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Abstract

It is a long standingopenproblemto �nd anexplicit descriptionof thestablesetpolytopeof claw-
freegraphs. Yet morethan20yearsafterthediscoveryof a polynomialalgorithmfor themaximum
stablesetproblemfor claw-freegraphs,thereis evennoconjectureat handtoday.
Suchaconjectureexistsfor theclassof quasi-linegraphs. Thisclassof graphsis apropersuperclass
of line graphsandapropersubclassof claw-freegraphsfor which it is known thatnotall facetshave
0=1 normalvectors.BenRebea'sconjecture statesthat thestablesetpolytopeof a quasi-linegraph
is completelydescribedby clique-familyinequalities.Chudnovsky andSeymour recentlyprovided
a decompositionresult for claw-free graphsandproved that Ben Rebea's conjectureholds, if the
quasi-linegraphis nota fuzzycircular interval graph.
In this paper, we give a proof of Ben Rebea's conjectureby showing that it also holds for fuzzy
circularinterval graphs.Our resultbuildsuponanalgorithmof Bartholdi,Orlin andRatliff which is
concernedwith integerprogramsde�ned by circularonesmatrices.

1 Intr oduction

A graphG is claw-freeif novertex hasthreepairwisenonadjacentvertices.Line graphsareclaw freeand
thustheweightedstablesetproblemfor a claw-freegraphis a generalizationof theweightedmatching
problemof agraph.While thegeneralstablesetproblemis NP-complete,it canbesolvedin polynomial
timeonaclaw-freegraph[21, 29] evenin theweightedcase[22, 23] seealso[31]. Thesealgorithmsare
extensionsof Edmonds'[10, 9] matchingalgorithms.

The stablesetpolytopeSTAB(G) is the convex hull of the characteristicvectorsof stablesetsof
the graphG. The polynomialequivalenceof separation and optimizationfor rationalpolyhedra[16,
26, 18] providesa polynomial time algorithmfor the separationproblemfor STAB(G), if G is claw-
free. However, this algorithm is basedon the ellipsoid method[19] andno explicit descriptionof a
setof inequalitiesis known that determinesSTAB(G) in this case.This apparentasymmetrybetween
thealgorithmicandthepolyhedralstatusof thestablesetproblemin claw-freegraphsgivesrise to the
challengingproblemof providing a “. . . decentlineardescriptionof STAB(G)” [17], which is still open
today. In spiteof resultscharacterizingtherank-facets[12] (facetswith 0=1 normalvectors)of claw-free
graphs,or giving a compactlifted formulationfor the subclassof distanceclaw-free graphs[27] , the
structureof thegeneralfacetsfor claw-freegraphsis still not well understoodandevenno conjectureis
athand.
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The matchingpolytope[9] is a well known exampleof a combinatorialoptimizationproblemin
which theoptimizationproblemon theonehandandthe facetson theotherhandarewell understood.
Thispolytopecanbedescribedby asystemof inequalitiesin whichthecoef�cients ontheleft-hand-side
are0=1. This propertyof the matchingpolytopedoesnot extendto the polytopeSTAB(G) associated
with aclaw-freegraph.In fact,GilesandTrotter[14] show thatfor eachpositive integera, thereexistsa
claw-freegraphG suchthatSTAB(G) hasfacetswith a=(a+ 1) normalvectors.Furthermorethey show
that thereexist facetswhosenormalvectorshave up to 3 differentcoef�cients (indeedup to 5 asit is
shown in [20]). Perhapsthis is oneof thereasonswhy providing a descriptionof STAB(G) is not easy,
since0=1 normalvectorscanbeinterpretedassubsetsof thesetof nodes,whereassuchaninterpretation
is not immediateif thenormalvectorsarenot0=1.

A graphis quasi-line, if theneighborhoodof any vertex partitionsinto two cliques.Thecomplement
of quasi-linegraphsarecallednear-bipartite, anda linear descriptionof their stablesetpolytopehas
beengiven in [32]. The classof quasi-linegraphsis a propersuperclassof line graphsanda proper
subclassof theclassof claw-freegraphs.Interestinglyalsofor this classof graphstherearefacetswith
a=(a+ 1) normalvectors,for any nonnegative integera [14], but nofacetwhosenormalvectorhasmore
than2 differentcoef�cients is known for this class. Ben Rebea[28] consideredthe problemto study
STAB(G) for quasi-linegraphs.Oriolo [25] formulatedaconjectureinspiredfrom hiswork.

BenRebea's conjecture

Let F = f K1; : : : ;Kng beasetof cliques,1 � p � n beintegral andr = n modp. LetVp� 1(F ) � V(G)
thesetof verticescoveredby exactly(p� 1) cliquesof F andV� p(F ) � V(G) thesetof verticescovered
by p or morecliquesof F . Theinequality

(p� r � 1) å
v2Vp� 1(F )

x(v) + (p� r) å
v2V� p(F )

x(v) � (p� r)
�

n
p

�
(1)

is valid for STAB(G) andis calledthecliquefamily inequalityassociatedwith F andp.

Conjecture (Ben Rebea's conjecture [25]). Thestablesetpolytopeof a quasi-linegraph G = (V;E)
maybedescribedby thefollowing inequalities:

(i) x(v) � 0 for each v 2 V

(ii) å v2K x(v) � 1 for each maximalcliqueK

(iii) inequalities(1) for each family F of maximalcliquesandeach integer p with jF j > 2p � 4 and
jF jmodp 6= 0.

In this paperwe prove that Ben Rebea's Conjectureholds true. This is doneby establishingthe
conjecturefor fuzzycircular interval graphs, a classintroducedby Chudnovsky andSeymour[6]. This
settlesthe result,sinceChudnovsky andSeymourshowed that theconjectureholdsif G is not a fuzzy
circular interval graph. Interestingly, sinceall the facetsare rank for this latter classof graphs,the
quasi-linegraphsthat“produce”non-rankfacetsarethefuzzycircularinterval graphs.

We �rst show thatwe canfocusourattentionon circular intervalgraphs[6] a subclassof fuzzycir-
cularinterval graphs.Theweightedstablesetproblemover a circularinterval graphmaybeformulated
asapackingproblemmaxf cTx j Ax� b; x 2 Zn

� 0g, whereb= 1 andA 2 f 0;1gm� n is acircular onesma-
trix, i.e.,thecolumnsof A canbepermutedin suchawaythattheonesin eachrow appearconsecutively.
Herethelastand�rst entryof a row arealsoconsideredto beconsecutive. Integerprogramsof this sort
with generalright-handsideb 2 Zm have beenstudiedby Bartholdi,Orlin andRatliff [3]. Fromthis,we
derive a separationalgorithmwhich is basedon thecomputationof a negative cycle, therebyextending
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a recentresultof Gijswijt [13]. We thenconcentrateon packingproblemswith right-handsideb = a 1,
wherea is an integer. By studyingnon-redundantcyclesleadingto a separatinghyperplanes,we show
that eachfacetof the convex hull of integer feasiblesolutionsto a packingproblemof this sort hasa
normalvectorwith two consecutive coef�cients. Instantiatingthis resultwith thecasewhereb = 1, we
obtainourmainresult.

Cutting planes

Beforewe proceed,we would like to stresssomeconnectionsof this work to cuttingplanetheory. An
inequalitycTx � bdc is a Gomory-Chv́atal cuttingplane[15, 7] of a polyhedronP � Rn, if c 2 Zn is an
integral vectorandcTx � d is valid for P. TheChv́atal closure Pc of P is the intersectionof P with all
its Gomory-Chv́atal cuttingplanes.If P is rational,thenPc is rationalpolyhedron[30]. Theseparation
problemfor Pc is NP-hard[11]. A polytopeP hasChvátal-rankone,if its Chvátalclosureis theinteger
hull PI of P. Let QSTAB(G) bethefractionalstablesetpolytopeof agraphG, i.e., thepolytopede�ned
by non-negativity andcliqueinequalities.It is known [25] thatQSTAB(G) doesnot have Chvátal rank
one,if G is a quasi-linegraph. A famousexampleof a polytopeof Chvátal-rankoneis the fractional
matchingpolytopeandthusQSTAB(G), whereG is a line graph.

An inequalitycTx � d is calleda split cut [8] of P if thereexists an integer vectorp 2 Zn andan
integerp0 suchthatcTx � d is valid for P\ f x 2 Rn j pTx � p0g andfor P\ f x 2 Rn j pTx � p0 + 1g.
Thesplit closure Ps of P is theintersectionof P with all its split cutsandthis is a rationalpolyhedronif
P itself is rational[8, 2]. Theseparationproblemfor thesplit closureis alsoNP-hard[4]. A polyhedron
P � Rn hassplit-rankone,if Ps = PI .

Both cuttingplanecalculi aresimpleproceduresto derive valid inequalitiesfor theintegerhull of a
polyhedron.It is easyto seethata clique family inequalityis a split cut for QSTAB(G) with p(v) = 1
if v 2 Vp� 1 [ V� p, p(v) = 0 otherwiseandp0 = bn

pc. Thus,while thefractionalstablesetpolytopeof a
quasi-linegraphdoesnothave Chvátalrankone,its split-rankis indeedone.

2 From circular interval to quasi-line graphs

Chudnovsky andSeymour[6] introducedtheclassof circular intervalgraphs. A circularinterval graph
G = (V;E) canbede�ned by thefollowing construction:Take a circle C anda setof verticesV on the
circle. Take a subsetof intervals I of C andsaythatu;v 2 V areadjacentif f u;vg is a subsetof oneof
theintervals.

Any interval usedin theconstructionwill correspondto a cliqueof G. Denotethefamily of cliques
stemmingfrom intervalsby K I andthesetof all cliquesin G by K(G). Without lossof generality, the
(intervals)cliquesof K I aresuchthatnoneincludesanother. Moreover K I � K(G) andeachedgeof G
is containedin a cliqueof K I . Therefore,if we let A 2 f 0;1gm� n bethecliquevertex incidencematrix
of K I andV onecanformulatethe the (weighted)stablesetproblemon a circular interval graphasa
packingproblem

max å v2V c(v)x(v)
Ax � 1

x(v) 2 f 0;1g 8v 2 V

wherethematrixA is acircularonesmatrix (e.g.usingclockwiseorderingof thevertices).
Chudnovsky and Seymour [6] also introducedthe more generalclassof fuzzycircular interval

graphs. A graphG is a fuzzycircularinterval if thefollowing conditionshold.

(i) Thereis amapF from V to acircleC.
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(ii) Thereis asetof intervalsI of C, noneincludinganother, suchthatnopointof C is theendof more
thanoneinterval sothat:

(a) If two verticesu andv areadjacent,thenF (u) andF (v) belongto asameinterval.

(b) If two verticesu andv belongto asameinterval, whichis notaninterval with endpointsF (u)
andF (v), thenthey areadjacent.

In other words, in a fuzzy circular interval graph,adjacenciesare completelydescribedby the pair
(F ; I ), exceptfor verticesu andv suchthatoneof theintervalswith endpointsF (u) andF (v) belongs
to I . For theseverticesadjacency is fuzzy. We areparticularlyinterestedin non-emptycliquesarising
from extremitiesof intervals of I . If [p;q] is an interval of I suchthat F � 1(p) andF � 1(q) areboth
non-empty, thenwe call thecliques(F � 1(p);F � 1(q)) a fuzzypair.

Trivially, a circular interval graphis a fuzzy circular interval one. Whenis a fuzzy circular interval
graphacircularinterval graph?Thefollowing lemmaaddressesthisquestion.SaythatagraphisC4-free
if it doesnothaveaninducedsubgraphisomorphicto acordlesscycleof length4. For X � V, wedenote
by G[X] thesubgraphof G inducedby X.

Lemma 1 (Chudnovsky and Seymour [5]). Let G be a fuzzycircular interval graph describedby a
pair (F ; I ). If for every fuzzypair of cliques(Ki;K j ), the subgraph G[Ki [ K j ] is C4-free, thenG is a
circular intervalgraph.

Theorem 1. Let F bea facetof STAB(G), where G is a fuzzycircular interval graph. ThenF is alsoa
facetof STAB(G0), where G0 is a circular intervalgraphobtainedfromG by removing someedges.

Proof. SupposethatF is inducedby thevalid inequalityaTx � b. Trivially, if we remove anedge(u;v)
connectingtwo verticesu 2 Ki to v 2 K j of a fuzzy pair of cliques(Ki ;K j ), thegraphGn(u;v) is still
a fuzzy circular interval graph. An edgee is F-critical, if aTx � b is not valid for STAB(Gne). If e
is not F-critical, thenF is alsoa facetof STAB(Gne). We prove that theremoval of all nonF-critical
edgesconnectingtwo verticesin differentcliquesof fuzzy pairsresultsin a circular interval graphG0.
Therefore,sinceF is a facetof STAB(G0), theclaim follows.

SupposeG0 is nota circularinterval graph.Thenfrom Lemma1, thereexistsa fuzzy pair of cliques
(K1;K2) suchthatthesubgraphG0[K1 [ K2] containsaC4. SayV(C4) = f u1;u2;v1;v2g with u1;u2 2 K1,
v1;v2 2 K2, (u1;v1); (u2;v2) 2 E(C4). Theedge(u1;v1) is F-critical. HencethereexistsasetScontaining
u1;v1 suchthatSviolatesaTx � b andSis stablein G0n(u1;v1). Property(ii ) above impliesthatK1 has
no otherfuzzy pair thanK2 andthusu1 andu2 areadjacentto thesameverticesin G0nK2. This implies
that (Snu1) [ u2 is a stableset. Thereforea(u2) < a(u1) (else(u1;v1) is not F-critical). Applying the
sameargumentto (u2;v2) leadsto a(u1) < a(u2). Which is acontradiction.

Fuzzycircular interval grapharequasi-linegraphs.Chudnovsky andSeymour [6] gave a complete
characterizationof the stablesetpolytopeof a quasi-linegraphwhich is not a fuzzy circular interval
graph.Let F = f K1;K2; :::;K2n+ 1g anoddsetof cliquesof G. Let T � V bethesetof verticeswhichare
coveredby at leasttwo cliquesof F . Thentheinequalityå v2T x(v) � n is avalid inequalityfor STAB(G)
andinequalitiesof this typearecalledEdmonds'inequalities.

Theorem 2 ([6]). Let G bea connectedquasi-linegraph,which is not a fuzzycircular interval graph.
Thenall nontrivial facetsof STAB(G) are Edmonds'inequalities.

Observe that Edmonds'inequalitiesare specialclique family inequalitiesassociatedwith F and
p = 2. Moreover, Theorem1 implies that, if we prove that all the non-trivial facetsof the stableset
polytopeof acircular intervalgrapharecliquefamily inequalities,thenthesameholdsfor thestableset
polytopeof a fuzzyone(cliquesof G0 arealsocliquesof G). Therefore,if we combinethesefacts,we
maygive a positive answerto theBenRebea's Conjectureif we prove that it holdsfor circular interval
graphs.This is whatwe aregoingto show in thefollowing sections.
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3 Slicing and separation

Let P be a polytopeP = f x 2 Rn j Ax � b; x � 0g, whereA 2 f 0;1gm� n is a circular onesmatrix and
b 2 Zm anintegralvector. In thissection,weconsidertheseparationproblemfor theintegerhull PI of P:

Givenx� 2 Rn, determine,whetherx� 2 PI andif not,determineaninequalitycTx � d which
is valid for PI andsatis�escTx� > d.

We presenta membershipalgorithmof Gijswijt [13] anddevelop it further to retrieve a separating
hyperplane.Following Bartholdi,Orlin andRatliff [3], we considertheunimodulartransformationx =
T y, whereT is theunimodularmatrix

T =

0

B
B
@

1
� 1 1

� 1 1
...

1
� 1 1

1

C
C
A (2)

Theproblemthenreads,separatey� = T � 1x� from theintegerhull QI of thepolytopeQ de�ned by
thesystem �

A
� I

�
T y �

�
b
0

�
: (3)

In thefollowing wedenotetheinequalitysystem(3) by By � d. Let usrewrite thematrixB asB= (Njv),

i.e. v is then-th columnof B. Observe that,by construction,v is alsothelastcolumnof
�

A
� I

�
.

Eachrow of thematrix N hasatmostoneentrywhich is + 1 andat mostoneentrywhich is � 1. All
otherentriesare0. The matrix N is thustotally unimodular. Thus,whenever y(n) is setto an integer
b 2 Z, thepossiblevaluesfor thevariablesy(1); : : : ;y(n� 1) de�ne anintegral polytopeQb = f y 2 Rn j
By � d; y(n) = bg. Wecall thispolytopeQb thesliceof Q de�ned by b.

SinceT is unimodular, thecorrespondingsliceof theoriginalpolyhedronP\ f x2 Rn j å n
i= 1x(i) = bg

is anintegral polyhedron.Fromthis it is alreadyeasyto seethatthesplit-rankof P is one.However, we
presenta combinatorialseparationprocedurefor theintegerhull PI of P which computesa split cut via
thecomputationof anegative cycle.

If y� (n) is integral, theny� lies in QI if andonly if y� 2 Qy� (n) . Thereforeweassumein thefollowing
that y� (n) is not integral andlet b be an integer suchthat b < y� (n) < b + 1 andlet 1 > µ > 0 be the
realnumberwith y� (n) = b+ 1� µ. Furthermore,let QL andQR betheleft sliceQb andright sliceQb+ 1

respectively. A proofof thenext lemmafollows from basicconvexity.

Lemma 2. Thepoint y� lies in QI if andonly if there exist yL 2 QL andyR 2 QR such that

y� = µyL + (1� µ)yR:

In the following we denoteby y 2 Rn� 1 thevectorof �rst n� 1 componentsof the vectory 2 Rn.
Fromtheabove discussiononehasy� 2 QI if andonly if thefollowing linearprogramis feasible.

max0

y� = yL + yR

NyL � µdL

NyR � (1� µ) dR

; (4)
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wheredL = d � bv anddR = d � (b+ 1)v. Thedualof (4) is

minå n� 1
i= 1 l (i)y� (i) + µfLdL + (1� µ) fRdR

l + fLN = 0
l + fRN = 0

fL; fR � 0;

(5)

wherethel variablesareunconstrained.Now l + fLN = 0 andl + fRN = 0 is equivalentto l = � fLN
and fLN = fRN. Thus(5) canberewrittenas

min� fLNy� + µfLdL + (1� µ) fRdR

fLN = fRN
fL; fR � 0;

(6)

Let w be the negative sumof the columnsof N. Then(6) is the problemof �nding a minimum cost
circulationin thedirectedgraphD = (U;A) de�ned by theedge-nodeincidencematrix

M =
�

N w
� N � w

�
andedgeweightsµ(� Ny� + dL); (1� µ)( � Ny� + dR) (7)

Thusy� =2 QI if andonly if thereexistsanegative cycle in D = (U;A). Themembershipproblemfor QI

thusreducesto theproblemof detectinganegative cycle in D, see[13].
The inequality fLNy � fLdL is valid for QL andthe inequality fRNy � fRdR is valid for QR. The

correspondingdisjunctive inequality(see,e.g.,[24]) is theinequality

fLNy+ c(n)y(n) � d; wherec(n) = fLdL � fRdR andd = (b+ 1) fLdL � b fRdR: (8)

ThepolytopesQL andQR arede�ned by thesystems

y(n) = b
Ny+ vy(n) � d

and
y(n) = b+ 1

Ny+ vy(n) � d
(9)

respectively.
Let fL;0 bethenumberc(n) � fLv. Thenthe inequality(8) canbederived from thesystemde�ning

QL with theweights( fL;0; fL). Notice that, if y� canbe separatedfrom QI , then fL;0 mustbe positive.
This is becausey� violates(8) andsatis�estheconstraints(9) on theleft, wheretheequalityy(n) = b in
the�rst line is replacedwith y(n) � b. Let fR;0 bethenumberc(n) � fRv. Thentheinequality(8) canbe
derivedfrom thesystemde�ning QR with theweights( fR;0; fR). Noticethat,if y� canbeseparatedfrom
QI , then fR;0 mustbenegative.

A negative cycle in a graphwith m edgesandn nodescanbe found in time O(mn), see,e.g. [1].
Translatedbackto theoriginalspaceandto thepolyhedronP thisgivesthefollowing theorem.

Theorem3. Theseparationproblemfor PI canbesolvedin timeO(mn). Moreover, if x� 2 P andx� 62PI

onecancomputein O(mn) a split cut cTx � d which is valid for PI andseparatesx� fromPI together
with a negativeinteger fR;0, a positiveinteger fL;0 anda vector fL; fR, which is theincidencevectorof a
simplenegativecycleof thedirectedgraphD = (U;A) with edge-nodeincidencematrix andweightsas
in (7), such thatcTx � d is derivedwith fromthesystems

1x � b
Ax � b
� x � 0:

and
� 1x � � (b+ 1)

Ax � b
� x � 0;

(10)

with theweightsfL;0; fL andj fR;0j; fR respectively.
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Theabove theoremgivesanexplicit derivationof theseparatinghyperplaneasa split cut of P. We
have thefollowing corollary.

Corollary 1. Theinteger hull PI is thesplit closure of P.

4 The facetsof PI for the caseb = a � 1

In this sectionwe studythefacetsof PI , whereP = f x 2 Rn j Ax� b; x � 0g, whereA is a circularones
matrix andb is an integer vectorof the form a 1; a 2 N. For this, we actually inspecthow the facets
of the transformedpolytopeQ describedin Section3 arederived from the systems(9) andapply this
derivationto theoriginalsystem.Wecanassumethattherows of A areinclusion-wisemaximal.

Let F be a facetof QI andlet y� be in the relative interior of F. This facetF is generatedby the
uniqueinequality(8), which correspondsto a simplecycle of (6) of weight0. Furthermoreassumethat
F is not inducedby aninequalityy(n) � gfor someg2 Z. SinceF is afacetof theconvex hull of integer
pointsof two consecutive slices,we canassumethaty� (n) = b+ 1=2 andthusthatµ = 1=2 in (6). This
allows usto rewrite theobjective functionof problem(6) asfollows:

min(s� + 1
2v)t fL + (s� � 1

2v)t fR (11)

wheres� is theslackvector

s� =
�

a 1
0

�
� By� =

�
a 1
0

�
�

�
A
� I

�
x� � 0: (12)

Furthermore,we areinterestedin the facetsof QI which arenot representedby thesystemBy � d. If
F is sucha facet,thenonecantranslatey� away from QI , without changingy� (n) = b + 1=2, suchthat
y� =2 QI andBy� � d with the propertythat the facetwe areconsideringis the uniqueinequality (8),
wherefL; fR is asimplenegative cycle in thegraphD = (U;A).

PSfragreplacements

i i + pi � 1

l l � 1

Figure1: Theincidencevectorof a row of A consistsof thenodesf i; i + 1; : : : ; i + pg whichareconsecu-
tiveon thecycle in clockwiseorder. Its correspondingarcin SL is thearc(i + p; i � 1). Thearc(l � 1; l )
in TL correspondsto thelowerboundx(l ) � 0.

In thefollowing wedenoteU = f 1; : : : ;ng, wherenodei correspondsto thei-th columnof thematrix
M in (7). NoticethatA partitionsin two classesof arcsA L andAR. ThearcsAR aresimply thereverse
of the arcsAL. AL consistsof two setsof arcsSL andTL, whereSL is the setof arcsassociatedwith
inequalitiesAx � a 1 andTL arethearcsstemmingfrom the lower boundsx � 0. LikewiseA R canbe
partitionedinto SR andTR. In otherwords,if welook at thearc-nodeincidencematrixM in (7), therows
of M appearin theorderSL;TL;SR;TR.
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In particular, let a denotea row vectorof A. SinceA is a circularonesmatrix onehasaTx � a �
å

p
h= 0 x(i + h) � a for somesuitablei andp, wherecomputationis modulon, soxn � x0, xn+ 1 � x1, etc.

It is straightforward to seethataTx � a generatesthearcs(i + p; i � 1) 2 SL and(i � 1; i + p) 2 SR of
A, seeFigure1. Theweightsof thetwo arcscoincide,if n =2 f i; i + 1; : : : ; i + pg andis exactly theslack
a � å

p
h= 0x� (i + h) in thiscase.Otherwise,theweightof thearc(i + p; i � 1) is a � å

p
h= 0x� (i + h) + 1=2

andtheweightof thearc(i � 1; i + p) is a � å p
h= 0x� (i + h) � 1=2.

On theotherhand,a lower bound� xi � 0 generatesthe two arcs(i � 1; i) 2 TL and(i; i � 1) 2 TR.
Theweightof botharcsis equalto x� (i), if i 6= n. If i = n, thearc(n� 1;n) 2 TL hasweightx� (n) � 1=2
and(n;n� 1) 2 TR hasweightx� (n) + 1=2.

Sincetheslacksarenon-negative, thearcswhosecostis equalto thecorrespondingslackminus 1
2

aretheonly candidatesto haveanegative cost.Wecall thoselight arcs.Consequentlywecall thosearcs
whosecostis equalto theslackplus 1

2 heavy. Observe thatthelight arcsbelongto SR [ f (n� 1;n)g.

Lemma 3. LetCbea simplenegativecyclein D, thenthefollowingholds:

(a) Ccontainsstrictly more light arcsthanheavyones.

(b) An arc of C in SL (TL) cannotbeimmediatelyfollowedor precededbyan arc in SR (TR).

(c) ThecycleCcontainsat leastonearc of SR or containsno arc of SL [ SR.

Proof. (a) follows from thefactthattheslacksarenonnegative. (b) follows from ourassumptionthatthe
rows of thematrixA aremaximalandthatC is simple.

To prove (c) supposethat thecontraryholds. It follows that (n� 1;n) is in C, becauseit is theonly
light arcnot in SR. Wemustreachn� 1 on thecyclewithoutusingheavy arcs.

Eacharcin SL with startingnoden is heavy. Thus(n� 1;n) is followedby (n;1) 2 TL. Supposethat
(n� 1;n) is followedby asequenceof arcsin TL leadingto i andlet (i; j) =2 TL bethearcwhich follows
this sequence.It follows from (b) that (i; j) =2 TR andthusthat (i; j) 2 SL. Since(i; j) cannotbeheavy,
we have 1 � j < i < n. This is a contradictionto the fact that C is simple,sincewe have a subcycle
containedin C, de�ned by (i; j) and( j; j + 1); : : : ; (i � 1; i).

Lemma 4. If there existsa simplecycleC of D with negativecost,thenthere existsa simplecycleC0of
D with negativecostsuch that it doesnotcontainanyarc fromSL.

Proof. SupposethatC alsocontainsan arc from thesetSL. We know from Lemma3 that thecycle C
containsat leastonearcof SR. Lemma3 implies thatC hasanarc in SL, followedby arcsin TL or TR

but notboth,followedby anarcin SR. We�rst considerthecasethattheintermediatearcsareall in TL.PSfragreplacements

ki � 1 j � 1 l

A B C

(a)

PSfragreplacements

ki � 1 j � 1 l

A B C

(b)

Figure2: (a) depictsanarc(k; i � 1) 2 SL, followedby arcsin TL andthearc( j � 1; l ) 2 SR. (b) depicts
thesituation,wheretheintermediatearcsarein TR.
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This situationis depictedin Figure2, (a). The arc in SL is (k; i � 1). This is followed by the arcs
(i � 1; i); : : : ; (i � 1; j � 1) in TL andthearc( j � 1; l ) in SR. Let this bethepathP1. We now show that
wecanreplacethis pathwith thepathP2 = (k;k+ 1); : : : ; (l � 1; l ) consistingof arcsin TL. Weproceed
asfollows. Firstweshow thattheweightof thispathis atmosttheweightof theoriginalpath,wherewe
ignoretheadditionof � 1=2 to thearc-weights.Let light(P) andheavy(P) be thenumberof light and
heavy edgesin apathP, respectively. Wethenshow thatlight(P2) � heavy(P2) = light(P1) � heavy(P1),
from whichwe canconcludetheclaim in thiscase.

Considerthesetof indicesA = f i; : : : ; j � 1g, B = f j; : : : ;kg andC = f k+ 1; : : : ; lg andthenumbers
A = å µ2A x� (µ), B = å µ2B x� (µ) andC = å µ2C x� (µ) . Ignoring the eventualadditionof � 1=2 to the
edgeweights,we have that theweightof P2 is C andthatof P1 is a � (A+ B) + A+ a � (B+ C) and
supposethatthis is lessthanC. ThenB+ C > a which is not possible,sincex� satis�estheconstraints
Ax� a1. Thus,if noneof theedgesin P1 andP2 is heavy or light, theweightof P2 is atmosttheweight
of P1.

Supposenow that n 2 A . ThenP1 containsexactly oneheavy edge(k; i � 1) andone light edge
(n� 1;n). ThepathP2 containsnoheavy or light edge.Supposethatn2 B , thenP1 containsexactlyone
heavy edge,(k; i � 1) andonelight edge( j � 1; l ). P2 doesnot containa heavy or light edge.If n 2 C,
thenP1 containsexactly onelight edge( j � 1; l ) andno heavy edge.P2 alsocontainsexactly onelight
edge(n� 1;n). This concludestheclaim for thecasethatanarcof SL is followedby arcsof TL andan
arcof SR.

Thecase,wheretheintermediatearcsbelongto TR is depictedin Figure2, (b). Theassertionfollows
by asimilar argument.

CombiningTheorem3 with theabove lemmaweobtainthefollowing theorem.

Theorem4. LetP = f x 2 Rn j Ax � a1;x � 0g bea polyhedron,whereA 2 f 0;1gm� n is a circular ones
matrixanda 2 N a positiveinteger. A facetof PI is of theform

a å
v2T

x(v) + (a� 1) å
v=2T

x(v) � ab; (13)

whereT � f 1; : : : ;ng anda;b 2 N.

Proof. Theorem3 impliesthatafacetwhichis notinducedby Ax� a 1; x � 0 or 1Tx � gis anonnegative
integercombinationof thesystemontheleft in (10)with nonnegative weightsfL;0; fL. Lemma4 implies
that fL canbechosensuchthat theonly nonzero(+ 1) entriesof fL arecorrespondingto lower bounds
� x(v) � 0. The theoremthusfollows with a = f0;L andT set to thosevariables,whoselower bound
inequalitydoesnotappearin thederivation.

5 The solution to BenRebea'sConjecture

Let G be a circular interval graphandlet K I the family of cliquesstemmingfrom the intervals in the
de�nition of G (seeSection2). ThenQSTAB(G) = f x 2 Rn j Ax � 1;x � 0g wherethe 0=1 matrix A,
correspondingto the cliquesK I , hasthe circular onesproperty. Theorem4 implies that any facetof
STAB(G) is of theform

a å
v2T

x(v) + (a� 1) å
v62T

x(v) � a� b (14)

We now show that a facet,which is not inducedby an inequalityof Ax � 1;x � 0 is inducedby a
clique family inequalityassociatedwith somesetof cliquesF � K I andsomeinteger p. Recallfrom
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Theorem3 thatany facetof thiskind canbederivedfrom thesystem

� 1x � � (b+ 1)
Ax � 1
� x � 0;

(15)

with weightsj fR;0j; fR, where fR;0 is a negative integerwhile fR is a 0-1 vector. A root of F is a stable
set,whosecharacteristicvectorbelongsto F. In particular, we have thatthemultiplier fR(v) associated
with a lowerbound� x(v) � 0 mustbe0 if v belongsto arootof sizeb+ 1. If v doesnotbelongto aroot
of sizeb or to a rootof sizeb+ 1, thenthefacetis inducedby x(v) � 0. Thusif v =2 T, thenv belongsto
a rootof sizeb+ 1.

Let F = f K 2 K I j fR(K) 6= 0g andp = a+ j fR;0j. Themultiplier j fR;0j mustsatisfy

�j fR;0j + jf K 2 F j v 2 Kgj = a� 1 8v 62T
�j fR;0j + jf K 2 F j v 2 Kgj = a 8v 2 T s.t. v is in a rootof sizeb+ 1
�j fR;0j + jf K 2 F j v 2 Kgj � a 8v 2 T s.t. v is not in a rootof sizeb+ 1

�j fR;0j(b+ 1) + jF j = ab

ObservethatjF j = (a+ j fR;0j)b+ j fR;0j andthereforer = jF j modp = j fR;0j. Moreover, any vertex not
in T belongsto exactly p� 1 cliquesfrom F , while eachvertex in T belongsto at leastp cliquesfrom
F . Therefore,inequality(14) is thecliquefamily inequalityassociatedwith F andp. Wemaytherefore
statethefollowing theorem.

Theorem5. LetG bea circular intervalgraph.Thenanyfacetof STAB(G), which is not inducedbyan
inequalityof thesystemAx� 1; x � 0, is a cliquefamily inequalityassociatedwith someF and p such
that jF jmodp 6= 0.

If we combinethis resultwith Theorem1, Theorem2 andwe recall thatEdmonds'inequalitiesare
alsocliquefamily inequalitiesassociatedwith jF j oddandp = 2, weobtainthefollowing corollary.

Corollary 2. LetG bea quasi-linegraph.Anynon-trivial facetof STAB(G) is a cliquefamily inequality
associatedwith someF and p such that jF jmodp 6= 0.

Wemayassume,without lossof generality, thatthecliquesin thefamily F aremaximal[25]. A last
lemmais themissingbrick to thesolutionof BenRebea's conjecture.

Lemma 5. LetG bea quasi-linegraphand(F ; p) a pair such that

(p� r � 1) å
v2Vp� 1(F )

x(v) + (p� r) å
v2V� p(F )

x(v) � (p� r)
�

jF j
p

�
(16)

is a facetof STAB(G). If jF j < 2p, thentheinequality(16) is a cliqueinequality.

Proof. SeeAppendix.

Wemaythereforestateourmainresult:

Theorem6. BenRebea's conjecture holdstrue.
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Appendix

Proofof Lemmaof 5. Simplecalculusshowsthat,if jF j < 2p, thenwithoutlossof generalityV� p(F ) 6=
/0. In fact thecliquefamily inequalityassociatedwith a pair (F ; p) suchthatV� p(F ) = /0 is dominated
by theinequalityassociatedwith (F ; p� 1).

Since
j

jF j
p

k
= 1, if Vp� 1(F ) = /0 or p� r = 1, thentheinequality(16) is a cliqueinequality, andwe

aredone.Hence,supposeto thecontrarythatVp� 1(F ) 6= /0 andp� r 6= 1. Sincethe inequalityis facet
inducing,thenp� r = 2 andit reads:

å
v2Vp� 1(F )

x(v) + 2 å
v2V� p(F )

x(v) � 2 (17)

Trivially, theinequalityis alsofacet-inducingfor theinducedsubgraphG0= G[Vp� 1(F ) [ V� p(F )].
A full descriptionof thestablesetpolytopeof graphswith stabilitynumberlessthanthree,asG0, is given
in [20]. Thereit is shown thataninequalityå v2A x(v) + 2å v2B x(v) � 2, with A andB bothnon-empty, is
facetinducingonly if B is aclique,A andB aretotally joinedandthereis anoddantiholein G[A]. But no
vertex of aquasi-linegraphis totally joinedto anoddantihole(from thede�nition of quasi-linegraphs),
sothereis acontradiction.
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