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1 In tro duction

The origins of parametric CQO trace back to Markowitz [19, 20]. His pri-
mary interest wasusing the resultsof parametric CQO in mean-variance
analysisof investment portfolios. Later, Houthakker [14] and Wolfe [24]
useda parametric algorithm to solve quadratic optimization problems.
Their results were basedon the simplex method. We refer to [5] for a
survey of their method.

The seminalpaper of Karmakar [17], that triggered extensive research
on Interior Point Methods (IPMs), led alsoto reconsidersensitivity anal-
ysis for linear [1, 8, 12, 23], quadratic [3, 8, 9] and conic linear [25] opti-
mization problems. The new wave of investigation in sensitivity analysis
is concentrated on the behavior of the optimal value function and its
characteristics. The concept of optimal partition, that was introduced
originally in LO [11], was also generalizedto CQO problems[4]. Berke-
laar et al. [3, 8] studied sensitivity analysisof CQO problemswhen per-
turbation occurs in the Right Hand Side (RHS) or in the Linear Term
of the Objective Function (LTOF) data. Recently, Gha®ari et al. [9]
studied sensitivity analysisof CQO problemswhensimultaneouspertur-
bation occurs both in the RHS and LTOF data. They also specialized
their ¯ndings to LO problems.

Categorization of various sensitivity analysisquestionsin LO was in-
troduced¯rst by Koltai and Terlaky [18]. They consideredthree typesof
sensitivity analysis. It shouldbe mentioned that this classi¯cation is also
valid for CQO. Similar to the LO case,weprefer to havemoredescriptive
namesfor them1. Thesethree typesof sensitivity analysiscan be brie°y
described as follows:

Type I (Basis Invariancy) sensitivity analysisaims to ¯nd the range
of parametervariation so that the given optimal basic remainsoptimal.
This kind of sensitivity analysisis basedon simplexmethods. In the case
when the problem hasmultiple optimal (and thus degenerate)solutions,
di®erent methods lead to di®erent optimal basic solutions and conse-
quently, di®erent and confusingoptimalit y rangesare obtained. Onecan
¯nd clarifying examplesfor LO in [16, 23].

The goal of Type II (Support Set Invariancy) sensitivity analysis is
to identify the range of the parameter variation so that for all values

1The authors would like to thank H.J. Greenberg [13] for his suggestionin having
descriptive titles for thesethree typesof sensitivity analysis.
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of the parameter in this range, the perturbed problem has an optimal
solution with the samesupport set that the given optimal solution of the
original problem has. Since the given optimal solution of the problem
is not necessarilya basic solution, the optimalit y range in support set
invariancy sensitivity analysismay bedi®erent from the optimalit y range
that is obtained in basisinvariancy sensitivity analysis. Observe that one
may considermore generalcases2:

1. ¾(x¤(²)) µ ¾(x¤),

2. ¾(x¤(²)) ¶ ¾(x¤),

3. ¾(x¤(²)) = ¾(x¤).

An economicinterpretation of cases1 and2 might beasfollows. In case
1, a shareholderaims not to open a new portfolio but may decideto set
o®someof the active ones.Case2 can be interpreted as the shareholder
wants to maintain existing portfolios , meanwhile hemay opensomenew
portfolios. Identifying the rangeof parameter² with the aforementioned
goalsare the objective of support set invariancy sensitivity analysis in
cases1 and 2. We assertthat the methodology presented in this paper
answers case1 as well as case3 but not case2. The only di®erence
between these cases1 and 3 is that the obtained rangesin case1 are
always closedintervals, while they might be an open interval in case3.

Type II I (Optimal Partition Invariancy) sensitivity analysis is con-
cernedwith the behavior of the optimal value function under variation
of the input data. In caseof LO, it is proved that when variation occurs
in either the RHS or in the objective function data, the optimal value
function is piecewiselinear and it hasconstant slopeson thesesubinter-
vals [23]. Thus, Type II I sensitivity analysis for LO problems is aimed
to ¯nd the rangeof parameter variation for which the rate of changeof
the optimal value function is constant. Determining the rate of changes
i.e., the left and right derivatives of the optimal value function is also
aimed. It is alsoproved that whensimultaneousvariation occursboth in
the RHS and the objective function data, the optimal value function is
piecewisequadratic [10, 12]. In this case,Type II I sensitivity analysisis
equivalent to identifying thosesubintervalswherethe optimal valuefunc-
tion hasdi®erent quadratic representations. Theseintervals are referred
to as invariancy intervals, becausethe optimal partition is invariant on
these subintervals as well. It is proved that these subintervals can be
characterizedby the corresponding optimal partitions [10, 12].

For CQO, the optimal valuefunction is always piecewisequadratic and
the optimal partitions are di®erent in thesesubintervals [8, 10], as they

2The authors want to acknowledgeH.J. Greenberg [13] for mentioning this general
classi¯cation of support set invariancy sensitivity analysis.
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are di®erent at the points that separatethem. Consequently, Type II I
sensitivity analysisin CQO problemsstandsfor ¯nding thosesubintervals
that the optimal value function hasdi®erent quadratic representations.

Support set invariancy sensitivity analysis in LO problems was only
consideredin [18], but the authors did not give a method to calculate
the rangeof parametervariation.

Recently, Gha®ariand Terlaky [10] investigatedsupport set invariancy
sensitivity analysis for LO problems. They referred to the optimalit y
interval in support set invariancy sensitivity analysis as the Invariant
Support Set (ISS) interval and introducedauxiliary problemsthat allow
to identify the ISS intervals. They also introduced the concept of the
actual invariancy interval, i.e., the invariancy interval around the current
parametervalue zero. The relationship betweenISS intervals and actual
invariancy intervals hasbeeninvestigatedas well.

Let us review brie°y the results of support set invariancy sensitivity
analysisfor LO [10]. The optimal value function is linear on all ISS in-
tervals if variation happenseither in the RHS or objective function data.
When variation occurs in the RHS data, the interior of the ISS interval
is a subsetof the actual invariancy interval. In this case,the ISSinterval
could be openor half-closedif it is not the singletonf 0g. When variation
happensin the objective function data and the current point 0 is not a
break point of the optimal value function, then the ISSinterval coincides
with the actual invariancy interval. If zerois a breakpoint of the optimal
value function, then the ISS interval coincideswith the closureof either
the right or the left immediate invariancy intervals. The ISS interval
is always closedwhen variation happensin the objective function data.
In caseof simultaneousperturbation of the RHS and objective function
data, the ISS interval is the intersection of the ISS intervals obtained
by the corresponding non-simultaneous perturbations of the RHS and
objective function data. ISS intervals can not include more than one
invariancy intervals except possibly the end points neighboring to the
actual invariancy interval. Support set invariancy and basis invariancy
sensitivity analysiscoincide when the given optimal solution is a basic
solution. Meanwhile, support set invariancy and optimal partition in-
variancy sensitivity analysis are not identical even if the given pair of
primal-dual optimal solutions is strictly complementary.

CQO is a generalizationof LO. From the practical perspective, proba-
bly the most important application areaof parametric CQO is the port-
folio selectionproblem wherean optimal solution of CQO problem corre-
spondsto an optimized portfolio of assets.Risk preferencesand changes
in budgetor other constraints a®ectthe optimalit y of the portfolio. Thus,
support set invariancy sensitivity analysismight be interpreted asknow-
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ing the rangeof parametervariation for which the original portfolio con-
¯guration remains unchanged, but assetsholdings are adjusted. This
essentially meansthat trade should only occur with those assetsthat
initially included in the portfolio.

In spite of somesimilarities, there are somedi®erencesin support set
invariancy sensitivity analysiswhen applied to LO and CQO problems.
In this paper, we highlight thesedi®erencesand present computableal-
gorithms to determine the ISS intervals for CQO. Special caseswhen
support set invariancy sensitivity analysisof CQO problems is special-
ized assupport set invariancy sensitivity analysisof LO problemsis also
presented. We prefer to maintain the terminology and notation intro-
ducedby Gha®ariand Terlaky [10].

The paper is organizedas follows. Section2 includessomebasiccon-
ceptsand notation. Section3 is devoted to study support set invariancy
sensitivity analysisof the perturbed CQO problem. Somefundamental
propertiesof ISSintervalsand the optimal valuefunction on ISSintervals
are studied. Computable methods that lead to identify the ISS intervals
arealsopresented in this section. We considerthree cases:When pertur-
bation occurs in the RHS data and/or in the LTOF. We also investigate
the relationship between actual invariancy intervals and ISS intervals.
Illustrativ e examplesare presented in Section4 to display the results in
R2. The closingsectioncontains the summary of our ¯ndings, aswell as
suggestionsfor future work.

2 Preliminaries

Considerthe primal CQO problem as

QP

min cT x + 1
2xT Qx

s.t. Ax = b

x ¸ 0;

and its Wolfe Dual

QD

max bT y ¡ 1
2uT Qu

s.t. AT y + s ¡ Qu = c

s ¸ 0;

whereQ 2 Rn£ n is a symmetric positive semide¯nite matrix, A 2 Rm£ n ,
c 2 Rn , b2 Rm are ¯xed data and x; u; s 2 Rn and y 2 Rm are unknown
vectors. Any vector x ¸ 0 that satis¯esAx = b is calleda primal feasible
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solution of QP andany (u; y; s) with u; s ¸ 0 that satis¯esAT y+ s¡ Qu =
c is referred to as dual feasiblesolution of QD. Feasiblesolutions x and
(u; y; s) of QP and QD are optimal if and only if Qx = Qu and xT s = 0
[6]. The equation xT s = 0 is equivalent to x i si = 0, i = 1; 2; : : : ; n
and is known as the complementary slacknessproperty. Let QP and
QP ¤ denotesetsof primal feasibleand primal optimal solutions of QP,
respectively. Similar notation canbe usedfor setsof feasibleand optimal
solutions of QD. It is well known [6] that there exist optimal solutions
x¤ 2 QP ¤ and (u¤; y¤; s¤) 2 QD ¤ for which x¤ = u¤. Since we are
concernedonly with optimal solutions when x = u, we may denotedual
feasiblesolutions by (x; y; s).

The support set of a nonnegative vector v is de¯ned as

¾(v) = f i : vi > 0g:

The index set f 1; 2; ¢¢¢; ng can be partitioned as

B = f i : x i > 0 for an x 2 QP ¤g;

N = f i : si > 0 for an (x; y; s) 2 QD ¤g;

T = f 1; 2; ¢¢¢; ngn(B [ N )

= f i : x i = si = 0 for all x 2 QP ¤ and (x; y; s) 2 QD ¤g:

We refer to this partition as the optimal partition and denote it by
¼= (B; N ; T ). The optimal partition ¼is unique [3]. A maximally com-
plementarysolution (x; y; s) is a pair of primal-dual optimal solutionsof
QP and QD for which

x i > 0 if and only if i 2 B;

si > 0 if and only if i 2 N :

The existenceof maximally complementary solutionsis a consequenceof
the convexity of the optimal solution setsQP ¤ andQD ¤. IPMs arewidely
used to solve CQO problems in polynomial time [22] and su±ciently
accuratesolutionsobtainedby an IPM canbeusedto producemaximally
complementary solutions [15]. By knowing a maximally complementary
solution, one can easily determine the optimal partition as well. If in
an optimal partition, the relation T = ; holds, then any maximally
complementary solution is strictly complementary. It is worth mentioning
that for any pair of primal-dual optimal solutions(x¤; y¤; s¤), the relations
¾(x¤) µ B and ¾(s¤) µ N hold, and equality at both inclusionshold if
and only if the given pair of primal-dual optimal solutions is maximally
(strictly) complementary.
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The parametric CQO problem can be de¯ned as follows:

min (c + ²c 4 c)T x + 1
2xT Qx

s.t. Ax = b+ ²b4 b

x ¸ 0;

(1)

where ²b and ²c are two real parameters,4 b 2 Rm and 4 c 2 Rn are
nonzeroperturbation vectors. When ²b and ²c vary independently, the
problem is known as a multi-parametric quadratic optimization. There
are somestudies in multi-parametric optimization in both LO (seee.g.,
[7]) and CQO (seee.g., [2]). Multi-parametric quadratic optimization
is frequently used in control theory (see e.g., [21]). Though, multi-
parametric quadratic optimization problems are the most studied one,
there are practical problems [9], where the RHS and LTOF data vary
simultaneously, and thus one needsto considerthe special properties in
the casewhen ²b = ²c. Therefore,we restrict our attention to a simpler
case,when²b = ²c = ². With this assumption,the domain of the optimal
value function reducesto one dimension. In this case,the primal and
dual perturbed CQO problemsare

QP(4 b;4 c;²)

min (c + ² 4 c)T x + 1
2xT Qx

s.t. Ax = b+ ²4 b

x ¸ 0;

and

QD(4 b;4 c;²)

max (b+ ²4 b)T y ¡ 1
2xT Qx

s.t. AT y + s ¡ Qx = c + ²4 c

s ¸ 0:

Let QP (4 b;4 c;²) and QD(4 b;4 c;²) denote the feasibleregionsof
problemsQP(4 b;4 c;²) and QD(4 b;4 c;²), respectively. Moreover, let
QP ¤(4 b;4 c;²) and QD ¤(4 b;4 c;²) be the optimal solution setsof prob-
lemsQP(4 b;4 c;²) and QD(4 b;4 c;²), respectively.

It is proved that the optimal value function is piecewisequadratic
function of the parameter ² and the optimal partition is invariant in
these subintervals [3, 8, 9]. The maximal open subinterval where the
optimal partition is invariant is called invariancy interval and the points
that separateadjacent invariancy intervals are referred to as transition
points. Observe that every transition point as a singleton is a special
invariancy interval, becauseany changein ² at a transition point, changes
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the optimal partition. Due to the convexity of invariancy intervals (see
Theorem 4.1 [9]) and since the number of optimal partition are ¯nite
(they are di®erent partitions of the ¯nite index set f 1; 2; : : : ; ng), one
can easily conclude that the number of transition points is ¯nite, as
well. We also need the concept of actual invariancy interval that is
the invariancy interval which contains zero. We assert that the actual
invariancy interval might be the singletonf 0g if zerois a transition point
of the optimal value function.

Let (x¤; y¤; s¤) denote a pair of primal-dual optimal solutions of QP
and QD with ¾(x¤) = P. It should be mentioned that these optimal
solutionsare not necessarilymaximally (strictly) complementary nor ba-
sic solutions. Further, let Z = f 1; 2; : : : ; ngnP. This way, the partition
(P; Z ) of the index set f 1; 2; : : : ; ng is de¯ned. It is obvious that P µ B
and N [ T µ Z when ¼= (B; N ; T ) is the optimal partition at ² = 0.

We identify the range of the variation for parameter ² such that for
any ² in this range, the perturbed problem QP(4 b;4 c;²) still has an
optimal solution x¤(²) with ¾(x¤(²)) = ¾(x¤) = P. In other words,
we want to have invariant support set for at least one primal optimal
solution x¤(²) for all ² valuesin this interval. We refer to the partition
(P; Z ) as the ISS partition w.r.t. the given optimal solution x¤ and if
the problem QP(4 b;4 c;²) has such a solution, we say that it satis¯es
the ISS property. It will be proved that the set of all ² values where
the problem QP(4 b;4 c;²) satis¯es the ISS property is an interval on
the real line. This interval is referred to as an ISS interval (or the ISS
interval w.r.t. the support set P).

Let ¨ Q(4 b;4 c) denotethe set of all ² valuessuch that problem QP(
4 b;4 c;²) satis¯es the ISS property, i.e.,

¨ Q(4 b;4 c) = f ²j9 x¤(²) 2 QP ¤(4 b;4 c;²) with ¾(x¤(²)) = Pg:

Becausex¤ 2 QP (4 b;4 c;0) and ¾(x¤) = P, it follows that 0 2
¨ Q(4 b;4 c), so the ISS interval ¨ Q(4 b;4 c) is not empty. Analogous
notation is usedwhen 4 b or 4 c is zero.

3 Supp ort Set In variancy Sensitivit y Anal-
ysis for Convex Quadratic Optimization

In this section we ¯rst investigate somegeneral properties of the ISS
interval ¨ Q(4 b;4 c). We alsostudy the optimal value function on them.
Further, auxiliary LO problems are presented that allow us to identify
the ISSintervals. We considerthe simultaneousperturbation of the RHS
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and LTOF data and then, specialize the results for non-simultaneous
perturbation cases.

Let (x¤; y¤; s¤) denote a pair of primal-dual optimal solutions of QP
and QD, where¾(x¤) = P. Consideringthe ISS partition (P; Z ) of the
index set f 1; 2; : : : ; ng for matrices A; Q and vectorsc, x and s we have

Q =

0

@
QP P QP Z

QT
P Z QZ Z

1

A ; A =
³

AP ; AZ

´
;

c =

0

@
cP

cZ

1

A ; x =

0

@
xP

xZ

1

A ; and s =

0

@
sP

sZ

1

A :

(2)

3.1 General Prop erties

The following lemma talks about a generalproperty of the ISS interval
¨ Q(4 b;4 c). It shows that ¨ Q(4 b;4 c) is indeed a convex set, when
(P; Z ) is the given ISS partition.

Lemma 3.1 Let problem QP satisfy the ISS property with a pair of
primal-dual optimal solutions x¤ 2 QP ¤ and (x¤; y¤; s¤) 2 QD ¤, where
¾(x¤) = P. Then, ¨ Q(4 b;4 c) is a convexset.

Pro of: Let a pair of primal-dual optimal solutions(x¤; y¤; s¤) 2 QP ¤ £
QD ¤, where ¾(x¤) = P be given. For any two ²1; ²2 2 ¨ Q(4 b;4 c), let
(x¤(²1); y¤(²1); s¤(²1)) and (x¤(²2); y¤(²2); s¤(²2)) be given pairs of primal-
dual optimal solutions of problems QP(4 b;4 c;²) and QD(4 b;4 c;²)
at ²1 and ²2, respectively. By the assumption we have ¾(x¤(²1)) =
¾(x¤(²2)) = P. For any ² 2 (²1; ²2), with µ = ²2 ¡ ²

²2 ¡ ²1
2 (0; 1) we have

² = µ²1 + (1 ¡ µ)²2: Let us de¯ne

x¤(²) = µx¤(²1) + (1 ¡ µ)x¤(²2); (3)

y¤(²) = µy¤(²1) + (1 ¡ µ)y¤(²2); (4)

s¤(²) = µs¤(²1) + (1 ¡ µ)s¤(²2): (5)

It is easyto verify that x¤(²) 2 QP (4 b;4 c;²) and (x¤(²); y¤(²); s¤(²)) 2
QD(4 b;4 c;²). Moreover, one can easily verify the optimalit y property
x¤(²)T s¤(²) = 0. We also have ¾(x¤(²)) = P, i.e., ² 2 ¨ Q(4 b;4 c) that
completesthe proof. 2

Lemma 3.1 proves that the ISS set ¨ Q(4 b;4 c) is an interval on the
real line. Werefer to ¨ Q(4 b;4 c) asthe ISS interval of problemQP(4 b;
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4 c;²) at ² = 0. We will seelater that the ISSinterval ¨ Q(4 b;4 c) might
be open, closedor half-closed.

The following theorem proves that the optimal value function is a
quadratic function on ISSintervals. It is establishedin the caseof simul-
taneousperturbation and is valid in caseof non-simultaneousperturba-
tions as well.

Theorem 3.2 The optimal valuefunction is quadratic on the ISS inter-
val ¨ Q(4 b;4 c).
Pro of: Let Á(²) denote the optimal value function. Let ¨ Q(4 b;4 c)
= [²` ; ²u], where ²` and ²u might be ¡1 and + 1 , respectively, and
¨ Q(4 b;4 c) denotesthe closureof the ISS interval ¨ Q(4 b;4 c). If ² ` =
²u the statement is trivial, so we may assumethat ² ` < ²u. Let ²` <
²1 · ² · ²2 < ²u be given and let (x(1) ; y(1) ; s(1) ) and (x(2) ; y(2) ; s(2) )
be pairs of primal-dual optimal solutions corresponding to ²1 and ²2,
respectively, where¾(x(1) ) = ¾(x(2) ) = P. Due to Lemma3.1, for any ² 2
(²1; ²2), there is a pair of primal-dual optimal solutions(x(²); y(²); s(²)) 2
QP ¤(4 b;4 c;²) such that x(²) = (xP (²)T ; xZ (²)T )T with ¾(x(²)) = P and
xZ (²) = 0 . Moreover, we have s(²) = (sP (²)T ; sZ (²)T )T wheresP (²) = 0
and sZ (²) ¸ 0. Thus, for µ = ²¡ ²1

²2 ¡ ²1
2 (0; 1) we have

² = ²1 + µ4 ²;

xP (²) = x(1)
P + µ4 xP = x(1)

P +
² ¡ ²1

²2 ¡ ²1
4 xP ;

y(²) = y(1) + µ4 y = y(1) +
² ¡ ²1

²2 ¡ ²1
4 y;

sZ (²) = s(1)
Z + µ4 sZ = s(1)

Z +
² ¡ ²1

²2 ¡ ²1
4 sZ ;

where 4 ² = ²2 ¡ ²1; 4 xP = x(2)
P ¡ x(1)

P ; 4 y = y(2) ¡ y(1) and 4 sZ =
s(2)

Z ¡ s(1)
Z . Further, we have xZ (²) = 0 and sP (²) = 0. We alsohave

AP 4 xP = 4 ²4 b; (6)

AT
P 4 y ¡ QP P 4 xP = 4 ²4 cP : (7)

The optimal value function at ² is given by

Á(²) = (b+ ²4 b)T y(²) ¡ 1
2xP (²)T QP P xP (²)

= (b+ (²1 + µ4 ²)4 b)T (y(1) + µ4 y)

¡ 1
2(x(1)

P + µ4 xP )T QP P (x(1)
P + µ4 xP )

= (b+ ²14 b)T y(1) + µ(4 ²4 bT y(1) + (b+ ²14 b)T 4 y)

+ µ24 ²4 bT 4 y ¡ 1
2x(1) T

P QP P x(1)
P ¡ µx(1) T

P QP P 4 xP

¡ 1
2µ24 xT

P QP P 4 xP :

(8)
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From equations(6) and (7), we have

4 xT
P QP P 4 xP = 4 ²(4 bT 4 y ¡ 4 cT

P 4 xP ); (9)

x(1) T

P QP P 4 xP = (b+ ²14 b)T 4 y ¡ 4 ²4 cT
P x(1)

P : (10)

Substituting (9) and (10) into (8) we obtain

Á(²) = Á(²1 + µ4 ²)

= Á(²1) + µ4 ²(4 bT y(1) + 4 cT
P x(1)

P ) + 1
2µ24 ²(4 cT

P 4 xP + 4 bT 4 y);

that by using the notation

°1 = 4 bT y(1) + 4 cT
P x(1)

P ;

°2 = 4 bT y(2) + 4 cT
P x(2)

P ;

° =
°2 ¡ °1

²2 ¡ ²1
=

4 cT
P 4 xP + 4 bT 4 y

²2 ¡ ²1
;

can be rewritten as

Á(²) = (Á(²1) ¡ ²1°1 +
1
2

²2
1° ) + (° 1 ¡ ²1° )² +

1
2

° ²2: (11)

Because²1 and ²2 are two arbitrary elements from the interval (² ` ; ²u),
the claim of the theoremfollows directly from (11) and the continuity of
the optimal value function [8, 9]. The proof is complete. 2

Remark 3.3 It is known that the optimal value function is a contin-
uous piecewisequadratic function and it has unique representationson
each invariancy intervals [3, 8, 9]. By using Theorem 3.2 one can eas-
ily conclude that an ISS interval can not cover more than one (actual)
invariancy intervals with the exception that an ISS interval might be a
non-singletoninvariancy interval augmented with its end point(s).

3.2 Iden tifying the IA CS In terv als

Let us assumethat both vectors 4 b and 4 c are not zero and consider
the generalperturbedprimal and dual CQO problemsQP(4 b;4 c;²) and
QD(4 b;4 c;²). Let (x¤; y¤; s¤) be a pair of primal-dual optimal solutions
of QP and QD with ¾(x¤) = P. We want to identify the ISS interval
¨ Q(4 b;4 c) w.r.t. the support set ¾(x¤) = P.

The following theorempresents a computational method to determine
²` and ²u, i.e., the extremepoints of ¨ Q(4 b;4 c).
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Theorem 3.4 Let (x¤; y¤; s¤) be a pair of primal-dual optimal solutions
of QP and QD with ¾(x¤) = P. Then, ² ` and ²u can be obtained by
solving the following two auxiliary LO problems:

²` = min
²;x P ;y;sZ

f ² : AP xP ¡ ²4 b= b;AT
P y ¡ QP P xP ¡ ²4 cP = cp; xP ¸ 0;

AT
Z y + sZ ¡ QT

P Z xP ¡ ²4 cZ = cZ ; sZ ¸ 0g; (12)

²u = max
²;x P ;y;sZ

f ² : AP xP ¡ ²4 b= b;AT
P y ¡ QP P xP ¡ ²4 cP = cp; xP ¸ 0;

AT
Z y + sZ ¡ QT

P Z xP ¡ ²4 cZ = cZ ; sZ ¸ 0g: (13)

Pro of: Using the ISS partition (P; Z ), we have x¤ = (x¤
P

T ; x¤
Z

T )T and
s¤ = (s¤

P
T ; s¤

Z
T )T with x¤

P > 0, x¤
Z = 0, s¤

P = 0 and s¤
Z ¸ 0.

First we prove that (² ` ; ²u) µ int(¨ Q(4 b;4 c)). If ² ` = ²u = 0, then
¨ Q(4 b;4 c) = f 0g and inclusion holds trivially . Let us considerthat at
least one of ²` and ²u is not zero and ² 2 (² ` ; ²u) be arbitrary. We need
to prove that, there is a primal optimal solution x¤(²) 2 QP ¤(4 b;4 c;²)
with ¾(x¤(²)) = P. Without loss of generality, one can consider that
²` < ² < 0 · ²2. In this case,there is an ¹² such that ² ` · ² < ² < 0. Let
(²; x¤

P (²); y¤(²); s¤
Z (²)) be a feasiblesolution of problems(12). Thus, the

relation ¾(x¤
P (²)) µ P holds. Let us de¯ne

x¤(²) = ((µx¤
P + (1 ¡ µ)x¤

P (²))T ; 0T )T ; (14)

y¤(²) = µy¤ + (1 ¡ µ)y¤(²); (15)

s¤(²) = (0T ; (µs¤
Z + (1 ¡ µ)s¤

Z (²))T )T ; (16)

whereµ = 1¡ ²
² 2 (0; 1). One can easilyverify that Ax ¤(²) = AP x¤

P (²) =
b+ ²4 b and AT y¤(²) + s¤(²) ¡ Qx¤(²) = c + ²4 c. On the other hand,
(14) and (16) show that x¤(²) and s¤(²) are complementary and thus the
duality gap is zero. It is obvious that ¾(x¤(²)) = ¾(x¤

P (²)) = ¾(x¤
P (²)) [

¾(x¤
P ) = P. Thus (² ` ; ²u) µ int(¨ Q(4 b;4 c)).

Now we prove that int(¨ Q(4 b;4 c)) µ (² ` ; ²u). Let us assumeto
the contrary that there is a nonzero ² 2 int(¨ Q(4 b;4 c)) with ² <
²` . Let (x¤(²); y¤(²); s¤(²)) be a pair of primal-dual optimal solutions of
problems QP(4 b;4 c;²) and QD(4 b;4 c;²) with ¾(x¤(²)) = P. Thus,
x¤(²) and s¤(²) can be partitioned as x¤(²) = (x¤

P (²)T ; x¤
Z (²)T )T and

s¤(²) = (s¤
P (²)T ; s¤

Z (²)T )T , respectively, where x¤
Z (²) = 0, s¤

P (²) = 0 and
s¤

Z (²) ¸ 0. It is easyto verify that (²; x¤
P (²); y¤(²); s¤

Z (²)) satis¯esthe con-
straints of problem (12), while ² < ² ` , that contradicts to the optimalit y
of ²` . Thus, int(¨ Q(4 b;4 c)) µ (² ` ; ²u) that completesthe proof. 2

In applying Theorem3.4, if ² ` = ²u = 0, then it is impossibleto perturb
the vector c in the given perturbing direction 4 c while keepingthe ISS
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property of QP(4 b;4 c;²) w.r.t. the support set ¾(x¤) = P. On the
other hand, if the auxiliary LO problem(12) is unboundedthen the lower
bound of the ISS interval ¨ Q(4 b;4 c) is ¡1 . Analogousconclusionis
valid when the auxiliary LO problem (13) is unbounded.

When ²` = 0 (or ²u = 0) then the ISSinterval ¨ Q(4 b;4 c) is obviously
half-closed. Let us considerthe casewhen ² ` < 0 and (²` ; x¤

P (²` ); y¤(²` );
s¤

Z (²` )) is an optimal solution of problem(12). It is obviousthat ¾(x¤
P (²` ))

µ P and the equality holds if and only if ² ` 2 ¨ Q(4 b;4 c). Analo-
gousdiscussionis valid for ²u. The following corollary summarizesthese
discussionsand presents the closednessconditions of the ISS interval
¨ Q(4 b;4 c).

Corollary 3.5 Let (² ` ; x¤
P (²` ); y¤(²` ); s¤

Z (²` )) and (²u; x¤
P (²u); y¤(²u); s¤

Z (
²u)) be optimal solutions of problems(12) and (13), respectively. If
¾(x¤

P (²` )) = P (or ¾(x¤
P (²u)) = P), then ² ` 2 ¨ Q(4 b;4 c) (or ²u 2

¨ Q(4 b;4 c)).

Remark 3.6 Let ¼= (B; N ; T ) be the optimal partition of problemQP.
If the given pair of primal-dual optimal solutions (x¤; y¤; s¤) of prob-
lemsQP and QD is a maximally complementarysolution, then relations
P = B and Z = N [ T hold. Without lossof generality, one can assume
that (²1; ²2) is the actual invariancy interval of problemQP(4 b;4 c;²).
Let ¼1 = (B1; N1; T1) be the optimal partition at ²1. Since the optimal par-
tition changesat break points, we have¼6= ¼1. Meanwhile, we may have
a situation that B stays unchanged but N and T change,i.e., B = B1,
N 6= N1 and T 6= T1. Even, it might be instances that the B part of the
optimal partition changeswhile we stil l have a primal optimal solution
with the desired support set. Thus, there might be an optimal solution
x¤(²1) 2 QP ¤(4 b;4 c;²1) with ¾(x¤(²1)) = P. Analogousargument is
valid for the transition point ²2 (see Example1). In this casethe actual
invariancy interval is a strict subsetof the ISS interval. This observa-
tion implies that support set invariancy and optimal partition invariancy
sensitivity analysis (see [10, 16] for details) are not necessarily identical
when the given pair of primal-dual optimal solutions is maximally com-
plementary. This situation might happen even when the given pair of
primal-dual optimal solutions is strictly complementary(see Example1).

Remark 3.7 It is obviousthat whenQ = 0 or whenQ 6= 0 but QP P = 0
and QP Z = 0, the two auxiliary problems(12) and (13) reduce to the
following problems:

²` = min
²;y ;sZ

f ² : AT
P y ¡ ²4 cP = cP ; AT

Z y + sZ ¡ ²4 cZ = cZ ; sZ ¸ 0g;

²u = max
²;y ;sZ

f ² : AT
P y ¡ ²4 cP = cP ; AT

Z y + sZ ¡ ²4 cZ = cZ ; sZ ¸ 0g:

13



These two problemsare the sametwo auxiliary LO problemsthat were
intr oduced as problems(8) and (9) in [10] for the LO case. It means that
in thesecases,the results obtained in the CQO case, are specialized to
the LO case.

Remark 3.8 When the given pair of primal-dual optimal solutions is
maximally (strictly) complementary, then P = B and Z = N [ T . In
this caseproblems(12) and (13) havethe following form:

²` = min
²;x B ;y;sZ

f ² : ABxB ¡ ²4 b= b;AT
By ¡ QBBxB ¡ ²4 cB = cB; xB ¸ 0;

AT
Z y + sZ ¡ QT

BZ xB ¡ ²4 cZ = cZ ; sZ ¸ 0g; (17)

²u = max
²;x B ;y;sZ

f ² : ABxB ¡ ²4 b= b;AT
By ¡ QBBxB ¡ ²4 cB = cB; xB ¸ 0;

AT
Z y + sZ ¡ QT

BZ xB ¡ ²4 cZ = cZ ; sZ ¸ 0g; (18)

where QBZ = ( QBN QBT ): On the other hand, the two auxiliary prob-

lems to identify the actual invariancy interval (see Theorem 4.4 in [9])
are

²1 = min
²;x B ;y;sZ

f ² : ABxB ¡ ²4 b= b;AT
By ¡ QBBxB ¡ ²4 cB = cB;

AT
N y + sN ¡ QT

N BxB ¡ ²4 cN = cN ; (19)

AT
T y ¡ QT

T BxB ¡ ²4 cT = cT ; xB ¸ 0; sN ¸ 0g;

and

²2 = max
²;x B ;y;sZ

f ² : ABxB ¡ ²4 b= b;AT
By ¡ QBBxB ¡ ²4 cB = cB;

AT
N y + sN ¡ QT

N BxB ¡ ²4 cN = cN ; (20)

AT
T y ¡ QT

T BxB ¡ ²4 cT = cT ; xB ¸ 0; sN ¸ 0g:

Observe,that the feasibleregion of problems(19) and (20) are subsetsof
the feasibleregions of problems(17) and (18), respectively. Thus ² ` · ²1

and ²2 · ²u. It means that when the given pair of primal-dual optimal
solutionsis maximally (strictly) complementarysolutions, then the actual
invariancy interval is a subsetof the ISS interval.

Remark 3.9 Comparing problems(12) and (13) with problems(19) and
(20), respectively, showsthat if the given pair of primal-dual optimal
solutions is not a maximally (strictly) complementarysolution, then the
ISS interval might be included in the actual invariancy interval.
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Remark 3.10 If the given pair of primal-dual optimal solutions (x¤; y¤;
s¤) is a primal nondegenerate basic solution, then basis invariancy and
support set invariancy sensitivity analysisare identical.

Let us summarizethe results so far. We have proved that ISS inter-
vals are convex and the optimal value function is a continuousquadratic
function on theseintervals. Moreover, we have presented two auxiliary
problems to identify the ISS interval ¨ Q(4 b;4 c). The ISS interval
¨ Q(4 b;4 c) might be open, closed or half-closed, when it is not the
singleton f 0g, and closednessconditions for this interval were provided.
Support set invariancy and optimal partition invariancy sensitivity anal-
ysisare not necessarilyidentical whenthe given pair of primal-dual opti-
mal solutions(x¤; y¤; s¤) is maximally (strictly) complementary. Werefer
to Examples1 and 2 as an illustration of the results in R2.

In the rest of this section,wespecializethe resultsfor non-simultaneous
perturbation cases,when either 4 c or 4 b is a zerovector.

² The case 4 c = 0: In this case,We want to identify the ISSinterval
¨ Q(4 b;0) w.r.t. the given ISS partition (P; Z ). The following theorem
is the specialization of Theorem 3.4 o®eringtwo auxiliary LO problems
that enableus to identify the ISSinterval ¨ Q(4 b;0). The proof is similar
to the proof of Theorem3.4 and it is omitted.

Theorem 3.11 Let (x¤; y¤; s¤) be a pair of primal-dual optimal solutions
of QP and QD, where ¾(x¤) = P. Then ¨ Q(4 b;0) = [² ` ; ²u], where

²` = min
²;x P ;y;sZ

f ² : AP xP ¡ ²4 b= b; xP ¸ 0; AT
P y ¡ QP P xP = cP

AT
Z y + sZ ¡ QT

P Z xP = cP ; sZ ¸ 0g; (21)

²u = max
²;x P ;y;sZ

f ² : AP xP ¡ ²4 b= b; xP ¸ 0; AT
P y ¡ QP P xP = cP

AT
Z y + sZ ¡ QT

P Z xP = cP ; sZ ¸ 0g: (22)

² The case 4 b = 0: In this case,We want to identify the ISSinterval
¨ Q(0; 4 c) w.r.t. the given ISS partition (P; Z ). The following theorem
is the specialization of Theorem 3.4 o®eringtwo auxiliary LO problems
that enableus to identify the ISSinterval ¨ Q(0; 4 c). The proof is similar
to the proof of Theorem3.4 and it is omitted.

Theorem 3.12 Let (x¤; y¤; s¤) be a pair of primal-dual optimal solutions
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of QP and QD, where ¾(x¤) = P. Then ¨ Q(0; 4 c) = [² ` ; ²u], where

²` = min
²;x P ;y;sZ

f ² : AP xP = b; AT
P y ¡ QP P xP ¡ ²4 cP = cP ; xP ¸ 0;

AT
Z y + sZ ¡ QT

P Z xP ¡ ²4 cZ = cZ ; sZ ¸ 0g; (23)

²u = max
²;x P ;y;sZ

f ² : AP xP = b; AT
P y ¡ QP P xP ¡ ²4 cP = cP ; xP ¸ 0;

AT
Z y + sZ ¡ QT

P Z xP ¡ ²4 cZ = cZ ; sZ ¸ 0g: (24)

Remark 3.13 It shouldbe mentioned that, unlike the LO casewhenthe
ISS interval ¨ L (0; 4 c) is alwaysa closed interval (see Theorems2.10and
2.11 in [10]), due to Corollary 3.5, ¨ Q(0; 4 c) might be an open, closed
or half-closed interval.

Remark 3.14 It should be mentioned that the relation ¨ L (4 b;4 c) =
¨ L (4 b;0) \ ¨ L (0; 4 c) holds in the LO case(see Theorem 2.12 in [10]).
This relation does not necessarily hold in the caseof CQO, becausethe
constraints in problems(12) and (13) are not independent in their vari-
ables,and consequently thesetwo problemscould not be separated into
two pairs of suchproblemsas (21),(22) and (23),(24).

In this subsectionwe have investigated support set invariancy sensi-
tivit y analysisfor CQO problemswhen the RHS and LTOF data change
simultaneouslyand hespecializedthe resultsfor nonsimult- aneouscases.
Auxiliary LO problemsarepresented that allow us to identify the ISSin-
terval ¨ Q(4 b;4 c) in all cases.We alsohave emphasizedthe di®erences
of the results in performing support set invariancy sensitivity analysis
betweenLO and CQO. For an illustrativ e exampleof the results in R2,
we refer to examplespresented in the following section.

4 Illustrativ e Examples

In this section, we apply the methods derived in the previous section
for somesimple examplesto illustrate support set invariancy sensitivity
analysisand the behavior of the optimal valuefunction. Example1 shows
that support set invariancy and optimal partition invariancy sensitivity
analysisare not identical even if the given pair of primal-dual optimal
solutions is maximally (strictly) complementary. Examples2 and 3 are
intentionally designedin R2 in order to have an illustrativ e picture of the
feasibleregionsas well as the optimal solution sets.
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Example 1: Considerthe following CQO problem

min ¡ 10x1 ¡ 16x2 + x2
1 + x1x2 + x2

2

s.t. 2x1 + x2 + x4 + x5 + x7 = 20

2x1 +2x2 + x3 + x5 + x6 + x7 = 20

x1 +5x2 + x3 + x4 + x7 = 20

x1; x2; x3; x4; x5; x6; x7 ¸ 0;

(25)

with perturbation vectors 4 b = (1; 0; 0)T and 4 c = (1; ¡ 1; ¡ 1; 0; 1;
0; 1)T . It is easy to determine that ² = 0 is a transition point of the
optimal value function and thus, the actual invariancy interval is the sin-
gleton f 0g. The optimal partition at ² = 0 is ¼(0) = (B(0); N (0); T (0)),
where

B(0) = f 1; 2; 5g; N (0) = f 3; 6; 7g and T (0) = f 4g:

Further, x¤(0) = ( 10
3 ; 10

3 ; 0; 0; 10; 0; 0)T ; y¤(0) = (1; ¡ 1; ¡ 1)T and s¤(0) =
(0; 0; 2; 0; 0; 1; 1)T is a maximally complementary optimal solution of pr-
oblem (25). Thus, the support set of the given optimal solution x¤(0) is
P = B(0) = f 1; 2; 5g. The left immediate invariancy interval is (¡ 1:5; 0).
Let ¼= (B; N ; T ) denotethe optimal partition on this invariancy inter-
val. It is easyto seethat

B = f 1; 2; 5g; N = f 3; 4; 6; 7gand T = ; ;

and the problem has a strictly complementary optimal solution for any
² 2 (¡ 1:5; 0). It meansthat for any ² 2 (¡ 1:5; 0) the perturbed prob-
lem has an optimal solution x¤(²) with ¾(x¤(²)) = P. For example,for
² = ¡ 1, (x¤(¡ 1); y¤(¡ 1); s¤(¡ 1)) is a strictly complementary optimal
solution, where

x¤(¡ 1) = (2:5; 3:5; 0; 0; 10:5; 0; 0)T ;

y¤(¡ 1) = (¡
2
3

; ¡
1
3

; ¡
1
3

)T ;

s¤(¡ 1) = (0; 0;
13
6

;
3
2

; 0;
1
3

;
5
6

)T :

On the other hand, the optimal partition at the transition point ² = ¡ 1:5
is

B(¡ 1:5) = f 1; 2; 5g; N (¡ 1:5) = f 3; 4; 7g and T (¡ 1:5) = f 6g;

and the perturbed problem has an optimal solution x¤(¡ 1:5) = ( 25
12; 43

12;
0; 0; 43

4 ; 0; 0)T with y¤(¡ 1:5) = (¡ 1:5; 0: ¡ 0:75)T and s¤(¡ 1:5) = (0; 0;
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2:25; 2:25; 0; 0; :75)T that is a maximally complementary optimal solution
at the transition point ² = ¡ 1:5. One can determine from Theorem 3.4
and Corollary 3.5 that ¨ Q(4 b;4 c) = [¡ 1:5; 0].

This example shows that support set invariancy and optimal parti-
tion invariancy sensitivity analysis in CQO are not identical when the
given pair of optimal-dual optimal solutions is maximally complemen-
tary (seeRemark 3.6). Observe that the actual invariancy interval is
the singletonf 0g, becausezero is a transition point of the optimal value
function in this case.Therefore,the ISS interval is

¨ Q(4 b;0) = [¡ 1:5; 0] = f¡ 1:5g [ (¡ 1:5; 0) [ f 0g;

that is the union of three adjacent invariancy intervals.

The following exampleshows the casewhen perturbation occursonly
in the RHS data and the CQO problem hasmultiple optimal solutions.

Example 2: Considerthe following standard primal CQO problem

min x2
1 +2x1x2 + x2

2

s.t. x1 + x2 ¡ x3 = 2

x2 + x4 = 2

¡ x1 + x2 + x5 = 2

x1; x2; x3; x4; x5 ¸ 0:

(26)

Let 4 b = (1; ¡ 1; ¡ 2)T with 4 c = 0 be the perturbing direction. The
feasibleregion of problem (26) in the spaceof two variablesx1 and x2 is
depicted in Figure 1. It is easyto verify that problem (26) has multiple
optimal solutions. In Figure 1, all points on the dashedline segment
x1 + x2 = 2; x1 ¸ 0; x2 ¸ 0 are optimal. The actual invariancy interval
of this problem is (¡ 2; 2). One can categorizethe optimal solutions of
this problem in three classesas follows:

² Case 1. Primal optimal nondegenerate basic solution , such
as x(1) = (2; 0; 0; 2; 4)T . For this given optimal solution we have

P = f 1; 4; 5g; Z = f 2; 3g;

and the following partition is de¯ned for Matrix Q,

QP P =

2

6
6
6
4

2 0 0

0 0 0

0 0 0

3

7
7
7
5

; QT
Z P = QP Z =

2

6
6
6
4

2 0

0 0

0 0

3

7
7
7
5

and QZ Z =

2

4
2 0

0 0

3

5 :
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Figure 1: The feasibleregion and optimal solution set of Example 2.

By solving the corresponding two auxiliary LO problems(21) and
(22), one can identify the ISS interval as (¡ 2; 2). For any given
² 2 (¡ 2; 2), say ² = 1, the perturbed problem has an optimal
solution, i.e., as x¤(1) = (3; 0; 0; 1; 3)T with ¾(x¤(1)) = P (see
Figure 2). In this case,the ISS interval ¨ Q(4 b;0) and the actual
invariancy interval coincide.

² Case 2. Primal optimal degenerate basis solution , such as
x(2) = (0; 2; 0; 0; 0)T . For this optimal solution we have

P = f 1g; Z = f 2; 3; 4; 5g;

and therefore,we have the following partition for matrix Q,

QP P =
h

2
i

; QT
Z P = QP Z =

h
2 0 0 0

i
and QZ Z =

2

6
6
6
6
6
6
4

2 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

3

7
7
7
7
7
7
5

:

Obviously, the ISS Interval ¨ Q(4 b;0) is the singleton f 0g. Thus,
for the given optimal solution, there is no room to perturb the
RHS of the constraints in the speci¯ed perturbing direction 4 b
while keepingthe ISS property of the problem. Observe that the
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Figure 2: Case1: Optimal solutions beforeand after perturbation with
² = 1 in Example 2.

ISS interval ¨ Q(4 b;0) is a subsetof the actual invariancy interval
in this case.

² Case 3. Strictly complemen tary optimal solution , such as
x(3) = (1; 1; 0; 1; 2)T . For the given optimal solution

P = f 1; 2; 4; 5g; Z = f 3g:

This ISS partition de¯nes the following partitioning for matrix Q:

QP P =

2

6
6
6
6
6
6
4

2 2 0 0

2 2 0 0

0 0 0 0

0 0 0 0

3

7
7
7
7
7
7
5

; QT
Z P = QP Z =

2

6
6
6
6
6
6
4

0

0

0

0

3

7
7
7
7
7
7
5

and QZ Z =
h

0
i

:

Observe that the ISS interval ¨ Q(4 b;0) of the main perturbed
problem is (¡ 2; 2). For any ² 2 (¡ 2; 2), say ² = ¡ 1, x¤(¡ 1) =
( 2

3; 1
3; 0; 8

3 ; 1
3)T with ¾(x¤(¡ 1)) = P can be an optimal solution of

the perturbed problem (seeFigure 3).

The following example designedto show the results of support set
invariancysensitivity analysiswhen4 b= 0 and the problemhasmultiple
optimal solutions.

20



r

2

r

@@
@@

@@
@@

@@
@@

@@
@@

@
@

@
@

@@
0 1 2

3

1

-

6

¡
¡ª

´
´

´
´

´
´

´
´

´́+

x2

x1

x(3) x(3) (²)

Figure 3: Case3: Optimal solutions beforeand after perturbation with
² = ¡ 1 in Example 2.

Example 3: Considerthe following problem.

min ¡ 4x1 ¡ 4x2 + x2
1 +2x1 x2+ x2

2

s.t. x1 + x2 + x3 = 2

x1 + x4 = 2

+ x2 + x5 = 1

x1; x2; x3; x4; x5 ¸ 0:

(27)

Let usconsiderthe perturbation as4 c = (¡ 2; 1; 0; 0; 0)T with 4 b= 0.
It is easyto verify that ² = 0 is a transition point of the optimal value
function and thus, the actual invariancy interval is the singleton f 0g.
The optimal partition at ² = 0 is ¼= (B; N ; T ) = (f 1; 2; 4; 5g; ; ; f 3g).

It is easyto seethat the problem hasmultiple optimal solutions

f (t; 2 ¡ t; 0; 2 ¡ t; t ¡ 1)j t 2 [1; 2]g:

The feasibleregion and the optimal solution set are shown in Figure 4.
Optimal solutions of problem (27) can be categorizedin three classes.

² Case 1. Primal optimal nondegenerate basic solution , such
as x(1) = (1; 1; 0; 1; 0)T . For this given optimal solution we have

P = f 1; 2; 4g; Z = f 3; 5g;
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QP P =

2

6
6
6
4

2 2 0

2 2 0

0 0 0

3

7
7
7
5

; QT
Z P = QP Z =

2

6
6
6
4

0 0

0 0

0 0

3

7
7
7
5

and QZ Z =

2

4
0 0

0 0

3

5 :

By solving the corresponding two auxiliary LO problems(23) and
(24), one can identify the ISS interval ¨ Q(0; 4 c) as the singleton
f 0g. It meansthat any variation in vector c, in the given direction
4 c, changesthe ISS partition (P; Z ).

² Case 2. Primal optimal degenerate basic solution , such as
x(2) = (2; 0; 0; 0; 1)T . For this kind of optimal solutions,we have

P = f 1; 5g; Z = f 2; 3; 4g;

QP P =

2

4
2 0

0 0

3

5 ; QT
Z P = QP Z =

2

4
2 0 0

0 0 0

3

5 and QZ Z =

2

6
6
6
4

2 0 0

0 0 0

0 0 0

3

7
7
7
5

:

By solving the corresponding two auxiliary LO problems(23) and
(24), one can identify that ¨ Q(0; 4 c) = [0; 1 ). Since for any
² 2 [0; 1 ), the support setof the givenoptimal solution is invariant
and the optimal solution is basic,soit is againan optimal solution.
In other words, for all ² ¸ 0, x¤(²) = (2; 0; 0; 0; 1)T is an optimal
solution of the perturbed problem (seeFigure 5). This example
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Figure 5: The feasibleregion and the optimal solution of problem (27:
Case3) beforeand after perturbation.

shows that the actual invariancy interval is a subset of the ISS
interval ¨ Q(0; 4 c) (seeRemark 3.8).

² Case 3. Maximally complemen tary optimal solution , such
as x(3) = ( 3

2; 1
2; 0; 1

2; 1
2)T . For the given optimal solution

P = f 1; 2; 4; 5g; Z = f 3g;

QP P =

2

6
6
6
6
6
6
4

2 2 0 0

2 2 0 0

0 0 0 0

0 0 0 0

3

7
7
7
7
7
7
5

; QT
Z P = QP Z =

2

6
6
6
6
6
6
4

0

0

0

0

3

7
7
7
7
7
7
5

; and QZ Z =
h

0
i

:

In this case,the ISS interval ¨ Q(0; 4 c) is the singleton f 0g.

5 Conclusions

We have developed proceduresto calculate ISS intervals for CQO prob-
lems. We investigated the e®ectof simultaneous perturbation of both
the vectorsb and c and specializedthe results for the non-simultaneous
cases. It is proved that the ISS intervals in caseof CQO are convex
as they are in the caseof LO. Moreover, the optimal value function is
quadratic on ISSintervals. It is shown that ISSintervalscanbe identi¯ed
by solving two auxiliary LO problems. Similar to the LO case,support

23



set invariancy and optimal partition invariancy sensitivity analysis are
not identical even if the given pair of primal-dual optimal solutions is
maximally (strictly) complementary.

To identify the ISS intervals we needto solve two auxiliary LO prob-
lems that typically have smaller size than the original problem. It is
worthwhile to mention that all the auxiliary LO problemscan be solved
in polynomial time by an IPM. We illustrated our resultsby somesimple
examples.

SinceConvex Conic Optimization (CCO) is a generalizationof LO and
CQO problems, future work may be directed to interpret and perform
support set invariancy sensitivity analysis for CCO and to ¯nd com-
putable methods to determinesupport set invariancy sensitivity analysis
optimalit y rangesfor CCO, i.e., to ¯nd ISS intervals. support set invari-
ancy sensitivity analysis could also be studied in such special casesof
CCO as SecondOrder Conic and Semi-De¯nite Optimization.
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