a self-regular direction, while in the coec-
tor step we always use a self-regular direction. Our new algorithms use a special gqimity
function with di®erent search directions and thus allows us ta@ improve the so fabest theoret-
ical iteration complexity for a family of SR-PC IPMs. An O P ﬁexp(%) lognlog %
worst-case iteration bound with quadratic convergence is established, where is the barrier
degree of the SR proximity function. If g=1 +log n; then we have the so far best iteration
complexity for the “rst order predictor-corrector method in a large neighborhood, and if
g=1+2log(log n) our algorithm has an O(nlog 1) iteration complexity. For the case q=1;
the result is a factor logn worse than the exist recent results.

Keywords: Linear Optimization, Predictor-Corrector Method, Superli near Convergence,
Self-regular Proximity Function, Large Neighborhood, Polynomial Complexity.

1 Introduction

Since Karmarkar's seminal paper [6], many researchers havproposed and analyzed various
Interior-Point Methods (IPMs) for solving large classes of gtimization problems with numerous
new exciting results. For a survey of these results we referat the recent books [18, 21, 22] on
the subject. In this paper, we deal with primal-dual IPMs for solving the following standard
Linear Optimization (LO) problem:

(P) minfc'x : Ax = b;x, Og;
where A 2 RME" satis’es rank(A) = m, b2 R™; ¢2 R", and its dual problem

(D) maxfb'y:ATy+s=c;s, Og:
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We may assume without loss of generality [18, 22] that both (B and (D) satisfy the interior
point condition (IPC), i.e., there exists an (x°;s%;y°) such that

AX°=b: x>0 ATYo+sP=¢; > 0

In this paper we focus on predictor-corrector IPMs for LO in a large neighborhood of the
central path. First we start with a brief review of the predic tor-corrector method. This method
follows the central path by taking a predictor step and then a corrector step. In the predictor
step our aim is to reduce the duality gap and in the corrector $ep we are trying to bring the
iterate back to a certain neighborhood of the central path. The best known predictor-corrector
algorithm is the Mizuno-Todd-Ye (MTY) algorithm for LO, that w orks in a small neighborhood
of the central path [9]. In 1991 Ji et al. proposed a predictorcorrector algorithm for LCP
with superlinear convergence [5]. Quadratic convergencefahe duality gap was proved in [23].
Due to the fact that corrector steps based on the rst order cerering direction are rather
inexcient in a large neighborhood, analyzing the MTY type predictor-corrector algorithm in a
large neighborhood is more dixcult. Di®erent variants of the predictor-corrector algorithms in
large neighborhood have been proposed. Some of the importadevelopments are summarized
in the next paragraph.

Anstreicher and Bosch [1] proved that the iteration complexty of a straightforward implemen-
tation of the MTY predictor-corrector method in a large neighborhood is O(n% log 3): Using a
very elegant analysis, Gonzaga [3] proposed a predictor-cactor algorithm in a wide neighbor-
hood using multiple centering gteps in the corrector step. H showed that the maximum number
of centering steps isO 'n log % . In [16] Potra proposed a predictor-corrector algorithm for LCP
that has the same structure as the MTY algorithm. He proved that under general conditions
his algorithm has an O(nlog 1) iteration complexity, and quadratic convergence of the duality
gap under the assumption that the LCP is nondegenerate. Recwly, Potra and Liu have [17]
proposed a predictor-corrector algorithm for suxcient linear complementarity problems with th
same structure as the MTY method in the wide neighborhoodN { (%3; and proved anO 'n log 2
iteration complexity with quadratic convergence. Severalstrategies have been proposed for im-
proving the theoretical complexityéjf IPMs in a large neighborhood. For example, Hung and Ye
[4] proposed an asymptoticallyO(" nlog i) complexity algorithm that is based on higher-order
approximation of the central path. A more practical predict or-corrector algorithm, proposed by
Mehrotra [8], is based on the power series algorithm of Bayeand Lagarias [2] and the primal-
dual version of Monteiro, Adler and Resende [10]. Mehrotras technique is used widely in all IPM
implementations. A polynomial time version of a Mehrotra ty pe predictor-corrector algorithm
has been presented in [24].

The authors of [11, 14, 19] proposed new classes of IPMs in ar¢ge neighborhood based on
the novel conﬁept of self-regular (SR) proximity functions, and proved that such an algorithm
admits an O(" nlognlog?) iteration bound. Various large-update algorithms with imp roved
complexity result have been proposed [14, 19] by using SR-futions. Recently, Peng et al., [15]
proposed a new variant of the predictor-corrector algorithm based on a speci ¢ SR-proximity
function with O(" nlognlog %) iteration complexity. In this paper we propose a novel variant
of the predictor-corrector algorithm that is using di®erent search directions in the predictor and
corrector steps. In the predictor step it makes either a SR stp with adaptive choice of the
target value or an atne scaling step. In the corrector step it uises a SR search direction. When
g=1+log n our algorithm has the same polynomial complexity as Peng et B's [15] algorithm,
and wheng = 1+2log(log n) it has an O(nlog }) iteration complexity. In the case of g=1; our
result is a factor logn worse than the result in [17]. We also prove the quadratic cowergence of
the new algorithm.



The paper is organized as follows. First, in Section 2, we g& a brief description of IPMs
and then we introduce the family of SR functions and SR searchdirections for LO. In Section
3, rst we introduce our SR neighborhood, then we discuss the ale of the parameter! w.r.t.
a speci ¢ proximity function [19]. At the end of this section we discuss how the duality gap
changes along the search direction [19]. In Section 4, a newRSpredictor-corrector IPM in a
large neighborhood of the central path is proposed and its plgnomial complexity is established.
In Section 5, we prove quadratic convergence of the duality gp. Finally, the paper is closed by
some conclusions in Section 6.

A few words about our notation. Throughout the paper k ¢ kdelgotes the 2-norm of vectors.
We denote by | the index setl = f1;2;:::;ngand xi Tsit =, xi'sit. Forany x =

de ned analogously to denote the largest component. For anywo vectorsx and s, xs denotes
the componentwise product of two vectors ande denotes a vector with all components equal to
one. Throughout RY, denotes the positive orthant andR" denotes the nonnegative orthant in
R".

2 IPMs and Self-Regular Functions

Before getting to the main theme of the paper rst we give a brid introduction to IPMs. Finding
optimal solutions of (P) and (D) is equivalent to solving the following system:

Ax = b; x, O
Aly+s=¢; s, O (1)
xs =0:

The basic idea of primal-dual IPMs is to replace the third equdion in (1) by the parameterized
eqguation xs = le: This leads to the following system:

Ax = b; x, 0
ATy+s=c; s, O 2
Xs = le:

If the IPC holds, then for each® > 0, system (2) has a unique solution. This solution, denoted ¥
(X(1);y(*);s(*)); is called the! -center of the primal-dual pair (P) and (D). The set of! -centers
with all *> 0 givesthe central path of (P) and (D) [7, 20]. It has been shown that the limit of
the central path (as! goes to zero) exists. Because the limit point satis es the coplementarity
condition, it naturally yields optimal solutions for both ( P) and (D), respectively [18].

Primal-dual IMPs follow the central path ( x(*);s(*)) approximately and approach the opti-
mal solution set of the underlying LO problem as! goes to zero. Let us brie°y indicate how this
works. We may assume without loss of generality that the presnt point (X;y;s) is in a certain
neighborhood of the central path for some positive! . We rstupdate * to 1, :=(1 i W?!, for
somep 2 (0;1). Then we solve the Newton system

At x =0;
AT¢y+¢ s=0; ©)
sCx+ XxXCs=1,ej Xs;

to obtain the search direction (¢ x; ¢ y;¢ s). Under the assumption that rank (A) = m; the
Newton system (3) has a unique solution. By taking a step alog the search direction, where
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the step size is chosen so that the new iterate has signi cangl smaller proximity value w.r.t.
(X(*+);y(* +);s(* +)). We repeat this procedure until the present iterate is "cbse enough' to
(X(*+);y(*+);s(*+)), and thus we can sett := 1,. Then! is reduced again by the factor Jj u
and we apply Newton's method again with targeting the new? -center, and so on. This process
is repeated until * is small enough.

Now let us recall the de nition of SR functions form [11]. The family of univariate SR
functions is de ned as follows.

Denition 2.1 A twice continuously di®erentiable functionA(t) : (0;1)! R is SR if it satis-
“es the following two conditions:

SR.1 The function A(t) is strictly convex with respect tot > 0 and vanishes at its global minimal
point t =1, i.e., A(1) = AQ1) = 0. Further, there exist positive constants®, , °; > 0 and
p. 1, q, 1such that

Op(tP b4 ti 1 9) . AR . op(tP T4 ti %) 8t 2 (0;1); 4
SR.2 For any tg;to > 0,

Aty ") - rA(t) + (1 i NA(tz);  8r 2 [0;1 (5)

If A(t) is SR, then parameterq is called the barrier degreeand parameterp is called the growth
degreeof the SR function A(t):

There are two popular families of SR functions. The rst family is given by
i1, th9i 1 pig
p(p+1) q(gi 1) pq

with ©1 = °, = 1: The second family is de ned as

" pa(t) = (ti 1); p, Lg>1 (6)

tP*l 1+t1iqi 1
p+1 qi 1

i pg(t) = , P, Lg>1 (7)

with ©; = min( p;g) and °, = max(p;d. For p;gq= 1 in both cases the classical logarithmic
barrier function

t2; 1

i12(t) =" 12(t) = i logt

is obtained.
Let v 2 R}, . Then an SR-proximity function 2 : R%, ! R, measures the discrepancy

: — P s o
between the vectorsv and e, and is de ned as 3(v) =  A(vi), where A(t) is a univariate SR

1=
function, called the kernel function of the SR-proximity. Further, we recall that a new paradigm
of IPMs was recently introduced by Peng et al. in [11]. They ugd SR-proximity measures to
de ne search directions and to control the iterative process

In classical primal-dual IPMs, we need to solve (3), while in R-IPMs the Newton system (3)
is modi ed. To de ne the modi ed system we need to introduce the rotation

r _ r
XS 1 Te
e and V! = —,

V= ;
XS
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where thei™ components of the vectorv and vi * are = %5 and X5

Newton system for SR-IPMs for LO is given as:
2 32 3 3

LIy ol

S 0 X ¢s i wr3(v)

respectively. Then, the

where vr 3( v) = (vir A(vy); ¢ ¢var A(Vn))T ; X =diag(x); and S = diag(s) (see [11]). For
ease of reference, we also scale the search directiong é&nd ¢ s in the scaledv-space as

ve X ve s
dy = ~ and ds:= T: 9)

Using this notation the Newton system (8) can be written as

Ady =0;
AT¢y+ds=0; (10)
dy + ds = jr 3(v);

where A = LAV 1X; and Vi ! = diag vi :

3 Properties of a SR-Proximity and a SR-Neighborhood

In this section we investigate some properties of the SR-prdrity function

e'v2i n . glyi logn . p

ekisit)=t = = logn

(11)

with respect to the argument® . This proximity function is induced by the kernel function j 14(t);

given by (7), whereq=1+log n. For notational convenience? 4 := % denotes the parameter
value associated with the current duality gap.

Predictor-corrector algorithms originally use an in nity ne ighborhood, which is de ned as

o o

[ (A= 1(ay;9)1(68) > 0 A= by ATy+s= ¢ S( & ¢ - v (12)

whereai = min( a;0) and %22 (0; 1) is a constant independent ofn: We de ne the SR neighbor-
hood in a way that it contains the in nity neighborhood and the se two neighborhoods almost
match each other [15]. Our SR neighborhood is de ned as

N((ne)) = F(6y;8)i(xs) > 0; AX = b; ATy + 5= ¢ ©(x;si1g) - " (Me)g  (13)

where " (n;¢) is a positive function that depends on a constant¢ and the dimension of the
underlying problem. Assume that (x;s) 2 N { (%}; then for this (x;s) pair with * = * 4 we have
efvi 9n; n n(1j 1/)“0%1 n_néjin_

(x s 1) = - — (N ;)
© (sito) logn logn logn (nie);

where¢ =1 | % log(lj %A: One can see easily that with this choice of (n;¢,) the neighborhood
N (" (n; ¢)) contains the neighborhoodN{ (*3:



In the original predictor-corrector method we use the primaktdual atne scaling direction in
the predictor step, which is the solution of the following system of equations

At x =0;
AT¢y+¢ s=0; (14)
S¢ X+ XCs=jxs:

It is well known that close to optimality, the step size of the atne scaling direction is con-
verging to one [18]. This fact implies that close to optimalty the atne scaling direction is the
best choice. In this paper in the rst iterations we change this scheme and we use SR directions
for the predictor step. To be more precise, we compare the duily gap reduction of the atne
scaling direction with the warranted duality gap reduction of the SR direction and then we move
in the direction that gives larger duality gap reduction.

Now we introduce the target value that we use in the predictor step. Since we operate in a
large neighborhood, we de_ne% as the maximum allowed value of the proximity function

w.r.t. the target 1, where¢; = (1 | 31 1. One can show that ©(x;s;1!) = % if and only
if 1! solves the equation

2(x =) T2 1 " (2n+ anlogn)® + xTslogn = 0: (15)

This equation has two positive roots, one is less than or equdo ! 4; and the other one is larger

than or equal to 1 4. In the algorithm we will use the smaller positive root 1! as the target in

the SR-predictor step. One can easily prove thatt Eﬂ- 10; holds whent g - ¢ 0; with 8= 1D
U 2

: . fogn . :
if and only if 1 4= ¢12 h: where1! = — T is the generalized harmonic mean [19]
iTogn TTogn

X S
of the components of the vectorxs: The following lemma gives a useful relation between 4 and
1t

Lemma 3.1 Let ! be dened by equation (15). Then the inequality
H > 1

.1t . i+ 1t
ats a+ ——
g logn

holds.

Proof:  We give a proof for the right hand side inequality. The left hand side can be proved
analogously. The function in (15) is a convex function w.rt * and for* = 14 it is negative. If

we replace! by ﬁz— in that function and simplify, it sutxces to prove that
og n

A I log n
1 2 1 2+ ¢1logn
g i B sogn, 0 (16)
(a+ per)t! a+ oon At e
ogn logn logn

which obviously is true. This completes the proof of the right hand side inequality. That
completes the proof of the lemma. 2

The following result [19] shows that the global minimum of the proximity function as a function
of &; unlike the case of the primal-dual logarithmic barrier function, does not happen at? 4.



Proposition 3.2  For any xed point (x;s) > 0, the proximity function ©-(x;s;), as a function
of 1, has its global minimizer at
A ! 2

XTS 2+log n .

19—

(Xi Igg n )TSi lc;g n
Moreover, © (x;s;!) is a decreasing function w.r.t. * when! - 1% and it is an increasing
function of 1 if 1>1 ¥

Proof: It can be easily proved that the proximity function as a function of 1 is strictly convex.
Using the strict convexity of the proximity function and the optimality condition, one can easily
verify that 17 is the global minimizer of the proximity function. The proof of the second part is
straightforward. 2

The following remark is crucial for the rest of the paper.

Remark 3.3 Without loss of generality we may always assume that after argdictor step the
new iteration is on the boundary of the SR neighborhood, or egvalently ©(x;s; g) = " (n; ¢):

The relation between?! g and * ¥ plays an important role in the analysis of our new algorithm.

Lemma 3.4 Let1®=17 as it is de ned in Proposition 3.2. If ©(x;s;1g) = "(n;¢); then

1+log n
12 = ()t g, where p(e) = exp( 25L 1% %) and we haveexp(2(1i ¢) - t(e) - exp(li &):

Proof: Let ¥ = w(¢)tg and then we need to derive the speci ed formula forpy(¢): The
global minimum of the proximity function is the root of its de rivative with respectto ! i.e.,

i 2+l 3 I ’ T I
s (19 g T e
i = + = O;
21 )2 2
that is equivalent to the following equation if we let % = py(¢)t g
5 ,
n i 2+log n i 2+log n ~logn T . logn
=) 2 g2 xir sz
Ul(é)zl g
This implies that R R
i 2j log n © j logn 02 .
nw(e) 2 = v 7 e = né=exp(¢logn);
thus we have m q
. 2(1j ¢)logn ™
W(e)=exp —————

2+logn
The reader can verify easily that

exp2(Li ¢) - () - exp(di ¢):

The search directions throughout this section are based onhe SR-proximity function

e'vZi n N efviidj n

a = el —

(17)




where 1- gq- 1+logn:
One can prove easily the following technical lemma that is ueful in predicting the reduction
of duality gap.

Lemma 3.5 Letl- q- 1+logn; then the global minimum of2 4(v) in (17), *g; is decreasing
w.rt. q:

Note that our SR-PC algorithm uses the speci ¢ SR-proximity function ©-(x;s;*) to de ne
the neighborhood, while the search directions are given bytte SR-proximity function © 4(x;s;*);
where 1- - 1+logn: Due to the choice of the proximity function, we can write system (8)
as:

At x =0;
ATcy+¢ s=0' (18)

lig, 1ligq
s¢x+ x¢ts=1 e (x"27)s 2z j xs:

Let us denote the solution of system (18) by (¢x(1);¢ y(*); ¢ s(2)). Let 1 = 17: The following
two lemmas discuss the change of the duality gap along the sezh direction

(€ x(*%);¢y(7);¢s(*):
Lemma 3.6 Let (¢ x(*7);¢y(*¥);¢ s(*?)) be the solution of system (18) witht = 1¥ and let
1- g- 1l+logn: Then the relation

xTes(t+sTex(r? . 0
holds. If g=1 +log n then equality holds in this relation.

Proof:  Using the third equation in (18) one has

xTes(®)+ sTex(E)=(1%2 (xz)'sz i x's- 0

where the last inequality follows from Lemma 3.5. This compétes the proof of the lemma. 2

Corollary 3.7 If 1 = 17 then the duality gap decreases, i.e.,
3

(x+ ®XEY))T(s+®sE™)= x"s+® x'¢sE+sT¢x(r? - x's:
When 1! is the target value, analogue to Lemma 3.6, we can get the falwing result.

Lemma 3.8 Let (¢ x(t!);¢yY);¢s(t!)) be the solution of system (18), where = 1! s
de ned by equation (15) and letl- gq- 1+logn. Then

xTesth+ sTex(h)=(1H7 (2)Ts2 | xTs;

and
0

(x+ ®xEHT(s+ @ s(t!))=(x+ @ x) (s+®s)= x's@j ®+ ~—

where .

n
(x24T

o=



Remark 3.9 |If 1t » 1 3; then (19) implies that the search direction based on our spec SR-
proximity function and the standard Newton direction will predict the change of the duality gap

a+1
1t
almost in the same way. However, i#tq e ! 3; then the ratio % is very small and for the
19(1q)_2_
SR search direction the duality gap reduction is much largethan it would be for the standard
Newton direction.

For notational convenience, we de ne

A)@ [ %
Ya = (i vl Ty v 9) (20)
i=1

and o o
Yg= Vi V9 = kdy + dsk;

where 1- q- 1+logn: Itis easy to check that % and ¥ are well de ned.

The following two lemmas specify the relation between¥; % and k(dy; ds)k:
Lemma 3.10 For 1- q- 1l+logn one has¥% - ¥:

Proof: Ifvi, 1thenvij vii 9. v;j vii 99" 1 otherwisevii 9 v; - vi 1090 v thus
Yoo Y 2

Lemma 3.11 Let (¢ x; ¢ y; ¢ s) be the solution of (18), where! = 1 ¥ as it is de ned in Propo-
sition 3.2 and1- q- 1+logn. Then

¥, k (dy;ds)k:
Proof: From the de nition of the search directions we have
X - _ X , _ )
V8= (vii vit HOIM (v vt 9y (Vii Vit O(vii vil 9= k(d;ds)k®;
i=1 i=1

where the last inequality follows from the orthogonality of dx and ds: 2
Now in what follows we derive bounds for the smallest coordiate of v.

Lemma 3.12 Suppose that the present iteratg(x;s) is on the boundary of the neighborhood
N (" (n;¢)) (de ned by (13)), where® = 17 as it is de ned in Proposition 3.2. Then for ¢, , 2
one has

Vmin , €Xp(i ¢); (21)

Hai 1i logn'

Ve "% (o) exp 5 :

min

(22)

n 1 (0]
whereb(¢) =min - (exp(éi 1)i 2)z;exp(li ¢)(Li exp(i 3))



Proof:  Using the de nition of 1 ¥ we have

. T

i logn °-'°9”°_ 2 _ XS_ -
Viino | - °Vi T2 ° = kvk 5 = Npa(é);

that by Lemma 3.4 implies
Hi 2 i Iognﬂ

2+logn - SXPG o)

1
Vmin , €Xp(i D(e)™e™ , exp

To prove (22), rst assume that vmin - exp(j %1); then by using (20) we have

i g+l+log n
G @ERR EDE o ﬂ
,q+1+2|og n 1 qi 1| |ogn
. Li exp(i —) Vi . exp(li &) 1i exp(i 5) exp —————
If Vmin , €xp(i 7); then
1+log n H 1 ﬂ% 1 1 1
min 74, S ns, (exp(¢i 1)i 2)2n4;
Ha(é)
where the rst inequality follows from the inequality
° ° M T
% 5 ov i VI 10 5 1, i 2 2 n%;
Ha(é)
and the second inequality follows from the bound given fony(¢) in Lemma 3.4. This completes
the proof. 2

Remark 3.13 If g=1+log n and ¢, 2;then

1+ Y.
Vanog nay HZ(O)'

Remark 3.14 If g=1 and ¢, 2, then
V%Trl]og Ny, Ué(%) :
The following lemma gives a lower bound for the maximal feadile step size.

Lemma 3.15 Let (¢ x; ¢ y;¢ s) be the solution of system (18) wherel - g - 1+logn and
1 = 1% js de ned by (15). Then the maximal feasible step size®x, satis es

1
®’nax B ®_ m
Proof: We know that
V(®nax) = (V + @inaxh) Z(V + @imaxs)? = V(€ + @rnaxVi 1dy)Z (€ + @inaxVi 1ds)7;
that is nonnegative if

e+ ®naxVvi Ydy . O; and e+ ®pnaxVi 'ds, O

10



These inequalities imply
1

®nax . v Tdvi Tdk-
We also know that 0 o
g(vi 1dX;Vi 1d5)g . M - 3mexp(l):
Vmin
This completes the proof of the lemma. 2

4 An Adaptive Large Neighborhood SR-PC-IPM

In this section we present our new algorithm. At each iteration we have a predictor step and
a corrector step. In the corrector step we recenter to a smadlr neighborhood. In the predictor
step we make either an adaptive SR step or an atne scaling stemiorder to reduce the duality
gap as much as possible in the given large neighborhood. In ¢hpredictor step we compare the
decrease of the duality gap for the SR and the atne scaling step If the reduction of the duality
gap for the atne scaling step is larger than the one theory guaantees for the SR step, then we
make an atne scaling step. Otherwise we do an adaptive SR stepVith this adaptive choice of
the predictor step we preserve the best known polynomial comlexity of large-update SR-IPMs
for the caseq=1+log n and quadratic convergence. Our adaptive large neighborhab SR-PC
algorithm is as follows.

11



Algorithm SR-PC:
Adaptive Large Neighborhood SR-PC-IPM

Input:
A proximity parameter ¢, 2 and” (n;¢) = rl‘;é o
an accuracy parameter"> 0;1- - 1+logn;
(x;s) = (x%s% such that ©(x;s;2¢) -~ (N;¢):
begin
while xTs, 2do
begin
Corrector step
Solve (18) with* = 1? and choose a step siz®; such that
®; = argmin @©: (X(®); s(®);1 ):
Let (X;y;s) = (X(®1); y(®1);s(®1)) :
end
begin
Predictor step
(Atne scaling step ) Solve (14) and choose the maximal
step size®3 such that

(X(®3); Y(®3);s(®3)) 2N (° (?ﬁlé)):

1 @  1j @+ @%;then let? ®= ®; and
to(*g) 7

accept the atne scalinggstgp.

else

(SR-step ) Solve (18) with ¢ = 1! derived from (15).

Determine the maximal step size®, such that

éX(®z);y(®z);S(®z)) 2N ("(n;¢)) and let ®= ®;:

en

Let (X;y;8) = ( X(®);y(®);s(®)):
end

2The value of @% is given in Theorem 4.2 as the warranted step size in the SR step.
The duality gap reduction formula is given in Lemma 3.8 for the SR step.

4.1 The Corrector Step

In this subsection we estimate the decreasing of the proxinty function in the corrector step
when 1 ? is the target value, and we compute a lower bound for the stepige that guarantees
suzcient reduction of the proximity function. The proof of th e following theorem, except the
last two inequalities at the end, is analogous to the proof ofl.,emmas 3.3.2 and 3.3.3 in [11].

Theorem 4.1 Let us assume that the present iterate is in the neighborhodd (" (n; ¢)); and let
(¢ x; ¢ y; ¢ s) be the solution of (18) witht = 1% and 1- g- 1+logn: Then, for

_ H2(¢)Vmin _ 13(¢)
€= 4% logn exp(-9r19 ) and @ = 16lognexp(i q+ 1 +log n)

12



we have

© (X(®):s(®);1%) - ©(x;s;1%) i maxf@¥Z; @v(®) 9"y (23)

min

Proof:  Let us examine the reduction of the proximity value as a funcion of the step length.
For this purpose let us de ne

9(®): =O- (X(®);s(®);1%) i ©(x;s:17) . . (24)
o i lo no2 ° i lo n°2
_ k(@K n V(@ TN kikZin VR oo in
- 2 logn : 2 ! logn

r
where v(®) = M =(v+ ®dx)%(v + ®ds)%: After simplifying the expression, and the fact

that (v; + ®(dy); i + ®(ds)i ) " satis'es condition SR.2 of DeTition 2.1, we have

o o
° Iognc’2
o — > O

X . )
[(vi + ®(dy)i)T 9" + (v + @(ds)i)i 9]

2logn ._, logn
= Gu(®): (25)

Using (20), the de nition of %4; the derivative of g;(®) at zero can be given as

0@ - VT (d+ )@+

1 1, .4 V&
01(0) = SV (de+ ds) i H(vI TN T(dh+ dg) = i 5

One can prove, the same way as Lemma 3.3.3 in [11] is proved,ah

(1 +log n)¥% ZeZ»

01(®) - j ® 5

(len i Ya)l 2i 10gng gy := 02(®):
It is easy to see, via making use of simple calculus, that(®) is convex and twice continuously
di®erentiable for all ®. Let ®; denote the global minimizer of g»(®) in the interval (0 ; ®)] (see

Lemma 3.15). Now as in Lemma 3.3.3 of [11] we haw®;!as the solution of the equation
s ;

i Y2+ % (Vmin | ®%)i 1il0gn, yililgn —q. (26)

min

Using Lemma 1.3.1 of [11] one can derive that

me 3/4Vr];-]-:‘rl-log n len ?yavr]]-‘]-:‘rl']og n
%a(1+log n)(1+ %vp® ") " %(1+log n)(1+ Yava® ")
UZ(C',)Vmin — ®1i;

4% logn exp(1-41109 1)
where the last inequality follows from Lemma 3.12.
By using Lemma 1.3.3 of [11], for® = ®} we have

© (X(®);s(®);17) - ©(x;s;t %) %@i%z:

From (26) and Lemma 3.1 of [12] we have

M. 1
exp —————— q+1+log n Ya:

Ve i+ @3%)i Lilogn i lilogn s, gy
(mlnl 21) 4 “2((,) 2

min

13



Then we can write
p—%(fa)(vmin i ®%) logn
16lognexp(j g+ 1+log n)
O (681 i BV @ 27)

© (x(®);s(®);17) - ©(x;8;17)

_ 15(¢) . _
where ®; = 161ogn exp(; g+ 1+1og n) and the last inequality follows from

Vmin i ®% - V(®)min:

This completes the proof of the theorem. 2

4.2 The Predictor Step

In this subsection we discuss the behavior of the search diction with the di®erent * values
that we choose in the predictor step. We usé = 0 (atne scaling) whenever the reduction of

the duality gap is at least as good as theory guarantees for #gj degree SR step witht = 1t:

If the reduction is not satisfactory, we make an SR step witht = 1!: Then the worst case that
can happen is theqj degree SR step. This implies that for the worst case iteratio complexity

analysis it suxces to discus the behavior of theqgj degree SR step. the In what follows we
compute the step size for the azne scaling step and the)j degree SR step witht = 1t:

Theorem 4.2 Let (¢ x; ¢ y; ¢ s) be the solution of system (18), wheré = 1! is dened by
(&) exp(i ¢)

equation (15) and1- g- 1+logn. Then, for the step size®; = .
q ( ) q g p ®§> 4% Iognexp(' q+1;|og n)

, the

relation 1
O (X(&5);s(@5);1Y) - ©(xis;tY) i @5
holds.

Proof:  The proof is analogous to the proof of Theorem 4.1 except thaat the end of the proof
we use the bound forvyi, from Lemma 3.12. 2

Theorem 4.3 Let (¢ x; ¢ y; ¢ s) be the solution of system (18), wheré = 1! is dened by
equation (15) and1- q- 1+logn. Then for step size®5, the relation

© (X(®%); S(®%);1 g(®5)) - " (n;¢) (28)
holds.

Proof: By Theorem 4.2, we know that the step size®f is strictly feasible and
ay . .10 . oy, q t B _(Cl| 1)n
© (x(®5); S(®5);* (@) - © (X(®5);s(®5);*Y) - ©(xiisitt) =

Thus, 1 (®5) is well de ned and so by the denition of ¢; (see page 6) we have

© (x(@);s(a); (@) = At N,

14



Using Lemma 3.2, and that* {(®) - 1 "(@8), we have

© (x(@);s(@); ey - (&L,
that by Lemma 2:3 of [19] is equivalent to

© (x(®5); S(®5); * g(@E)) - " (n;¢):

This completes the proof of the theorem. 2

Remark 4.4 If we make an atxne scaling step in the predictor step then the dality gap reduc-
tion is at least as big as the warranted duality gap reductioof the SR step, so for the worst case
iteration complexity it suxces to consider that in all iterat ions we are making an SR step.

The following technical lemma is an important tool to prove the polynomial complexity of
our new algorithm. One can nd a slightly di®erent version of this lemma in [19].

Lemma 4.5 Letv, = pi’l—_u for somep 2 (0;1). Then we have:

B(v), M
ip Qiw

&(vs) -

Proof: From the de nition of the proximity function we have

o o
i Iogn°2

kv K2 | n+°V+ 2% jn

a . -
(v+) 2 logn .
logn © j log n 02
o kvk? | n Li W=z vz e in
= i ¥ +
2 logn
0 § ilogngz.
1 E\kvkzinJr vz iNe o ny
- ()]
1i p 2 logn 2(1i ) (logn)(1i W
T e
* @R T o (29)
& -(v) np
+ : 30
i @Qip (30)
This completes the proof of the lemma. 2

By applying Lemma 4.5 to Theorem 4.2, we can prove the followig theorem.

Theorem 4.6 Let¢, 2and(¢ x; ¢ y; ¢ s) be the solution of system (18) as de ned in Algorithm
2, and let ® be the default step size as de ned in Theorem 4.2. Then

where r _
_ 28 i 1
i n '

and ¢; is de ned on page 6.
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Proof: From Lemma 4.5, it can be seen that to prove the theorem it sutce to choosep
satisfying the inequality

© (x(@);s@);t )+ 2 (Li We-(xs;tY:

Using Theorem 4.2 we conclude that the above inequality willcertainly be satis ed if

KO (x;8;1 1) + n_2u %®§3/421 (31)
Since¥% , ¥ forl- q- 1+logn; we have
q
Wo- (x;s;1 1) + ”—2” - %@3 28 (v); 32)

where ®; = %@®%: Recalling the fact that ©-(x;s;11!) = % (the bound for the proximity
measure on page 6), we can rewrite inequality (31) as:

[P )l q___
In n 1
This relation implies that if we choose
r
_® il
pe el
then
5 .
© x(@);s(@);(Li MY - ©(xstY);
that completes the proof. 2

Now we can proceed to discuss the complexity of Algorithm SR-E that follows from the
reduction of the duality gap in the predictor step by the gi degree SR directions. By the choice
of 1t we know that the proximity function © -(x;s;!) keeps invariant for all the iterates. Let
us denote by ¢!)* the target parameter value after one step. Then we have

©(x;5;1Y) = © - (x(®); s(®); * H)*):
On the other hand, form Theorem 4.6 we have
© (X(€);s(®); (17 WY - ©(x(®);s(@);(*H)"):

Since the proximity function is a convex function w.r.t. 1, we have

i ¢
CROMPER NI I (33)
Now we are ready to give the complexity of Algorithm SR-PC.
Theorem 4.7 After at most

"1 (exp(ei 1)+1)n"
log Plei :

o 2

iterations Algorithm SR-PC terminates with a solution for which xTs - 2
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Proof: Since we ensured that the worst case duality gap reduction ishe one that the SR
direction gives, then without loss of generality we may assme that in the predictor step we
always makes a SR step. Using inequality (33) and Corollary B after each iterations (predictor-
corrector step), after at most v,
1, (exp(¢i 1)+1)n
ﬁlog 5
2
iterations we havet! - ; and then Lemma 3.1 impIiessz - 2; that completes

(exp(¢i 1)+1)n
the proof of the theorem. 2

Corollary 4.8 If g=1+log n; then the number of iteration of Algorithm SR-PC is at most

Hp

. 1
@) ﬁlognlog(exlo("I H+1)n :

2

Corollary 4.9 If g=1; then the number of iterations of Algorithm SR-PC is at most

U

- f
o nIognIog(eXp(c’l H+n :

2

5 Quadratic Convergence

In this section we prove the quadratic convergence of Algothm SR-PC. In case of monotone
LCPs, Ye and Anstreicher [23] have proved for predictor-corector algorithms for suzciently
small t 4 the relation

i€ x)i(¢s)ij=0(g?); i=1;¢¢m (34)

holds. Since LO is a special case of monotone LCP, relation 43 is valid for LO as well. Since
in the predictor step we have two choices for the target value it sutces to discuss the case
when the axne scaling direction is used as the predictor diregon. The reason is that close to
optimality atne scaling is always dominant to the SR direction. Then we have

J(dy)i(ds)ij = = O(*g):

In the following lemma we give a lower bound for the step size fothe atne scaling predictor
step.

Lemma 5.1 Let (x;s) be an iterate in Algorithm SR-PC. If the present duality gap s suzciently
small, such that (34) holds, then the step siz® in the predictor step satises®, 1j O(g):

Proof:  First we give an estimate for the maximal feasible step sizeni a predictor step. The
new iterate is strictly feasible if both v+ ®d and v+ ®d; are strictly feasible. Then, the maximal
feasible step size®,x satis es the following inequality

(V+ ®d)(v+ ®d9 = V¥ ®F+ ®dids, 0; ®2 [0; Biax];

or, equivalently
ei ®e+ ®Vi2%dyds, O 8®2 [0; Bhnaxl:
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Sincejdydsj = O(* g), we can conclude that®yax , 1;0 (g):

Now we prove that the step size in the atne scaling step also s& es

®, 1i0 (*y):
,
Let us de ne v, (®) = X((f?)%(?); then we have
. i lo ng2 ° i lo n22
°V+(®) |2g ° Y log
O(x(®);s(®); (L ®))j O(x;s;t)= logn i logn
50 OA - I i logn
1 i logn @ i 2 2
=_— " v 1+ 1 2(dy); (ds)i P 1A
logn i=1 \4 1 ®V| (dy)i(ds)i i
| 0o 1 Iozgn 1
yi_ogn ®? X .
Tmin__ B@1 + — vi2(de)i(ds)i A 1K
logn i ® e 0
 logn OA &7 I If;gn 1
Vmin @ 1; o]¢! . 1A .
logn 1 ® (* ) : '

This inequality shows that, for sutciently small * 4 we have
O(X(®);s(®); (1i ®r) ©O(x;s;t) - @y 19" (35)

where ® has to satisfy the following inequality

A I i logn )
®2 2 .
1i ——O(tg) i1 t5(e) :
1i ® 16exp( g+1+log n)

That is equivalent to nd an ® such that

0 A 5 | il
. K5(¢) g
1 @ A
O(g)® +01i 1+ 16exp( q+1+log n) ®
A 5 ! ||_2
. og n
1+ H5(¢) .o

16exp( g+ 1+log n)

This equation has two roots. Based on the positive root, analgous to the proof of Lemmas
[1.64 and 11.65 of [18] one can show that® , 1j O('g). Finally, by Lemma 4.1 the proof is
completed. 2

Using Lemma 5.1 we have
s .
1g=1i ®g=0 (1§ ;

x(®)F
n

wherelg = S@®- our quadratic convergence result is the following.

Theorem 5.2  Let the iterate (xX; y¥; s¥) generated by Algorithm SR-PC. Whegt 4 is suzciently
small, the algorithm is quadratically convergent in the sese thatl'é+l =0 (* '3)2 and any

accumulation point of the sequencgxX:s¥) is a strictly complementary optimal solution of the
problem.

18



Proof:  The quadratic convergence of the algorithm follows from Lerma 5.1. The proof of
the convergence to an accumulation point and the proof of thi& properties is analogous to the
proof of Theorem 5.14 in [21] and we omitted it here. 2

6 Conclusion

A new family of predictor-corrector SR-IPM's in a large neighborhood of the central path for
LO is proposed. Our new algorithms use di®erent search direicns with a single proximity
function that allows to use wide neighborhoods. AnO P nlogn exp(%)log 2 worst
case iteration complexity result with quadratic convergerce of the algorithm is proved. For the
caseq = 1+log n this complexity matches the result of [15] and for the case am = 1+2 log(log n)
it has an O(nlog %) iteration complexity.
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