A Perturb ed Gradient Algorithm in
Hilb ert spaces

Kengy Bartﬂ, Jean-Sebastien Roy&, Cyrille Strugare
May 19, 2005
Abstract
We propose a perturb ed gradient algorithm with stochastic noises to solve
a general class of optimization problems. We provide a convergence proof
for this algorithm, under classical assumptions on the descent direction, and
new assumptions on the stochastic noises. Instead of requiring the stochastic
noises to correspond to martingale increments, we only require these noises
to be asymptotically so. Furthermore, the variance of these noisesis allowed
to grow innitely under the control of a decreasing sequencelink ed with the
gradient stepsizes.
We then compare this new approach and assumptions with classical onesin
the stochastic approximation literature.
As an application of this general setting, we show how the algorithm to
solve innite dimensional stochastic optimization problems developped in
[Barty et al., 2005] is a special case of the following perturb ed gradient al-
gorithm with stochastic noises.
In a second part, we provide analogously a general perturb ed gradient algo-
rithm to solve saddle point problems, and provide a convergence proof under
mild assumptions, in the same spirit as those of the previous theorem.
Keyw ords: Stochastic Quasi-Gradient, Perturb ed Gradient, In nite Dimen-
sional Problems, Saddle Point Problems

1. Intr oduction

The eld of stochastic approximation theory actually beganwith the seminalpa-
per of Robbins and Monro ([Robbins and Monro, 1951)). Thanks to the variousand
numerousapplications, stochastic approximation hasbeenstudied very thoroughly,
and the results, either generalor more applied, are today well known, especially in
the caseof nite dimensional stochastic approximation (seee.g.,[Lai, 2003 for an
historical survey of stochastic approximation, or [Du o, 1997 for the many branches
of this eld, or [Nevel'son and Has'minskii, 1973 for their important monograph).
A lot of various assumptionson stochastic approximation algorithms already exist,
and our goal is not to make this eld more complicated, but to proposesomenew
generalassumptionsparticularly adaptedto stochastic optimal corntrol and in nite
dimensional problems. The study of Hilb ert-valued stochastic approximations has
also beendewelopped, with for example [Goldstein, 198§. An important progress
in this areais the paper [Yin and Zhu, 199(, shawving the corvergenceand giving
asymptotic properties of an Hilb ert-valued Robbins-Monro algorithm under a few
assumptions. The important work preseried in [Hiriart-Urrut y, 19793 studies the
role of stochastic approximation to solve general Hilb ert-valued variational equa-
tions, using both probabilistic and variational argumerts.

Our work aims to bring someother assumptionsto ensurethe convergenceof sto-
chastic approximation procedurein the generalframework of in nite dimensional
Hilb ert spaces.It hasbeenmotivated both by the paper [Bertsekas and Tsitsiklis, 200Q,
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and by the practical needto proposee cien t ways to solve in nite dimensional sto-
chastic optimization problems.

Convergenceproofs of stochastic approximation algorithms exist in various point
of views. Historically, almost surely corvergenceproofs were given through the
so called Robbins-Siegnund Lemma (see[Robbins and Siegrnund, 1971]), and have
beenthen dewveloppedby e.g. [Benveniste et al., 1990, or [Polyak and Tsypkin, 1973.
Other approades have been dewvelopped successfully: in the well known mono-
graph[Clark and Kushner, 1978, stability analysisis developped and a newmethod
basedon the analysis of the underlying ordinary di erential equation is provided.
This method has e.g. beenusedin [Yin and Zhu, 1997 to derive their in nite
dimensional corvergenceresults. Following the samedirection, thanks to the gen-
eral results on Hilb ert-valued mixingales (see[Chen and White, 199§), the recert
paper [Chen and White, 2007 provides a good understanding of in nite dimen-
sional Robbins-Monro type procedures. They use modied stochastic approxi-
mation with boundednessproperties to derive almost surely corvergenceresults
and asymptotic normality. Starting from the same ideas, we can also mention
[Horn and Kulkarni, 1994 or [Delyon, 199€, founded on deterministic argumerts,
but limited to the nite dimensional case. Among those approaces,we will follow
in this paper an approac more basedon probabilistic martingale or quasimartin-
gale argumerts (see[Metivier, 1987).

In this paper, we focus on the theoretical and general setting of the stochastic
approximation procedure we suggest,certered on the solution of stochastic opti-
mization problems. The paper [Hiriart-Urrut y, 197 is the nearestof ours, by the
techniquesusedin the proofs and the problemsit adressesput the results are a bit
di erent from ours. The biggestdi erence is the explicit introduction in our paper
of stochastic noiseswhich are not from the beginning martingale incremerts, but
only asymptotically. The assumptionsmadein [Hiriart-Urrut y, 1975, Theorem 5.1
and Theorem 5.2 involve the whole sequencef the noises,and can hencebe di cult
to verify. Starting from the sameideas, we proposeother assumptionswhich lead
to the sameresult, but only involve instantaneous perturbations.

The results of [Chen and White, 2007 di er from oursin that: they are not robust
to any projection, exceptthe projection ona nite dimensionalsubspaceof the orig-
inal Hilb ert space;they focuson modi ed stochastic approximation procedureswith
boundednesgproperties; they provide more restrictive assumptionson the perturba-
tion sequencesOur paper is built asfollows: Section2adressesninimization prob-
lems. We provide in subsection2.2 two corvergenceproofs with general assump-
tions. In subsection2.4, we place our result in the context of stochastic approxima-
tion, and we especially compareit with the result of [Bertsekas and Tsitsiklis, 200Q.
In subsection2.5, we showv how our results can be usedto prove the convergenceof
a new algorithm introduced in a forthcoming paper ([Barty et al., 2005), to solve
in nite dimensional stochastic optimization problems. In section[3, we proposea
perturbed gradient algorithm to solve generalsaddle point problems, and provide
a cornvergenceproof. In section/4, we provide two technical lemmas usedin the
cornvergenceproofs.

2. Minimiza tion Pr oblems
2.1. Algorithm.  We focus on the problem:
1) minf (x)
st:x2 X':

where:



X is someHilb ert spacewith inner product and norm respectively denoted

by h; i andk Kk,

f : X I R isaconvex mapping,

X is either a closedsubspaceof X, or a closedcornvex subsetof X , and
«+ denotesthe projection onto X .

We write the following perturb ed gradient algorithm for problem (1), i.e.,
Algorithm 2.1, Stept 2 N:

Xe+1 = xt (Xe+ (St + W) ;

wheres; is the descen direction, w; is the random noise (the perturbation), and
¢ is a nonnegative decreasingstepsize.

Remark 2.2 (Random noise) More precisely w; can be seenas a random vari-
able on somemeasurablespace( ;A;P) for all t 2 N. When we will talk in the
following of almost sure corvergence,it is in the senseof the product probability
space( t2n 5 t2nP), i.e., the sampling space.

2.2. Convergence Pro ofs.

De nition 2.3 (Coercivity). A mappingg: X ! R is said to be coercive if and
only if
kxllim g(x) = +1:

We provide two convergenceproofs corresponding to the two possiblecasesf fea-
sible set. Theorem[2.4focuseson the casewhere X ' is a closedcorvex subsetof X ,
while Theorem2.5 providesa result when X ' is a closedsubspace.The calculations
in the two proofsare quite similar. In Theorem/2.4, we follow the classicalRobbins-
Siegnund's pattern for stochastic algorithms (see[Robbins and Siegnund, 1971),
and in Theorem[2.5, we provide a more constructive proof basedon the work of
[Cohenand Culioli, 199Q.

Theorem 2.4 (Projection on a closedcornvex subset). (i) Assumethat x 7! f (x)
is strongly convex with modulus B > 0, and lower semimntinuous. Hence, it is
Gateaux-di er entiable. Assume moreover that X' is a closel convex subsetof X .
Then, (1) has a unique solution denotead by x .

(i) Let (F¢) be a ltr ation, and assumethat for all t 2 N, x; and s; are Fy-
measurable.

(i) Assumethat r f () is Lipschitz continuous with modulus L.

(iv) Assumethat there existc; > 0, suchthat for all t 2 N,

(29) s xe x i (F(x) f(xi));
(2b) kstk c(1+ kr f (x)K):

(v) Assumethat thereareb 0; A > 0 and a nonnegative sequene ( ), suchthat
for all t 2 N,

(3a) KE(WjFi) kb (1+ kr f(Xx¢)K);
. 1
(3b) E kwik?jF: A 1+ Zkr f(xq)k?
t
(vi) Assumethat the sequen@s( ;) and ( ;) are suchthat:
X X(? X
4 B8t2N; ¢; ¢>0; t= +1; —— < +1; bii<+1:

t2N t2N ¢

3

t2N



Then f(x;) ! f(x ) a.s., ast goesto innity, and (X;) strongly convergesto the
unique solution x of (I).

Pro of : We follow Robbins-Siegmund's scheme (see[Robbins and Siegnund, 1971)).
Let t 2 N. It holds:

kxeer X k* =k xr (Xe+ (st +w)) X 5
k Xt X + (st + w)k? by the nonexpansivenessof
k x¢ X K2+ ( 0)%kse + Wik + 2 (b5 + WXy X i
k x¢  x K2+ 2( 1)%ksik? + 2( )% kw k>
(5) + 2 thw;xe xi+2¢ (f(x) f(xi))

by assumption (2a), and using the classicalinequality (x + y)>  2x? + 2y®. Using once
again this inequality, together with assumption (2b) yields:

kxist X K2 kxe  x K2+ 4c%( 1)? 1+ kr f (x)K?
(6) +2( )%kwek® + 2 chwexe x i+ 2 (F(x ) f(x))

The strong convexity of f reads:
f(x) fX)+hrf(x)x i %kxt x K%
By optimalit y, onehashr f (x );x  x¢{i 0. Thus,
f(x) f(x) %kxt x k%

Let us now take the conditional expectation with respect to F; in (6), and use the last
equation about strong convexity. One obtains:
E kxtea X KjF k x¢ X K2+ 4c%( )2 1+ kr f(x)k?
+ 2( 1)°E kwiK%jFy + 2 (KE (WjF{) kkx; x k
B (kx; x K%
k x¢ X K2+ 4c%( )%+ 8c%( )%kr f(x )k

+8c%( )2kr f(x¢) rf(x )P+ 2A( )% 1+ ltkr f (x1)k?
©) +2b ¢ @+ kr f(x)K ke X k B tkxt x K
by assumptions (3a){([3b). We will now usethe inequality x 1+ x2 and the Lipschitz
property of r f (). Thus,

2
E kxis1 X K%jFy 1+ 8¢%( ¢)%L% + a7 2, 2b ¢ ((L+L+krf(x)k kxg x K
t

+ 2( )°A+ ACP( )® 1+ kr F(x )K® + 4Agkr f(x )k?
+2b ¢ L+ krf(x)k) B (kx; x K2
(8) =(1+ ke x K+
with { and . the terms of summable sequencesby assumption (4), and
t=B kxy x kK O

We can henceapply Robbins-Siegmund's Lemma ([Robbins and Siegmund, 1971]), which
yields:

kxi x k2 convergesa.s. whent! 1 ; and,
X

tkxy X K< +1:
t2N
Hence, (kx; x k?) convergesto O whent goesto in nit y, and it completesthe proof. 2
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Theorem 2.5 (Projection on a subspace) (i) Assumethat x 7! f (x) is convexand
lower semimntinuous. Hence, it is Gateaux-di er entiable. If moreover f is coercive
on X, and if X is a closal subsgce of X, then has a solution set denoteal by
X .

(i) Let (F¢) be a Itr ation, and assumethat for all t 2 N, x; and s; are F;-
measurable.

(iii) Assumethat r f () is Lipschitz continuous with modulus L.

(iv) Assumethat there exist ; ¢> 0 suchthat for all x 2 X , for all t 2 N,

(9a) ee,xe x i (F(x) f(xi));
(9b) kstk  c(1+ kr f (x()K):

(v) Assumethat thereareb 0; A > 0 and a nonnggative sequene ( ), suchthat
for all t 2 N,

(10a) KE(WjF{)k b¢@+ kr f(x)k);
(10b) E kwk?F, A 1+ L f (x¢)k?
t
(vi) Assumethat the sequen@s( ;) and ( ;) are suchthat:
X X(w? X
(11) 8t2N; ¢ >0 t=+1; ——<+1, byi<+1:
t2N tan ¢ t2N

Thenf (x;)! f(x ) a.s., ast geesto in nity, and everycluster point of (x;) belongs
to X .
(vii) Moreover, if f is strongly convex, (X;) strongly convemgesto the unigue solution

x of (2).

Pro of : Weusethe schemeintro ducedby [Cohen and Culioli, 1990, using a Lyapunov
function. Let for all x 2 X, ( x) := %kx x k? be our Lyapunov function. We will study
its evolution over the iterations. For all t 2 N, we will denote = ( x{). Lett 2 N.

1 .
t+1 t = ékxwl xek? + X1 X Xe X
(1)?
2
These inequalities are obtained using the nonexpansivenessand the linearity of the pro-
jection over a subspace. We take now the conditional expectation with respect to F; in
(12

2
E( t+1th) t (tz) E kSt+Wtk2th + trst;Xt X i

+ (hE(WijFi) Xt X i

(12) kSt+Wtk2+ tl’Bt"'Wt;Xt X i

2
G ksor ik + 0 (F(x ) f(x0)
+ bt [kX[ X k+ bt tkr f(X[)ka[ X k,
(0)?

> E kst + wik3Fe + ¢« (F(x) f(x0))
+ b tkxe x k+ by kr f(x¢) rf(x)kkxi x k
+ b ckr f(x )kkxi X k;

(1)?
2
(13) + by @+ L+kr F(x)Rkae x K2+ by ((L+kr f(x )K):

E ks + wkijFe + ¢ (F(x) f(xi))

Inequality is obtained by using assumptions (108){([9a), the classical inequality x
1+ x2, the Lipschitz property of r f, and Cauchy-Schwarz's inequality. We now focus on
5



the rst term of the right hand side:

(1)?
2

E kst + wik3jFy  (1)? kstk® + E kwiK%jF¢
()% 2@+ kr f(x)k¥)+A 1+ Lir f(x)k?
t

( )2C+ 2( )2 22+ A kr f(x¢) rf(x)k®+krf(x )k ;
t

2 0 COO 2,2 2 A 2.
(14) ()% C'+ = +2()°L% 2%+ — kxt x k%
t t
with C°and C%two positive deterministic scalars. (14) is obtained by using the classical
inequality (x + y)>  2x2 + 2y2, assumptions (9b){(/10b), and the Lipschitz property of
r f. We now go back to equation (13), and we obtain:

(15) E( t+1jF+t) t vt oot o (F(x) f(xt))
with:

¢t =4( )°L? 2¢% + A +2b¢ ¢ (L+ L+ krf(x)k);
t

— 2 0 COO .
t=( )" C+— +b¢(@+krf(x)k):
Thus, ( ) and ( ) form two summable sequences.Let us take the expectation in (15),
and denote = E( ). It yields:

(16) t+1 t tt+ ottt F(f(x ){Z f(Xt)}:

o; by optimalit'y

Using Lemma (4.1 (seethe following subsection), it shows that ( ) is bounded, by, say,
someM > 0. We now prove that ( () is a convergert quasimartingale. Indeed:
By de nition, ( :) is (F) adapted.
By de nition, forallt2 N, ( O0,ie., infonE( () O.
Let forallt 2 N, C; = fE( t+1 tJFt) > 0g. Clearly, 1c, is Fi-measurable.
Hence,\)/(vith (15), we have:

X
E(le: ( 1 1)) E(lc, E( 2 tjF ) ;
t2N %N
E(c (¢ t+ 1)
N
(tM+ )< +1:
t2N

It is also clear that sup,,y E(min( ;0)) < +1 . Consequerly, using a result of
[Metivier, 1982 (pp. 49-51), ( ) is a quasimartingale and convergesa.s. to some
integrable random variable. Hence, it is a.s. bounded, and hence, by de nition,

and using Lipschitz property of r f, the sequences(x:) and (r f (x;)) are a.s.
bounded in X . By assumption (9b), the sequence(s;) is also a.s. bounded in X .

We now prove that (f (x{)) a.s. convergesto f (x ). Coming back to (16), we obtain:
(E(F(xe) f(xX)) o+ o+ ¢ wad
We sum this inequality for t = 0;:::;n:

xo
tEF(xe) T(x)) o naa+  ((M+ )
t=0 t=0
X X
(17) M+ M tt t
t=0 t=0

Wemaken! 1 :
tE(fF(xt) f(x))<1:
t2N



By optimalit y, all the terms under the expectation are a.s. nonnegative. Thus:

X
(18) t(f(xt) f(x))<1:

k2N

We now want to useLemmal4.2l Let | 2 N. By convexity of f,

f(xi)) f(xi+1) hrf(x);xi Xsi;
(19) = thr f(xi1); xt (s1+ w)i:

We take now the conditional expectation with respect to F:

f(x1)  E(f(xi+1)jF1) thr £ (xi); xr (s + E(wWijF))i;
tkr £ (xi)k (ksik + KE (wijF 1) K) ;
kr £ (x))k(ksik+ b (1 + kr f(x1)k))
(20) [

with > 0, since we already know that (ks;k) and (kr f (x;)k) are bounded. Hence, we
can apply Lemma 4.2, with and (20), which yields

(21) Jim £ (x) = £(x)

Let x be a cluster point of (x¢). Hencethere is somesubsequence(x ()) which converges
to x. SinceX ' isa closed subspace,x 2 X", and by lower semi-cortinuity of f , it holds:

f(x) Iim inf f(x )) = f(x);

hence,x 2 X .
Supposenow that f is strongly convex with modulus B > 0. In this case,X reducesto
a singleton fx g. By de nition,

(22) f(x¢) f(x) hrf(x);xt xi+ %kx X k2

By optimality, hr f (x );x¢ x i 0. givestherefore the strong convergenceof (x)
to x , and it completesthe proof. 2

Remark 2.6 (Strong corvexity). Following the work of [Berliocchi and Lasry, 1972
we can weaken in point (vii) of Theorem[2.5 the strong convexity assumption. In-

deed, if the function f is only requiredto be strictly convex, the strong corvergence
of (x¢) towards the unigue solution x of problem (1) can also be proved. For the

sake of simplicity and clearity of the proof, we here preferred to make the strong

corvexity assumption. This assumption can be weakenedin a strict corvexity as-
sumption.

Remark 2.7 (Random stepsizes) The stepsizes( ) and ( {) introducedin Theo-

rems/2.4 and[2.5 can be taken as random sequencesvith nonnegative values, such

that for all t 2 N, { and  are F;-measurable. Indeed, the main results we use

in the proofs, such as Robbins-Siegnund's Lemma or Metivier's Proposition on

guasimartingales,are available with (F) adapted sequencedor the stepsizes.This

remark allows possibleonline de nition for these stepsizes,depending on the past
- elds.

2.3. A typical theorem. Among the lot of literature concerning stochastic ap-
proximation algorithms, beginning with [Robbins and Monro, 1951], we focus on
the work of [Bertsekas and Tsitsiklis, 200J. As we mertion in the introduction,
the results of [Chen and White, 2007 are near from ours, but the algorithms do
not presert the sameabilities, and a comparison betweenthe cornvergenceresults
would not be sensible. Bertsekas and Tsitsiklis shaw the following theorem:
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Theorem 2.8 (Bertsekas-Tsitsiklis). (i) Letf : R" ! R be a continuously di er-
entiable mapping, suchthat r f is Lipschitz continous.
(i) De ne (xt) to be the sqquene geneated by:

Xee1 = Xe + (St + Wy);

wher . is a deterministic stepsize,s; is a des@nt direction, and w; is a random
noise term. Let F; be an increasing sequene of - elds.

(i) Assumethat for all t 2 N, x; and s; are F¢-measurable,

(iv) Assumethat there exist two positive salars c; and ¢, suchthat for all t 2 N:

(23a) cikr f(x¢)k? hr f (X¢);sti;
(23b) kstk G (1+ kr f (x{)k)
(v) Assumethat for all t 2 N,

(24a) E (wtjF¢) =0;

(24b) E kwik?jFy A 1+ kr f(x)k?

where A > 0 is a positive deterministic constant.
(vi) Assumethat the stepsizesare suchthat:
X X
(25) 8t2N; (>0 (=+1; ()?<+1:
t2N t2N
(vii) Then, eitherf (x¢)! 1 orf(x{) convergesto a nite value,andlimy; r f(x¢) =
0. Furthermore, every limit point of (x;) is a stationary point of f .

See[Bertsekas and Tsitsiklis, 200( for the proof. The main interest of this result
is that there is no assumption on the boundednessof f from below. It rendersthe
problem di cult, sinceany classicalresult on supermartingalesis available for this
reason. We are but especially interestedin a comparisonof the assumptionsof this
theorem. In the caseof f convex, the conclusionsof Theorem[2.8 can be adapted
to t with conclusionsof Theorem[2.5.

2.4. Comparison. We comparehere Theorems2.8and[2.5. Assumptionsin these
theorems are of three di erent types: assumptionson the descen direction, as-
sumptions on the stochastic noises,and assumptionson the stepsizes.

(1) Descen direction: the di erence consistsin the two equations
s xy X i (f(x) f(x); and, cikr f(x)k? hr f(x¢);sti:

Since the mapping f is assumedto be convex in Theorem 2.5, these two
assumptionsare not sodierent. In our in nite dimensional setting, the
most essetial assumption is of coursethe convexity of f which in return
givesthe Gateaux-di erentiabilit y of f .

(2) Stochastic noises: clearly, assumptions (10a{(/10b) are weaker than as-
sumptions (248{(24b). Indeed, Theorem|2.8 requiresthe stochastic noises
to be martingale incremerts (cf. (243), what Theorem[2.5 only asymptot-
ically requires, and in a more relaxed form (cf. (10d). Analogously, the
variance of the stochastic noisesare allowed in Theorem[2.5to grow a priori
in nitely , and in any caseto be much bigger than in Theorem[2.8.

(3) Stepsizes:assumptionson stepsizesare quite the same. The descen stepsize

+ must decreaseto zero, not too fast, but not too slow. The dierence
betweenthe two theoremsis hencevery slight in that point of view. The
last assumptioninvolving the constart b 0 in Theorem[2.5is interesting.
Indeed, if oneis in the caseof (24a), one hasin the constart b= 0,
and hence, by taking { = 1for all t 2 N, (108 becomesexactly (243),

8



which once again shows that Theorem[2.5 can be seenas a generalization
of Theorem(2.8,

As a conclusion, the main new feature of Theorem[2.5is to relax classicalassump-
tions on the stochastic noises,and to provide a corvergenceproof evenin the in nite
dimensionalcasewith projections, which wasnot madein [Bertsekas and Tsitsiklis, 200Q.

2.5. Application to closed loop problems. Wehereassumethat X = L2(R™;RP; P),
and that there is somerandom variable denotedby and a cornvex, lower semicon-
tinuousin its rst componert, mappingj : RP R™ ! R sud that:
8x 2 L2(R™;RP;P); f(x) = E(j(x( ); )):
Let X' be a closedvector subspaceof X . We hencefocus on the problem :
(26) min E(j (x('); )):
x2Xf

Notice that sincej is convex, then sois f, and hence,f and j are Gateaux-
di erentiable, and it holds:

8x 2 X;r f(x)()=r (x();):

Sud problems are often referred to as closal loop stochastic optimization problems
A recert work [Barty et al., 2005 focusedon this problem, and proposeda stochas-
tic gradient type algorithm to solve this problem, basedon the use of kernels, i.e.
mappingsK; : R™ R™ ! R. Their algorithm is the following:

Algorithm  2.9. Stept:

Draw .1 identically, independertly from the past draws,
Update:

Xee1 ()= xr (Xe()  of xJ (Xe( te1)y t+2)Ke(e15 ) s

They provide a convergenceproof for this algorithm. We claim here that this
algorithm (whose abilities and applications are developped in [Barty et al., 2005)
is a special caseof Algorithm [2.1 Indeed, let us de ne:

Fi (150015 0)

St xJ (xe(); ),

Wi s (xe(); ) 1 (Xe( e ) t+1)%Kt( t+15 )-
Then, Algorithm 2.9 can be rewritten as:

r
r

Xeer = xt (Xe+ ¢ oe(st + W),

which corresponds exactly to Algorithm 2.1 with ¢ = . Clearly, assumptions
on corvexity of f and (9a){(/9b) are satis ed with our choice of s;. We now focus
son assumptions (108){(/10b){(/11).

In [Barty et al., 2009, the kernel functions are assumedto be suc that:

812N kst E s()—Ki(;) k b1+ ksik);
t

(27) 8x2R™ E (Ki(x )? by

with two deterministic positive scalarsb; and b,. The stepsizesare assumedto be
sudh that: X

X X
(28) 6 >0 (e=+1; ((1)?<+1; ()?¢<+1:
t2N t2N t2N
Clearly, and ensurethat assumptions(108){(/10b){([11) of Theorem2.5are
satis ed. Hence,Algorithm [2.9converges which wasalready provedin [Barty et al., 2005.
9



Remark 2.10 (Kiefer-Wolfowitz). Another stochastic approximation algorithm,
referred to as Kiefer-Wolfowitz algorithm (see[Kiefer and Wolfowitz, 1952), com-
putes an approximation of the true gradient, on the basisof nite di erences. There
are hencein this algorithm two stepsizesthe one corresponding to the descen step
t, and the other corresponding to the nite di erence approximation. Thesetwo
steps are required to satisfy joint decreasingassumptions, which are exactly the
samesas (28), if you considerthe nite dierence stepsizeto correspond to ( )2,
i.e. to the kernel approximation stepsizein Algorithm [2.9.

3. Saddle Point Pr oblems
3.1. Algorithm.  We focus here on the problem:
(29) min max L(x p);
st:x2 X"; p2 P';
where

X and P are two Hilb ert spaceswith respective inner product and norm
denotedby h; ix, h;ip andk kx, k kp,

L:X P! Risaconvex-concae mapping,

XT:P" are either closedconvex subsetsor closed subspacesof X and P
respectively, and () will denotethe projection.

We write the following perturb ed gradient algorithm for problem (29):
Algorithm  3.1. Stept 2 N:
Xte1 = xt (Xe ¥ {(St+ W) ;

Pr+1 pr (Pt P(re+ w)):

s; is henceasbeforea descenm direction, while r; is an ascern direction, and w;; v;
are the perturbations. The nonnegative stepsizes ¥; ! will bein the following the
same.

3.2. Convergence Pro of. Onceagain, it would be possibleto do two proofsasin
section2.2, but we prefer here to restrain ourselesto the casewhere X and P'
are closedsubspaceof X and P. We have the following theorem:

Theorem 3.2 (Saddle Point Problems). (i) Assumethat L(;p):X ! R is con-
vex and lower semiontinuous for all p2 P, andthat L(x; ) : P! R is concave
and upper semimntinuous for all x 2 X. Hence, they are Gateaux-di er entiable.
Assumemoreover that X and P are closal subspcesof X and P, and that there
exist a sadde point (x ;p ) toL overX® Pf.

(i) Let (F;) be a Itr ation, and assumethat for all t 2 N, X¢;s;;p; and ry are
F-measurable.

(i) Assumethatr 4L (; ) is Lipschitz continuous with modulusly andthatr ,L(; )
is Lipschitz continuous with modulus I ,.

(iv) Assumethat there exist c,;cy; > O suchthat for all t 2 N,

(30a) Pse;xe X ix  (L(X5p)  L(Xe;pe)) s
(30b) trope pip (LXep)  L(xeip))s
(30c) kstkx G (1 + kr xL(xt; p)K);

(30d) krikp  Cp (1+ kr pL(X¢;pr)K):

10



(v) Assumethat there are b;l, 0, Ax;Ap > 0 and nonnegative sequenes ( ;)
and ( P) suchthat for all t 2 N,

(31a) KE (WijFi) kx b £ (1+ kr 4 L(X¢;pt)kx);
(31b) KE (WjFt) ke by P(1+ kr pL(X¢;pr)ke);
. 1
(31c) E kwikijFt Ayx 1+ SkrL(x;p)kd
t
(31d) E kvik3jFy A, 1+ ipkr oL (Xt pr)K3
t

(vi) Assumethat the sequenes( ), ( ), (1), ( P) areall strictly nonnegative and
suchthat:

(32a) 8t2N; = P=
and that
(32b)
X X X X’ Xo(w?
(= +1; b + f<+1; bptf<+1 — < +1; < +1:
t2N t2N t2N t2N 1 t2N !

Then, (x;) and (p;) are a.s. bounded, and L(x¢;p ) ! L(Xx ;p), andL(x ;p) !
L(x ;p ) ast geesto in nity. Moreover, if L(;p ) is strongly convex, (X;) strongly
convergesto x .

Pro of : We follow the same scheme as in the proof of Theorem[2.5 Let us de ne for
allt 2 N,  our Lyapunov function to be:

= kxy X K& +kpe pk::

Using the linearity and nonexpansivenessof the projection over a closed subspace,and
Pythagore's inequality leads:
1 kxe X K& +kpo p K3
+ (0)%kse + wekZ + (1)%kry + vik3
(33) +2 hs W Xe Xix 2 e+ vp plie;
e+ ()2 kst + Wikd + kre + vik3

(34) +2 (s + weixe X ix + e+ vipe pie)
With the classical inequality (a+ b)? 2(a® + b?), and by assumptions (308){( 30b), we
get from (34):
t+1 ¢+ 2( 1)? ksikd + kwikZ

+2( 1)% krikd + kvik3

+ 2 (L(x 5p)  Lxep) + Lxegp)  L(xep))
(35) + 2 ¢(hwexe  Xix +hvepe pie)
Moreover, by assumptions (309){([30d), we get:

kstki  2¢k 1+ kr (L (xt;p)kx
krekd 22 1+ kr pL(xe;p)kd

11



We will plug these inequalities in (35), and take the conditional expectation with respect
to F:. It yields, by assumptions (310){([31d) and (31a{(/31b):
. A
E( 1jFt) o+ 2( )7 26+ Ac+ kr «L(xi;p)kk  2¢ + —~
t

+2( )% 265+ Ap+ kr pL(xi;p)ké  2¢h +
+ 2 (L(x;p) L(xe;p))
+ 2 (b F(L+ kr xL(Xe;p)kx )kxe X kx)
(36) +2 ¢ (lp P(L+ kr pL(xi;p)ke)kpe  p ke)
We will now usethe Lipschitz property of r L and r L. Indeed, one has:
kr xL(Xt;pt)kx  kr xL(Xt;pt) r xL(x ;p )kx + kr xL(x ;p )kx
Ixkxi X kx + Ixkpr p ke + kr xL(X ;p )kx;

Ap
P
t

and analogously for r ;L. Moreover, the following classical inequality holds: ab angz.

Hence, (36) reads:
E( 1jFt) 1+ o+ ¢ ki xKg +kpe pke +2(L(x;p) L(x;p));
(37) t(I+ )+ t+2(L(x;p) LXe;p))s

with ( ¢) and ( () two summable sequencesde ned in the sameway asin the Proof of
Theorem 2.5

¢ =8(lx 1)? 2c§+ATX +8(lp )* 2¢;+
t
Fho (@4 30+ by ( D4+ 3ly)
= Ak L0 K (07 28+ Xk ake pLix p KR () 26+

t

+ 20 ¢ f(1+ kr xL(x ;p )kx)
+ 20 ¢ P+ kr pL(x ;p ke ) + 2( 1)%(2¢E + Ax) + 2( 1)*(265 + Ap)

AP
P
t

Ap
p
t

Using the saddle point assumption in (x ;p ), one get with (37):
(38a) E( njFt) «(1+ )+ (+2(L(x;p) L(x;p)) and,
(38b) E( tajFt) @+ )+ ¢+2¢(L(x;p) L(x;p):
Moreover, it is also clear by the saddle point assumption that:

L(x ;p) L(x:p) O and L(x;p) L(xi;p) O

At this point, using the same quasimartingale arguments as before, we get that ( ) is a
qguasimartingale and convergesa.s. to someintegrable random variable. Hence, it is a.s.
bounded and hence, (x;) and (p;) are a.s. bounded in X and P respectively. Using the
Lipschitz property of r L and r ,L, we get also that (r xL(X¢;p ), (r pL(X ;pt)), (St)
and (r¢) are a.s. bounded.

Moreover, by making the same calculations as those leading to (18), we obtain:

X
(39a) t(L(x;p) L(xip)) <1

N

(39b) t(Lxip) L(xip)) <1:

t2N

By convexity of L(;p ) and concavity of L(x ; ), we make the same calculations as in
(19){(120), which are still valid by the boundednessof the gradient sequencesand the
assumptions of the theorem, and nally get by Lemma(4.2:

(40a) tI'ilm L(x¢;p ) =L(x ;p); and,
(40b) Jim L(x Sp) =L(x ;p):
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Lower semicortinuity of L( ; p ) and upper semicortinuity of L(x ; ) yield the weak con-
vergenceof (Xi;pt) to (x ;p ).

Finally, if L(;p ) is strongly convex, by the same equation as (22), we obtain that (x;)
strongly convergesto x . 2

4. Technical Lemmas

We here provide two technical lemmaswe usein the precedingconvergenceproof
of theorem[2.5,

Lemma 4.1. Let(xk) be a sequene of nonnegativqjeal numkers. Let ( p) and ( k)
be seguen@sof nonnegative real numkers suchthat ., k< +1 and ,,y k<
+1 . If we have:

8Kk 2 N; Xk+1 Xk KXk + ks
then the sequen@ (xk)k2n IS bounded.

The proof can be found in [Cohen, 1984.

Lemma 4.2. Let( ;F;P) besomeprobability space, equipped with a Itr ation (Fy).
Let J be a real valued mapping from an Hilbert space H. Let (uy) be a sequene of
random variables with valuesin H, suchthat for all k 2 N, ux is Fx-measurable,
and (F*‘) a segquene of nonngyative real numbers such that:

(') K2 N kﬁ +1;

(i 9 2R on k(I(u) )< +1;and8k 2 N, J(ugk) 0, a.s.
(i) 9 >0;8k2N; J(ux) E(I(uk+1)jFx) K, a.S.
Then (J(uk)) a.s. convergesto

Pro of : Forall 2 R,let usdene the subsetN of N such that:

N =fk2 N : J(uk) ; a.sg:
We will alsodenote by N ¢ the complemertary setof N in N. Assumptions (i i) imply
that N is not nite.
Following (ii ), we have:
X X X
+1 > k(Iu) ) k(@) ) k!
k2N k2N ¢ k2N ¢

It provesthat for all > 0, there is somen 2 N such that P KaNS:k n | .

Let >0.Take = =2and = =(2 ). Forall k n ,we havetwo possibilities:
If k2 N , then J(uk) <
If k2 N, let m be the smallest elemert of N such that m  k (we know that
it exists sinceN is not nite). We can hence write:

J (uk) =J(u) B (um)iFi) + E(I(um)iFx)
1 !
=E J(w) EQ@(u«)iFN)jFk  + EQ3(um)iFk)
1=k
] 0 1
X 1 X
| + @ |A +
1=k I2NC; 1 n

5. Conclusion

As a conclusion,the generalframework we proposedhere for perturb ed gradient
algorithms with stochastic noisesallows to considermany practical casesJike in -
nite dimensional stochastic optimization problems. In this framework, we provide
a constructive convergenceproof for our algorithm.

Moreover, the assumptions we require on the stochastic noisesare weaker than
13



those usually required, since we only require asymptotically assumptionsthat are
usually required all along the iterations. Furthermore, our setting is compatible
with the projection either on a closedvector subspaceor on a closedcornvex subset
of the initial Hilbert spacein which we optimize. This is an interesting feature for
measurability constraints like nonarticipativit y constraints of multi-stage stochastic
programs, which can be taken into accourt in our framework.
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