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Abstract

This paper considersstrategiesfor selectingthe barrier parameter at every iteration
of an interior-p oint method for nonlinear programming. Numerical experiments suggest
that adaptive choices,such as Mehrotra's probing procedure, outperform static strate-
giesthat hold the barrier parameter xed until a barrier optimality test is satis ed. A
new adaptive strategy is proposedbasedon the minimization of a quality function. The
paper also proposesa globalization framework that ensuresthe corvergenceof adaptive
interior methods. The barrier update strategies proposedin this paper are applica-
ble to a wide classof interior methods and are tested in the two distinct algorithmic
frameworks provided by the ipopt and knitr o software padages.

1 Intro duction

In this paper we describe interior methods for nonlinear programming that update the bar-
rier parameter adaptively, asthe iteration progresses.The goalis to designalgorithms that
are scaleinvariant and e cien t in practice, and that enjoy global convergenceguarartees.
The adaptive strategies studied in this paper allow the barrier parameter to increaseor
decreaseat ewery iteration and provide an alternative to the so-called Fiacco-McCormidck
approac that xes the barrier parameter until an approximate solution of the barrier prob-
lem is computed. Our motivation for this work stemsfrom our belief that robust interior
methods for nonlinear programming must be able to react swiftly to changesof scalein the
problem and to correct overly aggressie decreasesn the barrier parameter.

Adaptiv e barrier update strategies are well establishedin interior methods for linear
and corvex quadratic programming. The most popular approadc of this type is Mehrotra's
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predictor-corrector method [17]. It computes, at every iteration, a probing (a ne scaling)
step that determinesa target value of the barrier parameter, and then takesa primal-dual
step using this target value. A corrector step is addedto better follow the trajectory to the
solution. Mehrotra's method has provedto be very e ectiv e for linear and convex quadratic
programming, but it cannot be shown to be globally convergent. Moreover, its reliabilit y is
heavily dependert upon an appropriate choice of the starting point.

When solving nonlinear noncorvex programming problems, much caution must be exer-
cisedto prevert the iteration from failing. Non-minimizing stationary points can attract the
iteration, and aggressie decreasesn the barrier parameter can lead to failure. Our numer-
ical experienceshaws that the direct extensionof Mehrotra's predictor-corrector method to
nonlinear programming doesnot result in a robust method. As we discussbelow, the main
source of instability is the corrector step. Other adaptive barrier update strategies have
beenproposedspeci cally for nonlinear programming [7, 10, 19, 20, 21].

In this paper we propose new strategies for updating the barrier parameter that are
e ectiv e in practice and that are supported by a global corvergenceanalysis. To shav the
generality of our techniques, we implement them in the two di erent algorithmic contexts
provided by the ipopt [23]and knitr o [24] software padages.

The global corvergenceproperties of interior methods for nonlinear programming have
recertly received much attention [2, 7, 12, 13, 15, 19, 20, 22, 28]. Some of these studies
focuson the e ects of merit functions or Iters, and on regularization techniques. With the
exception of [7, 19, 20], howeer, these papers do not considerthe numerical or theoretical
properties of adaptive barrier update techniques.

Notation. For any vector z, we denote by Z the diagonal matrix whose diagonal ertries
are given by z. We let e denote the vector of ones, of appropriate dimension, that is,
e= (1;1;, ;1DT.

2 Primal-Dual Nonlinear Interior Metho ds

The problem under consideration will be written as

min  f(x) (2.1a)
s.t. c(x)=0 (2.1b)
x 0 (2.1¢)

wheref : R"! Randc:R"! R™ aretwice cortinuously di erentiable functions. For
concisenessve will refer to interior-p oint methods for nonlinear programming as\nonlinear
interior methods." A variety of thesemethods have beenproposedin the last 10 years;they
di er mainly in someaspectsof the step computation and in the globalization scheme. Most
of the nonlinear interior methods are related to the simple primal-dual iteration described
next, and therefore, our discussionof barrier parameter choices will be phrased in the
context of this iteration.



We asscaiate with the nonlinear program (2:1) the barrier problem

X
mXin (X)) f(x) In X; (2.2a)
i=1

s.t. c(x) = O; (2.2b)

where > 0 is the barrier parameter. As is well known, the KKT conditions of the barrier
problem (2.2) can be written as

rf(x) AX)'y z = 0 (2.3a)
Xz e =0 (2.3b)
c(x) = 0 (2.3c)
together with
X 0 z O (2.4)

Here A(x) denotesthe Jacobian matrix of the constraint functions c(x).
Applying Newton's method to (2:3), in the variables (x;y;z), gives the primal-dual

system 32 3 2 3
raL  AX)T I X rf(x) AX)'Ty z
Z 0 X 54 y5= 4 Xz e S: (2.5)
A(X) 0 0 z c(x)
where L denotesthe Lagrangian of the nonlinear program, that is,
L(x;y;z) = f(x) y'cx) z'x (2.6)
After the step = ( x; V; 2z) has been determined, we compute primal and dual

steplengths, , and 4, and de ne the new iterate (x*;y*;z") as

X"=x+ o X, Yy =y+ gy zZ'=z+ 4 z (2.7)

The steplengthsare computed in two stages. First we compute

max

X maxf 2 (0;1]:x + x (1 )xg (2.8a)
7 maxf 2 (0;1]:z+ z (1 )zg (2.8b)

with 2 (0;1) (e.g. = 0:995). Next, we perform a badktracking line seart that computes
the nal steplengths
p2 (05 ¥™I; a2 (0 2*; (2.9)

providing su cien t decreaseof a merit function or ensuring acceptability by a lter.

The other major ingrediert in this simple primal-dual iteration is the procedure for
choosingthe barrier parameter . Two typesof barrier update strategieshave beenstudied
in the literature: adaptive and static. Adaptiv e strategies[7, 10, 20, 21] allow changesin
the barrier parameter at every iteration, and often achieve scaleinvariance, but as already
mertioned they do not enjoy global convergenceproperties. (The analysespresened in
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[7, 20] provide certain corvergenceresults to stationary points, but these methods do not
promote convergencetoward minimizers.)

The most important static strategy is the so-called Fiacco-McCormick approach that
xes the barrier parameteruntil an approximate solution of the barrier problemis computed.
It hasbeenemployed in various nonlinear interior algorithms [1, 3, 9, 11, 23, 25, 27] and has
beenimplemented, for example, in the ipopt and knitr o software packages. The Fiacco-
McCormick strategy provides a framework for establishing global convergence[2, 22], but
su ers from important limitations. It can be very sensitive to the choice of the initial
point, the initial value of the barrier parameter and the scaling of the problem, and it
is often unable to recover when the iterates approac the boundary of the feasibleregion
prematurely. Our numerical experiencewith ipopt and knitr o0 suggestghat more dynamic
update strategies are neededto improve the robustnessand speed of nonlinear interior
methods.

3 Choosing the Barrier Parameter

In this section we discusstwo adaptive barrier strategies proposedin the literature and
compare them numerically with the static Fiacco-McCormick approach. These numerical
results will motivate the discussionof the following sections.

Given an iterate (x;Yy; z), consideran interior method that computesprimal-dual searh
directions by (2:5). The most common approac for choosing the barrier parameter
that appears on the right hand side of (2:5) is to make it proportional to the current
complemenarit y value, that is,

_ x'z 31

= (3.2)
where > 0 is a centering parameter and n denotesthe number of variables. Mehrotra's
predictor-corrector (MPC) method [17] for linear programming determinesthe value of
using a preliminary step computation (an ane scaling step). We now describe a direct
extension of Mehrotra's strategy to the nonlinear programming case.

First, we calculate an a ne scaling step

( x*; y*; %) (3.2)
by setting = 0in (2.5), that is,
) . 32 3 2 3
roL  AX) [ X rf(x) AX)y z
Z 0 X 54 ya 5= 4 Xz S: (3.3)
A(x) 0 0 z2 c(x)

We then compute 2 and 2 to be the longeststeplengthsthat can be taken along the
direction (3:2) before violating the non-negativity conditions (X; z) 0, with an upper
bound of 1. Explicit formulae for thesevaluesare given by (2:8) with = 1.

Next, we de ne 2 to be the value of complemernarity that would be obtained by a
full stepto the boundary, that is,

t=(x+ §ox®)(z+ 2 22)=n (3.4)
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and set the certering parameter to be

a 3
= = (3.5)
This heuristic choice of is basedon experimentation with linear programming problems,
and has proved to be e ectiv e for convex quadratic programming as well. Note that when
good progressis made along the a ne scaling direction, we have 2 xTz=n, sothe
obtained from this formula is smalljland corversely
Mehrotra's algorithm also computes a corrector step, but in this section we take the
view that the corrector is not part of the selectionof the barrier parameter, and is simply a
medanism for improving the quality of the step. In Section 7 we study the complete MPC
algorithm including the corrector step.
Other adaptive proceduresof the form (3:1) have beenproposedspeci cally for nonlinear
interior methods [7, 10, 20, 21]. The strategy employed in the loqo software padkage[21]
is particularly noteworthy becauseof its successn practice. It de nes as

3

= 0:1min 0:051—;2 : where =M:

3.6
xTz=n (3.6)

Note that measuresthe deviation of the smallestcomplemertarity product x;z; from the
average. When = 1 (all individual products are equal to their average)we have that
= 0 and the algorithm takesan aggressie step. Note that the rule (3:6) always chooses

0:8, sothat ewventhough the value of may increasefrom oneiteration to the next, it
will never be chosento be larger than the current complemenarit y value x ' z=n.

Let us compare the numerical performance of these two adaptive strategies with the
static Fiacco-McCormidk approach. To better measurethe impact of the choice of barrier
parameter, that is, to try to distinguish it from other algorithmic features, we use both
the ipopt and knitr o software padkagesin our tests. Thesecodesimplement signi cantly
di erent variations of the simple primal-dual iteration (2:5). Ipopt wasimplemerted for
thesetests without a line seard; only the fraction to the boundary rule (2:8) wasimposed
on the primal and dual steplengths. For knitr o we usedthe Interior/Direct option (we will
refer to this version as knitr o-direct henceforth), which invokes a line seard approat
that is occasionally safeguardedby a trust region iteration (for example, when negative
curvature is encourtered) [25].

The barrier parameter strategiestested in our experimerts are as follows:

logo rule. The barrier parameter is chosenby (3:1) and (3:6).

Mehrotra probing At every iteration, the barrier parameter is given by (3:1) and
(3:5). Sincethis requiresthe computation of the a ne scalingstep (3:2), this strategy
is more expensive than the loqo rule . For knitr o-direct , in the iterations in which
the safeguardingtrust region algorithm is invoked the barrier parameter is computed
by the logo rule instead of Mehrotra probing. This is done becauseMehrotra prob-
ing is expensive to implemert in the trust region algorithm, which usesa conjugate
gradient iteration.
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Figure 1: Results for four barrier parameter updating strategies.

MPC. The complete Mehrotra predictor-corrector algorithm asdescribedin Section7.
As in the Mehrotra probing rule, when knitr o-direct falls back on the safeguarded
trust region algorithm, the barrier parameter is computed using the logo rule for
e ciency , and no corrector step is used.

Monotone. (Also known asthe Fiacco-McCormidk approach.) The barrier parameter
is xed, and a seriesof primal-dual stepsis computed, until the optimalit y conditions
for the barrier problem are satis ed to some accuracy At this point the barrier
parameter is decreased.ipopt and knitr o implement somewhatdi erent variations
of this monotone approad; see[23, 25] for details about the initial value of , the
rule for decreasing , and the form of the barrier stop tests.

For the numerical comparison, we selectall the nonlinear programming problemsin the
CUTET test setthat cortain at leastonegeneralinequality or bound constraint®. This gives
a total of 599 problems. Figure 1(a) reports the total number of iterations for ipopt , and
Figure 1(b) shaws the total number of function evaluations for knitr o, both comparing the
performance of the four barrier strategies. Measuring iterations and function evaluations
give similar pro les and we provide both for greater variety. All the plots in the paper use
the logarithmic performancepro les proposedby Dolan and More [6]. To accourt for the
fact that di erent local solutions might be approadied, problemswith signi cantly dierent
nal objective function valuesfor successfuruns were excluded.

Note that the adaptive strategies are more robust than the monotone approadc, and
that Mehrotra probing appearsto be the most successfuin terms of iterations or function

Lexcluding those problems that seeminfeasible, unbounded, or are given with initial points at which the
model functions cannot be evaluated; see[23].



evaluations. The complete MPC algorithm is very fast on someproblems, but is not su -

ciertly robust. This is clearin Figure 1(a) which reports the performanceof the pure MPC
strategy implemented in ipopt ; it is lessclear in Figure 1(b), but as mertioned above,
in the knitr o implementation the MPC approad is replaced by the logo rule (without
corrector step) when the safeguardedrust region step is invoked. The reasonfor the lack of
robustnessof the MPC strategy will be discussedin Section7. Motiv ated by theseresults,
we give further attention to adaptive choicesof the barrier parameter.

4 Qualit y Functions

We now consider an approacd that selects by approximately minimizing a quality func-
tion. Welet = X;—Z where the certering parameter 0 is to be varied, and de ne
() to bethe solution of the primal-dual equations (2:5) as a function of . We also let
qaxc ), M ) denote the steplengths satisfying the fraction to the boundary rule (2:8)
for = ( ), andlet
X()=x+ ) x();

y()=y+ 27%0) y( ) z()=z+ 7%() z():

Our approad is to choosethe value of that givesthe bestoverall step, asmeasuredby
the KKT conditions for the nonlinear program (2:1). For example, we could try to choose
soasto minimize the nonlinear quality function

() = krf(x( ) AX()DTY() z( K+ ke(x( )K?
+kZ( )X ( )ek?: (4.1)

The evaluation of gy is, however, very expensiwe sinceit requiresthe evaluation of problem
functions and derivativesfor every value of . A much more a ordable alternativeisto use
the linear quality function

a() = @ PNk f(x) ATY zZK+ (1 () %ke(x)k?
RO+ ) XOZ+ 7)) Z( ek’ (4.2)

where X ( ) is the diagonal matrix with  x( ) on the diagonal, and similarly for Z( ).
The function g has beenobtained from (4:1) by assumingthat primal and dual feasibility
(i.e. the rst two terms in (4:1)) are linear functions, asis the casein linear programming.
Note that q ( ) isnot acorvexfunction of becausehe steplengths 7'#; 7@ dependon
in a complicated manner. The dominant costin the evaluation of g. liesin the computation
of the maximal steplengths ;'*; M and the last term in (4:2), which requiresa few vector
operations. We de ne the quality function using squared norms to sewerely penalize any
large componerts in the KKT error. In Section 6 we discussthe choice of norms and other
details of implementation. We have also experimented with a quadmtic quality function
that is basedon the KKT conditions for a quadratic program, and that like (4:2), doesnot
require additional function or gradient evaluations. Howevwer, it did not perform aswell as
the linear quality function, for reasonsthat require further investigation.

7



In Section 6 we describe a procedure for approximately minimizing the scalar function
q ( ). Before presering our numerical results with the quality function, we considerthe
issueof how to guarantee the global convergenceof nonlinear interior methods that choose
the barrier parameter adaptively.

5 A Globalization Metho d

The adaptive strategiesdescribed in Section3 canbe seenfrom the numerical results in that

sectionto be quite robust. (We shaw in the next sectionthis is alsothe casewith the quality
function approad.) Yet, sincethe barrier parameteris allowed to changeat every iteration

in thesealgorithms, there is no mechanism that enforcesglobal corvergenceof the iterates.

In cortrast, the monotone barrier strategy employed in the Fiacco-McCormick approacd

allows us to establish global convergenceresults by combining two mecanisms. First, the

algorithms usedto minimize a given barrier problem (2:2) usea line seard or trust region
to enforce a decreasein the merit function (as in knitr 0) or to guarantee acceptability

by a Iter (asin ipopt ). This ensuresthat an optimality test for the barrier function is
eventually satis ed to sometolerance . Second,by repeating this minimization processfor

decreasingvaluesof and that corvergeto zero, one can establish global convergence
results [2, 8] to stationary points of the nonlinear programming problem (2:1).

We now proposea globalization schemethat monitors the performanceof the iterations
in referenceto an optimality measurefor the nonlinear program (2:1). As long as the
adaptive primal-dual steps make su cien t progresstowards the solution, the algorithm is
free to choosea new value for the barrier parameter at every iteration. We call this the
free mode. Howe\er, if the iteration fails to maintain progress,then the algorithm reverts
to a monotone mode, in which a Fiacco-McCormidk strategy is applied. Here, the value of
the barrier parameter remains xed, and a robust globalization technique (e.g., basedon
a merit function or a Iter) is employed to ensure progressfor the corresponding barrier
problem. Once the barrier problem is approximately minimized, the barrier parameter is
decreased.The monotone mode cortinuesuntil an iterate is generatedthat makessu cien t
progressfor the original problem, at which point the free mode resumes.

The goal of our globalization schemeis to interfere with adaptive stepsaslittle aspossible
because as already noted, they result in fairly reliable iterations. As a measuremen of the
progressin the optimization of the nonlinear program (2:1), we monitor the KKT error of
the original nonlinear program,

(x;y:z) = kr f(x) AMX)Ty zk?+ ke(x)k? + kZ X ek?: (5.1)

Werequire that this measurebe reducedby afactor of 2 (0; 1) over at mosta xed number
of IM@ iterations, as long as the algorithm is in the free mode. Note that a corvergen
sequenceof points (x; y; z) gives ( x;y;z) ! 0only if the limit point satis es the rst order
optimalit y conditions for the nonlinear program (2:1).

We now formally state the proposedglobalization procedure.



Globalization Framew ork

Given (Xo; Yo; Zo) With (Xo;Zp) > 0, aconstart 2 (0;1) and an integer ™ 0.
Rep eat
Choosea target value of the barrier parameter |, basedon any rule.
Compute the primal dual seart direction from (2:5).
Determine step sizes 2 (0; y®Jand 42 (0; 7¥].
Compute the new trial iterate (%x+1 ;Yx+1; Z+1) from (2:7).
Compute the KKT error ~g+1 ( %k+1 Vi1 Brs1 )

SetMy = maxf  |; k 1+1;:::; kg with | = minfk; Mg,
If “ke1 My
Accept (%k+1; Yx+1; Zk+1 ) asthe new iterate, and set y+1 Tkl -

Setk k+ 1 and return to the beginning of the loop.
else
Start Monotone Mode:
Starting from (%x+1 ; Yx+1; Zx+1 ), and for an initial value of the
barrier parameter, solve a sequenceof barrier problemswith a
monotonically decreasingsequenceof barrier parameterslessthan
to obtain a new iterate (Xk+1;Yk+1,;Zk+1) Such that
kel ( Xks1iYkel:Zks1) M.
Setk k+ 1 and resumethe free mode at the beginning of the loop.
end if
End (rep eat).

Since this framework ensuresthat the optimality measure is reduced by a factor
of < 1in at most every I™M& ijterations, it is clearthat ! 0. Consequetly, all limit
points of the sequenceof iterates satisfy the rst order optimalit y conditions of the nonlinear
program (2:1).

Note that even in the free mode we might want to choosesteplengths ,; 4 that are
shorter than the maximal step sizes '&; 7@ In our implemertations, we perform a line
seard to enforce progressin a merit function or a Iter, both of which are de ned with
respect to the barrier problem (2:2) corresponding to the current value . This is possible,
becausethe adaptive primal-dual seart direction is compatible with this barrier problem.
The penalty parameter of the merit function, or the history in the lter, areresetat every
free iteration becausethe barrier problem itself changesat every free iteration.

In the monotone mode, it is not required to solve ead barrier problem to the speci ed
tolerance before cheking whether the method can revert to the free mode. Instead, we
compute the optimality error ( X;y;z) for all intermediate iterates in the monotone mode,
and return to the free mode, assoon as ( x;y;z) M .

Finally, we point out that criteria other than an optimality measure can be incorpo-
rated in the above globalization framework. For example,the decisionof whento switch to
the monotone mode could be basedon a two-dimensional Iter involving the original objec-
tive function f (x) and the constraint violation kc(x)k. In this setting, the algorithm would
stay in the free mode as long as the trial iterate reduceseither the value of the objective



function or the constraint violation su cien tly comparedto all previous (free) iterates. Note
that, by using this strategy, the algorithm might never return from the monotone mode.
We implemented this option in ipopt and obsened that it was similar in performanceto
the optimality measure .

6 Numerical Results

In order to determine an appropriate value of the barrier parameter (3:1) using the quality
function approadc, we needto (approximately) minimize g ( ). Due to the complicated
dependenceof the steplengths #( ); 2'®( ) onthe parameter , it doesnot seempos-
sible to obtain an analytic solution to this one-dimensionalminimization problem within a
reasonableamount of computation time. Therefore, we implemented seard strategiesusing
only function evaluations of g_( ). The seard is relatively inexpensive since an evaluation
of g requiresonly a few vector-vector operations. An important considerationis that be
allowed to take on values greater than one so that the algorithm can recover from overly
aggressie reductions of the barrier parameter.

The seard heuristic implemented in ipopt usesa golden bisection procedure (see,e.g.
[16]), ignoring the fact that g is noncorvexin general. First, goldenbisectionis performed
in the interval [ ™"; 1], where ™" is chosento correspond to a minimal permissible value
of the barrier parameter ™" (in our implemertations, ™" = 10 9). If the minimizer
within this seart interval appearsto be at = 1, a secondbisection seard is performed
in the interval [1; 100]. Each bisection procedureterminates if 10 evaluations of the quality
functions are performed, or if the seard interval [a; b] becomessmallerthan b 10 3.

The seard implemented in knitr 0 proceedsin two phases.First a rough global searh
is performed by sampling valuesof distributed in the range[ ™";1000](the number of
sample points dependson the value of the averagecomplemenarity at the current iterate,
but a typical number of sample points is between5 and 12). This seard returns 1, the
trial point giving the lowestvalueofqg. If ; 0:99o0r ;1 100, then we take ; asthe
approximate minimizer of g.. Otherwise, we perform a more re ned seard in the range
[0:5; 1] by testing the values =1 2%; | = 1::5, and denote the best value from this searth
as . Wethen takethe better of ; and » asthe approximate minimizer. The ideabehind
the more re ned seard is the following. If the rough seard results in a minimizer which
is greater than 1, then beforetaking this value we want to chedk more thoroughly whether
we can nd a better value of < 1 which aimsto decreasethe current complemerarit y.

We now discussthe choice of norms in the quality function (4:2) and in the optimality
measure(5:1). (For consistency we use the same norms and scaling factors in (4:2) and
(5:1).) In ipopt we usethe 2-norm, and ead of the three terms is divided by the number
of elemerts in the vectorswhosenorms are being computed. In knitr o, the rst two terms
in (4:2) and (5:1) use the in nit y-norm, and the complemenarity term usesthe 1-norm
divided by n. In addition, in an attempt to make the function less scale dependert,
knitr o scalesthe second(primal infeasibility) term by the maximum constraint violation
at the initial point (if this value is greater than one), and scalesthe rst and third terms
(dual infeasibility and complemenrarity) by max(1; kr f (xx)ky ). These are the scaling
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Figure 2: Resultsfor the NETLIB test set.

factors usedin the knitr o termination test [25].

The testsinvolving ipopt wererun on aDual-Pertium 111, 1GHz machine running Linux.
The knitr o testswererun on a machine with an AMD Athlon XP 3200+ 2.2GHz processor
running Linux. For both codes,the maximum number of iterations was setto 3000and the
time limit wassetto 1800CPU seconds.No scaling of the test problems was performed by
the codessince one of our goalsis to dewelop barrier parameter update strategiesthat are
insensitive to problem scaling. The tests were run using the latest developmert versionsof
ipopt and knitr o asof February 2005.

The rst results are for the linear programming problemsin the NETLIB collection, as
speci ed in the CUTEr test set[14]. No preprocessingwas performed, and no initial point

comparesthe performance of the quality function approac (both with and without the
globalization framework of Section 5) with two of the strategies described in Section 3,
namely the monotone method and the (unglobalized) Mehrotra probing heuristic. Even
though our focusis on nonlinear optimization, linear programming problems are of interest
sincethey allow us to assesshe e ectiv enessof the quality function in a context in which
they exactly predict the KKT error. It is apparert from Figure 2 that the quality function
approad is very e ective on the NETLIB test set, and that the globalization framework
producesonly a slight decreasein e ciency . We note, however, that the quality function
approadc requires extra work, and hencemay not be the fastestin terms of CPU time.
The performanceof the four barrier update strategies on nonlinear programming prob-
lemswith at least oneinequality or bound constraint from the CUTEr collection is reported
in Figure 3. The quality function approac again performs signi cantly better than the
monotone method, but this time its advantage over Mehrotra probing is lesspronounced.
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Figure 3: Resultsfor CUTEr test set.

Theseresults are of practical importance sincethe monotonemethod is currently the default
strategy in both ipopt and knitr 0; our tests suggestthat signi cant improvemerts can be
expectedby using adaptive strategies. We believe that the quality function approad shows
potential for future advances.

7 Corrector Steps

The numerical results of Section 3 indicate that, when solving nonlinear problems, including
the corrector stepin Mehrotra's method (the MPC method) is not bene cial. This isin stark
contrast with the experiencein linear programming and corvex quadratic programming,
wherethe corrector stepis known to acceleratethe interior-p oint iteration without degrading
its robustness. In this section we study the e ect of the corrector step and nd that it
can also be harmful in the linear programming and quadratic programming casesif an
initial point strategy is not used. These obsenations are relevant becausein nonlinear
programming it is much more di cult to nd a good starting point.

Let us begin by considering the linear programming case. There are seweral ways of
viewing the MPC method in this context. One is to consider the step computation as
taking placein three stages(see,e.g.,[26]). First, the algorithm computesthe a ne scaling
step (3:2) and usesit to determine the target value of the barrier parameter = X;—Z
where s given by (3:5). Next, the algorithm computesa primal-dual step,say P9, from
(2:5) using that value of . Finally, a corrector step °°" is computed by solving (2:5) with
the right hand side given by

(0; X2 Zz2¢e0; (7.1)

12



where X2 isthe diagonal matrix with diagonal ertries givenby x2 , and similarly for
Z?2 . The complete MPC step is the sum of the primal-dual and corrector steps. We can
compute it by adding the right hand sidesand solving the following system:

2 32 3 2
raLl  AT(x) | xmpe rf(x) AT(xX)y z
Z 0 X 94 ymcS5= 4Xz e+ X2 Zzaebd: (7.2)
A(X) 0 0 zmpe c(x)

The new iterate (x*;y*";z*) of the MPC method is given by (2:7)-(2:8) with
— ( mec; ympc; ZmpC).

Alternativ e views of the MPC method are possibleby the linearity of the step computa-
tion: we can group the right hand sidein (7:2) in di erent ways and thereby interpret the
step asthe sum of di erent componerts. Yet all theseviews point out to an inconsistency
in the MPC approad, aswe now discuss.

First of all, let usjustify the de nition of the corrector step. In the linear programming
case, primal and dual feasibility are linear functions and hence vanish at the full ane
scaling step given by

(y;z)+ ( x*5oy* 2% ) (7.3)
The complemenarit y term takeson the following value at the full a ne scaling step:
X+ X3)z+ z3)= X? z%3:

It follows from this equation that the value of the right hand side vector in (2:5) at the
full ane scalingstep (7:3) is given by (7:1). Thus the corrector step can be viewed as a
modi ed Newton steptakenfrom the point (7:3) and usingthe primal-dual matrix evaluated
at the current iterate (x;y; 2).

The inconsistency in the MPC approac arises becausethe corrector step, which is
designedto improve the full ane scaling step, is applied at the primal-dual point; see
Figure 4. In some circumstances,this mismatch can causepoor steps. In particular, we
have obsened that if the a ne scaling step is very long, in the sensethat the steplengths
(2:8) arevery small, and if the corrector stepis evenlarger, then the addition of the corrector
step to the primal-dual step (2:7) can signi cantly increasethe complemenarity value x " z.
This behaviour can be sustained and lead to very slow corvergenceor failure, as shavn
in Table 1. The results in this table were obtained using PCx [5], an interior-p oint code
for linear programming that implements the MPC method, applied to problem Forplan
from the NETLIB collection. We disabled the initial point strategy of PCx and set the
initial point to X = e;z = e. Note from Table 1 that the a ne scaling and corrector steps
appearto grow without bound, and examination of the results showvs that the dual variables
diverge.

To provide further support to the claim that the corrector step can be harmful we ran
the complete set of test problems (94 in all) in the NETLIB collection. Using the default
settings, which includes a strategy for computing a good starting point, PCx solved 90
problems, and terminated very closeto the solution in the remaining 4 cases. Next we
disabled the initial point strategy and set the initial point to x = e;z = e. PCx was now

13
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Figure 4. An unfavorable corrector step.

Iter | Primal Obj Dual Obj | Prilnf | Duallnf e max Iog(";—z) k 2 k| k Mk
0| 9.0515e+01 | -4.8813e+06 | 1.0e-00 | 1.9e+00 | 0.0e+00 | 0.0e+00 0.00 | 0.0e+00 | 0.0e+00
1| 9.0216e+01 | -1.3664e+08 | 1.0e-00 | 1.9e+00 | 8.6e-13 | 5.0e-12 0.08 | 5.6e+06 | 1.2e+13
2 | 9.0403e+01 | -3.3916e+08 | 1.0e-00 | 1.9e+00 | 7.3e-13 | 4.8e-13 0.16 | 9.1e+07 | 1.9e+14
3| 9.0769e+01 | -1.1343e+10 | 1.0e-00 | 1.9e+00 | 4.0e-12 | 1.2e-11 1.18 | 2.2e+08 | 3.9e+14
4 | 9.0860e+01 | -1.8010e+11 | 1.0e-00 | 1.9e+00 | 1.5e-12 | 5.0e-12 2.35 | 8.0e+09 | 1.4e+16
5| 9.1312e+01 | -2.9307e+12 | 1.0e-00 | 1.9e+00 | 4.3e-12 | 5.1e-12 3.56 | 1.3e+11 | 2.2e+17
6 | 9.1710e+01 | -8.2787e+13 | 1.0e-00 | 1.9e+00 | 6.0e-12 | 9.1e-12 5.01 | 2.1e+12 | 3.6e+18
7 | 9.2036e+01 | -1.5505e+15 | 1.0e-00 | 1.9e+00 | 7.5e-12 | 6.0e-12 6.28 | 5.9e+13 | 1.0e+20
8 | 9.2282e+01 | -6.8149e+16 | 1.0e-00 | 1.9e+00 | 7.0e-12 | 1.4e-11 7.93 | 1.1e+15 | 1.9e+21
9| 9.2279e+01 | -4.4155e+18 | 1.0e-00 | 1.9e+00 | 9.2e-12 | 2.1e-11 9.74 | 4.8e+16 | 8.3e+22
10 | 9.2244e+01 | -2.8697e+20 | 1.0e-00 | 1.9e+00 | 6.8e-12 | 2.1e-11 11.55 | 3.1e+18 | 5.4e+24
11 | 9.2381e+01 | -3.1118e+22 | 1.0e-00 | 1.9e+00 | 1.1e-11 | 3.6e-11 13.58 | 2.0e+20 | 3.5e+26
12 | 9.2462e+01 | -7.0471e+24 | 1.0e-00 | 2.2e+01 | 6.2e-12 | 7.6e-11 15.94 | 2.2e+22 | 3.8e+28
13 | 9.2523e+01 | -9.9820e+26 | 1.0e-00 | 2.8e+03 | 1.4e-11 | 4.7e-11 18.09 | 5.0e+24 | 8.6e+30
14 | 9.2605e+01 | -1.1959e+30 | 1.0e-00 | 2.2e+01 | 2.1e-11 | 4.0e-10 21.17 | 7.1e+26 | 1.2e+33

Table 1: Output for NETLIB problem Forplan for default PCx with bad starting point
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Figure 5: Results on the NETLIB test set for three corrector step strategies implemented
in PCx. The initial point wassetto x = e;z= e.

able to solve only 28 problems (and in only 3 additional casesterminated very closeto the
solution).

We repeatedthe experimert, using the initial point x = e;z = e, but this time removing
the corrector step; this correspondsto the algorithm called Mehrotra probing in Section 3.
We alsotested a variant that we call conditional MPC in which the corrector stepis employed
in the MPC method only if it doesnot result in an increaseof complemenarity by a factor
larger than 2. The results, in terms of iterations, are reported in Figure 5. Note the
dramatic increasein robustnessof both strategies, compared with the MPC algorithm.
The conditional MPC strategy is motivated by the obsenation that harmful e ects of the
corrector steps manifest themselhesin a signi cant increasein complemenarit y.

Finally we comparethe monotoneand quality function approacesdescribedin Section3
with the conditional MPC approad on the nonlinear programming problems usedin that
section. The conditional MPC method is now implemented so asto reject corrector steps
that increasecomplemertarit y (this more consenativ e approac appearsto be more suitable
in the nonlinear case). Furthermore, if the conditional MPC step does not passthe merit
function or Iter acceptancetest for the current barrier problem, the corrector step is also
rejected, and the badcktracking line seart for the regular primal-dual step is executed.
The results, given in Figure 6, indicate that this conditional MPC method requires fewer
iterations and function evaluations, and is not lessrobust, than the other strategies.
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Figure 6: Results for safeguardedcorrector steps.

8 Final Remarks

A multi-ob jective quality function was used by Meszaros[18] to estimate the optimal
steplengths for interior methods for quadratic programming. His solution technique is
basedon exploiting the properties of the e cien t frontier of the multi-ob jective optimiza-
tion problem. The numerical results shov a consistert (but modest) improvemert over
using equal steplengths. Curtis et al. [4] study a quality function that is much closerto
the onediscussedin Section4. They formulate the problem of nding optimal steplengths
for quadratic programming using the quality function (4:1) specialized to the quadratic
programming case. In this paper we have gone beyond the approadesin [4, 18] in that
the quality function is usedto determine the barrier parameter, and also indirectly, the
steplengths.

Ac knowledgmen t. We would like to thank Richard Byrd for his many valuable com-
ments and suggestionsduring the courseof this work.
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