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1 Introduction

Polynomial optimization problems (POPs) arise from various applications in science and
engineering. Recent developments [11, 17, 19, 20, 23, 28, 29, 32] in semide�nite programming
(SDP) and sums of squares (SOS) relaxations for POPs have attracted a lot of research from
diverse directions. These relaxations have been extended to polynomial SDPs [13, 15, 18]
and POPs over symmetric cones [21]. In particular, SDP and SOS relaxations have been
popular for their theoretical convergence to the optimal value of a POP [23, 28]. From a
practical point of view, improving the computational e�ciency of SDP and SOS relaxations
using the sparsity of polynomials in POPs has become an important issue [17, 20].

A polynomial f in real variables x1; x2; : : : ; xn of a positive degree d can have all mono-
mials of the form x�1

1 x
�2

2 � � �x�n
n with nonnegative integers �i (i = 1; 2; : : : ; n) such that

�i � 0 and
Pn

i=1 �i � d; all monomials of di�erent form add up to
�

n+d

d

�
. We call such

a polynomial fully dense. When we examine polynomials in POPs from applications, we
notice in many cases that they are sparse polynomials having a few or some of all possible
monomials as de�ned in [20]. The sparsity provides a computational edge if it is handled
properly when deriving SDP and SOS relaxations. More precisely, taking advantage of the
sparsity of POPs is essential to obtaining an optimal value of a POP by applying SDP and
SOS relaxations in practice. Without exploiting the sparsity of POPs, the size of the POPs
that can be solved is very limited.

For sparse POPs, generalized Lagrangian duals and their SOS relaxations were proposed
in [17]. The SOS relaxations are derived using SOS polynomials for the Lagrangian mul-
tipliers with similar sparsity to the associated constraint polynomials, and then converted
into equivalent SDPs. As a result, the size of the resulting SOS and SDP relaxations is
reduced and computational e�ciency is improved. Theoretical convergence to the optimal
value of a POP, however, is not guaranteed. This approach is shown to have an advantage
in implementation over the SDP relaxation given in [23] whose size depends only on the de-
grees of objective and constraint polynomials of the POP. This is because SOS polynomials
can be freely chosen for Lagrangian multipliers taking account of the sparsity of objective
and constraint polynomials.

The aim of this paper is to present practical SOS and SDP relaxations for a sparse
POP and show their performance for various test problems. The framework of SOS and
SDP relaxations presented here are based on the one proposed in the paper [17]. However,
the sparsity of a POP is de�ned more precisely to �nd a structure in the polynomials
in the variables x1; x2; : : : ; xn of the POP and to derive sparse SOS and SDP relaxations
accordingly. In particular, we introduce correlative sparsity, which is a special case of the
sparsity [20] mentioned above; the correlative sparsity implies the sparsity, but the converse
does not hold. The correlative sparsity is described in terms of an n�n symmetric matrix R,
which we call the correlative sparsity pattern matrix (csp matrix) of the POP. Each element
Rij of the csp matrix R is either 0 or ? representing a nonzero value. We assign ? to
every diagonal element Rii (i = 1; 2; : : : ; n), and also to each o�-diagonal element Rij = Rji

(1 � i < j � n) if and only if either (i) the variables xi and xj appear simultaneously in
a term of the objective function, or (ii) they appear in an inequality constraint. The csp
matrix R constructed in this way represents the sparsity pattern of the Hessian matrix of
the generalized Lagrangian function of the paper [17] (or the Hessian matrix of the objective
function in unconstrained cases) except for the diagonal elements; some diagonal elements
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of the Hessian matrix may vanish while Rii = ? (i = 1; 2; : : : ; n) by de�nition. We say that
the POP is correlatively sparse if the csp matrix R (or the Hessian matrix of the generalized
Lagrangian function) is sparse.

From the csp matrix R, it is natural to induce graph G(N;E) with the node set N =
f1; 2; : : : ; ng and the edge set E = ffi; jg : Rij = ?; i < jg corresponding to the nonzero o�-
diagonal elements of R. We call G(N;E) the correlation sparsity pattern graph (csp graph)
of the POP. We employ some results of graph theory regarding maximal cliques of chordal
graphs [2]. A key idea in this paper is to use the maximal cliques of a chordal extension of
the csp graph G(N;E) to construct sets of supports for a sparse SOS relaxation. This idea
is motivated by the recent work [8] that proposed positive semide�nite matrix completion
techniques for exploiting sparsity in primal-dual interior-point methods for SDPs.

A simple example is a POP with a separable objective polynomial consisting of a sum of
n polynomials in a single variable xi (i = 1; 2; : : : ; n) and n� 1 inequality constraints each
of which contains two variables xi and xi+1 (i = 1; 2; : : : ; n�1). In this case, the csp matrix
R is represented as a tridiagonal matrix and the csp graph G(N;E) is a chordal graph with
n� 1 maximal cliques with 2 nodes, and the size of the proposed SOS and SDP relaxations
become considerably smaller than the one obtained from the dense SDP relaxation given in
[23].

The computational e�ciency of the proposed sparse SOS and SDP relaxations depends
on how sparse a chordal extension of the csp graph is. We note that the following two
conditions are equivalent: (i) a chordal extension of the csp graph is sparse, (ii) a sparse
Cholesky factorization can be applied to the Hessian matrix of the generalized Lagrangian
function or the Hessian matrix of the objective function in unconstrained problems. When
we compare the condition (ii) with the standard condition of traditional numerical methods,
such as Newton’s method for convex optimization, to be e�cient for large scale problems,
there exists a di�erence between the generalized Lagrangian function and the Lagrangian
function in the Lagrange multipliers. SOS polynomials are the Lagrangian multipliers in
the former whereas nonnegative real numbers in the latter. If a linear inequality constraint
is involved in the POP, which may be the simplest constraint, it is multiplied by a SOS
polynomial in the former. As a result, the Hessian matrix of the former can become denser
than the Hessian matrix of the latter. In this sense, the condition (ii) in the proposed sparse
SOS and SDP relaxations is a stronger requirement on the sparsity in the POP than the
standard condition for traditional numerical methods. This stronger requirement, however,
can be justi�ed if we understand the study of nonconvex and large scale POPs in global
optimization as a more complicated issue.

Theoretically, the proposed sparse SOS and SDP relaxations are not guaranteed to
generate lower bounds of the same quality as the dense SDP relaxation [23] for general
POPs. Practical experiences, however, show us that the performance gap between the two
relaxations is small as we observe from numerical experiments presented in Section 6. In
particular, the de�nition of a structured sparsity based on the csp matrix R and the csp
graph G(N;E) enables us to achieve the same quality of lower bounds for quadratic opti-
mization problems (QOPs) where all polynomials in the objective function and constraints
are quadratic. More precisely, the proposed sparse SOS and SDP relaxations of order 1
obtain lower bounds of the same quality as the dense SDP relaxation of order 1, as shown
in Section 5.4. Here the latter SDP relaxation of order 1 corresponds to classical SDP relax-
ation [7, 9, etc.], which have been widely studied for QOPs including the maxcut problem.
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This motivates the use of the csp matrix and graph for structured sparsity in the derivation
of SOS and SDP relaxations.

The remaining of the paper is organized as follows. After introducing basic notation and
symbols on polynomials, we de�ne sums of squares polynomials in Section 2. In Section 3, we
�rst describe dense SOS relaxation of unconstrained POPs, and then sparse SOS relaxation.
We show how a csp matrix is de�ned from a given unconstrained POP, and how a sparse
SOS relaxation is constructed using the maximal cliques of a chordal extension of a csp
graph induced from the csp matrix. Section 4 contains the description of a SOS relaxation
of an inequality constrained POP with a structured sparsity characterized by a csp matrix
and a csp graph. We introduce a generalized Lagrangian dual for the inequality constrained
POP and a sparse SOS relaxation. Section 5 discusses some additional techniques which
enhance the practical performance of the sparse SOS relaxation such as computing optimal
solutions, handling equality constraints and scaling. Section 6 includes numerical results
on various test problems. We show the proposed sparse SOS and SDP relaxations exhibit
much better performance in practice. Finally, we give concluding remarks in Section 7.

2 Preliminaries

We �rst describe the representation of polynomials and sums of squares of polynomials in
this section.

2.1 Polynomials

Let R be the set of real numbers, and Z+ the set of nonnegative integers. We use R
n and Z

n
+

to denote the n-dimensional Euclidean space and the set of nonnegative integer vectors in
R

n. R[x] means the set of real valued polynomials in xi (i = 1; 2; : : : ; n). Each polynomial
f 2 R[x] is represented as

f(x) =
X

�2F
c(�)x� (8x 2 R

n)

for some nonempty �nite subset F � Z
n
+ and some real numbers c(�) (� 2 F). Here

x� = x�1

1 x
�2

2 � � �x�n

n ; we assume that x0 = 1. The support of f is de�ned by

supp(f) = f� 2 F : c(�) 6= 0g � Z
n
+;

and the degree of f 2 R[x] by

deg(f) = max

(
nX

i=1

�i : � 2 supp(f)

)
:

For every nonempty �nite set G � Z
n
+, R[x;G] denotes the set of polynomials in xi (i =

1; 2; : : : ; n) whose support is included in G; R[x;G] = ff 2 R[x] : supp(f) � Gg : Let N =
f1; 2; : : : ; ng. Suppose that ; 6= C � N and ! 2 Z+. Consider the set

AC

! =

(
� 2 Z

n
+ : �i = 0 if i 62 C and

X

i2C

�i � !

)
:

In the succeeding discussions on sparse SOS relaxations, the set AC

! serves as the support
of fully dense polynomials in xi (i 2 C) whose degree is at most !.
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2.2 Sums of squares of polynomials

Let G be a nonempty �nite subset of Z
n
+. We denote R[x;G]2 the set of sums of squares of

polynomials in R[x;G];

R[x;G]2 =

(
qX

i=1

g2
i : 9q 2 Z+; 9gi 2 R[x;G] (i = 1; 2; : : : ; q)

)
:

By construction, we see that supp(g) � G + G if g 2 R[x;G]2: Here G + G denotes the
Minkovski sum of two G’s; G + G = f� + � : � 2 G; � 2 Gg : Speci�cally, we observe that
AC

! + AC
! = AC

2! (N � 8C 6= ;; 8! 2 Z+):
Let R

G denote the jGj-dimensional Euclidean space whose coordinates are indexed by
� 2 G. Each vector of R

G is denoted as w = (w� : � 2 G). Although the order of
the coordinates of w = (w� : � 2 G) is not relevant in the succeeding discussions, we
may assume that the coordinates are arranged according to the lexicographically increasing
order; if 0 2 G then w0 is the �rst element of w 2 R

G. We use the symbol S(G) for the set
of jGj � jGj symmetric matrices with coordinates � 2 G; each V 2 S(G) has elements V��

(� 2 G; � 2 G) such that V�� = V��. Let S+(G) denote the set of positive semide�nite
matrices in S(G);

wT V w =
X

�2G

X

�2G
V��w�w� � 0 for every w = (w� : � 2 G) 2 R

G:

The symbol u(x;G) is used for the jGj-dimensional column vector consisting of elements x�

(� 2 G), where we may assume that the elements x� (� 2 G) are arranged in the column
vector according to the lexicographically increasing order of � 2 G. Then, the sets R[x;G]2

can be rewritten as

R[x;G]2 =
�

u(x;G)T V u(x;G) : V 2 S+(G)
	
: (1)

For more details, see the papers [5, 28].

3 SOS relaxations of unconstrained polynomial opti-

mization problems

In this section, we consider a POP

minimize f0(x) over x 2 R
n; (2)

where f0 2 R[x] is represented as f0(x) =
P

�2F 0

c0(�)x� (8x 2 R
n) for some nonempty

�nite subset F0 of Z
n
+ and some real numbers c0(�) (� 2 F0). We assume that c0(�) 6= 0

for every � 2 F0; hence supp(f0) = F0. Let �� denote the optimal value of the POP
(2); �� = inf ff0(x) : x 2 R

ng : Throughout this section, we assume that �� > �1. Then
deg(f0) is an even integer, i.e., deg(f0) = 2!0 for some !0 2 Z+. Let ! = !0. By Lemma
in Section 3 of [31], we also know that F0 = supp(f0) � the convex hull of F e

0; where
Fe

0 = f� 2 F0 : �i is an even nonnegative integer (i = 1; 2; : : : ; n)g :
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3.1 SOS relaxations

In this subsection, we describe the SOS relaxation of the POP (2) and how the size of the
resulting SOS relaxation is reduced according to the papers [20, 31], which is an important
issue in practice.

In order to apply the SOS relaxation to the POP (2), we �rst convert the problem into
an equivalent problem

maximize � subject to f0(x) � � � 0 (8x 2 R
n): (3)

It should be noted that only � 2 R is a variable and x 2 R
n is an index parameter to

represent a continuum number of constraints f0(x) � � � 0 (8x 2 R
n); hence the problem

above is a semi-in�nite programming problem.
If we replace the constraint f0(x) � � � 0 (8x 2 R

n) in the problem (3) by an SOS
constraint

f0(x) � � 2 R[x;AN
! ]2; (4)

then, we obtain an SOS optimization problem

maximize � subject to f0(x) � � 2 R[x;AN
! ]2: (5)

Note that if the SOS constraint (4) is satis�ed, then the constraint of (3) holds, but the
converse is not true because a polynomial which is nonnegative over R

n is not necessarily
a sum of squares of polynomials in general [14]. Hence the optimal objective value of the
SOS optimization problem does not exceed the common optimal value �� of the POPs (2)
and (3). Therefore, the SOS optimization problem (5) serves as a relaxation of the POP
(2). We call the parameter ! 2 Z+ in (5) the (relaxation) order. We can rewrite the SOS
constraint (4) using the relation (1) as

f0(x) � � = u(x;AN
! )T V u(x;AN

! ) (8x 2 R
n) and V 2 S+(AN

! ): (6)

We call a polynomial f0 2 R[x;AN
2!] sparse if the number of elements in its support

F0 = supp(f0) is much smaller than the number of elements in AN
2! that forms a support of

fully dense polynomials in R[x;AN
2!]. When the objective function f0 is a sparse polynomial

in R[x;AN
2!], the size of the SOS constraint (5) can be reduced by eliminating redundant

elements from AN
! . In fact, by applying Theorem 1 of [31], AN

! in the problem (5) can be
replaced by

G0
0 =

�
the convex hull of

n�

2
: � 2 F e

0

[
f0g
o�

\ Z
n
+ � AN

! :

Note that f0g is added as the support for the real number variable � .
A method that can further reduce the size of the SOS optimization problem by eliminat-

ing redundant elements in G0
0 was proposed by Kojima et al in [20]. We write the resulting

SOS constraint from their method as

f0(x) � � 2 R[x;G�
0]

2; (7)

where G�
0 � G0

0 � AN
! denotes the set obtained by applying the method. Preliminary

numerical results were presented in [20] for the problems with jG�
0j signi�cantly smaller than
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jG0
0j. However, their method is not robust in the sense that the performance of the method

is not e�ective for some problems as the followings, which may be considered practically
important problems. If F0 = supp(f0) � AN

2! contains n vectors 2!e1; 2!0e
2; : : : ; 2!en;

or equivalently, if the objective polynomial function f0 2 R[x;AN
2!] involves n monomials

x2!
1 ; x2!

2 ; : : : ; x2!
n ; then G�

0 becomes fully dense, i.e., G�
0 = AN

! . Speci�cally, even if the
objective polynomial function f0 2 R[x]2! is a separable polynomial of the form

f0(x) =
nX

i=1

hi(xi) (8x = (x1; x2; : : : ; xn) 2 R
n); (8)

where each hi(xi) denotes a polynomial in a single variable xi 2 R with deg(hi(xi)) = 2!,
we have that G�

0 = AN
! . See Proposition 5.1 of [20]

3.2 An outline of sparse SOS relaxations

The focus of this subsection is on how we can deal with the weakness of the method in [20]
mentioned in Section 3.1. We �nd a certain structure from the correlative sparsity of POPs,
and propose a heuristic method for constructing smaller-sized SOS relaxations of POPs
with the correlative sparsity. Using the structure obtained from the correlative sparsity, we
generate multiple support sets G1;G2; : : : ;Gp � Z

n
+ such that

F0

[
f0g �

p[

‘=1

(G‘ + G‘) ; (9)

and replace the SOS constraint (7) by

f0(x) � � 2
pX

‘=1

R[x;G‘]
2; (10)

where

pX

‘=1

R[x;G‘]
2 =

(
pX

‘=1

h‘ : h‘ 2 R[x;G‘]
2 (‘ = 1; 2; : : : ; p)

)
: The support of the poly-

nomial f0(x) � � on the left side of the constraint above is F0

Sf0g, while the support of

each polynomial in

pX

‘=1

R[x;G‘]
2 on the right side is contained in

p[

‘=1

(G‘ + G‘). Hence the

inclusion relation (9) is necessary for the SOS constraint (10) to be feasible although it is
not su�cient. If the size of each G‘ is much smaller than the size of G�

0 and if the number of
the support sets p is not large, the size of the SOS constraint (10) is smaller than the size
of the SOS constraint (5).

For the problem where the polynomial objective function f0 is given by (8), we have
p = n and G‘ =

�
�e‘ : � = 0; 1; 2; : : : ; !

	
(‘ = 1; 2; : : : ; n): Here e‘ 2 R

n denotes the ‘th
unit vector with 1 at the ‘th coordinate and 0 elsewhere. The resulting SOS optimization
problem inherits the separability from the separable polynomial objective function f0, and
is subdivided into n independent subproblems; each subproblem forms an SOS relaxation
of the corresponding subproblem of the POP (2), minimizing h‘(x‘) in a single variable.
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3.3 Correlative sparsity pattern matrix

We consider a sparsity from cross terms xixj (1 � i < j � n) in the objective polynomial
f0 of the unconstrained POP (2). The sparsity considered here is measured by the number
of di�erent kinds of the cross terms in the objective polynomial f0. We will call this type of
sparsity correlative sparsity. The correlative sparsity is represented with the n�n (symbolic,
symmetric) correlative sparsity pattern matrix (abbreviated by csp matrix) R whose (i; j)th
element Rij is given by

Rij =

8
<
:

? if i = j;
? if �i � 1 and �j � 1 for some � 2 F0 = supp(f0);
0 otherwise

(i = 1; 2; : : : ; n; j = 1; 2; : : : ; n). Here ? stands for some nonzero element. If the csp
matrix R of f0 is sparse, then f0 is sparse as de�ned in [20]. But the converse is not true;
for example, the polynomial f0(x) = x2

1x
2
2 � � �x2

n 2 R[x;AN
2n] (8x = (x1; x2; : : : ; xn) 2 R

n)
is sparse by the de�nition in [20] while its csp matrix is fully dense. We say that f0 is
correlatively sparse if the associated csp matrix is sparse. As was mentioned in Introduction,
the correlative sparsity of an objective function f0(x) is equivalent to the sparsity of its
Hessian matrix with some additional diagonal elements.

Let us consider a few examples. First, we observe that the csp matrix R becomes an
n� n diagonal matrix in the case of the separable polynomial (8).

Suppose that

f0(x) =
n�1X

i=1

�
aix

4
i + bix

2
ixi+1 + cixixi+1

�
(8x = (x1; x2; : : : ; xn) 2 R

n) (11)

where ai; bi and ci are nonzero real numbers (i = 1; 2; : : : ; n � 1). Then, the csp matrix
turns out to be the n� n tridiagonal matrix

R =

0
BBBBBBBBB@

? ? 0 0 : : : 0 0
? ? ? 0 : : : 0 0
0 ? ? ? : : : 0 0
...

. . .
. . .

. . .
...

0 0 ? ? ? 0
0 0 ? ? ?
0 0 : : : : : : 0 ? ?

1
CCCCCCCCCA

: (12)

Next, consider

f0(x) =

n�1X

i=1

�
aix

4
i + bix

2
ixn + cixixn

�
(8x = (x1; x2; : : : ; xn) 2 R

n); (13)

where ai; bi and ci are nonzero real numbers (i = 1; 2; : : : ; n� 1). In this case, we have

R =

0
BBBBB@

? 0 : : : 0 ?
0 ? : : : 0 ?
...

. . .
...

0 0 : : : ? ?
? ? : : : ? ?

1
CCCCCA
: (14)
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3.4 Correlative sparsity pattern graphs

We describe a method to determine the sets of supports G1;G2; : : : ;Gp for the target SOS
relaxation (10) of the unconstrained POP (2). The basic idea is to use the structure of the
csp matrix R and some results from graph theory.

From the csp matrix R, the undirected graph G(N;E) with

N = f1; 2; : : : ; ng and E = ffi; jg : i; j 2 N; i < j; Rij = ?g

is called the correlative sparsity pattern graph (abbreviated as csp graph). Let C1; C2; : : :,
Cp � N denote the maximal cliques of the csp graph G(N;E). Then, choose the sets of
supports G1;G2; : : : ;Gp such that G‘ = AC‘

! (‘ = 1; 2; : : : ; p): We show that the relation (9)
holds. First, we observe that each G‘ = AC‘

! contains 0 2 Z
n
+ by de�nition. Suppose that

� 2 F0. Then the set C = fi 2 N : �i � 1g forms a clique of the csp graph G(N;E)
since fi; jg 2 E for every pair i and j from the set C. Hence there exists an ‘ such that
C � C‘. On the other hand, we know deg(f0) = 2! by the assumption; hence

P
i2C �i � 2!.

Therefore, we obtain that

� 2 AC
2! � AC‘

2! = AC‘
! + AC‘

! �
p[

‘=1

(G‘ + G‘) :

However, the method described above for choosing G1;G2; : : : ;Gp has a critical disad-
vantage since �nding all maximal cliques of a graph is a di�cult problem in general. In
fact, �nding a single maximum clique is an NP hard problem. To resolve this di�culty, we
generate a chordal extension G(N;E 0) of the csp graph G(N;E) and use the extended csp
graph G(N;E 0) instead of G(N;E). See [2] for chordal graphs and their basic properties.

Consequently, we obtain a sparse SOS relaxation of the POP (2):

maximize � subject to f0(x) � � 2
pX

‘=1

R[x;AC‘
! ]2; (15)

where C‘ (‘ = 1; 2; : : : ; p) denote the maximal cliques of a chordal extension G(N;E 0)
of the csp graph G(N;E). Some software packages [1, 16] are available to generate a
chordal extension of a graph. One way of computing a chordal extension G(N;E 0) of the
csp graph G(N;E) and the maximal cliques of the extension is to apply the MATLAB
functions symmmd (the symmetric minimum degree ordering) or symamd (the symmetric
approximate minimum degree permutation), and chol (the Cholesky factorization) to the csp
matrix R with replacing the o�-diagonal nonzero elements Rij = Rji = ? by small random
numbers and the diagonal elements Rii by su�ciently large positive random numbers. We
employed the MATLAB functions symamd and chol in the numerical experiments reported
in Section 6. It should be noted that the number of the maximal cliques of G(N;E 0) does
not exceed n, which is equivalent to the number of nodes of the graph G(N;E 0) as well as
to the number of variables of the objective polynomial f0.

In the case (8), the csp graph G(N;E) has no edge, and every maximal clique consist of a
single node. Hence, we have p = n and C‘ = f‘g (‘ = 1; 2; : : : ; n): Either of the csp matrices
given in (12) and (14) induces a chordal graph, and there is no need to extend. The maximal
cliques are C‘ = f‘; ‘+ 1g (‘ = 1; 2; : : : ; n � 1); and C‘ = f‘; ng (‘ = 1; 2; : : : ; n � 1);
respectively.
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3.5 Quadratic objective functions

In this subsection, we focus on the POP (2) with ! = deg(f0)=2 = 1, i.e., the unconstrained
minimization of a quadratic objective function:

f0(x) = xT Qx + 2qT x + 
 (8x 2 R
n); (16)

where Q 2 Sn, q 2 R
n and 
 2 R. In this case, we show that the proposed sparse SOS

relaxation (15) using any chordal extension of the csp graph G(N;E) attains the same
optimal value as the dense SOS relaxation (5). This demonstrates an advantage of using
the set of maximal cliques of a chordal extension of the csp graph G(N;E) instead of the
set of maximal cliques of G(N;E) itself.

Recall that (5) is equivalent to (6). Suppose that (V ; �) 2 S+(AN
1 ) � R is a feasible

solution of (6). If we rewrite (6) for the quadratic objective function (16), we have

(1;xT )

�

 � � qT

q Q

��
1
x

�
= (1;xT )V

�
1
x

�
(8x 2 R

n) and V 2 S+(AN
1 ):

Comparing the both sides of the equality above, we know the coe�cient matrices coincide:
�

 � � qT

q Q

�
= V 2 S+(AN

1 ):

Hence Q needs to be positive semide�nite.
Let � > 0, and I denote the n � n identity matrix. Then, Q + �I is positive de�nite

and the csp matrix R for the quadratic function (16) has the same sparsity pattern as the
matrix Q + �I:

Rij =

�
? if Qij + �Iij 6= 0;
0 if Qij + �Iij = 0:

Let G(N;E 0) be a chordal extension of the csp graph G(N;E) for the quadratic function
(16). Then the maximal cliques of the chordal extension G(N;E 0) determine all possible
�ll-ins when the Cholesky factorization is applied to Q + �I under the perfect elimination
ordering induced from the chordal graph G(N;E 0). More speci�cally, there is an n � n
permutation matrix P corresponding to the perfect elimination ordering and an n�n lower
triangular matrix L(�) such that

P (Q + �I) P T = L(�)L(�)T (the Cholesky factorization);

fi 2 N : L(�)ij 6= 0g � Cj for some maximal clique Cj of G(N;E 0)

(j = 1; 2; : : : ; n):

We assume without loss of generality that P is the identity matrix, i.e., 1; 2; : : : ; n itself is
the perfect elimination ordering under consideration.

Now, we show that there exist d 2 R+, ~q 2 R
n, an n� n lower triangular matrix eL and

a (1 + n) � (1 + n) matrix fM such that

fM =

� p
d ~qT

0 eL

�
; V =

�

 � � qT

q Q

�
= fMfMT

;

fi 2 N : eLij 6= 0g � Cj (j = 1; 2; : : : ; n):

9
=
; (17)
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For each � 2 (0; 1], let

V (�) =

�

 � � qT

q Q + �I

�
and M(�) =

� p
d(�) qT L(�)�T

0 L(�)

�
;

where d(�) = 
� � � qT (Q + �I)�1q, which is nonnegative since the matrix V (�) is positive
semide�nite for every � 2 (0; 1]. Then we observe the identity V (�) = M(�)M (�)T for
every � 2 (0; 1]. We also see that the norm of jth row vector of the matrix M(�) coincides
with the square root of the ith diagonal element of the matrix V (�); hence it is bounded
uniformly for all � 2 (0; 1]. Therefore we may take a sequence of � 2 (0; 1] converging to

zero as the matrix M(�) converges to some fM satisfying (17).
Now we obtain by (17) that

f0(x) = (1;xT )

�

 � � qT

q Q

��
1
x

�

= (1;xT )fMfM T
�

1
x

�

=

nX

‘=1

�
fMT

:‘+1

�
1
x

��2

+
�p

d
�2

:

Here fM :‘+1 denotes the (‘+ 1)st column of fM (‘ = 1; 2; : : : ; n). It should be noted that

each fM T

:‘+1

�
1
x

�
is an a�ne function whose support is contained in

AC‘

1 =

(
� 2 Z

n
+ : �i = 0 (i 62 C‘)

X

i2C‘

�i � 1

)

as a polynomial. Therefore we have shown that the dense SOS relaxation (5) with ! = 1
is equivalent to the sparse SOS relaxation (15) with ! = 1, p = n and C‘ (‘ = 1; 2; : : : ; p);
if two maximal cliques Ck and C‘ with k 6= ‘ coincide, only one of them is necessary in the
sparse SOS relaxation (15).

4 SOS relaxations of inequality constrained POPs

We discuss SOS relaxations of inequality constrained POPs using the correlative sparsity
of the objective and constraint polynomials. The sets of supports that decide the SOS
relaxations are determined using the csp matrices constructed from the correlative sparsity
of inequality constrained POPs.

Let fk 2 R[x] (k = 0; 1; 2; : : : ; m). Consider the following POP:

minimize f0(x) subject to fk(x) � 0 (k = 1; 2; : : : ; m): (18)

Let �� denote the optimal value of this problem; �� = infff0(x) : fk(x) � 0 (k =
1; 2; : : : ; m)g. With the correlative sparsity of the POP (18), we determine the general-
ized Lagrangian function with the same sparsity and proper sets of supports in an SOS
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relaxation. A sparse SOS relaxation is proposed in two steps. In the �rst step, we convert
the POP (18) into an unconstrained minimization of the generalized Lagrangian function
according to the paper [17]. In the second step, we apply the sparse SOS relaxation given
in the previous section for unconstrained POPs to the resulting minimization problem. A
key point of utilizing the correlative sparsity of the POP (18) is that the POP (18) and its
generalized Lagrangian function have the same correlative sparsity.

4.1 Correlative sparsity in inequality constrained POPs

We �rst investigate correlative sparsity in the POP (18). Let

Fk = fi : �i � 1 for some � 2 supp(fk)g (k = 1; 2; : : : ; m):

Each Fk is regarded as the index set of variables xi’s which are involved in the polynomial
fk. For example, if n = 4 and fk(x) = x3

1 + 3x1x4 � 2x2
4, then Fk = f1; 4g. De�ne the n� n

(symbolic, symmetric) csp matrix R such that

Rij =

8
>><
>>:

? if i = j;
? if �i � 1 and �j � 1 for some � 2 supp(f0);
? if i 2 Fk and j 2 Fk for some k 2 f1; 2; : : : ; mg;
0 otherwise:

When the POP (18) has no inequality constraint or m = 0, the above de�nition of the csp
matrix R coincides with the one given in the previous section for the objective polynomial
f0. When the csp matrix R is sparse, we call that the POP (18) is correlatively sparse.

4.2 Generalized Lagrangian duals

The generalized Lagrangian function [17] is de�ned as

L(x;’) = f0(x) �
mX

k=1

’k(x)fk(x) (8x 2 R
n and 8’ 2 �);

where

� =

�
’ = (’1; ’2; : : : ; ’m) :

’k 2 R[x;AN
! ]2 for some ! 2 Z+

(k = 1; 2; : : : ; m)

�
:

Then, for each �xed ’ 2 �, the problem of minimizing L(x;’) over x 2 R
n serves as a

Lagrangian relaxation problem such that its optimal objective value, which is denoted by
L�(’) = inffL(x;’) : x 2 R

ng; bounds the optimal objective value �� of the POP (18)
from below.

If our aim is to preserve the correlative sparsity of the POP (18) in the resulting SOS
relaxation, we need to have the Lagrangian function L that inherits the correlative sparsity
from the POP (18). Notice that ’ can be chosen for this purpose. In [17], Kim, et al.
proposed to choose a polynomial of the same variables as the variables xi (i 2 Fk) in the
polynomial fk for each multiplier polynomial ’k; supp(’k) �

�
� 2 Z

n
+ : �i = 0 (i 62 Fk)

	
:
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Let !k = ddeg(fk)=2e (k = 0; 1; 2; : : : ; m) and !max = maxf!k : k = 0; 1; : : : ; mg. For every
nonnegative integer ! � !max, de�ne

�! =
n

’ = (’1; ’2; : : : ; ’m) : ’k 2 R[x;AFk
!�!k

]2 (k = 1; 2; : : : ; m)
o
:

Here the parameter ! 2 Z+ serves as the (relaxation) order of the SOS relaxation of the
POP (18) that is derived in the next subsection. Then a generalized Lagrangian dual (with
the Lagrangian multiplier ’ restricted to �!) [17] is de�ned as

maximize � subject to L(x;’) � � � 0 (8x 2 R
n) and ’ 2 �!: (19)

Let L�
! denote the optimal value of this problem; L�

! = sup fL�(’) : ’ 2 �!g. Then L�
! �

��. If the POP (18) includes the box inequality constraint of the form � � x2
i � 0 (i =

1; 2; : : : ; n) for some � > 0, we know by Theorem 3.1 of [17] that L�
! converges to �� as

! ! 1. When the feasible region of the POP (18) is bounded, we can add the box
inequality constraint above without destroying the correlative sparsity of the problem.

4.3 Sparse SOS relaxations

We show how a sparse SOS relaxation is formulated using the sets of supports constructed
from the csp matrix R. Let ! � !max be �xed. Suppose that ’ 2 �!. Then L(�;’) forms
a polynomial in xi (i = 1; 2; : : : ; n) with deg(L(�;’)) = 2!. We also observe from the
construction of the csp matrix R and �! that the polynomial L(�;’) has the same csp
matrix as the csp matrix R that we have constructed for the POP (18). As in Section 3.4,
the csp matrix R induces the csp graph G(N;E). By construction, we know that each Fk

forms a clique of the csp graph G(N;E). Let C1; C2; : : : ; Cp be the maximal cliques of a
chordal extension G(N;E 0) of G(N;E). Then, a sparse SOS relaxation of the POP (18) is
written as

maximize � subject to L(x;’) � � 2
pX

‘=1

R[x;AC‘
! ]2 and ’ 2 �!: (20)

We call the parameter ! 2 Z+ the (relaxation) order. Let �! denote the optimal objective
value of this SOS optimization problem. Then �! � L�

! � �� for every ! � !max, but the
convergence of �! to �� as ! ! 1 is not guaranteed in theory.

4.4 Primal approach

We have formulated a sparse SOS relaxation (20) of the inequality constrained POP (18)
in the previous subsection. For numerical computation, we convert the SOS optimization
problem (20) into an SDP, which serves as an SDP relaxation of the POP (18). We may
regard this way of deriving an SDP relaxation from the POP (18) as the dual approach.
We brie
y mention below the so-called primal approach to the POP (18) whose sparsity is
characterized by the csp matrix R and the csp graph G(N;E). The SDP obtained from
the primal approach plays an essential role in the Section 5.1 where we discuss how we
compute an optimal solution of the POP (18). We use the same symbols and notation as in
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Section 4.3. Let ! � !max. To derive a primal SDP relaxation, we �rst transform the POP
(18) into an equivalent polynomial SDP

minimize f0(x)

subject to u(x;AFk
!�!k

)u(x;AFk
!�!k

)Tfk(x) 2 S+(AFk
!�!k

) (k = 1; 2; : : : ; m);
u(x;AC‘

! )u(x;AC‘
! )T 2 S+(AC‘

! ) (‘ = 1; 2; : : : ; p):

9
=
; (21)

The matrices u(x;AFk
!�!k

)u(x;AFk
!�!k

)T (k = 1; 2; : : : ; m) and u(x;AC‘
! )u(x;AC‘

! )T (‘ =
1; 2; : : : ; p) are positive semide�nite symmetric matrices of rank one for any x 2 R

n, and
has 1 as the element in its upper left corner. These facts ensure the equivalence between
the POP (18) and the polynomial SDP above. Let

eF =

 
p[

‘=1

AC‘
!

!
nf0g;

eS = S(AF1

!�!1
) � � � � � S(AFm

!�!m
) � S(AC1

! ) � � � � � S(ACp

! )

(the set of block diagonal matrices of matrices in S(AFk
!�!k

)

(k = 1; : : : ; m) and S(AC‘
! ) (‘ = 1; : : : ; p) on their diagonal blocks);

eS+ =
n

M 2 eS : positive semide�nite
o
:

Then we can rewrite the polynomial SDP above as

minimize
X

�2
fF

~c0(�)x� subject to M(0) +
X

�2
fF

M(�)x� 2 eS+:

for some ~c0(�) 2 R (� 2 eF), M(0) 2 eS and M(�) 2 eS (� 2 eF). Now, replacing each
monomial x� by a single real variable y�, we have an SDP relaxation problem of (18):

minimize
X

�2
fF

~c0(�)y� subject to M(0) +
X

�2
fF

M(�)y� 2 eS+: (22)

We denote the optimal objective value by �̂!.
The SDP (22) derived above is the dual of the SDP from the SOS optimization problem

(20). We call the SDP (22) primal and the SDP induced from (20) dual. See the paper [17]
for more technical details. If we use the primal-dual interior point method, we can solve
both SDPs simultaneously.

4.5 SOS and SDP relaxations of quadratic optimization problems

with order 1

Consider a quadratic optimization problem (QOP)

minimize xT Q0x + 2qT
0 x

subject to xT Qkx + 2qT
k x + 
k � 0 (k = 1; 2; : : : ; m):

�
(23)

Here Qk denotes an n�n symmetric matrix (k = 0; 1; 2; : : : ; m), qk 2 R
n (k = 0; 1; 2; : : : ; m)

and 
k 2 R (k = 1; 2; : : : ; m). Based on the discussions in Section 3.5, we show that the
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sparse SOS and SDP relaxations with order 1 for the QOP (23) is as e�ective as the dense
SOS and SDP relaxations for the QOP (23). If we let


0 = 0 and eQk =

�

k qT

k

qk Qk

�
(k = 0; 1; 2; : : : ; m);

the QOP is rewritten as

minimize eQ0 �
��

1
x

�
(1; xT )

�

subject to eQk �
��

1
x

�
(1; xT )

�
� 0 (k = 1; 2; : : : ; m):

If we replace the matrix

�
1
x

�
(1; xT ), which is quadratic in the vector variable x 2 R

n,

by a positive semide�nite matrix variable X 2 S1+n
+ with X00 = 1, we obtain an SDP

relaxation of the QOP (23)

minimize eQ0 � X subject to eQk � X � 0 (k = 1; 2; : : : ; m); X 2 S1+n
+ ; X00 = 1:

Here S1+n
+ denotes the set of (1 + n) � (1 + n) positive semide�nite symmetric matrices.

This type of SDP relaxations is rather classical and has been studied in many literatures
[7, 9, etc.]. This is also a special case of the application of the primal SDP relaxation (22)
described in Section 5.1 to the QOP (23) where p = 1, C1 = N and !0 = 1.

We can formulate this relaxation using sums of squares of polynomials from the dual
side as well. First, consider the Lagrangian dual problem of the QOP (23).

maximize � subject to L(x;’) � � � 0 (8x 2 R
n) and ’ 2 R

m
+ ; (24)

where L denotes the Lagrangian function such that

L(x;’) = xT

 
Q0 �

mX

k=1

’kQk

!
x + 2

 
q0 �

mX

k=1

’kqk

!T

x �
mX

k=1

’k
k:

Then we replace the constraint L(x;’) � � � 0 (8x 2 R
n) by a sum of squares condition

L(x;’) � � 2 R[x;AN
1 ]2 to obtain an SOS relaxation.

maximize � subject to L(x;’) � � 2 R[x;AN
1 ]2 and ’ 2 R

m
+ : (25)

Now consider the aggregated sparsity pattern matrix ~R over the coe�cient matrices
Q0;Q1; : : : ;Qm such that

~Rij =

8
<
:

? if i = j;
? if i 6= j and [Qk]ij 6= 0 for some k 2 f0; 1; 2; : : : ; mg;
0 otherwise ;

which coincides with the csp matrix of the Lagrangian function L(�;’) with ’ 2 R
m
+ .

It should be noted that ~R is di�erent from the csp matrix R of the QOP (23); we use
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~R instead of R since we are interested only in sparse SOS and SDP relaxations of order
! = 1. Let G(N;E 0) be a chordal extension of the csp graph G(N;E) from ~R, and C‘

(‘ = 1; 2; : : : ; p) the maximal cliques of G(N;E 0). Then we can apply the sparse relaxation
(15) to the unconstrained minimization of the Lagrangian function L(�;’) with ’ 2 R

m
+ .

Thus, replacing R[x;AN
1 ]2 in the dense SOS relaxation (25) by

pX

‘=1

R[x;AC‘

1 ]2, we obtain a

sparse SOS relaxation:

maximize �

subject to L(x;’) � � 2
pX

‘=1

R[x;AC‘

1 ]2 and ’ 2 R
m
+ :

9
>=
>;

(26)

Note that the Lagrangian function L(�;’) is a quadratic function in x 2 R
n which results

in the same csp graph G(N;E) for each ’ 2 R
m
+ . In view of the discussions given in Section

3.5, the sparse relaxation (26) is equivalent to the dense relaxation (25).

5 Some technical issues

5.1 Computing optimal solutions

We present a technique to compute an optimal solution of the POP (18) that is based on
the following lemma.

Lemma 5.1. Assume that

(a) the POP (18) has an optimal solution,

(b) the SDP (22) with the parameter ! � !max has an optimal solution (ŷ� : � 2 eF),

(c) if (ŷ1
� : � 2 eF) and (ŷ2

� : � 2 eF) are optimal solutions of the SDP (22) then
ŷ1

ei = ŷ2
ei (i = 1; 2; : : : ; n):

De�ne
x̂ = (x̂1; x̂2; : : : ; x̂n); x̂i = ŷei (i = 1; 2; : : : ; n): (27)

Then the following two assertions are equivalent.

(d) �̂! = ��,

(e) x̂ is a feasible solution of the POP (18) and f0(x̂) = �̂!; hence x̂ is an optimal solution
of the POP (18).

Proof: Since �̂! � �� � f0(x) for any feasible solution x of the POP (18), (e) ) (d)

follows. Now suppose that (d) holds. Let (�y� : � 2 eF) be such that

�y� = �x� (� 2 eF); (28)

where �x denotes an optimal solution of the POP (18) whose existence is ensured by (a).

Then (�y� : � 2 eF) is a feasible solution of the SDP (22) having the same objective value
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