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Abstract. A GRASPwith path-relinkingfor �nding good-qualitysolutionsof
the weightedmaximumsatis�ability problem(MAX-SAT) is describedin this
paper. GRASP, or GreedyRandomizedAdaptiveSearchProcedure,is a random-
ized multi-startmetaheuristic,whereat eachiterationlocally optimal solutions
areconstructed,eachindependentof theothers.Previousexperimentalresultsin-
dicateits effectivenessfor solvingweightedMAX-SAT instances.Path-relinking
is aprocedureusedto intensifythesearcharoundgood-qualityisolatedsolutions
that have beenproducedby the GRASPheuristic.Experimentalcomparisonof
thepureGRASP(withoutpath-relinking)andtheGRASPwith path-relinkingil-
lustratestheeffectivenessof path-relinkingin decreasingtheaveragetimeneeded
to �nd agood-qualitysolutionfor theweightedmaximumsatis�ability problem.

1 Intr oduction

A propositionalformulaF onasetof n BooleanvariablesV = f x1; : : : ;xng in conjunc-
tivenormalform (CNF), is aconjunctionona setof mclauses

�

= f C1; : : : ;Cmg. Each
clauseCi is a disjunctionof jCi j literals,whereeachliteral l i j is eithera variablex j or
its negation: x j . Formally, wewrite
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i= 1

Ci =
m̂
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A clauseis satis�edif at leastoneof its literalsevaluatesto 1 (true),which meansthat
eitheroneof theunnegatedBooleanvariableshasthevalueof 1 or a negatedvariable
hasthevalueof 0. Thepropositionalformulais saidto besatis�ed if all of its clauses
aresatis�ed.In theSatis�ability problem(SAT), onemustdecidewhetherthereexists
anassignmentof valuesto thevariablessuchthata givenpropositionalformulais sat-
is�ed. SAT wasthe �rst problemto beshown to be NP-complete[8]. TheMaximum
Satis�ability problem(MAX-SAT) is a generalizationof SAT, wheregiven a propo-
sitional formula,oneis interestedin �nding an assignmentof valuesto the variables
which maximizesthenumberof satis�ed clauses.Generalizingevenfurther, if we in-
troducea positive weightwi for eachclauseCi , thentheweightedMAX-SAT problem
consistsof �nding an assignmentof valuesto the variablessuchthat the sumof the
weightsof the satis�ed clausesis maximized.The MAX-SAT hasmany applications
both theoreticalandpractical,in areassuchascomplexity theory, combinatorialopti-
mization,andarti�cial intelligence[5]. It is anintractableproblemin thesensethatno
polynomialtimealgorithmexistsfor solvingit unlessP= NP,whichis evidentsinceit
generalizesthesatis�ability problem[11].

Dueto thecomputationalcomplexity of theMAX-SAT therehasbeenanextensive
researcheffort devotedto thedevelopmentof approximationandheuristicalgorithms
for solvingit. An e-approximatealgorithmfor theMAX-SAT is a polynomialtime al-
gorithm which �nds a truth assignmentto the variablesthat resultsin a total weight
of thesatis�ed clausesthat is at leaste timestheoptimum(0 < e < 1). We will refer
to e of an approximationalgorithmasits performanceratio. The �rst approximation
algorithmsfor the MAX-SAT wereintroducedin [18], whereJohnsonpresentedtwo
algorithmswith performancerations(k � 1)=k and(2k � 1)=2k, wherek is the least
numberof literalsin any clause.For thegeneralcasek = 1 they bothtranslateto a1=2-
approximationalgorithm,while it hasbeenshown in [7] that the secondalgorithmis
in facta 2=3-approximationalgorithm.A 3=4-approximationalgorithm,basedon net-
work �o w theory, waspresentedby Yannakakisin [32] andalsoin [14] by Goemans
andWilliamson.Currentlythebestdeterministicpolynomialtimeapproximationalgo-
rithm for MAX-SAT achievesaperformanceratioof 0.758andis basedonsemide�nite
programming[15], while thereis alsoa randomizedalgorithmwith performanceratio
0.77 [3]. Betterapproximationboundsfor specialcasesof the problemin which, for
instance,we restrictthenumberof literalsperclauseor imposetheconditionthat the
clausesaresatis�ablehavealsobeenfound[9,20,31]. With respectto inapproximabil-
ity results,it is known [17] thatunlessP= NPthereis noapproximationalgorithmwith
performanceratio greaterthan7=8 for theMAX-SAT in which every clausecontains
exactly threeliterals,therebylimiting thegeneralcaseaswell.

Local searchis the main ingredientfor mostof the heuristicalgorithmsthat have
appearedin theliteraturefor solvingtheMAX-SAT, wherein conjunctionwith various
techniquesfor escapinglocaloptimathey providesolutionswhich exceedthetheoreti-
cal upperboundof approximatingtheproblem.We candivide theheuristicalgorithms
that have appearedin the literatureinto two main classes.The �rst classbeingthose
heuristicswhichusethehistoryof thesearchin orderto constructanew solution,such
asTabu Search[16], HSAT [12] andReactiveSearch[4], andthosethatarenothistory
sensitivesuchasSimulatedAnnealing[30], GSAT [29] andGRASP[22,24].Surveysof



3

approximationandheuristicalgorithmsfor solvingtheMAX-SAT canbefoundin [5,
16].

GRASPis aconstructivemulti-startmetaheuristicwhichhasbeenappliedto awide
rangeof well known combinatorialoptimizationproblemswith favorableexperimental
results[23]. In [24,25], Resende,Pitsoulis,and Pardalosdescribea GRASPimple-
mentationfor solvingtheweightedMAX-SAT, andreportextensivecomputationalre-
sultsonasetof weightedSAT benchmarkinstances[19] thatindicatethattheheuristic
producesgoodquality solutions.Eachiterationconsistsof two phases:a construction
phasewhereasolutionis constructedin agreedyrandomizedfashion;andalocalsearch
phasewherethelocaloptimumis foundin theneighborhoodof theconstructedsolution.
GRASPcanthereforebethoughtof asamemorylessprocedure,wherepastinformation
from previoussolutionsis not usedfor theconstructionof a new solution.In this pa-
per, weshow how memorycanbeincorporatedin theGRASPfor weightedMAX-SAT
proposedin [24]. At eachiterationof theGRASPheuristic,a pathof feasiblesolutions
linking the currentsolutionwith a solutionfrom a setof elite (or good-quality)solu-
tionspreviouslyproducedby thealgorithmis explored.Path-relinkinghasbeenusedas
a memorymechanismin GRASP[27] resultingin fasterconvergenceof thealgorithm.

Theremainderof thepaperis organizedasfollows.In Section2,webrie�y statethe
implementationof GRASPfor theMAX-SAT from [24], while in Section3wedescribe
how to apply path-relinkingfor the MAX-SAT. Finally, in Section4, computational
resultsarepresentedwhichdemonstrateempiricallythatpath-relinkingresultsin faster
convergenceof GRASP.

2 GRASPfor the weightedMAX-SAT

Theconstructionandlocalsearchphaseof GRASParedescribedin detailin [24], while
in [25] acompleteFortranimplementationis givenalongwith extensivecomputational
runs.In this section,we providea brief descriptionin orderto facilitatethediscussion
of path-relinkingthat will follow in the next section.Given a setof clauses

�

anda
setof BooleanvariablesV, let us denoteby x 2 f 0;1gn the truth assignmentwhich
correspondsto thetruthvaluesassignedto thevariables,while let c(x) denotethesum
of theweightsof thesatis�edclausesasimpliedby x. Withoutlossof generalitywecan
assumethatall theweightswi of theclausesarepositive integers.Givenany two truth
assignmentsx;y 2 f 0;1gn let usdenotetheirdifferenceset

D(x;y) := f i : xi 6= yi ; i = 1; : : : ;ng (1)

andtheirdistance

d(x;y) := jD(x;y)j =
n

å
i= 1

jxi � yi j: (2)

which is theHammingdistance,andwill beusedasa measureof proximity between
two solutions.TheGRASPprocedureis shown in Figure1. In theconstructionphase
of thealgorithm(line 3), let usdenoteby g+

j andg�
j thegain in theobjective function

valueif wesettheunassignedvariablex j to 1 and0, respectively, andby X � V theset
of alreadyassignedvariables.We computethebestgain

g� := maxf g+
j ;g�

j : j such thatx j 2 V nXg
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procedureGRASP(MaxIter,RandomSeed )
1 cbest := 0;
2 do k = 1; : : : ; MaxIter !
3 x := ConstructSolution(RandomSeed) ;
4 x := LocalSearch( x) ;
5 if c(x) > cbest !
6 xbest := x;
7 cbest := c(xbest );
8 endif;
9 od;
7 return xbest
end GRASP;

Fig.1. Pseudo-codeof GRASPfor maximizationproblem.

andkeeponly thoseg+
j andg�

j that aregreateror equalto a � g� where0 � a � 1 is
a parameter. A randomchoiceg+

k (g�
k ) amongthosebestgainscorrespondsto a new

assignmentxk = 1 (xk = 0), which is addedto our partialsolutionX = X [ f xkg. After
eachsuchadditionto thepartialsolution,thegainsg+

j andg�
j areupdated,andthepro-

cessis repeateduntil jXj = n. Theparametera re�ects theratio of randomnessversus
greedinessin theconstructionprocess,wherea = 1 correspondsto apuregreedyselec-
tion for anew assignmentanda = 0 to apurerandomassignment.Having completeda
truthassignmentx, weapplylocalsearch(line 4) in orderto guaranteelocaloptimality.
The1-�ip neighborhoodis usedin thelocalsearch,which is de�ned as

N1(x) := f y 2 f 0;1gn : d(x;y) � 1g; (3)

wherea depth-�rst searchapproachis employedin thesensethat thecurrentsolution
is replacedwith a solutionin the neighborhoodwhich hasgreatercost.The searchis
terminatedwhenthecurrentsolutionis thelocaloptimum.

3 Path-Relinking

Path-relinkingwasoriginally proposedby Glover[13] asanintensi�cationstrategy ex-
ploringtrajectoriesconnectingelitesolutionsobtainedby tabu searchor scattersearch.
Givenany two elite solutions,their commonelementsarekeptconstant,andthespace
of solutionsspannedby theseelementsis searchedwith theobjectiveof �nding abetter
solution.Thesizeof thesolutionspacegrows exponentiallywith the thedistancebe-
tweenthe initial andguidingsolutionsandthereforeonly a smallpartof thespaceis
exploredby path-relinking.Path-relinkinghasbeenappliedto GRASPasanenhance-
ment procedurein variousproblems[1,2,6,21,26,28], whereit can be empirically
concludedthat it speedsup convergenceof thealgorithm.A recentsurvey of GRASP
with path-relinkingis givenin [27].

We now describethe integrationof path-relinkinginto thepureGRASPalgorithm
describedin Section2. Path-relinkingwill alwaysbeappliedto a pairof solutionsx;y,
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whereoneis thesolutionobtainedfrom thecurrentGRASPiteration,andtheotheris
a solutionfrom an elite setof solutions.We call x the initial solutionwhile y is the
guidingsolution. The setof elite solutionswill be denotedby E andits sizewill not
exceedMaxElite . Let usdenotethesetof solutionsspannedby thecommonelements
of x andy as

S(x;y) := f w 2 f 0;1gn : wi = xi = yi ; i =2 D(x;y)gnf x;yg; (4)

whereit is evident that jS(x;y)j = 2n� d(x;y) � 2. The main thesisof path-relinkingis
that thereexist good-qualitysolutionsin S(x;y), sincethis spaceconsistsof all so-
lutions which containthe commonelementsof two goodsolutionsx;y. Taking into
considerationthatthesizeof thisspaceis exponentiallylarge,wewill employ agreedy
searchwherea pathof solutions

x = w0;w1; : : : ;wd(x;y) ;wd(x;y)+ 1 = y;

is build, suchthat d(wi ;wi+ 1) = 1; i = 0; : : : ;d(x;y), andthe bestsolutionfrom this
path is chosen.Note that sinceboth x;y are local optima in someneighborhoodN1
by construction5, in orderfor S(x;y) to containsolutionswhich arenot containedin
the neighborhoodsof x or y we musthave d(x;y) > 3. Thereforewe neednot apply
path-relinkingbetweenany two solutionswhicharenotsuf�ciently farapart,sinceit is
certainthatwewill not �nd a new solutionthatis betterthanbothx andy..

Thepseudo-codewhich illustratestheexact implementationfor thepath-relinking
procedureis shown in Figure2. We employ the strategy that our initial solutionwill
alwaysbe the elite setsolutionwhile the guidingsolutionis the GRASPiterate.This
wayweallow for greaterfreedomto searchtheneighborhoodaroundtheelitesolution.
In line 1,weselectat randomamongtheelitesetelements,aninitial solutionx thatdif-
ferssuf�ciently from ourguidingsolutiony. In line 2, wesettheinitial solutionasw0,
andin line 3 we save x asthebestsolution.Theloop in lines4 through15 computesa
pathof solutionsw1;w2; : : : ;wd(x;y)� 2, andthesolutionwith thebestobjectivefunction
valueis returnedin line 16. This is achievedby advancingonesolutionat a time in a
greedymanner, asillustratedin lines6 through12,while theoperationflip (wk; i) has
theeffectof negatingthevariablewi in solutionwk. It is notedthatthepathof solutions
neverenterstheneighborhoodof x.

The integrationof thepath-relinkingprocedurewith thepureGRASPis shown in
Figure3, andspeci�cally in lines6 through11. Thepool of elite solutionsis initially
empty, and until it reachesits maximumsize no path relinking takes place.After a
solutiony is foundby GRASP, it is passedto thepath-relinkingprocedureto generate
anothersolution.Noteherethatwemaygetthesamesolutiony afterpath-relinking.The
procedureAddToElite (E;y) attemptsto addto theelite setof solutionsthecurrently
found solution.A solutiony is addedto the elite setE if eitheroneof the following
conditionsholds:

1. c(y) > maxf c(w) : w 2 Eg,
2. c(y) > minf c(w) : w 2 Eg andd(y;w) > bn; 8w 2 E, whereb is a parameter

between0 and1 andn is thenumberof variables.
5 wherethesamemetricd(x;y) is used
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procedurePathRelinking (x;E)
1 Randomlyselectasolutionx 2 f z 2 E : d(y;z) > 4g;
2 w0 := x;
3 w� := x;
4 for k = 0; : : : ;d(x;y) � 2 !
5 max:= 0
6 for eachi 2 D(wk;y) !
7 w := flip (wk; i);
8 if c(w) > max!
9 i � := i;
10 max:= c(w);
11 � ;
12 rof;
13 wk+ 1 := flip (wk; i � );
14 if c(wk+ 1) > c(w� ) ! w� := wk+ 1;
15 endfor;
16 return (w� );
end PathRelinking ;

Fig.2. Pseudo-codeof path-relinkingfor maximizationproblem.

procedureGRASP+PR(MaxIter,RandomSeed )
1 cbest := 0;
2 E := /0;
3 do k = 1; : : : ; MaxIter !
4 x := ConstructSolution(RandomSeed) ;
5 x := LocalSearch( x) ;
6 if jEj = MaxElite !
7 x := PathRelinking( x;E) ;
8 AddToElite (E;x);
9 else
10 E := E [ f xg;
11 endif;
12 if c(x) > cbest !
13 xbest := x;
14 cbest := c(xbest );
15 endif;
16 od;
17 return xbest
end GRASP+PR;

Fig.3. Pseudo-codeof GRASPwith path-relinkingfor maximizationproblem
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If y satis�eseitherof theabove,it thenreplacesanelitesolutionz of weightnotgreater
thanc(y) andmostsimilartoy, i.e.z= argminf d(y;w) : w 2 E suchthatc(w) � c(y)g.

4 Computational Results

In this section,we reporton an experimentdesignedto determinethe effect of path-
relinking on the convergenceof the GRASPfor MAX-SAT describedin [25]6. After
downloadingtheFortransourcecode,wemodi�ed it to enablerecordingof theelapsed
timebetweenthestartof the�rst GRASPiterationandwhenasolutionis foundhaving
weight greateror equalto a given target value.We call this pureGRASPimplemen-
tationgrasp . Usinggrasp asa startingpoint,we implementedpath-relinkingmaking
useof thelocalsearchcodein grasp . TheGRASPwith path-relinkingimplementation
is calledgrasp+pr . To simplify thepath-relinkingstep,we useb = 1 whentestingif
a solutioncanbeplacedin theelite set.This way only improving solutionsareput in
theeliteset.We werecarefulto implementindependentrandomnumbersequencesfor
thepureGRASPandthepath-relinkingportionsof thecode.Thisway, if thesameran-
domnumbergeneratorseedsareusedfor theGRASPportionof thecode,theGRASP
solutionsproducedin eachiterationareidenticalfor theGRASPandGRASPwith path-
relinking implementations.Consequently, GRASPwith path-relinkingwill never take
moreiterationsto �nd a targetvaluesolutionthanthepureGRASP. Sinceits iterations
take longer, weseekto determineif thelongeriterationspayoff in termsof areduction
in numberof iterationsthatis enoughto resultin a reductionin total time.

TheFortranprogramswerecompiledwith theg77 compiler, version3.2.3with opti-
mization�ag -O3 andrunonaSGIAltix 3700SuperclusterrunningRedHatAdvanced
Serverwith SGIProPack.Theclusteris con�guredwith 321.5-GHzItanium-2proces-
sors(Rev. 5) and245Gb of mainmemory. Eachrun waslimited to a singleprocessor.
Userrunningtimesweremeasuredwith theetime systemcall. Runningtimesexclude
probleminput.

We comparedbothvariantson ten testproblemspreviously studiedin [25] 7. Op-
timal weightvaluesareknown for all problems.The targetweight valuesusedin the
experimentscorrespondto solutionsfoundin [25] after100,000GRASPiterationsand
areall near-optimal.Table4 shows testproblemdimensions,target values,andhow
closeto optimalthetargetsare.

Sincegrasp andgrasp+pr areboth stochasticlocal searchalgorithms,we com-
paretheir performanceby examiningthedistributionsof their runningtimes.For each
instance,wemake200independentrunsof eachheuristic(usingdifferentrandomnum-
bergeneratorseeds)andrecordthetimetakenfor therunto �nd asolutionwith weight
at leastaslargeasthegiventargetvalue.For eachinstance/heuristicpair, therunning
timesof eachheuristicaresortedin increasingorder. We associatewith thei-th sorted
running time (ti) a probability pi = (i � 1

2)=200, and plot the pointszi = (ti ; pi), for
i = 1; : : : ;200.Theseplotsarecalledthetimeto targetplotsandwere�rst introducedin

6 TheFortransubroutinesfor theGRASPfor MAX-SAT describedin [25] canbedownloaded
from http://www.research.att.com/˜mgcr/src/maxsat.tar.gz .

7 Thetestproblemscanbedownloadedfrom http://www.research.att.com/˜mgcr/data/
maxsat.tar.gz .



8

Table1. Testproblemsusedin experiment.For eachproblem,thetablelists its name,numberof
variables,numberof clauses,the targetweightusedasa stoppingcriterion,andthepercentage
deviationof thetargetfrom theoptimalsolution.

problem variables clauses target rel. error
jnh1 100 800 420739 0.044%
jnh10 100 800 420357 0.115%
jnh11 100 800 420516 0.056%
jnh12 100 800 420871 0.013%

jnh201 100 850 394222 0.047%
jnh202 100 850 393870 0.076%
jnh212 100 850 394006 0.059%

jnh304 100 900 444125 0.092%
jnh305 100 900 443815 0.067%
jnh306 100 900 444692 0.032%

[10]. Theseplotsdisplaytheempiricalprobabilitydistributionsof therandomvariable
timeto target solution. Figures4 and5 aretime to targetplots for a subsetof the test
instances.8

We make thefollowing observationsabouttheexperiments.

– Eachheuristicwasruna totalof 2000timesin theexperiments.
– Thoughthemaximumnumberof GRASPiterationswassetto 200,000,bothalgo-

rithmstook muchlessthanthatto �nd truth assignmentswith total weightat least
aslargeasthetargetweightonall 200runsoneachinstance.

– On all but oneinstance,the time to targetcurvesfor grasp+pr wereto theleft of
thecurvesfor grasp .

– Therelativepositionof thecurvesimpliesthat,givena �x edamountof computing
time,grasp+pr hasahigherprobabilitythangrasp of �nding atargetsolution.For
example,considerinstancejnh1 in Figure4.Theprobabilitiesof �nding atargetat
leastasgoodas420750in at most50 secondsare48%and97%,respectively, for
grasp andgrasp+pr . In at most100seconds,theseprobabilitiesincreaseto 73%
and99%,respectively.

– The relative positionof the curvesalso implies that, given a �x ed probability of
�nding a targetsolution,theexpectedtime takenby grasp to �nd a solutionwith
thatprobabilityis greaterthanthetimetakenby grasp+pr . For example,consider
instancejnh306 in Figure5. For grasp to �nd a targetsolutionwith 50%proba-
bility weexpectit to run for 329seconds,while grasp+pr weexpecta runof only
25 seconds.For 90%probability, grasp is expectedto run for 984secondswhile
grasp+pr only takes153seconds.

– The only instanceon which the time to target plots intersectwasjnh305 , where
grasp+pr took longer to converge than the longestgrasp run on 21 of the 200
runs,Still, two thirdsof thegrasp+pr werefasterthangrasp .

8 Theraw dataaswell astheplotsof thedistributionsfor all of thetestproblemsareavailable
at http://www.research.att.com/˜mgcr/exp/gmaxsatpr .
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