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Abstract

It is along standingopenproblemto nd anexplicit descriptionof the stablesetpolytopeof claw-
freegraphs Yetmorethan20 yearsafterthediscovery of a polynomialalgorithmfor the maximum
stablesetproblemfor claw-free graphsthereis evenno conjectureat handtoday
Suchaconjecturexistsfor theclassof quasi-linegraphs This classof graphds a propersuperclass
of line graphsanda propersubclas®f claw-freegraphdor whichit is known thatnot all facetshave
0=1 normalvectors.BenRebeas conjectue stateghatthe stablesetpolytopeof a quasi-linegraph
is completelydescribedy clique-familyinequalities. Chudnasky and Seymour recentlyprovided
a decompositiorresultfor claw-free graphsand proved that Ben Rebeas conjectureholds, if the
guasi-linegraphis not a fuzzycircular interval graph

In this paper we give a proof of Ben Rebeas conjectureby shaving thatit alsoholds for fuzzy
circularinterval graphs.Our resultbuilds uponanalgorithmof Bartholdi, Orlin andRatliff whichis
concernedvith integerprogramside ned by circularonesmatrices.

1 Intr oduction

A graphGis claw-freeif novertex hasthreepairwisenonadjacentertices.Line graphsareclaw freeand
thusthe weightedstablesetproblemfor a claw-free graphis a generalizatiorof the weightedmatching
problemof agraph.While thegeneraktablesetproblemis NP-completeit canbesolvedin polynomial
time onaclaw-freegraph[21, 29] evenin theweightedcas€g22, 23] seealso[31]. Thesealgorithmsare
extensionof Edmonds[10, 9] matchingalgorithms.

The stablesetpolytope STAB(G) is the corvex hull of the characteristiovectorsof stablesetsof
the graphG. The polynomial equivalenceof sepaation and optimizationfor rational polyhedra[16,
26, 18] providesa polynomialtime algorithmfor the separatiorproblemfor STAB(G), if G is claw-
free. However, this algorithmis basedon the ellipsoid method[19] and no explicit descriptionof a
setof inequalitiesis known that determinesSTAB(G) in this case. This apparenfisymmetrybetween
the algorithmicandthe polyhedralstatusof the stablesetproblemin claw-free graphsgivesriseto the
challengingproblemof providing a“. .. decentineardescriptionof STAB(G)” [17], whichis still open
today In spiteof resultscharacterizingherank-facetd12] (facetswith 0=1 normalvectors)of claw-free
graphs,or giving a compactlifted formulationfor the subclasof distanceclaw-free graphs[27] , the
structureof the generaffacetsfor claw-free graphsis still notwell understoodndevenno conjectures
athand.
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The matchingpolytope[9] is a well knowvn example of a combinatorialoptimizationproblemin
which the optimizationproblemon the onehandandthe facetson the otherhandarewell understood.
This polytopecanbedescribedy asystenof inequalitiesn whichthecoefcients ontheleft-hand-side
are0=1. This propertyof the matchingpolytopedoesnot extendto the polytope STAB(G) associated
with aclaw-freegraph.In fact, GilesandTrotter[14] shawv thatfor eachpositive integera, thereexistsa
claw-freegraphG suchthatSTAB(G) hasfacetswith a=(a+ 1) normalvectors.Furthermordhey shav
thatthereexist facetswhosenormalvectorshave up to 3 differentcoefcients (indeedup to 5 asit is
shawvn in [20]). Perhapghis is oneof the reasonsvhy providing a descriptionof STAB(G) is not easy
since0=1 normalvectorscanbeinterpretedassubset®f thesetof nodeswhereasuchaninterpretation
is notimmediatef the normalvectorsarenot 0=1.

A graphis quasi-line if theneighborhooaf any vertex partitionsinto two cliques.Thecomplement
of quasi-linegraphsare called nearbipartite, anda linear descriptionof their stablesetpolytopehas
beengivenin [32]. The classof quasi-linegraphsis a propersuperclas®f line graphsanda proper
subclas®of the classof claw-free graphs.Interestinglyalsofor this classof graphstherearefacetswith
a=(a+ 1) normalvectorsfor ary nonngative integera[14], but nofacetwhosenormalvectorhasmore
than 2 differentcoefcients is known for this class. Ben Rebeg28] consideredhe problemto study
STAB(G) for quasi-linegraphs.Oriolo [25] formulateda conjecturdnspiredfrom his work.

Ben Rebeas conjecture

LetF = fKy;:::;Khg beasetof cliques, ] p nbeintegralandr = n modp. LetV, 1(F) V(G)
thesetof verticescoveredby exactly (p 1) cliquesof F andV ,(F) V(G) thesetof verticescovered
by p or morecliquesof F . Theinequality

(P r 1) & xW+(e 1 & xv (p r)g (1)

V2Vp 1(F) V2V p(F)
is valid for STAB(G) andis calledthe clique family inequalityassociateavith F andp.

Conjecture (Ben Rebeas conjecture [25]). Thestablesetpolytopeof a quasi-linegraph G = (V;E)
maybedescribedoy thefollowinginequalities:

(i) x(vy O foreathv2V
(i) &ypkX(v) 1 for ead maximalcliqueK

(i) inequalities(1) for ead family F of maximalcliquesand ead integer p withjF j> 2p 4 and
jF jmodp 6 O.

In this paperwe prove that Ben Rebeas Conjectureholdstrue. This is doneby establishinghe
conjecturefor fuzzycircular interval graphs a classintroducedby Chudnarsky and Seymour [6]. This
settlesthe result,sinceChudnasky and Seymour shaved thatthe conjectureholdsif G is not a fuzzy
circular interval graph. Interestingly sinceall the facetsare rank for this latter classof graphs,the
quasi-linegraphghat“produce”non-rankfacetsarethefuzzy circularinternval graphs.

We rst shav thatwe canfocusour attentionon circular interval graphs[6] a subclas®f fuzzy cir-
cularintenal graphs.The weightedstablesetproblemover a circularinternval graphmay beformulated
asapackingproblemmax c'xj Ax b;x2 Z" ,g, whereb= 1andA2 f0;1g™ "isacircular onesma-
trix, i.e.,thecolumnsof A canbe permutedn suchaway thattheonesin eachrow appearconsecutiely.
Herethelastand rst entryof arow arealsoconsideredo be consecutie. Integer programsof this sort
with generafight-handsideb 2 Z™ have beenstudiedby Bartholdi,Orlin andRatliff [3]. Fromthis, we
derive a separatioralgorithmwhich is basedon the computatiorof a negative cycle, therebyextending



arecentresultof Gijswijt [13]. We thenconcentrat®n packingproblemswith right-handsideb = a1,
wherea is aninteger By studyingnon-redundantyclesleadingto a separatindnyperplanesywe shav
that eachfacetof the corvex hull of integer feasiblesolutionsto a packingproblemof this sort hasa
normalvectorwith two consecutie coefcients. Instantiatingthis resultwith the casewhereb = 1, we
obtainour mainresult.

Cutting planes

Beforewe proceedwe would like to stresssomeconnection®f this work to cutting planetheory An
inequalityc™x  bdc is a Gomory-Chatal cuttingplane[15, 7] of apolyhedronP R",if c2 Z"isan
integral vectorandc™x  d is valid for P. The Chvatal closue P¢ of P is the intersectionof P with all
its Gomory-Chwatal cuttingplanes.If P is rational,thenP¢ is rationalpolyhedron[30]. The separation
problemfor P®is NP-hard[11]. A polytopeP hasChvatal-rank one,if its Chvatal closureis theinteger
hull P, of P. Let QSTAB(G) bethefractionalstablesetpolytopeof agraphgG, i.e.,thepolytopede ned
by non-ngatvity andcliqueinequalities.It is known [25] that QSTAB(G) doesnot have Chvatal rank
one,if G is a quasi-linegraph. A famousexampleof a polytopeof Chvatal-rankoneis the fractional
matchingpolytopeandthusQSTAB(G), whereG is aline graph.

An inequalityc™x  d is calleda split cut [8] of P if thereexists anintegervectorp 2 Z" andan
integer po suchthatc™x  disvalid for P\ fx2 R"jp'x pog andfor P\ fx2 R"jp'x po+ 1g.
Thesplit closue P* of P is theintersectiorof P with all its split cutsandthis is a rationalpolyhedronif
P itself is rational[8, 2]. Theseparatiomproblemfor the split closureis alsoNP-hard[4]. A polyhedron
P R"hassplit-rankone,if PS= B.

Both cutting planecalculi aresimpleprocedureso derive valid inequalitiesfor theinteger hull of a
polyhedron.lIt is easyto seethata clique family inequalityis a split cut for QSTAB(G) with p(v) = 1
ifv2Vp 1[ V p, p(v) = 0otherwiseandpg = b%c. Thus,while the fractionalstablesetpolytopeof a
quasi-linegraphdoesnot have Chvatalrankone,its split-rankis indeedone.

2 Fromcircular interval to quasi-line graphs

Chudnarsky andSeymour[6] introducedhe classof circular interval graphs A circularintenval graph
G = (V,E) canbede ned by the following construction:Take a circle C anda setof verticesV on the
circle. Take a subsebf intenals| of C andsaythatu;v 2 V areadjacenif f u;vg is a subsebf oneof
theintenals.

Any intenval usedin the constructionwill correspondo a cliqueof G. Denotethe family of cliques
stemmingfrom intenals by K, andthe setof all cliquesin G by K(G). Without lossof generality the
(intenals) cliquesof K, aresuchthatnoneincludesanother MoreoverK,  K(G) andeachedgeof G
is containedn acliqueof K, . Thereforejf welet A2 f0;1g™ " betheclique vertex incidencematrix
of K, andV onecanformulatethe the (weighted)stablesetproblemon a circularinterval graphasa
packingproblem

max &,y c(V)X(V)
AXx 1
x(v) 2 f0;1g 8v2V

wherethe matrix A is a circularonesmatrix (e.g. usingclockwiseorderingof the vertices).
Chudnarsky and Seymour [6] also introducedthe more generalclassof fuzzycircular interval
graphs A graphG is afuzzy circularintenal if thefollowing conditionshold.

(i) ThereisamapF fromV toacircleC.



(i) Thereisasetofintenals! of C, noneincludinganothersuchthatno pointof C is theendof more
thanoneintenal sothat:

(a) If two verticesu andv areadjacentthenF (u) andF (v) belongto a sameintenal.

(b) If two verticesu andv belongto asamentenal, whichis notaninterval with endpointd= (u)
andF (v), thenthey areadjacent.

In otherwords, in a fuzzy circular intenal graph, adjacenciesare completelydescribedby the pair
(F;1), exceptfor verticesu andv suchthatoneof theintenals with endpointd= (u) andF (v) belongs
to | . For theseverticesadjaceng is fuzzy. We areparticularlyinterestedn non-emptycliquesarising
from extremitiesof intenals of I . If [p;qg] is anintenal of | suchthatF (p) andF *(qg) areboth
non-emptythenwe call thecliques(F 1(p);F (q)) afuzzypair.

Trivially, a circularintenal graphis a fuzzy circularinterval one. Whenis a fuzzy circularintenal
graphacircularintenal graph?Thefollowing lemmaaddressethis question.Saythata graphis C4-free
if it doesnothave aninducedsubgraphisomorphicto a cordlessycle of length4. For X  V, wedenote
by G[X] the subgraplof G inducedby X.

Lemma 1 (Chudnovsky and Seymour[5]). Let G be a fuzzycircular interval graph describedby a
pair (F;1). If for everyfuzzypair of cliques(K;;K;), the subgaph G[K;[ K] is Cs-freg thenG is a
circular interval graph.

Theorem 1. LetF bea facetof STAB(G), whee G is a fuzzycircular interval graph. ThenF is alsoa
facetof STAB(GY, whee GCis a circular interval graph obtainedfrom G by remaing someedges.

Proof. SupposehatF is inducedby thevalid inequalitya™x  b. Trivially, if we remove anedge(u;V)
connectingwo verticesu 2 K; to v 2 K; of afuzzy pair of cliques(K;;Kj), thegraphGn(u;v) is still
afuzzy circular interval graph. An edgee is F-critical, if a'x b is not valid for STAB(Gne). If e
is not F-critical, thenF is alsoafacetof STAB(Gne). We prove thatthe removal of all nonF-critical
edgesconnectingwo verticesin differentcliquesof fuzzy pairsresultsin a circularintenal graphG®°.
ThereforesinceF is afacetof STAB(GY, the claim follows.

Suppose&3?is notacircularintenal graph. Thenfrom Lemmal, thereexists a fuzzy pair of cliques
(K1;K») suchthatthe subgraphGyK;[ K] containsaCs. SayV(Ca) = fug;Up;V1;Vog with ug;up 2 Ky,
vi; Vo 2 Ko, (ug;va); (Up; vo) 2 E(Cy4). Theedge(us;vy) is F-critical. Hencethereexistsa setScontaining
u1; V4 suchthatSviolatesa™x b andSis stablein G°n(uy;v1). Property(ii) above impliesthatKy has
no otherfuzzy pair thanK, andthusu; andu, areadjacento the sameverticesin G°nKj,. Thisimplies
that(Snup) [ up is a stableset. Thereforea(u,) < a(uy) (else(us;vy) is not F-critical). Applying the
sameargumentto (uy; v») leadsto a(u;) < a(up). Whichis acontradiction. O

Fuzzycircularintenal graphare quasi-linegraphs.Chudnasky and Seymour[6] gave a complete
characterizatiorf the stablesetpolytopeof a quasi-linegraphwhich is not a fuzzy circular interval
graph.LetF = fKy;Ky;:::; Kone 10 anoddsetof cliquesof G. Let TV bethesetof verticeswhichare
coveredby atleasttwo cliquesof F . Thentheinequalityd,,t x(v) nisavalid inequalityfor STAB(G)
andinequalitiesof thistypearecalledEdmonds'inequalities.

Theorem 2 ([6]). Let G be a connectedjuasi-linegraph, which is not a fuzzycircular interval graph.
Thenall nontrivial facetsof STAB(G) are Edmondsinequalities.

Obsenre that Edmonds'inequalitiesare specialclique family inequalitiesassociatedwith F and
p = 2. Moreover, Theoreml implies that, if we prove thatall the non-trvial facetsof the stableset
polytopeof acircular interval grapharecliquefamily inequalitiesthenthe sameholdsfor the stableset
polytopeof afuzzyone(cliquesof GParealsocliquesof G). Therefore jf we combinethesefacts,we
may give a positive answerto the Ben Rebeas Conjecturef we prove thatit holdsfor circularintenal
graphs.Thisis whatwe aregoingto shav in thefollowing sections.

4



3 Slicing and separation

Let P beapolytopeP = fx2 R"jAx b;x 0g, whereA2 f0;1g™ " is a circular onesmatrix and
b2 Z™M anintegral vector In this sectionwe considerthe separatiomproblemfor theintegerhull P, of P:

Givenx 2 R", determineywhetherx 2 P, andif not,determineaninequalityc’x  dwhich
is valid for P, andsatis esc"x > d.

We presenta membershimlgorithmof Gijswijt [13] anddevelopit furtherto retrieve a separating
hyperplane Following Bartholdi, Orlin andRatliff [3], we considerthe unimodulartransformatiorx =
Ty, whereT is theunimodulamatrix

1

0 1
11
=8 ! § @
111

Theproblemthenreadsseparaty = T x from theinteger hull Q, of the polytopeQ de ned by
thesystem

Ty o (3)
In thefollowing we denotegheinequalitysystem(3) by By  d. Letusrewrite thematrixB asB= (Njv),

i.e. visthen-th columnof B. Obsere that,by constructiony is alsothelastcolumnof AI
Eachrow of thematrix N hasat mostoneentrywhichis + 1 andat mostoneentrywhichis 1. All
otherentriesare0. The matrix N is thustotally unimodular Thus,wheneer y(n) is setto aninteger

By d;y(n) = bg. We call this polytopeQ, thesliceof Q de ned by b.

SinceT is unimodularthecorrespondingliceof theoriginalpolyhedrorP\ fx2 R"j &L, x(i) = bg
is anintegral polyhedron.Fromthisit is alreadyeasyto seethatthe split-rankof P is one.However, we
presenta combinatorialseparatiorprocedurdor theinteger hull P, of P which computesa split cut via
the computatiorof a negative cycle.

If y (n) isintegral,theny liesin Q, if andonlyif y 2 Qy (. Thereforewe assumeén thefollowing
thaty (n) is notintegral andlet b be aninteger suchthatb < y (n) < b+ 1 andlet1> p> 0 bethe
realnumbemwithy (n) = b+ 1 W Furthermorelet Q. andQg betheleft slice Q, andright slice Qp+ 1
respectrely. A proofof the next lemmafollows from basicconvexity.

Lemma 2. Thepointy liesin Q, if andonlyif there existy, 2 Q, andygr 2 Qg sud that
y =+ (1 Py

In the following we denoteby y 2 R" 1 thevectorof rst n 1 component®f the vectory 2 R".
Fromtheabove discussioronehasy 2 Q if andonly if thefollowing linearprogramis feasible.

max0
y = Wit¥&R (4)
NyL ud,

NYyr (1 Wdr



whered. = d bvanddgr=d (b+ 1)v. Thedualof (4)is
min& L LGy (i) + pfed + (1 p) frdr

|+ ffN = 0 (5)
|+ frkN = O
f; fr 0;
wherethel variablesareunconstrainedNow | + f N = 0andl + fgrN = Ois equvalenttol = f N

and f N = fgN. Thus(5) canberewrittenas

min  f Ny + pfid + (1 ) frdr

fLN = fRN (6)
fL; fr 0;

Let w be the negative sumof the columnsof N. Then(6) is the problemof nding a minimum cost
circulationin thedirectedgraphD = (U;A) de ned by theedge-nodéncidencematrix
N w . — _
M = N w andedgeweightsy( Ny +d.);(1 W( Ny +dRr) @)

Thusy 2 Q, if andonly if thereexistsa nggative cyclein D = (U;A). Themembershigproblemfor Q,
thusreducego the problemof detectinga negative cyclein D, seg[13].

Theinequality f Ny f d, is valid for Q_ andthe inequality frkNy  frdg is valid for Qgr. The
correspondinglisjunctive inequality(see.e.g.,[24]) is theinequality

fLNy+ c(n)y(n) d; wherec(n) = f,d, frdrandd= (b+ 1)f.d. bfrdr: (8)
ThepolytopesQ, andQr arede ned by thesystems
yin) = b y(n = b+1
Ny+ vy(n) d and Ny+ vy(n) d ©)

respectiely.

Let f .o bethenumberc(n) f_v. Thentheinequality(8) canbe derived from the systemde ning
Q. with theweights(f_.o; fL). Noticethat,if y canbeseparatedrom Q,, then f_.o mustbe positive.
Thisis becausg violates(8) andsatis esthe constraintg9) ontheleft, wherethe equalityy(n) = b in
the rst lineisreplacedvith y(n) b. Let fro bethenumberc(n) frv. Thentheinequality(8) canbe
dervedfrom the systemde ning Qg with theweights( fro; fr). Noticethat,if y canbeseparatedrom
Qi, then frp mustbe nggatie.

A nggative cycle in a graphwith m edgesandn nodescanbe foundin time O(mn), see,e.g.[1].
Translatedackto the original spaceandto the polyhedronP this givesthe following theorem.

Theorem 3. Thesepaation problemfor P, canbesolvedin timeO(mn). Moreover, if x 2 Pandx 62

onecan computein O(mn) a split cutc™x  d which is valid for P, and sepaatesx from P, together
with a negativeinteger fr, a positiveinteger f .o anda vector f ; fr, which is theincidencevectorof a
simplengyativecycleof thedirectedgraphD = (U; A) with edge-nodeincidencematrix andweightsas
in (7), sudh thatc™x  dis derivedwith fromthe systems

1x b 1x (b+ 1)
AX b and AX b (20)
X 0: X 0;

with theweightsf,.o; fL andj froj; fr respectively



The abore theoremgivesan explicit derivation of the separatindiyperplaneasa split cut of P. We
have thefollowing corollary

Corollary 1. Theinteger hull B, is the split closue of P.

4 The facetsof P, for thecaseb=a 1

In this sectionwe studythefacetsof P, whereP= fx2 R"jAx b;x 0g, whereAis acircularones
matrix andb is aninteger vectorof the form a1; a 2 N. For this, we actuallyinspecthow the facets
of the transformedoolytopeQ describedn Section3 are derived from the systemg9) andapply this
deriationto the original system.We canassumehattherows of A areinclusion-wisemaximal.

Let F beafacetof Q, andlety bein therelative interior of F. This facetF is generatedy the
uniqueinequality(8), which correspond$o a simplecycle of (6) of weight0. Furthermoreassumehat
F is notinducedby aninequalityy(n) gfor someg2 Z. SinceF is afacetof thecornvex hull of integer
pointsof two consecutie slices,we canassumehaty (n) = b+ 1=2 andthusthatp= 1=2 in (6). This
allows usto rewrite the objective functionof problem(6) asfollows:

min(s + SV + (s 3v)'fr (11)
wheres istheslackvector
_ a1l _ a1l A ]
s = 0 By = 0 R 0: (12)

Furthermorewe areinterestedn the facetsof Q; which arenot representethy the systemBy  d. If
F is suchafacet,thenonecantranslatey away from Q,, withoutchangingy (n) = b+ 1=2, suchthat
y 2Q, andBy d with the propertythat the facetwe are consideringis the uniqueinequality (8),
wheref,; fr is asimplenggative cyclein thegraphD = (U;A).

NN

tive onthecycle in clockwiseorder Its correspondingrcin Sy isthearc(i+ p;i  1). Thearc(l 1;1)
in T_ corresponds$o thelowerboundx(l) 0.

M in (7). NoticethatA partitionsin two classe®f arcsA| andAg. ThearcsAg aresimply thereverse
of thearcsA|. A consistsof two setsof arcsS, and T, whereS is the setof arcsassociatedvith
inequalitiesAx a1l andT_ arethe arcsstemmingfrom thelower boundsx 0. Likewise Ar canbe
partitionedinto Sg andTg. In otherwords,if welook atthearc-noddncidencematrixM in (7), therows
of M appeaiin theorderS, ;T ; Sg; Tr.



In particular let a denotea row vectorof A. SinceA is a circularonesmatrix onehasa’™x  a
é,ﬁ’zox(i + h) a for somesuitablei andp, wherecomputatioris modulon, SOX,  Xg, Xa+1 X1, €1C.
It is straightforvard to seethata’x a generateshearcs(i+ p;i 1) 2 S_ and(i 1;i+ p) 2 S of

a  &p-oX (i+ h)inthiscase Otherwisetheweightof thearc(i+ p;i 1)isa a&j_ox (i+ h)+1=2
andtheweightof thearc(i 1;i+ p)isa &j_ox (i+h) 1=2.

Ontheotherhand,alowerbound x; 0 generateshetwoarcs(i  1;i) 2 T, and(i;i 1) 2 Tg.
Theweightof botharcsis equalto x (i), if i 6 n. If i= n,thearc(n 1;n) 2 T, hasweightx (n) 1=2
and(n;n 1) 2 Tg hasweightx (n) + 1=2.

Sincethe slacksare non-ngative, the arcswhosecostis equalto the correspondinglackminus %
aretheonly candidate$o have anegative cost.We call thoselight arcs.Consequentlyve call thosearcs
whosecostis equalto theslackplus% heavy Obsenre thatthelight arcsbelongto Sg[ f(n 1;n)g.

Lemma 3. LetCbea simplengyativecyclein D, thenthefollowing holds:

(a) Ccontainsstrictly more light arcsthanheavyones.

(b) Anarcof Cin S_ (T.) cannotbeimmediatelyfollowedor precededyanarcin Sg (TR).
(c) ThecycleC containsat leastonearc of Sg or containsnoarcof § [ Sk.

Proof. (a)followsfrom thefactthattheslacksarenonngative. (b) follows from ourassumptiorthatthe
rows of thematrix A aremaximalandthatCis simple.

To prove (c) supposéghatthe contraryholds. It follows that(n 1;n) isin C, becausét is the only
light arcnotin Sg. We mustreachn 1 onthecycle withoutusingheavy arcs.

Eacharcin S with startingnoden is heary. Thus(n 1;n) isfollowedby (n;1) 2 T, . Supposéhat
(n 1;n) is followedby asequencef arcsin T, leadingto i andlet (i; j) 2 T bethearcwhich follows
this sequencelt follows from (b) that(i; j) 2 Tr andthusthat(i; j) 2 S.. Since(i; j) cannotbe heary,
wehavel |j< i< n. Thisis acontradictionto the factthat Cis simple,sincewe have a subcycle
containedn C, de ned by (i; j) and(j; j+ 1);:::;(0  L;0). O

Lemma 4. If there existsa simplecycleC of D with negativecost,thenthere existsa simplecycle C° of
D with nggativecostsud thatit doesnot containanyarc fromsS; .

Proof. SupposeéhatC alsocontainsanarc from thesetS,.. We know from Lemma3 thatthe cycle C
containsat leastonearc of Sg. Lemma3 impliesthatC hasanarcin S_, followed by arcsin T, or Tr
but not both,followedby anarcin Sg. We rst considetthe casethattheintermediatearcsareall in T

@ (b)

Figure2: (a) depictsanarc(k;i 1) 2 S, followedby arcsin T, andthearc(j 1;I) 2 Sg. (b) depicts
thesituation,wheretheintermediatearcsarein Trg.



This situationis depictedin Figure2, (a). Thearcin S_ is (k;i 1). Thisis followed by the arcs
(i Li);::( 1) 1)inTy andthearc(j 1;1) in Sg. Letthis bethe pathP1. We now shav that
we canreplacethis pathwith thepathP, = (k;k+ 1);:::;(1  1;1) consistingof arcsin T.. We proceed
asfollows. Firstwe shav thattheweightof this pathis atmosttheweightof theoriginal path,wherewe
ignorethe additionof 1=2 to the arc-weights.Let light(P) andheary(P) be the numberof light and
heary edgesn apathP, respectiely. Wethenshaw thatlight(P,) heary(P») = light(P;) heary(P,),
from which we canconcludetheclaimin this case.

Considetthesetof indicesA = fi;:::;j 1g9,B = fj;:::;kgandC = fk+ 1;:::;lgandthenumbers
A= & paX (W, B=&psXx (W andC= 4 ,cX (1) . Ignoring the eventualadditionof  1=2 to the
edgeweights,we have thatthe weightof P, is C andthatof P; isa (A+ B)+ A+a (B+ C)and
supposedhatthisis lessthanC. ThenB+ C > a whichis not possible sincex satis esthe constraints
Ax al. Thus,if noneof theedgesn P, andP; is heary or light, theweightof P» is at mosttheweight
of P1.

Supposenow thatn 2 A. ThenP; containsexactly oneheary edge(k;i 1) andonelight edge
(n 1;n). ThepathP, containsoheary or light edge.Suppose¢hatn 2 B, thenP; containsxactly one
heary edge,(k;i 1) andonelight edge(j 1;1). P, doesnotcontainaheary or light edge.lf n2 C,
thenP; containsexactly onelight edge(j 1;1) andno heary edge.P, alsocontainsexactly onelight
edge(n 1;n). This concludegheclaim for the casethatanarcof S, is followed by arcsof T| andan
arcof Sg.

Thecasewheretheintermediatercsbelongto Tr is depictedn Figure2, (b). Theassertiorfollows
by asimilaragument. O

CombiningTheorem3 with theabore lemmawe obtainthefollowing theorem.

Theorem4. LetP=fx2 R"jAx al;x 0gbeapolyhedon,wheeA?2 f0;1g™ "isacircular ones
matrixanda 2 N a positiveinteger. A facetof P, is of theform

agd xW+(@ 1) 4 xv) ab; (13)
2T V2T

wheeT f1;:::;nganda;b 2 N.

Proof. TheorenBimpliesthatafacetwhichisnotinducedoyAx al;x Oorl'x gisanonngative
integercombinatiorof thesystemontheleft in (10) with nonngative weightsf .o; f_.. Lemmad implies
that f_ canbe chosersuchthatthe only nonzero(+ 1) entriesof f_ arecorrespondingo lower bounds

X(v) 0. Thetheoremthusfollows with a= fp andT setto thosevariables,whoselower bound
inequalitydoesnotappeaiin the deriation. O

5 The solution to BenRebeas Conjecture

Let G be a circularintenal graphandlet K, the family of cliguesstemmingfrom the intenalsin the
de nition of G (seeSection2). ThenQSTAB(G) = fx2 R"jAx 1;x 0g wherethe 0=1 matrix A,
correspondingo the cliquesK , hasthe circular onesproperty Theorem4 implies that ary facetof

STAB(G) is of theform
ag xW+((@ DAxVv) ab (14)

2T veT

We now shav thata facet,which is not inducedby aninequalityof Ax 1;x 0is inducedby a
clique family inequalityassociatedvith somesetof cliquesF K, andsomeinteger p. Recallfrom



Theorem3 thatary facetof this kind canbederived from the system

Ix (b+ 1)
AX 1 (15)
X 0;

with weightsj froj; fr, Where fr is a negative integer while fr is a 0-1 vector A rootof F is a stable
set,whosecharacteristizectorbelongsto F. In particular we have thatthe multiplier fr(v) associated
with alowerbound x(v) 0 mustbeOif vbelonggo arootof sizeb+ 1. If vdoesnotbelongto aroot
of sizeb orto arootof sizeb+ 1, thenthefacetis inducedby x(v) 0. Thusif v2 T, thenv belongso
arootof sizeb+ 1.

LetF = fK2 K, | fr(K) 6 Ogandp= a+ jfroj. Themultiplier j froj mustsatisfy

j frotJfK2F jv2Kgj= a 1 8v6zZr

] frol+JFK2F jv2Kgj= a 8v2 T s.t.visin arootof sizeb+ 1

] froj+ jfK2F jv2Kgj a 8v2 T s.t.visnotin arootof sizeb+ 1
J froj(b+ D+ jFj= ab

ObserethatjF j = (a+ jfroj)b+ j froj andtherefore = jF ] modp= jfroj. Moreover, ary vertex not
in T belongsto exactly p 1 cliqguesfrom F , while eachvertex in T belongsto at leastp cliquesfrom
F . Thereforejnequality(14)is thecliquefamily inequalityassociateavith F andp. We maytherefore
statethefollowing theorem.

Theorem 5. Let G bea circular interval graph. Thenanyfacetof STAB(G), which is notinducedby an
inequalityof thesystemAx 1;x 0, is a cliguefamily inequalityassociatedvith someF and p sud
thatjF jmodp 6 O.

If we combinethis resultwith Theoreml, Theorem2 andwe recallthat Edmonds'inequalitiesare
alsocliqguefamily inequalitiesassociateavith jF j oddandp = 2, we obtainthefollowing corollary

Corollary 2. LetG bea quasi-linegraph. Anynon-trivial facetof STAB(G) is a cliquefamily inequality
associatedvith someF and p sud thatjF jmodp 6 O.

We may assumewithoutlossof generalitythatthecliquesin thefamily F aremaximal[25]. A last
lemmais the missingbrick to the solutionof BenRebeas conjecture.

Lemmab. LetG bea quasi-linegraphand(F ; p) a pair sud that

(P r 1) & xv+r(pn & xv (pn (16)

V2V, 1(F) V2V p(F)

is afacetof STAB(G). If jF j < 2p, thentheinequality(16)is a cliqueinequality

Proof. SeeAppendix. O
We maythereforestateour mainresult:

Theorem 6. BenRebeas conjectue holdstrue.
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Appendix

Proofof Lemmaof 5. Simplecalculusshavsthat,if jF j < 2p, thenwithoutlossof generalityy (F ) 6

0. In factthe clique family inequalityassociateavith a pair (F ; p) suchthatV (F ) = 0 is dominated
by theineﬂuall'ktyassociatedvith (F;p 1.

Since ’%‘ =1,if Vp 1(F)=0orp r= 1,thentheinequality(16)is acliqueinequality andwe
aredone.Hence,supposeo thecontrarythatV, 1(F) 6 O0andp r 6 1. Sincetheinequalityis facet
inducing,thenp r = 2 andit reads:

a xW+2 § xv) 2 (17)
V2V, 1(F) V2V o(F)

Trivially, theinequalityis alsofacet-inducindor theinducedsubgraptG®= GV, 1(F )[ V p(F)].

A full descriptiorof thestablesetpolytopeof graphswith stability numberessthanthree asG? is given
in [20]. Thereit is shavn thataninequalitya ,aX(V) + 24,8 X(V) 2, with A andB bothnon-emptyis
facetinducingonly if B is aclique,A andB aretotally joinedandthereis anoddantiholein G[A]. But no
vertex of aquasi-linegraphis totally joinedto anoddantihole(from thede nition of quasi-linegraphs),
sothereis a contradiction. O
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