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Abstract

The conjugate gradient (CG) algorithm is well-known to have excellent theoretical
properties for solving linear systems of equations Az = b where the n X n matrix
A is symmetric positive definite. However, for extremely ill-conditioned matrices the
CG algorithm performs poorly in practice. In this paper, we discuss an adaptive
preconditioning procedure which improves the performance of the CG algorithm on
extremely ill-conditioned systems. We introduce the preconditioning procedure by
applying it first to the steepest descent algorithm. Then, the same techniques are
extended to the CG algorithm, and convergence to an e-solution in O(logdet(A) +
V/nloge™!) iterations is proven, where det(A) is the determinant of the matrix.
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1 Introduction

In this paper, we will present a new procedure for determining the solution z, to the system
Ax = b, where A is a real, positive definite n X n matrix and b is a real n-dimensional vector.
Solution methods for this classic problem are varied and wide-ranging; some of these methods
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date back centuries (e.g. Gaussian elimination), while others are more recent. However, all
methods for solving the above system of equations fall into one of two primary categories:
direct methods and iterative methods. Direct methods first build a factorization of A, then
perform a series of substitutions to determine x,. In contrast, iterative methods create a
sequence of points {x;} which converge to z,.

Iterative methods possess several advantages when compared with their direct counter-
parts, including (1) the development of intermediate, “approximate” solutions, (2) faster
performance on sparse, well-conditioned systems, and (3) lower memory storage require-
ments. On the other hand, iterative methods have a convergence rate which depends on the
condition number of the matrix A. This, combined with the cumulative effects of roundoff
errors in finite-precision arithmetic, may make iterative methods ineffective when employed
on extremely ill-conditioned systems.

The most well-known of the iterative methods is the conjugate gradient (CG) method.
This method is known to have excellent theoretical properties, to include n-step finite ter-
mination. However, under finite arithmetic these properties are lost, and the CG method
behaves similarly to other iterative methods, with a convergence rate proportional to the
square root of the condition number of A.

In this paper, we will adapt the CG method so that our convergence rate depends, not
on the square root of the condition number of A, but on the logarithm of the determinant of
A. We do this by using an adaptive preconditioning strategy, one which first determines the
quality of our preconditioner matrix at the current iterate. If the quality of the preconditioner
is good, then we use it to perform a standard CG iteration. If the preconditioner is of poor
quality at the current iterate, the preconditioner will be updated by multiplying it by a
rank-one update matrix. This update matrix, which incorporates ideas from the Ellipsoid
Method (see e.g. [5, 8]) and is reminiscent of the update matrices used in space dilation
methods (see e.g. [13, 14]), reduces the determinant of the preconditioned matrix, while
keeping the minimum eigenvalue bounded away from zero. We note that our algorithm
places one key restriction on A, namely that the minimum eigenvalue of A be at least one.

The early development of the CG method dates to the 1950’s, particularly to the seminal
work of Hestenes and Stiefel [4]. CG methods based on preconditioners, known as precondi-
tioned CG (PCG) methods, we first proposed in the early 1960’s. Since then, a wide array
of preconditioners have been suggested, many for specific classes of problems. For descrip-
tions of preconditioners currently employed with the PCG algorithm, see [3, 10]. The early
history of the PCG method is detailed in the survey work by Golub and O’Leary [2]. The
PCG method has been widely used in optimization; see for example [7, 9]. Finally, for those
unfamiliar with the PCG method, a good introduction is presented in [12].

Our paper is organized as follows. Subsection 1.1 presents terminology and notation
which are used throughout the paper. Section 2 introduces the adaptive preconditioning
strategy in the context of the steepest descent method in order to avoid obfuscating its main
ideas due to the challenges inherent in the analysis of the PCG method. Section 3 is devoted
to two sets of results pertaining to the PCG method. In Subsection 3.1, some classical
theoretical results are reviewed, and in Subsection 3.2, some new convergence rate results



are obtained in the case where the preconditioner matrix is of good quality over the first j
iterates. In Section 4, the adaptive preconditioning strategy is extended to the context of
the PCG method and as a result, an adaptive PCG method is developed and corresponding
convergence results are derived. Finally, concluding remarks are presented in Section 5.

1.1 Terminology and Notation

Throughout this paper, uppercase Roman letters denote matrices, lowercase Roman letters
denote vectors, and lowercase Greek letters denote scalars. The set R™*™ denotes the set of
all n xn matrices with real components; likewise, the set R” denotes the set of n-dimensional
vectors with real components. Linear operators (except matrices) will be denoted with script
uppercase letters.

Given a linear operator F : FE +— F between two finite dimensional inner product
spaces (E,(-,-)g) and (F,(-,-)r), its adjoint is the unique operator F* : F' +— F satisfy-
ing (F(u),v)p = (u, F*(v))g forall u € E and v € F. A linear operator G : E — E is called
self-adjoint if G = G*. Moreover, G is said to be positive semidefinite (resp. positive definite)
if (G(u),u)g >0 for all u € F (resp., (G(u),u)g >0 for all 0 # u € E).

Given a matrix A € R™" we denote its eigenvalues by \;(A), i = 1,...,n; its maximum
and minimum eigenvalues are denoted by Apax(A) and Apin(A), respectively. If a symmetric
matrix A is positive semidefinite (resp. positive definite), we write A > 0 (resp., A > 0);
also, we write A > B to mean A — B > 0. Given A > 0, the condition number of A,
denoted k(A), is equal to Apax(A)/Amin(A). The size of the matrix A, denoted size(A), is the
number of bits required to store the matrix A. The identity matrix will be denoted by I; its
dimensions should be clear from the context. The notation ||z|| denotes Euclidean norm for
vectors, i.e. ||z|| = vVazTz. The function log o denotes the natural logarithm of . Finally, the
set B(0, 1) denotes the Euclidean ball centered at the origin, i.e. B(0,1) :={z: ||z|| < 1}.

2 The Adaptive Steepest Descent Algorithm

In this section, we introduce the concept of adaptive preconditioning in the context of the
preconditioned steepest descent (PSD) algorithm to develop an adaptive PSD algorithm.
The section is divided into two subsections. In Subsection 2.1, we motivate the concept of
adaptive preconditioning by discussing the PSD algorithm and showing how a generic update
matrix F', applied to the original preconditioner matrix C', can improve the convergence of
the algorithm. In Subsection 2.2, we present the update matrix F' and prove that it has the
properties required for the Adaptive PSD Algorithm in Subsection 2.1.

2.1 Motivation from the Steepest Descent Method

In this subsection, we discuss the motivation behind adaptive preconditioning procedures.



Let z, = A~'b denote the unique solution to Az = b. The following “energy” function
will play an important role in the analysis of the algorithms discussed in this paper:

1
Dy(x) = §(x — ) Az — ). (1)
Notice that the gradient of this function is
Voy(z) = Az —b =: g(x).

The methods described in this paper reduce the energy function (1) at each step. We note,
however, that this function is never evaluated in the course of our algorithms. Rather, it
just serves as an analytic tool in the complexity analysis of the algorithms discussed in this
paper.

All methods in this paper are gradient methods. Recall that a gradient method (for
minimizing ®4(-)) is a method which generates a sequence of iterates {z)} according to
Try1 = T + apdy, where dj. is a search direction satisfying dfg(xk) < 0Oand o > 0is a
stepsize chosen so that ®4(zx11) < Pa(zk) (see page 25 in Bertsekas [1]). In this paper, we
will only discuss gradient methods in which the sequence of stepsizes {«y} is chosen using
the minimization rule, i.e. ay = argmin{®4(x) + ady) : « > 0}.

The following definition provides a means for determining “good” search directions in
gradient methods.

Definition 1 Given a constant ¢ > 0 and a point x € R" such that g := g(z) # 0, we say
that a search direction 0 # d € R" is (-scaled at x if

V(9T A Lg)(dT Ad) < —+/C(g"d). (2)

It turns out that if d is (-scaled at z, then minimizing ® 4 along the ray {z +ad : @ > 0}
yields a significant reduction in ®4(-). Indeed, Definition 1 ensures that d is a descent
direction at x, since the left hand side of (2) is strictly positive. Moreover, it can be shown
that

= in{® Bias0) — —L0
Qpew = argmin{®,(z + ad) : a« > 0} = ~ g
and
Pa(z) — Pal(Tnew) _ (97d)?
D a(x) ~ (gTALg)(dT Ad)’

where ZTpew = T + anewd (see Chapter 7.6 in Luenberger [6]). Hence, if d is (-scaled at z,
Definition 1 implies that the next iterate x,q, satisfies

B a (o) < (1 - %) B a(z). (3)

Thus, if all search directions of a gradient method are (-scaled at their respective iterates,
the method will obtain an iterate zj such that ®4(x;) < €®4(zo) in at most O(Cloge™)
iterations.

We now give a sufficient condition for a search direction d of the form d = —CC7g(x),
where C' € R™" is an invertible matrix, to be well-scaled at x. We first give a definition.
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Definition 2 For a given constant v > 0, a matrix C' € R"*" is called a v-preconditioner
at z if C'is invertible and g"C(CTAC)CTg < v||CTg||?, where g = g(x).

Proposition 2.1 If CTAC = &I for some & > 0, and if C is a v-preconditioner at a point
x such that g = g(z) # 0, then d = —CCTq is (v/€)-scaled at x.

Proof: Note first that d # 0 since g # 0 and C'is invertible. The assumption CTAC = &1
implies that (CTAC)™! < ¢711, and hence

g"A7lg = (CTg)"(CTAC)™M(CTg) < ¢ (g"CCTg) = =€ 'g"d.

The assumptions that C' is a v-preconditioner at z and d = —CC7Tg clearly imply that
d"Ad < —v(g¥d). The conclusion that d = —CC7Tg is (v/€)-scaled at x follows by noting
Definition 1 and combining the above two inequalities. .

We will now outline a basic step of our adaptive preconditioned steepest descent (APSD)
algorithm under the assumption that A > I. At every iteration of this method, we generate
preconditioners C' satisfying Definition 2 and CTAC = I. For reasons that will become
apparent later, we assume from now on that v > n. Suppose that z is the current iterate
and C is an invertible matrix such that CTAC = I. (If z is the first iterate, we can set
C = I since we are assuming that A > I; otherwise, we can let C' be the preconditioner used
to compute the search direction at the previous iterate.) If C'is a v-preconditioner at x, we
can use it to generate a search direction at x according to Proposition 2.1. If C' is not a
v-preconditioner at x, we can obtain a v-preconditioner at x by successively post-multiplying
the most recent C' by an invertible matrix F' satisfying the following three properties:

Pl. F = o011 + o9pp” for some vector p € R™ and constants o; and oy,
P2. F(CTAC)F = (CF)TA(CF) = I, and
P3. det FF < n(v) := /n/vexp{(1 —n/v)/2} < 1.

We will describe how to construct a matrix satisfying properties P1-P3 in Subsection 2.2.
The process of replacing C' by C'F' will be referred to as an update of C'. For now, we will
make a few observations regarding these updates. Property P2 ensures that the updated
matrix C'F still satisfies the requirement that (CF)TA(CF) = I. Moreover, properties
P2 and P3 together ensure that after a finite number of updates of the form C' «— CF, a
v-preconditioner C' at x will be obtained. Indeed, since

det F(CTAC)F = (det F)*det CTAC < n(v)?det CT AC, (4)

we see that det CT AC' decreases by a factor of n(v)? each time an update C' « CF is
performed. Since by property P2, det CT AC' > 1 for every preconditioner C' generated, it is
clear that only a finite number of updates can be performed.

Finally, property P1 ensures that the process of updating C' to C'F' is a simple process
requiring O(n?) flops if C' is kept in explicit form. On the other hand, if C' is kept in factored
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form (i.e., C = Fy--- F}, where [ is the total number of updates performed throughout the
method), then each matrix F; requires O(n) units of storage, and multiplying F; by a vector
requires O(n) flops.

We are now ready to state the main algorithm of this section using the above ideas.

Algorithm APSD

Start: Given A = I, zg € R", b € R", and constants v > n and € > 0.
1. Set i =0, go = Azg— b, and C = 1.
2. While ®4(x;) > eP4(zy) do

(a) d=—-CCTy;
(b) a=—g/d/(d" Ad)
(c) If a < v~! then
e Create an update matrix F' satisfying properties P1-P3 above
e Set C'=C'F and go to step 2(a)
end (if)
(d) zi1 =2+ ad
() gi+1=gi +aAd
(f) Set i =i+ 1

end (while).

Let us make a few observations about the above algorithm. First, if v > Ap.x(A), then
it is clear that no updates will be performed and that the algorithm reduces to the standard
SD algorithm. Hence, the novel and interesting case to consider is when v is chosen so
that v < Apax(A). Second, notice that the test o < v~! performed in step 2(c) of Algorithm
APSD is equivalent to testing whether C'is a v-preconditioner at x;. This follows by inserting
the definition of d given in 2(a) into the formula for « in 2(b). Finally, observe that whenever
the test in step 2(c) is satisfied, an update is made to the matrix C.

The following theorem details the main convergence results for Algorithm APSD.

Theorem 2.2 Assume that A = I and that v < A\pax(A) in Algorithm APSD. Then, the
following statements hold:

(a) The number of updates is bounded by Ny := (logdet A)/(v~' — 1 + logv), where
v =v/n.

(b) The number of iterates x; generated by the algorithm cannot exceed [vloge™'].



(¢) The algorithm has an arithmetic complexity of O(n*(Ny + vloge 1)) flops if C is kept
in explicit form, and O(max{nNy,n*}(N, + vloge™)) flops if C is kept in factored
form.

Proof: For the proof of (a), let C} denote the preconditioner matrix in Algorithm
APSD after k updates have been performed. In view of (4), we have that det(CT ACy) <
n(v)?* det A. Also, property P2 implies that det(C¥ AC),) > det(I) = 1. Combining these two
inequalities yields 1 < n(v)?* det A. By taking logarithms on both sides of this equation, we
get that k < [logdet A]/[2log(1/n(v))]. Statement (a) follows by substituting the definition
of n(v) given in P3 into this inequality.

For (b), notice that we require @ > v~! at iterate z; before we generate a new iterate
Zj41. Equivalently, we ensure that the matrix C' is a v-preconditioner at iterate z; before
generating ;1. The assumption that A > I and property P2 ensure that CT AC' = I; hence
Proposition 2.1 implies that the search direction d used to generate x;;; is v-scaled at x;.
As a result, P4(zj41) < (1 — v H)Py(x;) by (3), and the result follows by using standard
arguments.

For the proof of (c), we begin by claiming that the process used to create an update
matrix F' requires O(n?) flops if C' is kept in explicit form, and O(max{nNy, n?}) flops if C
is kept in factored form. (The proof of this fact follows immediately from Theorem 2.6 and
equation (10) in Subsection 2.2.) Based on this result, it is clear that a single iteration or
update of Algorithm APSD requires O(n?) flops if C' is kept explicitly and O(max{nNy, n*})
flops if C' is kept in factored form. The result follows from this observation and statements
(a) and (b). .

1

It is interesting to examine how NN, varies for ) € (1, Apax(A)/n). Note that Ny is a
strictly decreasing function of v, since the function 1~! — 1 4 log1) is strictly increasing
for all ©» > 1. Moreover, it is easy to see that N, — oo as ¢ | 1. Next, if we denote the
eigenvalues of A by \;(A), we see that

logdet A = log (Hxi(A)> = ) log Ai(A) < nlog Amax(A).
=1 =1

Hence, if ¥ T Amax(A)/n, then we have

nlog Amax(A4) n10g Amax(A)
logyp —1 log Amax(A) —logn — 1

Hence, the value of N,, decreases from infinity to O(n) as 1 increases from one to Apax(A)/n.
While the SD algorithm is not necessarily polynomial in n and the size of A, the
following lemma shows that Algorithm APSD is, under some reasonable assumptions on

¥ € (1, Amax(A)/n).

N, < ) = O(n).



Lemma 2.3 Let ¢ := v/n, and assume that max{¢, (v — 1)71} = O(p(n)) for some poly-
nomial p(-). Assume also that A is a rational matriz such that A »= 1. Then, the arithmetic
complezity of Algorithm APSD is polynomial in n and the sizes of A and e 1.

Proof: Let us first get an upper bound on h(v) := [¢~' — 1 + loge]~t. If ¢ > 3/2,
then it is clear that h(¢)) = O(1), so assume that ¢ < 3/2. Using the assumption that
(¥ — 1)t = O(p(n)) and the fact that logy > (¢p — 1) — (¢ — 1)?/2 for all ¢» > 1, we have
that

2 1

< {(q/;_ 1)2 <§ - 5)}_1 = 6(v—1)72 = O(p*(n)).

Hence, we see that Ny, = O(p*(n) log det A). Next, Theorem 3.2 of [11] shows that size(det A) <
2 size(A). Using this result along with the fact that log det A = O(size(det A)) and the bound
on Ny, we have that N, = O(p*(n)size(A4)). It is clear that the assumption ¢y = O(p(n))
implies that v = ¥n = O(np(n)). The result follows from these facts and Theorem 2.2(c). «

2.2 The Ellipsoid Preconditioner

In this subsection, we will show how we can construct a matrix F' which satisfies properties
P1-P3.
Our first lemma gives necessary and sufficient conditions for F' to satisty P2.

Lemma 2.4 Let A = 0 and F € R™" be given. Then, FAF = I if and only if E(ﬁ) C
E(F), where

E(F) = {Fu:ue B(0,1)},

E(A) = {z:2TAz<1},

Proof: Let U denote the boundary of B(0,1), i.e. U := {u: u’u = 1}. We have
E(A) CEF) < Fuéint E(A), YueU
& (Fu)TA(Fu) =u"(FAF)u>1, YueU
& FAF - 1.

Our update matrix F' possesses the following special property: its ellipsoid £(F') is the
minimum volume ellipsoid containing a certain “stripe” II intersected with the unit ball.
The next lemma provides the details surrounding the construction of F.
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Lemma 2.5 Let a unit vector p € R™ and a constant 7 < 1 be given, and consider the stripe
I :=1(p,7) = {z: |2Tp| < 7}. Then, the smallest volume ellipsoid containing 11N B(0, 1)
is E(F'), where

F = F(p,7) = p(I—pp")+6pp", (5)
with
6 = 0(r) = min{ryn,1}, and (6)
po=ur) = P g
Moreover, if T < n~"?, we have
det F < 7v/n exp{(1—7°n)/2} < 1. (8)

Proof: For the proof of the first part of the lemma, see Theorem 2(ii) in [15]. We will
only prove equation (8). Since p is a unit vector, it is clear that p is an eigenvector of F
with eigenvalue 0. In addition, any vector perpendicular to p is also an eigenvector of F
with eigenvalue u. Since det F' is equal to the product of its eigenvalues, it follows that
det F = Ou"~'. Also, the assumption that 7 < n~%/2 and (6) imply that § = 7v/n < 1.
Using the above observations together with the fact that 1 + w < exp(w) for all w € R, we
obtain

n—1 n—1 n—1
_ 627 =2 1 — 627 2 1 — 62 2
det F = ou! :0{2_91} :0{1%—”_91} §9[exp{n_61}]

= fexp{(1—06%/2} = 7v/n exp{(1—7°n)/2} <1,

where the last inequality is due to the facts that f(s) = sexp[(1—s?)/2] is a strictly increasing
function over the interval [0,1] and f(1) = 1. .

We will now show how to construct a matrix F' satisfying P1-P3 under the assumptions
that A = CTAC = I , v >n, and C' is not a v-preconditioner at x. First, we observe that
since A = I, we have E(ﬁ) C B(0,1). Suppose now that a unit vector p and a scalar T are
chosen so that E(A\) C I1I, where IT = II(p, 7) is the stripe defined in Lemma 2.5. Then, the
matrix F' = F(p,7) given by (5) clearly satisfies property P1 and, by Lemma 2.5, we have

E(A) C TINB(0,1) C E(F).

This together with Lemma 2.4 implies that F' satisfies property P2.
‘We will now show how to construct a unit vector p and a scalar 7 so as to ensure that

E(A) C II(p, 7) and that property P3 also holds under the assumptions above. Indeed, since
C is not a v-preconditioner at z, it follows from Definition 2 that w := CTg(x) satisfies

wT Aw > vl|wl. 9)
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B(0,1)

direction
of p
E(A

\:I\

/ / )

-~

Figure 1: Vector p normal to boundary of E(A); stripe II.

Now, letting y := w/V szzl\w, we have that yTzzl\y = 1, that is, y lies on the boundary of

-~

E(A). As Figure 1 illustrates, the boundary of our stripe IT will consist of the hyperplanes
tangent to the boundary of E(A) at y and —y. It is easy to show that IT = {z : |2Tp| < 7},

where
Aw Ay VwTl Aw
pi= ——— = — and T 1= ——=—. (10)
[Aw[| || Ay]] [ Aw]]
We note that the formula for p follows from the fact that the vector gy is normal to the

-~

boundary of E(A) at the point y, since the gradient of the function 27 Az at y is 2Ay. This
construction clearly implies that E(A) C II.

It remains for us to show that the matrix F' satisfies property P3. Indeed, by (8) and the
fact that f(s) = sexp{(1 — s*)/2} is strictly increasing on the interval [0, 1], we conclude
that F' satisfies property P3 whenever the condition 74/n < \/n/v < 1 holds. The latter
inequality holds due to the assumption that v > n, while the first inequality is due to the
fact that relations (9) and (10) and the Cauchy-Schwartz inequality imply that

VwT Aw w’ Aw < [|lwl| 12,

= = — — < — < v
| Aw|| | Aw|| vV wT Aw VT Aw

Notice that the construction above does not use the facts that A= CTAC and w =
CTg(z), but only the facts that A = I and (9) hold. Hence in the discussion above we have
established the following more general result.

Theorem 2.6 Let A = I be given, and let v > n be a given constant. Suppose that a vector
w € R™ satisfies (9), and let p, T, and F' = F(p,7) be determined by equations (10) and (5),
respectively. Then, the matrix F' satisfies properties P1-P3, i.e.
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(P1) F = ul + (0 — u)pp”, where u and 0 are given by (6) and (7), respectively;
(P2) FAF = I: and
(P3) det FF < y/n/vexp{(1—n/v)/2} < 1.

Before we end this section, we will briefly motivate the remaining part of this paper.
Note that in Algorithm APSD, we either perform a standard SD iteration or an update of
the preconditioner matrix C at each step. These two sets of computations require roughly
the same number of arithmetic operations in view of Theorem 2.2(c), and hence may be
considered equivalent from a complexity standpoint. For the purpose of the discussion in
this paragraph, we will refer to both sets of computations as iterations of the whole algorithm.
Recall that the standard SD algorithm has an iteration-complexity of O(k(A)loge™!). In
view of our assumption that A\, (A) > 1, this implies that the SD algorithm has an iteration-
complexity of O(Apax(A)loge™), and that all search directions in the SD algorithm are
Amax(A)-scaled. By contrast, Algorithm APSD forces its search directions to be v-scaled
at every iteration; as a result, the algorithm achieves an improved iteration-complexity of
O(Ny + vloge™). On the other hand, the conjugate gradient (CG) algorithm is known to
possess an iteration-complexity of O(y/k(A)loge™!) < O(y/Amax(A)loge ). Hence, it is
natural to conjecture whether we can reduce its iteration-complexity to O(N, + /v loge™!)
by means of an adaptive preconditioning scheme. We will show that this is indeed possible.
The development of an adaptive PCG (APCG) algorithm and the proof of its convergence
properties is the subject of the remainder of this paper.

3 The Conjugate Gradient Method Revisited

In this section, we examine the conjugate gradient algorithm in detail. The section is di-
vided into two subsections: Subsection 3.1 is devoted to a review of classical results, while
Subsection 3.2 presents new convergence rate results obtained under the assumption that
the preconditioner matrix is a good preconditioner at iterates o, ..., ;.

3.1 Review of the Classical Conjugate Gradient Algorithm

In this subsection, we review the classical preconditioned conjugate gradient (PCG) algo-
rithm and some of its well-known theoretical properties.

The PCG algorithm is an iterative algorithm which generates a sequence {z;} of approx-
imate solutions to the system Az = b, where A > 0. The PCG algorithm, which is stated
next, uses an invertible matrix Z € R"*" as a preconditioner.

PCG Algorithm:
Start: Given A > 0, b € R", an invertible matrix Z € R™*", and z, € R".

1. Set go = Awg — b, dy = —ZZ" gy, and o = || Z7 gol|*.
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2. For:=0,1,...do

(a) w41 = ; + ayd;, where o; = ;/(dF Ad;)
(b) git1 = gi + i Ad;
)

(€) Vi1 = ”Z 9z+1||
(d) diy1 = —ZZ% g1 + Biv1d;, where B = Yit1/Vi

end (for).

To present the main theoretical results associated with the PCG algorithm, we introduce
the following notation.

A = ZTAZ (11)
gz - ZTgla (12)
Ai = span{go,- . - ,2’@0}, (13)
S,L' = Zgz = {Z’U RS :S’\,L} (14)

A well- known interpretation of the PCG method is that the sequence of points {%;} defined
as I :—AZ z; is the one that is generated by the standard CG algorithm applied to the
system A% = b, where A is defined in (11) and b := ZTb. Moreover, the gradient of the
energy function ® 4(-) associated with this system at z; is equal to g; as defined in (12).

The following proposition follows from the above observations and the properties of the
standard CG algorithm:

Proposition 3.1 Fach step i of the PCG algorithm possesses the following properties:
(a) S = span{go, .-, §:};
(b) GFg; =0 for alli < j;
(c) Q?ﬁgj =0 foralli<j—2; and
(d) x; = argmin{®4(z) : © € 2o+ S;_1}.
Proof: See e.g. pages 295-7 of [16]. .

We note that these properties may fail to hold under finite arithmetic. Indeed, the PCG
method relies heavily on the fact that the search directions d; in the transformed space
are conjugate to one another (i.e. cZiTAch = 0 for i # j). However, under finite-precision
arithmetic, it is well-known that the search directions will often lose conjugacy and may
become linearly dependent (see e.g. [3]). As a result, the PCG algorithm tends to perform
poorly on extremely ill-conditioned systems.

On the other hand, when A is well-conditioned, the PCG algorithm performs reasonably
well. As we will see in the next subsection, a weaker condition for the PCG algorithm to
perform well at iterates zo,...,z; is for Z to be a good preconditioner at these iterates.
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3.2 Revisiting the Performance of the PCG Algorithm

In this subsection, we examine the rate of convergence of the iterates zy,...,z; of the PCG
algorithm under the assumption that Z is a good preconditioner at those iterates.

First, assume that Z is a v-preconditioner at x; and that ZTAZ > &1 for some positive
constants v and &. Let Z;,1 be the point obtained by taking a step of the PSD algorithm at
x; using Z as preconditioner. Using the fact that, by Lemma 2.1, d = —ZZ% g; is v /&-scaled
at x; along with (3) and statements (a) and (d) of Proposition 3.1, we have that

Do) < DalFin) < (1—@ B a(s), (15)

where x := v/{. Hence, if Z is a v-preconditioner at x, ..., z;_;, we obtain

a(z;) < (1 - i)jCDA(xO).

It turns out that we can derive a convergence rate stronger than the one obtained above, as
the following theorem states.

Theorem 3.2 Assume in Algorithm PCG that Z is a v-preconditioner at x; for all i =
0,...,J4, and that A = &I. Further, let us define x :=v/€. Then,

0w < i (V) watan

The proof of this theorem will be given at the end of this subsection after we present
some technical results. R
We begin with some important definitions. First, consider the linear operator B; : §; —

§j defined as
Bj(u) = Pg (Au), (16)

where ng denotes the orthogonal projection operator from R" onto §j. Since for all u, v € S s

u'Bj(v) = uTng(gv) = (ngu)TA\v = T Av, (17)

and A = 0, it follows that B; is self-adjoint and positive definite, and hence invertible. Next,
define the function ¥; : xy 4+ 5;_1 — R as

W) = (270 B 2 ()] (18)

Before continuing, we need to show that W,(-) is well-defined on the affine space zo + S;_1,
i.e. that ZTg(z) € S; for all z € zy+ S;_;. In fact, this assertion follows from the inclusion
Go + AS;_1 C S, which holds in view of (13), and the following technical result.
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Lemma 3.3 Define
P; = {P;: P is a polynomial of degree at most j such that P;(0) = 1}. (19)
Then, the following statements are equivalent:
i) x € xo+ Sj_1;
i) ZTg(x) € o+ AS;_y;
iii) Z1g(x) € Pj(g) Go for some P; € P;.
Proof: The equivalence between ii) and iii) is obvious in view of (13) and the definition
of P;. Now, (11), (12), and (14) imply that
rE€Ex +Sj_1 & x—130€ Zgj_l & ZTA(x — x0) € ﬁgj_l
& Z'(g(x) —g0) € ggj—l & ZTg(x) € go + A\gjfla
i.e. i) and ii) are equivalent. .

The relevance of the function W, is revealed by the following lemma, which relates the
functions ®4(-) and ¥;(-) on the space zo+ Sj_1.

Lemma 3.4 Let x € x9+95,_1, and let x;41 be the j+ 1-st iterate of the PCG method. Then
Pa(z) — Palzjn) = V(). (20)

Proof: Let u € §j be given, and define v := Bj_l(u) € §j. By the definition of B;,
u=Bj(v) = Av + p for some unique vector p = p(u) € §f Thus,

Al = vt A (21)
Multiplying (21) by p? and using the facts that v € S and p € Sl we obtain
uTA_lp = vTp +pTA_1p = pTA_ . (22)

On the other hand, multiplying (21) by u’ and using (22), we see that

WA = WTo+uTATp = u" B (u) +uTAp = u' B (u) +pT A p. (23)
Now, let € xg + Sj_1 be given. We will show that (23) with u = ZTg(z) implies
(20). Indeed, first note that Z7g(x;41) € §JL in view of (12) and statements (a) and (b) of
Proposition 3.1. Moreover, since @, 241 € 2o+ 5;, it follows from Lemma 3.3 that Z%7g(z) —
ZTg(xj41) € 2@3 These two observations together imply that if u = ZTg(x) then p(u) =
ZTg(xj41). The result now follows from equality (23) with u = ZTg(z) and p = - Z g(x]H),
the definition of ¥; and the fact that ®4(z) = 39(z)" A g(z) = 3(Z7g(x))T A~ (27 g())

for every x € R™.
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Lemma 3.5 Assume in Algorithm PCG that Z is a v-preconditioner at x;, and that Z* AZ »
&I Then,
P y(z;)
D 4(z0)

<X

where x = v/E.
Proof: Since Z is a v-preconditioner at z;, equation (15) holds for i = j. By rearranging
the terms in (15) and invoking Lemma 3.4 with x = x;, we see that

Pa(z;) < X[Pa(z)) — Palzit)] = xV;(z)). (24)

Moreover, Lemma 3.4 along with the facts that zo € zo+5;_1 and ®4(z;41) > 0 imply that
P 4(xg) > V,;(z9). Combining this inequality with (24) yields the desired result. .

Observe that Theorem 3.2 gives an upper bound on the ratio ®4(x;)/®a(x¢). In view of
Lemma 3.5, such an upper bound can be obtained by simply developing an upper bound for
the ratio V,(z;)/V (o), which will be accomplished in Lemma 3.7 below. First, we establish
some bounds on the eigenvalues of B; in the following result.

Lemma 3.6 Assume in Algorithm PCG that Z is a v-preconditioner at every x; for i =

0,...,7, and that ZTAZ = 1. Then, all of the eigenvalues of B; lie in the interval [€, 3v].

Proof: Since B; is self-adjoint, its eigenvalues are all real-valued. To prove the conclusion
of the lemma, it suffices to prove that u’u < u?B;(u) < 3v(u’u) for all u € S;. However,
in view of (17), we have that v’ Bju = u’ Au for all u € S;. Thus, it suffices to prove that

cuu < uTAu < 3v(uTu) for all u € §j. (25)

To that end, let v € §j be given. Since A = &I, we have that ulu < uTgu, proving the
first inequality in (25). Next, by Proposition 3.1(a), there exist ay,...,; € R such that
u=>7_,0,;G;. Using Proposition 3.1(b), we see that

j T/ j
u"u = <Zaigi) (Eaz@z) = > a2l (26)
=0 =0 =0

The fact that Z is a v-preconditioner at z; implies that gfﬁgi < v||g|* fori = 0,...,].
Using this fact, along with Proposition 3.1(c), the Cauchy-Schwartz inequality, and equation
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(26), we have that

. T .
uTAu = (i oziéz) A (i ozz-éi) Za G Agi+2 ) i gl Ag
= i=0 0<i<I<j

J—1

= Z aZgl gi + 2 Z i1 G A,

< uzcﬂug,uuzz!% ol 7 A/ A,
< VZ&?\|§i|\2+2Z|ai! lvia] (VNG (Vg ]),
j—1
< yza2||g,||2+z (va2||gill + vad g ]l?)
1=0 1=0
J
< 3wy alllg)? = 3v(u"u),
1=0

where in the second to last inequality we use the fact that 28y < 5% 4+ ~2 for all # and ~.
Thus, the second inequality in (25) holds. .

The following lemma provides a bound on the ratio V,(x;)/¥;(zo).

Lemma 3.7 Assume in Algorithm PCG that A= &I, and that Z is a v-preconditioner at
every x; fori1=20,...,5. Then,

Proof: Let Ay,...,\; denote the eigenvalues of B;. We begin by observing that since
B; is self-adjoint, it has an orthonormal basis of eigenvectors vy, ..., v; associated with its
eigenvalues A, ..., A;, which all lie in the interval [£,3v] by Lemma 3.6. Using the fact

that Z7gy = go clearly belongs to § in view of (12) and (13), we conclude that there exist
0, - . .,a; € R such that Z7gy = f o V. By equation (18), we have that

1 - ' ! 1 ! e e% 1 J o2
\I/j ($0) = 5 <Z aivi) Bj_l (Z aivi> = 5 (Z 0@%’) (Z )\—Zvl) = § Z )\_1
=0 i=0 i=0 i=0 7 i—0 i

Next, let x € o + S;j—1 be given. In view of Lemma 3.3, there exists P; € P; such that
ZTg(z) = P; (A)gg Using (13) and the fact that Au = B, i(u) for all u € Sj, we easily see
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that
ZTg(x) = Pi(A)ge = Pi(B))(a0) = F;(B;) (Za) = ) aPi(\)vi.

Thus, in view of (18), we have

Uj(x) = % Zaz[PJ()‘Z)]Uz B'_l( QZ[PJO%)](UZ))
= % Zai[Pj()\i)]Ui (Z Uz‘))
_ 1 zj:a.[p()\)]v ( 0‘_ Y ) _ 1 : a_?[p.(/\.)]Q
2 z':oljz Z :0)‘ 22‘:0)‘2']Z

< { e POVE W) < e POV o)

where the last inequality is due to the fact that \; € [£,3v] for all i = 0,...,7. The last
relation together with Lemma 3.3 then imply

min  ¥;(z) < lmm { max [Pj(A)]?H U;(zg) < 4<@)2j W, (o),

z€xo+S;—1 PieP; | Ael¢,3v] V3x +1

where the last inequality is well-known (see for example pages 55-56 of [12]). The result now
follows by noting that Proposition 3.1(d) and the fact that, by Lemma 3.4, ¥;(-) and ®4(-)
differ only by a constant on xq + S;_1, imply that ¥;(z;) = mingez,1s,_, ¥;(2). .

We now note that Theorem 3.2 follows as an immediate consequence of Lemma 3.5 and
Lemma 3.7.

4 An Adaptive PCG Algorithm

In this section, we will develop an algorithm which incorporates the adaptive preconditioning
scheme from Section 2 into the PCG method. We start by discussing a step of our adaptive
PCG (APCG) algorithm. A step falls into one of the following three categories: (i) a standard
PCG iteration, (ii) an update of the preconditioner matrix Z followed by a one-step backtrack
in the PCG algorithm if possible, or (iii) an update of the preconditioner matrix Z followed
by a restart of the PCG algorithm. To describe a general step of the APCG algorithm,
suppose that we have already generated the jth iteration of the PCG algorithm using Z as
a preconditioner. Assume that Z satisfies ZTAZ = £I for some € € (0,1], and that Z is a
v-preconditioner at the PCG iterates o, ..., x;_; for some constant v > n. (In the first step
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of the APCG algorithm, we assume that A > I; hence we may choose Z = [ and { = 1.)
We will split our discussion into two cases, depending on whether Z is a v-preconditioner at
I'j.

If Z is a v-preconditioner at z;, then we simply perform a PCG iteration with Z as the
preconditioner, which corresponds to a step of type (i). Assume from now on that Z is not
a v-preconditioner at x;. In this case, the step of the APCG algorithm consists of updating
Z and &, then either backtracking one PCG iteration if possible (i.e., a type (ii) step) or
restarting the PCG algorithm with £ reset to one (i.e., a type (iii) step). More specifically,
let C' :=¢7Y2Z, and note that A:=CTAC >~ I. The facts that Z is not a v-preconditioner

at x; and that § <1 imply that

1 1 v

gngZ(ZTAZ)Zng > S—QVHZTQJ'HQ = EHCT%‘HQ > v[|CT gl
Hence w := C7g; satisfies equation (9); as a result, we may use Theorem 2.6 to generate an
update matrix F' satisfying properties P1-P3. Next, let H := F/u, where p is given by (7).
It is important to observe that H takes the following form:

g; C(CTAC)CYy; =

H =1+ (pp",

where p is parallel to ﬁg}j and ( is a constant. By Proposition 3.1(c), we have that p L g;

for all « < j — 2, and as a result, Hw = w for all w € S;_5. Using this fact, it is easy to see
that

1. The PCG algorithms corresponding to Z and ZH are completely identical up to step
J — 2 and generate the same iterate x;_;, and

2. ZH is a v-preconditioner at o, ...,z o.

Moreover, the preconditioner Z H satisfies
(ZHNTA(ZH) = p 2(ZF)TAZF) = ¢u~2CTAC = €u°I.

Hence, by performing the updates Z <+ ZH and & « &2, we have that ZTAZ = ¢1. Also,
by condition 2 above, if we replace j by max{j—1,0}, we have the conditions assumed at the
beginning of this step. The process of replacing Z by ZH, £ by £&u~2, and j by max{j —1,0}
is a type (ii) step of the APCG algorithm. Note that a backtrack is possible if and only if
7> 0.

The above description of a step would be complete were it not for the fact that £ might
get too small, which would adversely affect the rate of convergence of the PCG algorithm in
view of Theorem 3.2. To prevent this from occurring, we perform a type (iii) step whenever
¢ becomes too small. More specifically, fix a constant § € (0,1). Perform the updates
Z «— ZH and ¢ « &u? as before (in the case where Z is not a v-preconditioner at the
current iterate ;). Next, check to see whether £ > 4. If it is, we complete a type (ii) step by
replacing j < max{j — 1,0} as in the previous paragraph. Otherwise, if £ < §, we complete
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a type (iil) step by restarting the PCG algorithm (with j = 0) using the last PCG iterate as
the starting point with the preconditioner Z updated to £~'/2Z and ¢ updated to 1 in this
exact order. Note that these last two updates preserve the fact that Z7AZ = I and also
prevents ¢ from becoming too small by resetting it to one. Note also that if j is set to zero
in a type (ii) step, the PCG algorithm clearly restarts, but & is not reset to one as is done
in a type (iii) step.

We are now ready to state our main algorithm.
Algorithm APCG:
Start: Given A > I, b€ R" x5 € R", and constants v > n, € (0,1), and € > 0.

1. Set (I)g = @A(Io) and Z = 1.
2. Seti=0,6=1,90=Axg—b,d_1 =0, By =0, and 7y = || Z7 go]|?.
3. While ®4(x;) > ey do
(a) While ¢/ Z(ZTAZ)Z"g; > vv; do
i. Build a matrix F per Theorem 2.6 with w 1= ¢~/227¢g; and A := ¢ 12T AZ
ii. Set Z = ZF/u and € = £u™2, where p is given by (7)
iii. If £ < § then go to Step 2 with Z := ¢71/27 and o := x;
iv. Set ¢ = max{i — 1,0}
end (while)
(b) di = —ZZ"g; + Bid;_1, where 3; = i /71
(¢) wip1 = x; + aud;, where a; = v;/(dF Ad;)
(d) git1 = gi + ;i Ad;
e) i1 = 12" gin|?

(
(f) Set i =i+ 1
end (while).

Note that in the above algorithm, x; may denote several ith iterates of the PCG method,
since the latter may be restarted several times during the course of Algorithm APCG. We
now present the main convergence result we have obtained for Algorithm APCG, which
shows that an e-solution to Az = b can be obtained in O(Ny + v/nloge™) steps.

Theorem 4.1 Assume that the starting conditions of Algorithm APCG are met, and that
v =0(n) and max{(1 — )71, 67} = O(1). Then, Algorithm APCG generates a point x;
satisfying ®a(x;) < e®q in

O (Ny + v/nloge™)

steps, where Ny is defined in Theorem 2.2(a).
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Proof: For the purposes of this proof, we say that a cycle begins whenever step 2
of Algorithm APCG occurs, or equivalently, whenever £ is reset to one, and that a cycle
ends whenever a new one begins. Consider any iterate z; in Algorithm APCG such that
G 4(x;) > ePp, and let | denote the cycle number in which this iterate occurs. Also, for
any cycle r < [, let i, and vy, denote the last PCG iterate number and last PCG iterate,
respectively, of that cycle. Finally, we define

-1
t =i+ Zz
r=1

(The index t denotes the “current” PCG iterate number, if the iterate count is not reset to
0 when a restart occurs.)

Recall that at the beginning of this section, we divided the steps in Algorithm APCG into
types (i)—(iii). Our objective is to bound the number of these steps required to get to iterate
;. Let us first consider the number of type (ii) and (iii) steps. If we define C := ¢71/2Z it
is clear that C' = F} - - - Fj,, where the matrices F}, j = 1,...,k, are the ones obtained via
Theorem 2.6. Thus, an argument similar to the one given in Theorem 2.2(a) can be used
to show that the number of updates is bounded by N,. Since each type (ii) and (iii) step
requires that an update be performed, the number of type (ii) and (iii) steps is bounded by
Ny.

Let us now consider the number of type (i) steps required to get to iterate x;. We observe
that when a type (ii) step occurs, one PCG iteration may be lost; thus, the total number
of type (i) steps cannot exceed ¢ plus the number of type (ii) steps. Hence, we have the
following bound on the total number of steps:

Total steps < ¢+ (number of type (ii) steps) + Ny = t+ O(Ny). (27)

It remains for us to determine a valid bound on ¢. To that end, let us examine the performance
of the PCG iterates within a given cycle. In particular, consider the final step of the first
cycle; it is clear that the current PCG iterate for this step is y; = x;,. At the beginning
of this step, we have a preconditioner Z which is a v-preconditioner at xzo,...,z@ —1) and
which satisfies ZTAZ = £1. Hence, we apply Theorem 3.2 with j = i; — 1 and use the fact
that ®4(x;,) < ®a(z,-1)) by Proposition 3.1(d) to obtain

9 2(i1—1)
Qa(yr) = Palwi) < Palri-n) < 4x (1_ V3X + 1) bo

Now 3, also serves as the starting iterate for the second cycle; as a result, we have that

2 Q(iz—l) ) 2 2(i1+i2—2)
P < dy1- —=— P < (4 - —= P,
Aly2) < x( \/@H) Aly) < (4x) ( x/ﬁﬂ) 0

By induction, it follows that

Da(x) < (4) (1—%)@
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We use this result along with the fact that ®4(z;) > e®y to observe that

2\ —4t + 4l
e (- gr) s evee (G

By taking logarithms on both sides of this inequality, we obtain

t < —[<\/_+ )(llog 4x) + log e )]—i—l = O(lﬂlogx%—\/}loge’l). (28)

We will now show that I = O(Ny/n). Observe that since (1 —4)"! = O(1), we have that
log 6~ > w for some constant w > 0. Suppose that since the beginning of a cycle, we have
performed k updates on the preconditioner Z, and assume that k£ < w(n—1). It follows that
k < (n—1)logd~!, and by rearranging terms, we have that § < exp{—k/(n —1)}. However,
notice that in step 3(a)ii of Algorithm APCG, we have by (7) that

9 n — 62 n 1 1
o= < =1+ < exp )
(n—1)

ie., p=2 > exp{—1/(n — 1)}. Hence, our current ¢ > exp{—k/(n — 1)}, which implies
that & > §. Thus, we can still perform another update within the same cycle. This shows
that the number of updates in a complete cycle is > w(n — 1), which implies that [ <
Ny/[w(n = 1] +1 = O(Ny/n).

To obtain a bound on y, we observe that at each type (i) step, £ > 6. In view of the
assumptions that 6! = O(1) and v = O(n), it follows that x = vé™! < vé~! = O(n). We
incorporate the bounds on [ and x into (28) to conclude that

Ny 1
t = O( ¢\/0_gn ++v/nloge” ) = O(Ny + vnloge™). (29)
The result follows by incorporating this bound into (27). .

It is important to observe that by using analysis similar to Lemma 2.3, it can be shown
that Algorithm APCG is also a polynomial-time algorithm under the same assumptions as
those given in that lemma.

We conclude the section by discussing some computational aspects of Algorithm APCG.
It is important to note that if step 3(a) occurs repeatedly, we may find ourselves regressing
through the PCG iterates. As a result, we need to either keep all of the PCG data in memory
or determine a way to recreate the data as needed. When lack of memory is an issue, the
latter option is the only viable alternative. In such a case, it is easy to see that all of the
iterates and search directions generated by the PCG algorithm can be recreated by only
storing the constants 3; in memory and by simply reversing the PCG algorithm.
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5 Concluding Remarks

It is well-known that under exact arithmetic, the standard CG algorithm terminates in at
most n iterations. However, in finite-precision arithmetic, the standard CG algorithm loses
this property and instead possesses an iteration-complexity bound of O(y/k(A)loge™).
Our algorithm also loses its theoretical properties under finite arithmetic; indeed, Lemma
3.6 relies heavily on statements (b) and (c) of Proposition 3.1, which only hold under exact
arithmetic. Nevertheless, one may hope to gain significant reductions in the number of
CG iterations using our algorithm in finite-precision arithmetic, since the update matrices
F; have the effect of making the preconditioned matrix Z7AZ better conditioned as the
algorithm progresses.

One important assumption in our algorithm is the requirement that A > I. It is possible
to ensure that this assumption holds for matrices for which A > 0, simply by premultiplying
A by some large positive constant w > (Apnin(A4)) . In a future paper, we wish to relax the
requirement that A > I, as well as provide computational results measuring the performance
of our approach.
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