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Abstract. A GRASPwith path-relinkingfor nding good-qualitysolutionsof
the weightedmaximumsatis ability problem(MAX-SAT) is describedn this
paper GRASR or GreedyRandomizedh\daptive SearchProcedureis arandom-
ized multi-startmetaheuristiciwhereat eachiterationlocally optimal solutions
areconstructedeachindependenof theothers Previousexperimentalesultsin-
dicateits effectivenesdor solvingweightedVIAX-SAT instancesPath-relinking
is aprocedurausedto intensifythe searcharoundgood-qualityisolatedsolutions
that have beenproducedby the GRASPheuristic.Experimentacomparisorof
the pureGRASP(without path-relinkinglandthe GRASPwith path-relinkingl-
lustrategheeffectivenesof path-relinkingn decreasingheaverageime needed
to nd agood-qualitysolutionfor theweightedmaximumsatis ability problem.

1 Intr oduction

clauseG; is adisjunctionof jGij literals,whereeachliteral lj; is eithera variablex; or
its negation: x;. Formally, we write
0 1
m m  jGj
F = G= @~ IijA .
i=1 =1 j=1
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A clauseis satis edif atleastoneof its literalsevaluatego 1 (true),which meanghat
eitheroneof the unnegatedBooleanvariableshasthe valueof 1 or a negatedvariable
hasthevalueof 0. The propositionaformulais saidto be satis edif all of its clauses
aresatis ed. In the Satis ability problem(SAT), onemustdecidewhetherthereexists
anassignmenof valuesto the variablessuchthata given propositionaformulais sat-
is ed. SAT wasthe rst problemto be shavn to be NP-completd8]. The Maximum
Satis ability problem(MAX-SAT) is a generalizatiorof SAT, wheregiven a propo-
sitional formula, oneis interestedn nding an assignmenbf valuesto the variables
which maximizesthe numberof satis ed clausesGeneralizingevenfurther, if we in-
troducea positive weightw; for eachclauseC;, thentheweightedMAX-SAT problem
consistsof nding an assignmenof valuesto the variablessuchthat the sumof the
weightsof the satis ed clauseds maximized.The MAX-SAT hasmary applications
boththeoreticalandpractical,in areassuchascompleity theory combinatorialopti-
mization,andarti cial intelligence[5]. It is anintractableproblemin the sensehatno
polynomialtime algorithmexistsfor solvingit unless? = NP, whichis evidentsinceit
generalizeshesatis ability problem[11].

Dueto the computationatompleity of the MAX-SAT therehasbeenanextensve
researcteffort devotedto the developmentof approximatiorand heuristicalgorithms
for solvingit. An e-approximatealgorithmfor the MAX-SAT is a polynomialtime al-
gorithmwhich nds a truth assignmento the variablesthat resultsin a total weight
of the satis ed clauseghatis at leaste timesthe optimum(0 < e< 1). We will refer
to e of anapproximationalgorithmasits performanceratio. The rst approximation
algorithmsfor the MAX-SAT wereintroducedin [18], whereJohnsorpresentedwo
algorithmswith performanceations(k  1)=k and (2K 1)=2%, wherek is the least
numberof literalsin ary clause Forthegeneraktasek = 1 they bothtranslateao a 1=2-
approximationalgorithm,while it hasbeenshowvn in [7] thatthe secondalgorithmis
in facta 2=3-approximatioralgorithm.A 3=4-approximatioralgorithm,basedon net-
work o w theory waspresentedy Yannakakisn [32] andalsoin [14] by Goemans
andWilliamson.Currentlythe bestdeterministigpolynomialtime approximatioralgo-
rithm for MAX-SAT achievesa performanceatio of 0.758andis basednsemide nite
programming15], while thereis alsoarandomizedalgorithmwith performanceatio
0.77][3]. Betterapproximatiornboundsfor specialcasesof the problemin which, for
instancewe restrictthe numberof literals per clauseor imposethe conditionthatthe
clausesresatis ablehave alsobeenfound[9, 20,31]. With respecto inapproximabil-
ity resultsjt is known [17] thatunlessP= NP thereis no approximatioralgorithmwith
performanceaatio greaterthan7=8 for the MAX-SAT in which every clausecontains
exactlythreeliterals, therebylimiting thegenerakaseaswell.

Local searchis the mainingredientfor mostof the heuristicalgorithmsthat have
appearedh theliteraturefor solvingthe MAX-SAT, wherein conjunctionwith various
techniquedor escapindocal optimathey provide solutionswhich exceedthetheoreti-
cal upperboundof approximatinghe problem.We candivide the heuristicalgorithms
thathave appearedn the literatureinto two mainclassesThe rst classbeingthose
heuristicswhich usethe historyof the searchin orderto constructa new solution,such
asTalu Search16], HsAT [12] andReactve SearcH4], andthosethatarenot history
sensitve suchasSimulatedAnnealing[30], GSAT [29] andGRASP[22,24]. Sureys of



approximatiorandheuristicalgorithmsfor solvingthe MAX-SAT canbefoundin [5,
16].

GRASPIs aconstructve multi-startmetaheuristievhich hasbeenappliedto awide
rangeof well known combinatoriabptimizationproblemswith favorableexperimental
results[23]. In [24,25], ResendePitsoulis,and Pardalosdescribea GRASPimple-
mentationfor solvingthe weightedVIAX-SAT, andreportextensive computationate-
sultson a setof weightedSAT benchmarknstance$19] thatindicatethatthe heuristic
produceggoodquality solutions.Eachiterationconsistsof two phasesa construction
phasewvhereasolutionis constructednh agreedyrandomizedashion;andalocalsearch
phasevherethelocal optimumis foundin theneighborhooaf theconstructedolution.
GRASPcanthereforeébethoughtof asamemorylesprocedurewherepastinformation
from previous solutionsis not usedfor the constructionof a new solution.In this pa-
per, we shav how memorycanbeincorporatedn the GRASPfor weightedVAX-SAT
proposedn [24]. At eachiterationof the GRASPheuristic,a pathof feasiblesolutions
linking the currentsolutionwith a solutionfrom a setof elite (or good-quality)solu-
tionspreviously producedy thealgorithmis explored.Path-relinkinghasbeenusedas
amemorymechanisnin GRASP[27] resultingin fastercorvergenceof thealgorithm.

Theremaindeof thepapelis organizedasfollows. In Section2, we brie y statethe
implementatiorof GRASPfor theMAX-SAT from [24], while in Section3 we describe
how to apply path-relinkingfor the MAX-SAT. Finally, in Section4, computational
resultsarepresentedvhich demonstratempiricallythatpath-relinkingresultsin faster
convergenceof GRASP

2 GRASPfor the weightedMAX-SAT

Theconstructiorandlocal searclphaseof GRASParedescribedn detailin [24], while
in [25] acompleteFortranimplementations givenalongwith extensve computational
runs.In this sectionwe provide a brief descriptionin orderto facilitatethe discussion
of path-relinkingthatwill follow in the next section.Given a setof clauses anda
setof BooleanvariablesV, let us denoteby x 2 f0;1g" the truth assignmentvhich
correspondso thetruth valuesassignedo thevariableswhile let ¢(x) denotethe sum
of theweightsof thesatis edclausesasimplied by x. Withoutlossof generalitywe can
assumehatall theweightsw; of the clausesarepositive integers.Givenary two truth
assignments;y 2 f 0; 1g" let usdenotetheir differenceset

D(x;y) :=fi:x 6 vyi;i= 1;:::;ng Q)

andtheirdistance o
d0y) = DOGY)i= & X Wii: (2)

i=1
which is the Hammingdistanceandwill be usedasa measureof proximity between
two solutions.The GRASPprocedurds shavn in Figurel. In the constructiorphase
of thealgorithm(line 3), let usdenoteby g}f andgj thegainin the objective function

valueif we settheunassignedariablex; to 1 andO, respectrely, andby X V theset
of alreadyassignedariablesWe computethe bestgain

g = max g}f;gj . j suchthatx;j 2 V nXg



procedure GRASPMaxlter,RandomSeed )
1 Cpeg := O;

2  dok=1;:::; Maxiter !

3 x := ConstructSolution(RandomSeed) ;
4 x :=LocalSearch( X);

5 if ¢(X) > Cpeg !

6 Xpeg \= X;

7 Ches = C(Xpes);

8 endif;

9 od;

7 return Xpeg

end GRASP

Fig. 1. Pseudo-codef GRASPfor maximizationproblem.

andkeeponly thoseg}“ andg; thataregreateror equaltoa g where0 a 1is

a parameterA randomchoiceg: (g9,) amongthosebestgainscorrespondso a new

assignmenxy = 1 (xx = 0), whichis addedto our partialsolutionX = X[ fxxg. After

eachsuchadditionto thepartialsolution,thegainsg}’ andg; areupdatedandthepro-
cessis repeatedintil jXj = n. The parameten re ects theratio of randomnessersus
greediness theconstructiorprocesswherea = 1 correspondo apuregreedyselec-
tion for anew assignmenanda = 0 to a purerandomassignmentdaving completech
truthassignment, we applylocal search(line 4) in orderto guaranteéocal optimality.

Thel-ip neighborhoods usedin thelocal searchwhichis de ned as

Ni(x) == fy2 f0;1g9" 1 d(x;y) 1g; 3)

wherea depth- rst searchapproachis employedin the sensehatthe currentsolution
is replacedwith a solutionin the neighborhoodvhich hasgreatercost. The searchis
terminatedvhenthe currentsolutionis thelocal optimum.

3 Path-Relinking

Path-relinkingwasoriginally proposedy Glover[13] asanintensi cationstrateyy ex-
ploring trajectoriexconnectingelite solutionsobtainedby tabu searctor scattersearch.
Givenary two elite solutions their commonelementsaarekeptconstantandthe space
of solutionsspannedy theseclementss searchedvith theobjective of nding abetter
solution. The size of the solutionspacegrows exponentiallywith the the distancebe-
tweenthe initial andguiding solutionsandthereforeonly a small part of the spaceis
exploredby path-relinking.Path-relinkinghasbeenappliedto GRASPasanenhance-
ment procedurein various problems[1,2,6,21,26,28], whereit can be empirically
concludedhatit speedsip corvergenceof the algorithm.A recentsuney of GRASP
with path-relinkingis givenin [27].

We now describethe integrationof path-relinkinginto the pure GRASPalgorithm
describedn Section2. Path-relinkingwill alwaysbeappliedto a pair of solutionsx;y,



whereoneis the solutionobtainedfrom the currentGRASPiteration,andthe otheris
a solutionfrom an elite setof solutions.We call x theinitial solutionwhile y is the
guiding solution The setof elite solutionswill be denotedby E andits sizewill not
exceedMaxElite . Let usdenotethe setof solutionsspannedy thecommonelements
of x andy as

Sx;y) = fw2 f0;1g" 1w = x = yi;i 2 D(x;y)gnfx;yg; (4)

whereit is evidentthatjS(x;y)j = 2" 9% 2. The main thesisof path-relinkingis
that there exist good-qualitysolutionsin §(x;y), sincethis spaceconsistsof all so-
lutions which containthe commonelementsof two good solutionsx;y. Taking into
considerationhatthesizeof this spacds exponentiallylarge,we will employ agreedy
searchwherea pathof solutions

pathis chosen.Note that since both x;y are local optimain someneighborhood\y
by constructiof, in orderfor (x;y) to containsolutionswhich are not containedn
the neighborhood®f x or y we musthave d(x;y) > 3. Thereforewe neednot apply
path-relinkingbetweerary two solutionswhich arenotsufciently farapart,sinceit is
certainthatwe will not nd anew solutionthatis betterthanbothx andy..

The pseudo-cod&hich illustratesthe exactimplementatiorfor the path-relinking
procedures shavn in Figure 2. We employ the stratey that our initial solutionwill
alwaysbe the elite setsolutionwhile the guiding solutionis the GRASPiterate.This
way we allow for greateffreedomto searctthe neighborhoodroundthe elite solution.
In line 1, we selectatrandomamongtheelite setelementsaninitial solutionx thatdif-
ferssufciently from ourguidingsolutiony. In line 2, we settheinitial solutionaswy,
andin line 3 we sare x asthe bestsolution.Theloopin lines4 through15 computesa

valueis returnedin line 16. This is achiezed by advancingonesolutionatatimein a
greedymannerasillustratedin lines6 throughl12, while the operatiorflip  (wy;i) has
theeffectof negatingthevariablew; in solutionwy. It is notedthatthe pathof solutions
never enterghe neighborhooaf x.

The integrationof the path-relinkingprocedurewith the pure GRASPiIs shavn in
Figure 3, andspeci cally in lines 6 through11. The pool of elite solutionsis initially
empty anduntil it reachedts maximumsize no path relinking takes place.After a
solutiony is foundby GRASR it is passedo the path-relinkingprocedurdo generate
anothessolution.Noteherethatwe maygetthesamesolutiony afterpath-relinkingThe
procedureéAddToElite (E;y) attemptgto addto the elite setof solutionsthe currently
found solution.A solutiony is addedto the elite setE if eitherone of the following
conditionsholds:

1. c(y) > maxc(w) :w2 Eg,
2. c(y) > minfc(w) : w2 Eg andd(y;w) > bn; 8w 2 E, whereb is a parameter
betweerD and1 andn is thenumberof variables.

5 wherethesamemetricd(x;y) is used



procedure PathRelinking  (x; E)

1 Randomlyselectasolutionx 2 fz2 E : d(y;2) > 4g;
2 Wo = X;

3 W = X

4  fork=0;:::;d(xy) 2!

5 max= 0

6 for eachi 2 D(wy;y) !

7 w=flip  (wy;i);

8 if c(w) > max!

9 i =1

10 max= ¢c(w);

11 ;

12 rof;

13 Wi 1 :=flip (Wi );

14 if c(Wir1) > c(w ) ! W = Wyyq;
15 endfor;

16 return(w );

endPathRelinking ;

Fig. 2. Pseudo-codef path-relinkingfor maximizationproblem.

procedure GRASP+PRMaxlter,RandomSeed )
1 Cpeg = 0;

2 E:=o0

3 dok= 1;:::; Maxlter !

4 x := ConstructSolution(RandomSeed) ;
5 x :=LocalSearch( X);

6 if jEj = MaxElite !

7 x :=PathRelinking(  x;E);
8 AddToElite (E;x);

9 else

10 E:=E[ fxg;

11 endif;

12 if ¢(X) > Cpeg !

13 Xbeg = X;

14 Ches ‘= C(Xpes);

15 endif;

16 od;

17  return Xpeg

end GRASP+PR

Fig. 3. Pseudo-codef GRASPwith path-relinkingfor maximizationproblem



If y satis eseitherof theabove, it thenreplacesanelite solutionz of weightnotgreater
thanc(y) andmostsimilartoy, i.e.z= argminf d(y;w) :w2 E suchthatc(w) c(y)g.

4 Computational Results

In this section,we reporton an experimentdesignedo determinethe effect of path-
relinking on the corvergenceof the GRASPfor MAX-SAT describedn [25]8. After
downloadingthe Fortransourcecode we modi ed it to enablerecordingof theelapsed
time betweerthestartof the rst GRASPiterationandwhena solutionis foundhaving
weightgreateror equalto a giventargetvalue.We call this pure GRASPimplemen-
tationgrasp . Usinggrasp asa startingpoint, we implementecpath-relinkingmaking
useof thelocal searctcodein grasp . The GRASPwith path-relinkingmplementation
is calledgrasp+pr . To simplify the path-relinkingstep,we useb = 1 whentestingif
a solutioncanbe placedin the elite set. This way only improving solutionsareputin
theelite set.We werecarefulto implementindependentandomnumbersequencefor
thepureGRASPandthe path-relinkingportionsof thecode.Thisway, if thesameran-
domnumbergeneratoseedsareusedfor the GRASPportionof the code,the GRASP
solutionsproducedn eachiterationareidenticalfor the GRASPandGRASPwith path-
relinking implementationsConsequentlyGRASPwith path-relinkingwill never take
moreiterationsto nd atamgetvaluesolutionthanthe pureGRASP Sinceits iterations
take longetr we seekto determindf thelongeriterationspayoff in termsof areduction
in numberof iterationsthatis enoughto resultin areductionin total time.

TheFortranprogramsverecompiledwith theg77 compiler version3.2.3with opti-
mization ag -03 andrunonaSGIAltix 3700SuperclusterunningRedHatAdvanced
Senerwith SGIProRack. Theclusteris con guredwith 32 1.5-GHzltanium-2proces-
sors(Rev. 5) and245 Gb of mainmemory Eachrun waslimited to a singleprocessar
Userrunningtimesweremeasuredvith theetime systencall. Runningtimesexclude
probleminput.

We comparedboth variantson ten testproblemspreviously studiedin [25] 7. Op-
timal weightvaluesareknown for all problems.The tamget weight valuesusedin the
experimentorrespondo solutionsfoundin [25] after100,000GRASPiterationsand
are all nearoptimal. Table 4 shows test problemdimensionstarget values,and how
closeto optimalthetargetsare.

Sincegrasp andgrasp+pr areboth stochastidocal searchalgorithms,we com-
paretheir performancédy examiningthe distributionsof their runningtimes.For each
instancewe make 200independentunsof eachheuristic(usingdifferentrandomnum-
bergeneratoseedspndrecordthetimetakenfor therunto nd asolutionwith weight
atleastaslarge asthe giventametvalue.For eachinstance/heuristipair, the running
timesof eachheuristicaresortedin increasing)rder We associatavith thei-th sorted
runn|ngt|me (t;) a probability p; = (i 2)=200 and plot the pointsz = (t;; p;), for
=1 :;200.Theseplotsarecalledthetimeto targetplotsandwere rst introducedn

6 The Fortransubroutinegor the GRASPfor MAX-SAT describedn [25] canbe downloaded
from http://www.research.att.com/"mgcr/src/maxsat.tar.gz

7 Thetestproblemscanbe downloadedrom http://www.research.att. com/~ mgcr/data/
maxsat.tar.gz
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Table 1. Testproblemsusedin experimentFor eachproblem thetablelists its name numberof
variables,numberof clausesthe targetweight usedasa stoppingcriterion,andthe percentage
deviation of thetargetfrom the optimalsolution.

problem variables clauses target rel. error
jnhl 100 800 420739 0.044%
jnh10 100 800 420357 0.115%
jnh11 100 800 420516 0.056%
jnh12 100 800 420871 0.013%
jnh201 100 850 394222 0.047%
jnh202 100 850 393870 0.076%
jnh212 100 850 394006 0.059%
jnh304 100 900 444125 0.092%
jnh305 100 900 443815 0.067%
jnh306 100 900 444692 0.032%

[10]. Theseplotsdisplaythe empiricalprobability distributionsof therandomvariable
timeto target solution Figures4 and5 aretime to targetplots for a subsebf the test
instances®

We make thefollowing obsenationsaboutthe experiments.

— Eachheuristicwasrun atotal of 2000timesin the experiments.
— Thoughthe maximumnumberof GRASPiterationswassetto 200,000 bothalgo-

rithmstook muchlessthanthatto nd truth assignmentwith total weightat least
aslargeasthetargetweightonall 200runson eachinstance.

— Onall but oneinstancethetime to targetcurvesfor grasp+pr wereto theleft of

thecurvesfor grasp .

— Therelative positionof thecurvesimpliesthat,givena x edamountof computing

time,grasp+pr hasahigherprobabilitythangrasp of nding atargetsolution.For
example considelinstancegnhl in Figure4. Theprobabilitiesof nding atargetat
leastasgoodas420750in at most50 secondsare48% and97%,respectiely, for
grasp andgrasp+pr . In atmost100secondstheseprobabilitiesincreaseo 73%
and99%,respectiely.

— The relative positionof the curvesalsoimpliesthat, givena x ed probability of

nding atargetsolution,the expectediime takenby grasp to nd asolutionwith

thatprobabilityis greatetthanthetime takenby grasp+pr . For example,consider
instancgnh306 in Figure5. For grasp to nd atargetsolutionwith 50% proba-
bility we expectit to runfor 329 secondswhile grasp+pr we expectarun of only

25 secondsFor 90% probability, grasp is expectedto run for 984 secondswhile

grasp+pr only takes153seconds.

— The only instanceon which the time to target plots intersectwasjnh305 , where

grasp+pr took longerto corverge thanthe longestgrasp run on 21 of the 200
runs,Still, two thirdsof thegrasp+pr werefasterthangrasp .

8 Theraw dataaswell asthe plots of the distributionsfor all of the testproblemsareavailable

at http://www.research.att.com/"mgcr/exp/gmaxsatpr



cumulative probabiblity

jnh1 (look4=420750)
09 ’/, ///
1(/
0.8 |-
07 |~ /f
0.6 |- /
0.5 [+
04 H /
03|
| /
|
02 ft /
0.1
GRASP ———
GRASP+PR -------
0
0 50 100 150 200 250 300 350
time to target solution (seconds)
jnh10 (look4=420357)
1 5
0 ’, /_/
0.8 |- /
0.7 |+
z i
2 o6}
© '
8 |
i
s |
) 05 |
= !
s |
El
g 04r /
3 |
B |
03 H
: /
|
02 f /
0.1
GRASP ——
GRASP+PR ————
0
0 50 100 150 200 250 300
time to target solution (seconds)
jnh201 (look4=394222)
! T - //—/Jr/
0.9
038 £
07 ff
£ {
2 o6
< |
o !
° | /
s |
° 0.5 |-+
2 !
8 /
S
2 0.4 | /
3 /
o i
03 /
02 f /
0.1 f
GRASP ——
GRASP+PR -
0
0 50 100 150 200 250 300 350 400
time to target solution (seconds)

Fig. 4. Time to targetdistributionscomparinggrasp andgrasp+pr on instancegnhl , jnh10 ,

andjnh201 .



10

cumulative probabiblity

jnh304 (look4=444125)

1 ll_,:”” “““ R
0o /
0.8 [t
07 |
0.6 [ /
0.5 -
04 H /
03 H
" /
02 fi /
0.1
GRASP
0
0 50 100 150 200 250 300 350 400 450
time to target solution (seconds)
jnh305 (look4=443815)
1 —T————
09 o
2
2
©
8
[}
=
3
=
s
El
£
]
B
GRASP ———
GRASP+PR ------
0
0 500 1000 1500 2000 2500 3000 3500
time to target solution (seconds)
jnh306 (look4=444692)
1 —
- //kj/—
0.9 o
0.8 |-f-
0.7 1
z | Ve
2 o6
< !
g1 !
S j /
Q .
o O05h
2 !
K !
g 0.4 t
3 !
o i
03 /
0.2 /
0.1
GRASP ——
GRASP+PR -
0
0 200 400 600 800 1000 1200 1400 1600 1800 2000
time to target solution (seconds)

Fig. 5. Timetotargetdistributionscomparinggrasp andgrasp+pr oninstanceinh304 , jnh305 ,

andjnh306 .



11

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. R.M. Aiex, S. Binato,and M.G.C. Resende.Parallel GRASPwith path-relinkingfor job

shopscheduling Parallel Computing29:393-4302003.

. R.M. Aiex, M.G.C.ResendeR.M. PardalosandG. Toraldo. GRASPwith pathrelinking for

three-ind& assignmentiINFORMSJ. on Computing2005. In press.

. T. Asano.Approximationalgorithmsfor MAX-SAT: Yannakakis/s. Goemans-Williamson.

In 5th IEEE Israel Symposiunonthe Theoryof Computingand Systemgage<4-37,1997.

. R. Battiti andM. Protasi.Reactve searcha history-sensitie heuristicfor MAX-SAT. ACM

Journal of ExperimentalAlgorithms 2(2),1997.

. R. BattitiandM. Protasi.Approximatealgorithmsandheuristicfor the MAX-SAT. In D.Z.

Du andP.M. Pardalos.editors,Handbookof CombinatorialOptimization volume1, pages
77-148 Kluwer AcademicPublishers1998.

. S.A. Canuto,M.G.C. Resendeand C.C. Ribeiro. Local searchwith perturbationgor the

prize-collectingSteinertreeproblemin graphs.Networks 38:50-582001.

. J. Chen,D. Friesen,andH. Zheng. Tight boundon johnsons$ algorithm for MAX-SAT.

In Proceedingf the 12th Annual IEEE Confeenceon ComputationalCompleity, pages
274-2811997.

. S.A. Cook. The compleity of theorem-preing procedures.In Proceedingsf the Third

annualACM Symposiunon Theoryof Computing pagesl 51-1581971.

. U. FeigeandM.X. Goemans.Approximatingthe value of two properproof systemswith

applicationdgo MAX-2SAT andMAX-DICUT. In ProceedingftheThird Israel Symposium
on Theoryof Computingand Systemgpagesl 82—189,1995.

T.A. Feo,M.G.C.ResendeandS.H.Smith. A greedyrandomizeddaptve searctprocedure
for maximumindependenset. OpeationsReseath, 42:860—-8781994.

M.R. Gargy andD.S. Johnson.Computes and intractability: A guideto the theoryof NP-
completenesaV.H. FreemarandCompan, New York, 1979.

I.P. GentandT. Walsh. Towardsan understandingf hill-climbing proceduregor SAT. In
Proceeding®f the 11thNationalConfeenceon Arti cial Intelligence pages28-33,1993.
F. Glover. Talu searchand adaptve memory programming:Advances,applicationsand
challengesin R.S.Barr, R.V. HelgasonandJ.L.Kenningtongditors Interfacesn Computer
Scienceand OpemtionsReseath, pagesl-75.Kluwer AcademicPublishers1996.

M.X. GoemansandD.P. Williamson. A new % approximatioralgorithmfor the maximum
satis ability problem.SIAMJournal on DiscreteMathematics7:656—-666,1994.

M.X. Goemansand D.P. Williamson. Improved approximationalgorithmsfor maximum
cut andsatis ability problemsusingsemide niteprogramming.Journal of Associatiorfor
ComputingMachinery, 42(6):1115-1145]995.

P. HanserandB. Jaumard Algorithmsfor themaximumsatis ability problem.Computing
44:279-3031990.

J.Hastad.Someoptimalinapproximabilityresults.Journal of the ACM, 48:798—8592001.
D.S.JohnsonApproximationalgorithmsfor combinatoriaproblems.Journal of Computer
and SystenBciences9:256—2781974.

D.S.JohnsorandM.A. Trick, editors.Cliques,coloring andSatis ability: SecondIMACS
ImplementatiorChalleng. DIMA CS Seriesn DiscreteMathematicandTheoreticalCom-
puterScienceAmericanMathematicaSociety 1996.

H. Karloff andU. Zwick. A %-approximatioralgorithmfor MAX-3SAT. In Proceedings
of the 38th AnnualIEEE Symposiunon Foundationsof ComputerSciencepages406-415,
1997.

M. LagunaandR. Mart. GRASPandpathrelinking for 2-layerstraightline crossingmini-
mization.INFORMSJournal on Computing11:44-521999.



12

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

M.G.C.ResendandT.A. Feo.A GRASPfor Satis ability. In D.S.JohnsorandM.A. Trick,
editors, Cliques,coloring, and Satis ability: SecondDIMACS ImplementatiorChalleng,
number26 in DIMA CS Seriesin DiscreteMathematicsandTheoreticalComputerScience,
pagesA99-520 AmericanMathematicaSociety 1996.

M.G.C.Resend@andL.S. Pitsoulis.Greedyrandomizeddaptve searciproceduresln PM.
PardalosandM.G.C. Resendeeditors,Handbookof AppliedOptimization pagesl68—183.
Oxford University Press2002.

M.G.C. ResendeL.S. Pitsoulis,and P.M. Pardalos. Approximatesolutionsof weighted
MAX-SAT problemsusingGRASP. In D.-Z. Du, J. Gu,and PM. Pardalos editors,Satis-
ability Problem: Theoryand Applications DIMACS Seriesin DiscreteMathematicsand
TheoreticalComputerScience pages393—405AmericanMathematicaSociety 1997.
M.G.C. Resendel..S. Pitsoulis,and PM. Pardalos. Fortran subroutinesfor computing
approximatesolutionsof weightedMAX-SAT problemsusing GRASP. Discrete Applied
Mathematics100:95-1132000.

M.G.C.ResendandC.C.Ribeiro. A GRASPwith path-relinkingfor privatevirtual circuit
routing. Networks41:104—-1142003.

M.G.C.ResendandC.C.Ribeiro. GRASPandpath-relinking:Recentadwancesandappli-
cations.In T. Ibaraki,K. NonobeandM. Yagiura,editors MetaheuristicsProgressasReal
ProblemSolves, page29-63.Springer 2005.

C.C. Ribeiro, E. Uchoa,andR.F. Werneck. A hybrid GRASPwith perturbationgor the
Steinemroblemin graphs.INFORMSJournal on Computing 14:228-2462002.

B. Selman,H. Levesque,and D. Mitchell. A newv methodfor solving hard satis ability
instances.In Proceedingof the 10th National Confeenceon Arti cial Intelligence pages
440-446,1992.

W.M. Spears. Simulatedannealingfor hard satis ability problems. In D.S. Johnsorand
M.A. Trick, editors,Cliques,coloring and Satis ability: SecondDIMACSImplementation
Challenge, number26 in DIMACS Seriesin DiscreteMathematicsand TheoreticalCom-
puterSciencepage$33-555 AmericanMathematicaSociety 1996.

L. Trevisan.Approximatingsatis ablesatis ability problems Algorithmica 28(1):145-172,
2000.

M. Yannakakis. On the approximationof maximum Satis ability. In Proceedingf the
Third ACM-SIAMSymposiunon Discrete Algorithms pagesl—9,1992.



