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WavelengthAssignment in Multi-Fiber WDM Networks
by GeneralizedEdgeColoring

Arie M.C.A. Koster�

Abstract

In this paper, we study wavelength assignment problems in multi-�b er WDM net-
works. We focus on the special casethat all lightpaths have at most two links. This
in particular holds in casethe network topology is a star. As the links incident to a
speci�c node in a meshedtopology form a star subnetwork, results for stars are also of
interest for generalmeshedtopologies.

We show that wavelength assignment with at most two links per lightpath can be
modeled as a generalizededgecoloring problem. By this relation, we show that for a
network with an even number of �b ers at all links and at most two links per lightpath,
all lightpaths can be assigneda wavelength without conversion. Moreover, we derive a
lower bound on the number of lightpaths to be converted for networks with arbitrary
numbers of �b ers at the links.

A comparison with linear programming lower bounds reveals that the bounds co-
incide for problems with at most two links per lightpath. For meshedtopologies, the
cumulativ e lower bound over all star subnetworks equalsthe best known solution value
for all realistic wavelength assignment instancesavailable, by this proving optimalit y.

1 In tro duction

As soon as the huge potential of optics as digital information carrier becameclear, the
problem of assigning wavelengths to ongoing optical connections (so-called lightpaths) in
a communication network has gained the interest of researchers from areasas di�eren t as
electrical engineering, theoretical computer science,and discrete mathematics. Especially
the closerelation to vertex coloring in graph theory has beenconsideredby many authors,
cf. Beauquieret al. [2] and Ferreira et al. [6]. Classicalvertex coloring however modelswave-
length assignment in optical telecommunication networks in a very limited non-practical
setting. In particular, the objective doesnot satisfy the needsfor the designand operation
of optical networks. Where in vertex coloring the objective is to minimize the number of
colors used, in an optical network the number and availabilit y of wavelengths (=colors)
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is �xed by the installed wavelength division multiplexing (WDM) systems. Moreover, the
binary relations (=edges) typical for vertex coloring have to be generalizedfor wavelength
assignment in multi-�b er WDM networks, ending up with a problem without much com-
binatorial structure (at �rst sight). In this paper, we therefore follow another approach:
we show that the theory of (generalized)edgecoloring provides a very appropriate tool for
solving real-world wavelength assignment problems.

Wavelength assignment is of importance in both the designof an optical network and the
operation of it. In the design or expansion of an optical network, we have to equip the
nodesand links of a meshedtopology with the capabilities to switch and transmit a set of
lightpaths such that all (expected) demandsfor communication bandwidth can be realized.
Moreover, in caseof network failures, we still have to guarantee that a prespeci�ed part of
the demandssurvive. As the investment costsof optical communication equipment are high
and the competitiv enessof the telecommunication market depressesthe pro�t margins on
connections,minimizing the overall network cost is obviously in the interest of the network
operator. For the samereasonsthe utilization of an operated network should be maximized.

The task to designa minimum cost optical network consistsof three subtasks: dimension-
ing the hardware topology, routing a set of lightpaths, and assigningwavelengths to these
lightpaths. The latter two are often combined to the Routing and Wavelength Assignment
(RWA) problem (cf. [15, 16, 33]), whereasthe dimensioningof the network hasbeenstudied
lessfrequently (notably exceptionsare Belotti [3], Brunetta et al. [4], Melian et al. [22, 23],
and Zymolka et al. [35]). From a cost-oriented point of view however, dimensioning and
routing are very closerelated to each other asthe lightpaths consumethe resourcesthat are
provided by the switching and transmission equipment. Therefore, Zymolka et al. [35] pro-
posedto decomposethe overall problem in a Dimensioning and Routing (DR) subproblem
and a Wavelength Assignment (WA) subproblem. In the DR problem a hardware con�g-
uration consisting of optical �b ers, WDM systems, and optical switches as well as a set
of paths is determined that allows to route the tra�c in normal operation and all failure
states. In the WA problem, the paths are supplied with a wavelength at each of its links
such that at each link the number of times a wavelength is assigneddoes not exceedits
availabilit y by the WDM systems.For the DR problem, experiencefrom the designof other
telecommunication networks can be explored, e.g.,SDH network design[31]. Lower bounds
on the cost of dimensioning and routing propagate to the overall network cost, and in case
the WA subproblemcan be solved without increasingthe network cost, an optimal solution
for the DR problem is optimal overall. In fact, computational experiments have shown that
in many casesWA can be donewithout the installation of extra equipment, see[35] as well
as Section 6.

The wavelengthassignment problem remainsan important subproblemasit decideswhether
or not additional equipment is necessary. Moreover, the problem shows interesting com-
binatorial properties. In casethe available number of wavelengths does not su�ce for an
ongoing assignment of a single wavelength to each lightpath, the classicalvertex coloring
objective to minimize the number of wavelengths does not discriminate among solutions
that are (ir)relevant for wavelength assignment. Therefore, instead of minimizing the num-
ber of wavelengths, two alternative objectives for wavelength assignment are considered
in this paper. One option is to maximize the number of lightpaths that can be assigned
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an ongoing wavelength without con
ict. Alternativ ely, a lightpath can be assigneddi�er-
ent wavelengths at di�eren t parts of the path. For the technical realization of such an
assignment, a so-call wavelength converter have to be installed in each intermediate node
where the wavelength is exchanged. In this paper, we assumethat wavelength converters
can convert a single lightpath (see[15] for other converter models). In the �rst problem,
we minimize the blocking number of lightpaths. In the second,we minimize the number of
wavelength converters neededfor a con
ict-free assignment of the completesetof lightpaths.

The study of wavelength assignment concentrates on special network structures like line,
star, tree, and ring networks. For the single �b er case,several results for minimizing the
number of wavelengths in ring and tree networks have been derived, cf. Auletta et al. [1].
For multi-�b er line networks, Winkler and Zhang [32] proved that the minimum number of
wavelengthsneededequalsthe maximum load of the links. Stated otherwise,no wavelength
conversion is neededin line networks. Li and Simha [20] studied ring networks as well as
instancesin which all lightpaths are restricted to at most two links. They showed that in
caseevery link contains k �b ers, k even, no wavelength conversion is necessary.

In this paper, wealsofocuson wavelength assignment with all lightpaths having at most two
links, but do not limit to this setting. Lightpath setswith at most two links per lightpath
will most likely not occur in practice, but the theoretical results are helpful to understand
the problem in more general cases. In particular, the links incident to a speci�c node in
a general meshedtopology induce a star network. By de�nition, the lightpaths in a star
network have at most two links, and thus all results in this paper apply to such networks.
Moreover, a lower bound on the number of wavelength converters neededin the overall
network can be computed by summing up the lower bounds over all stars.

For the two links per lightpath case,we apply results from (generalized) edgecoloring to
generalizethe result of Li and Simha that no wavelength conversion is necessaryby allowing
link-individual, but even, number of �b ers. For the casethat the number of �b ers is odd at
someof the links we derive a lower bound on the number of wavelength converters needed.
We show that in the setting of two links per lightpath, this lower bound equalsa column
generationbasedlinear programming lower bound derived in [17, 19]. For generalinstances,
a lower bound is derived in the way as described above and tested on a set of realistic test
instances. Without exception, the lower bound turns out to be equal to the best known
solution value provided by heuristic algorithms (cf. [18]), by this proving optimalit y.

The remaining of this article is structured asfollows. In Section2 we start with introducing
the necessarynotation and somepreliminary results. Next, the casewith at most two links
per lightpath is studied in Section 3. The lower bound on the number of converters for
general wavelength assignment instances is derived in Section 4. In Sections5 and 6, we
comparethe lower bound in respectively theory and practice with alternative lower bounds
as well as with the best known solution value for the minimum converter WA problem.
Concluding remarks and suggestionsfor further research closethis paper.
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2 Preliminaries and notation

Optical networks and wavelengthassignment canbemodeledin many di�eren t ways. In this
paper, wemodel it in such a way that the relevant featuresare incorporated and a distinction
betweengraph theoretical notions and optical network notions is straightforward.

Graph theoretical notation. Let G be an undirected graph with vertex set V (G) and
edgeset E(G). For S � V (G), we denote with G[S] the subgraph induced by S. If E (G)
contains at most one edgebetween each pair of vertices, we call G simple; otherwise G is
called a multigraph. The maximum number of parallel edgesin G is denoted by � (G).

The neighborhood of v 2 V(G) consist of all vertices adjacent to v and is denoted by
NG(v). The closedneighborhood NG[v] is de�ned by NG(v) [ f vg. The edgesincident to
a vertex v are denoted by � G(v). Let dG(v) = j� G(v)j be the degreeof v 2 V(G) and let
�( G) = maxv2 V (G) dG(v) denote the maximum degreeof G. If the graph is clear from the
context, the subscript in the above notation is suppressed.

The chromatic number � (G) of a graph G is the minimum number of colors to be assigned
to the vertices V (G) such that adjacent vertices have di�eren t colors. It is well-known that
deciding whether the chromatic number � (G) � K for someK � 3 is NP-hard (cf. [7]).

The chromatic index � 0(G) of a graph G is the minimum number of colors to be assigned
to the edgesE(G) such that all edgesincident to a vertex have di�eren t colors. For simple
connectedgraphs, � 0(G) is either �( G) or �( G) + 1, cf. [30], but deciding the exact value
is NP-hard, seeHolyer [13]. For multigraphs, �( G) � � 0(G) � �( G) + � (G).

W avelength assignmen t notation. Let an undirected graph N = (N ; L ) de�ne the
physical topology of an optical network consisting of nodes N and links L . Links are
assumedto be bidirectional, i.e., they provide the samecapacity in both directions. For
a link ` 2 L , � ` �b ers with WDM systemsare installed. If not explicitly mentioned, we
assumeall WDM systemsto be equivalent, providing the available spectrum � once (i.e.,
each wavelength � 2 � is available � ` times on link `). Hence, in total K ` = j� j� ` optical
channelsare available on link ` 2 L . We assumethat in each node n 2 N enoughswitching
capacity is installed to switch all channelsprovided by the links incident to it.

For a path p in N , we denotewith dp the number of lightpaths to be routed along this path.
Let L (p) � L denote the links of path p, whereasN (p) denotes the intermediate nodes.
Although lightpaths are consideredto be bidirected (i.e., provide transmission capacity in
both directions), for formulation purposesthe path p is directed from a source&p to a target
� p. All lightpaths that have to be assignedwavelengthsare gathered in a multi-set P where
each path p is contained dp times. In total d(P) =

P
p2P dp lightpaths are considered.All

lightpaths that share link ` 2 L are subsumedin subset P` � P, whereasPn denotesall
lightpaths that touch node n 2 N . Throughout this paper, we assumethat

X

p2P `

dp � K ` (1)

holds for all links ` 2 L , i.e., the installed channel capacitiesare su�cien t to route the given
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set of lightpaths. Under this assumption, lightpaths consistingof a singlelink can always be
assigneda wavelength independently from the other lightpaths. Therefore, such lightpaths
are left out in our further considerations. We denote an instance of the wavelength assign-
ment problem (WAP) by the quadruple W = (N ; P; � ; � ). Instanceswhere all lightpaths
are restricted to have at most two links are denoted by W2.

A wavelength converter is able to convert a single optical signal from any wavelength to
any other wavelength. The assumption that it is possibleto install an unlimited number of
converters in a node guarantees that a feasiblewavelength assignment exists. The quality
of such a wavelength assignment is measuredby the number of converters that are needed.
With the converter number �( W) we denote the minimum number of converters neededin
any feasiblewavelength assignment.

Alternativ ely, WAP can be consideredwithout wavelength conversion. In such a casethe
con
ict-free assignment of a single wavelength to the whole lightpath can be limited to a
subset of the lightpaths. Given a WAP instance W, we denote with the lightpath num-
ber 	( W) the maximum number of lightpaths that can be assigneda wavelength without
wavelength conversion.

Preliminary results. Between both notions, the following relation holds for lightpaths
with arbitrary number of links:

Lemma 1 �( W) � d(P) � 	( W) for any instance W.

Pro of: The minimum number of lightpaths that cannot be assigneda wavelength without
conversion equals d(P) � 	( W). For each of these lightpaths, at least one converter is
inevitable. �

Corollary 2 For any instance W,

� 	( W) = d(P) if and only if �( W) = 0, and

� 	( W) = d(P) � 1 if �( W) = 1.

Note that the reverseof the secondstatement doesnot hold in general. It could benecessary
to convert the wavelength more than once along a lightpath that could not be assigneda
wavelength without conversion. In casejL (p)j � 2 however, there is only one intermediate
node to convert the signal and thus the result can be strengthenedfurther:

Corollary 3 �( W2) = d(P) � 	( W2) for any instance W2.

In case� ` = 1 for all links ` 2 L , the question whether or not a wavelength assignment
without conversion exists is equivalent to the vertex coloring problem on the so-calledpath
con
ict graph. The path con
ict graph GP contains a vertex for every lightpath, and two
vertices are adjacent if their lightpaths sharea link.
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Lemma 4 For any instance W with � ` = 1 for all ` 2 L , �( W) = 0 if and only if
� (GP ) � j� j.

In casejL (p)j � 2 for all paths p 2 P, and � ` = 1 for all links ` 2 L , the question whether
or not a wavelength assignment without conversion exists is equivalent to the edgecoloring
problem in a graph GL as well: Introduce for every link ` 2 L a vertex v` in GL . For a
lightpath that goes along links `1 and `2, `1 6= `2, we add an edge f v`1 ; v`2 g. Note that
parallel lightpaths result in parallel edgesin the graph.

Lemma 5 For any instance W2 with � ` = 1 for all links ` 2 L , �( W2) = 0 if and only if
� 0(GL ) � j� j.

The relation betweenedgecoloring and wavelength assignment has beenconsideredbefore
(cf. [5, 12, 18, 27]), particularly to prove that all variants of wavelength assignment are
NP-hard on star networks, even if � ` = 1 for all ` 2 L .

3 Ligh tpaths with at most two links

In this section,we assumethat jL (p)j � 2 for all p 2 P. We only state the results for �( W2)
as the results for 	( W2) can be derived by applying Corollary 3.

If � ` > 1 for some link ` 2 L , a feasible assignment of wavelengths to the lightpaths is
not equivalent to an edgecoloring in GL anymore, since two lightpaths that share link `
can be assignedthe samewavelength. By its availabilit y, we can in fact assign the same
wavelength to at most � ` lightpaths that all sharelink `. As the vertices of GL correspond
to the links whereasthe edgescorrespond to the lightpaths, this implies that the samecolor
can be used� ` times to color edgesincident to vertex v` .

Introduced by Hakimi and Kariv [11], an f -(edge)-coloring of G is a coloring of the edges
such that the number of identical colored edgesincident to a vertex v 2 V(G) is limited by
a vertex-speci�c bound f v 2 Z+ . The minimum number of colors neededin an f -(edge)-
coloring is the f -chromatic index � 0

f (G). Now, the following results can be easily veri�ed.

Theorem 6 Let f v` = � ` for all ` 2 L . For any instance W2, �( W2) = 0 if and only if
� 0

f (GL ) � j� j.

So, in order to determine whether or not wavelength conversion is necessary, we have to
compute the f -chromatic index of GL . Since� 0(G) is already NP-hard to compute, � 0

f (G)
is NP-hard as well. Moreover, GL need not to have any particular structure: In a star
network, lightpaths can consist of any arbitrary set of two links resulting in any arbitrary
edgein GL . In fact, GL neednot to beconnected,cf. the network and lightpaths in Figure 1.

Fortunately, lower and upper bounds on � 0
f (G) can be applied to bound �( W2). Let

df (v) = d(v)
f v

be the f -normalized degreeof v and let � f (G) = maxv2 V (G) df (v) be the
f -normalized maximum degreeof G.
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Figure 1: Optical network resulting in an f -edge-coloringproblem with two components.

Lemma 7 (Hakimi and Kariv [11]) Let G be a simple graph and f v > 0 for all v 2
V(G). Then � f (G) � � 0

f (G) � � f (G) + 1.

Lemma 8 Let f v` = � ` for all ` 2 L . For any instance W2 with dp = 1 for all p 2 P, the
converter number equals the minimum size of the smallest color class in a j� j + 1 f -edge-
coloring.

Pro of: SinceW2 doesnot contain parallel lightpaths, GL doesnot contain parallel edges,
and thus is simple. By (1), the normalized degreedf (v) � j� j for all v 2 V(G). By
Lemma 7, � 0(GL ) � � f (GL ) + 1 � j� j + 1. Given a j� j + 1 f -edge-coloring,the number
of converters is smallest by converting all lightpaths corresponding to edgesin the smallest
color class. Minimizing this sizeresults in the minimum number of converters needed(note
that if � 0(GL ) � j� j, the sizeof the smallest color classin a j� j + 1 f -edge-coloringis zero).

�

For multigraphs it still holds that � 0
f (GL ) � � f (GL ). By (1), � f (GL ) � j� j and thus this

bound doesnot provide us with a non-trivial lower bound on �( W2). An alternative lower
bound for the f -chromatic index of multigraphs has beenderived in [24]. This result can
be adapted to our speci�c setting in which conversion has to be minimized, not colors. For
a multigraph G and f v > 0 for all v 2 V(G), let � f (G) be de�ned by

� f (G) = max
�

0; max
S� V (G);f (S) odd

jE (G[S])j � j� j
� 1

2 f (S)
�
�

where f (S) :=
P

v2 S f v denotesthe sum over a subset S � V (G) of vertex bounds. Note
that by (1), jE (G[S])j � 1

2 j� jf (S) and thus subsetsS with f (S) even are left out of the
maximum.

Theorem 9 Let f v` = � ` for all ` 2 L . For any instance W2,

�( W2) � � f (GL ) (2)

Pro of: For a subset S � V (GL ), at most b1
2 f (S)c of the edgescan be colored with the

samecolor (the maximum size of a so-calledf -matching). So with j� j colors available, at
most j� jb1

2 f (S)c lightpaths can becoloredwithout conversion. Hence,at least jE (GL [S])j �

7



dp = 1
2 j� j

23

u

1

Figure 2: Star network for which 
 f (G) = 3
2 j� j.

j� jb1
2 f (S)c have to be converted. The result now follows by taking the maximum over all

subsetsS of GL . �

For an instance W2, de�ne � f (W2) := � f (GL ). To seethat � f (W2) is the key to a non-
trivial lower bound on the number of converters, we bound jE(GL [S])j from above and show
that this bound can be tight.

Prop osition 10 Let S � V (GL ), jSj � 3. If � ` � k � 1, for all ` 2 L , then

jE(GL [S])j �
3k

3k � 1
j� j

�
1
2

f (S)
�

:

Moreover, if S corresponds to three (pairwise non-parallel) links incident to a central node,
� ` = k = 1 for all v` 2 S, and dp = 1

2 j� j for each path p corresponding to a pair of vertices
in S (cf. Figure 2), the inequality is tight. In fact, �( W2) = 1

2 j� j for this star network.

Pro of: A subset S of the vertices in the f -edge-coloringproblem corresponds in WAP to
a subsetof the links L S � L . Each induced edgecorresponds to a lightpath p with v` 2 S
for both ` 2 L(p). For a routing satisfying (1) it holds that

jE (GL [S])j �
1
2

j� jf (S) =
1
2

j� j
X

v` 2 S

f v` =
1
2

j� j
X

v` 2 S

� ` : (3)

By jSj � 3 and � ` � k � 1 for all ` 2 L we have

1
2

X

v` 2 S

� ` �
3k

3k � 1

6
6
6
4 1

2

X

v` 2 S

� `

7
7
7
5 : (4)

In caseof jSj = 3, � ` = k = 1 for all v` 2 S and dp = 1
2 j� j for each path p corresponding

to a pair of vertices in S, inequalities (3) and (4) both turn into equalities and 3k
3k� 1 = 3

2 .
Now by Theorem 9, �( W2) � 1

2 j� j. By converting all lightpaths for one pair of nodeswe
also have �( W2) � 1

2 j� j. �

If the WDM systemsinstalled at the �b ersare not equivalent, lower bound � f (W2) can be
adapted appropriately. Let � �

` denote the number of times wavelength � 2 � is available
on link ` 2 L (by summing up over all WDM systems).
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Theorem 11 Let f �
v`

= � �
` for all ` 2 L , � 2 � . For any instance W2,

�( W2) � max

(

0; max
S� V (G)

jE (G[S])j �
X

� 2 �

� 1
2 f (S; � )

�
)

(5)

where f (S; � ) :=
P

v2 S f �
v .

Pro of: Similar to the proof of Theorem 9. �

Back to the casewhere all WDM systemsare equivalent, the upper bound of � f (G) + 1
for � 0

f (G) doesnot hold in caseof multigraphs. In [11], several upper bounds for � 0
f (G) are

derived as well. One of them is of special interest for the casethat all capacitiesare even.

Lemma 12 (Hakimi and Kariv [11]) Let G be a multigraph. Suppose f v > 1 for all
v 2 V (G). Then � 0

f (G) � � 0
f (G), where

� 0
f (G) = max

v2 V (G)

&

max

 
b1

2d(v)c

b1
2 f vc

;
d1

2d(v)e

d1
2 f ve

!'

:

Theorem 13 If � ` is even for all ` 2 L , then for any instance W2, �( W2) = 0.

Pro of: Sincef v` = � ` is even for all v` 2 S, b1
2 f v` c = d1

2 f v` e = 1
2 � ` , and thus the maximum

is determined by d1
2d(v` )e for somev` 2 S. For a proper routing, d(v` ) � � ` j� j. Since� ` is

even, d1
2 � ` j� je = 1

2 � ` j� j. Hence,� 0
f (GL ) � � 0

f (G) � j� j and the result follows. �

So, in caseof an even number of �b ers at all links and lightpaths restricted to at most two
links, no wavelength conversion is necessary, whatever lightpaths have to be established.

4 General wavelength assignmen t instances

In real-life wavelength assignment instancesthe meshedtopology of (optical) telecommu-
nication networks prohibits the existenceof wavelength assignment instanceswith at most
two links per lightpath: the shortest path between two nodes often crossesthree or more
links, and thus any lightpath between these nodes will have more than two links. Even
if the shortest path consistsof two links, survivabilit y requirements often imply that the
demand have to be split among several paths. Finally, optimization of the network cost
often leadsto even longer paths to save equipment, see[35] for a discussion.

As the relation to generalizededgecoloring dependson the condition that each lightpath
has two links, it is unclear how to extend the results of the previous section to general
wavelength assignment instances. In particular, the result that no conversion is necessary
if � ` is even for all links seemsto be di�cult to generalize.

The lower bound on the converter number �( W2) given by (2) however can be used to
determinea lower bound on �( W) in a generalwavelengthassignment instanceW. Consider
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a node n 2 N . If we restrict WAP to the links incident to n, then all relevant lightpaths
consist of one or two links. For this restricted instance we can apply (2) to derive a lower
bound on the number of converters in node n. Summing up over all nodes we get the
following result:

Theorem 14 For any instance W,

�( W) �
X

n2 N

� f (Wn )

where Wn is de�ned by (Nn ; Pn ; � ; � n ) with Nn = (NN [n]; � N (n)) and � n the �b er-vector
restricted to the links � G(n).

Pro of: From Theorem 9 it directly follows that �( Wn) � � f (Wn ) for all n 2 N . Given a
wavelength assignment for W, it is straightforward to construct a wavelength assignment
for Wn with the same number of converters in node n 2 N as in the original instance.
Hence,�( W) �

P
n2 N �( Wn). �

Noteworthy, for the lightpath number 	( W) such a result cannot be derived, sincea light-
path can be converted in multiple nodesalong the path. By the assumption that lightpaths
are simple, i.e., do not visit nodesmore than once,the best achievable is that converters in
the samenode convert di�eren t lightpaths:

Theorem 15 For any instance W, 	( W) � d(P) � maxn2 N � f (Wn ) with Wn de�ned as
in Theorem 14.

In Section 6, the lower bound of Theorem 14 is computed for realistic WAP instances.

5 Theoretical comparison

In this section, we compare the derived bounds for �( W) and 	( W) with other bounds
theoretically. In [17], two integer linear programming formulations for the converter number
�( W) have beendeveloped (seealso [19]). Both formulations can be easily adapted for the
lightpath number 	( W). By solving the linear relaxation of any of the formulations a lower
respectively upper bound is computed.

The �rst formulation of the converter number problem is straightforward with variables for
every combination of lightpath, link, and wavelength. In addition, variables to count the
converters are introduced. In [17], it has beenshown that if all WDM systemsprovide the
sameset of wavelengths,the value of the linear relaxation of this formulation always equals
zero. This drawback is due to the symmetry in the (fractional) solutions: the exchange of
any two wavelengths results in a solution with the samevalue.

To avoid the symmetry of solutions, a secondformulation is presented in which variables
are introduced for every set of lightpaths that can be assignedthe samewavelength, with-
out specifying the wavelength. The formulation generalizesthose for the vertex coloring
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Figure 3: Wavelength assignment instance with 2 = �( W2) > � � (W2) = 0 (j� j = 3).

problem [21] and for the edgecoloring problem [25]. To comparethis formulation with the
lower bound of Theorem 14, we have to study the formulation in detail and needsomemore
notation. For each p 2 P, let Sp denote the set of all subpaths s of p. Let S = [ p2P Sp

denote the set of all possiblesubpaths. A path packing � is a multi-set of items of S such
that all subpaths s 2 � can be assignedthe samewavelength, i.e., for every link ` 2 L , at
most � ` subpathscontaining link ` are in the set � . The multiplicit y of each subpath s 2 S
in the path packing � is denoted by t s

� . The collection of all multi-sets of S that are path
packings is denoted by �.

For every path packing � 2 � a general integer variable x � is introduced, denoting the
number of wavelengths assignedto all subpaths s 2 � . To specify the subpaths that are
used to cover a path p 2 P a secondclassof variables ys

p is introduced, which denote the
number of times subpath s is used to cover the lightpaths routed along path p 2 P. The
converter number then is formulated as:

�( W) = min
X

p2P

X

s2S p

ys
p �

X

p2P

dp (6)

s.t.
X

s2S p :`2 L (s)

ys
p = dp 8p 2 P; ` 2 L(p) (7)

X

� 2 �

ts
� x � =

X

p2P :s2S p

ys
p 8s 2 S (8)

X

� 2 �

x � � j� j (9)

ys
p; x � 2 Z+

0 (10)

For a lightpath the number of converters is given by the number of subpaths minus one.
Summing up over all lightpaths gives the objective (6). For every link ` 2 L(p) of a path
p 2 P, (7) guarantees that dp subpaths are selected. Constraints (8) model that each
subpath s 2 S has to be coveredby path packings asoften as it is neededfor the lightpaths.
Finally, constraint (9) restricts the number of selectablepath packings to the size of the
available spectrum �, and constraints (10) guarantee integrality.
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Given this formulation, we de�ne the fractional converter number � � (W) asthe value of the
linear relaxation of (6){(10) . It is clear that � � (W) � �( W) and there exist instancesW2

for which � � (W2) < �( W2), cf. Figure 3. In contrast to the the valueof the linear relaxation
of the �rst formulation, � � (W) > 0 for particular instances: Consider the example of
Figure 2 one more time. Not only � f (W2) = �( W2) but also � � (W2) = 1

2 j� j = �( W2).

The next theorem explains why � � (W2) = � f (W2) for the example of Figure 2 is not a
coincidence.

Theorem 16 For any instance W2, � � (W2) = � f (W2).

Pro of: For any instance W2, each lightpath p 2 P consistsof two links `1(p) and `2(p).
Constraints (7) for subpath s = `1(p) and s = `2(p) imply that y`1(p)

p = y`2 (p)
p . Moreover,

yp
p = dp � y`1 (p)

p and thus the problem can be reformulated with only one instead of three

variables. Without lossof generality we de�ne zp = y`1(p)
p = y`2(p)

p , the number of converters
to be placed in the intermediate node of path p. After resubstitution the linear relaxation
of (6){(10) reads

� � (W2) = min
X

p2P

zp (11)

s.t. zp � dp 8p 2 P (12)
X

� 2 �

tp
� x � = dp � zp 8p 2 P (13)

X

� 2 �

t `
� x � =

X

p2P :`2 L (p)

zp 8` 2 L (14)

X

� 2 �

x � � j� j (15)

zp; x � � 0 (16)

where (8) is split into constraints (13) for the two link subpaths (i.e., the lightpaths) and
constraints (14) for the single link subpaths (i.e., the links). Now, since the assignment of
a wavelength to a single link doesnot causea di�cult y in a proper dimensionednetworks,
we relax the constraints (14) without loss of generality. Also constraints (12) are relaxed
since the objective will keep zp as low as possible. Moreover, constraints (13) are relaxed
to greater than or equal constraints sincecovering a path with more than the demanddoes
not a�ect the value of the linear program as long as the number of converters is minimized.

The path packings in the remaining linear program only di�er in the number of times each
path p 2 P is taken. Since each path p = `1`2 corresponds to an edgev`1 v`2 2 E(GL ),
each path packing corresponds to an f -matching in GL . Thus � now refers to the set of
all f -matchings in GL and tp

� denotesfor p = `1`2 the number of edgesbetweenv`1 and v`2

taken in f -matching � .

Next, we dualize the remaining linear program with variable sets� p for the constraints (13)

12



and � � for constraint (15):

� � (W2) = max
X

p2P

dp� p � j� j� � (17)

s.t. � p � 1 8p 2 P (18)
X

p2P

tp
� � p � � � � 0 8� 2 � (19)

� p; � � � 0 (20)

In (17){(20) we have a constraint (19) for every f -matching in GL . In fact we only have
to consider the maximal f -matchings, as the constraints for non-maximal f -matchings are
dominated by the maximal f -matching constraints. The maximal f -matchings are exactly
the extreme points of the f -matching polytope PM f (G). By applying Benders' reformula-
tion [26] in a reverseway, we can obtain a formulation for � � (W2) for which it is more easy
to prove equality of � � (W2) and � f (W2).

The f -matching polytope is completely described by (see[29, Chapter 31])

PM f (G) =

8
<

:

ye � 0 8e 2 E(G)
y(� G(v)) � f v 8v 2 V(G)
y(E(G[S])) � b1

2 f (S)c 8S � V (G) with f (S) odd

9
=

;
:

If we extend this description with an inequality for every subset S � V (G), regardless
f (S) is odd or even, the system is totally dual integral (see[29, Chapter 31]). Given �xed
values � p for all p 2 P, (17){(20) is maximized by the f -matching for which

P
p2P tp

� � p is
maximized. This f -matching can be found by solving

max
X

p2P

� pyp (21)

s.t.
X

p2P `

yp � f v` 8` 2 L (22)

X

`1`22P :
v` 1 v` 2 2 E (GL [S])

y`1`2 � b1
2 f (S)c 8S � V (GL ) (23)

yp � 0 (24)

or alternatively by solving its dual (with variables x v` for constraints (22) and xS for con-
straints (23))

min
X

`2 L

f v` xv` +
X

S� V (GL )

b1
2 f (S)cxS (25)

s.t. xv` 1
+ xv` 2

+
X

S� V (GL ):
v` 1 ;v` 2 2 S

xS � � p 8p = `1`2 2 P (26)
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xv` ; xS � 0 (27)

to optimalit y. Since (22){(24) is totally dual integral, we may assumewithout loss of
generality that xv` 2 Z+

0 and xS 2 Z+
0 for all v` 2 V(GL ) and S � V (GL ).

Sincewe minimize (25), the left hand sideof constraints (26) will never exceed� p � 1 in an
optimal solution. Thus, we can restrict variablesx v` and xS to be binary instead of general
integer.

Given values � p we de�ne S� = f p 2 P : � p > 0g to be the support set of paths. It is
easyto verify that in this casethe optimal solution of (25){(27) is given by x v` = 0 for all
v` 2 GL , xS� = 1 and xS = 0 for all S 6= S� . Thus we neglect the variablesxv` without loss
of generality. Moreover, we can add the constraint

X

S� V (GL )

xS � 1 (28)

Now, we can apply the reverseof a Benders' reformulation to (17){(20) and obtain

� � (W2) = max
X

p2P

dp� p � j� j
X

S� V (GL )

b1
2 f (S)cxS (29)

s.t.
X

S� V (GL ):
v` 1 ;v` 2 2 S

xS � � p 8p = `1`2 2 P (30)

X

S� V (GL )

xS � 1 (31)

0 � � p � 1; xS 2 f 0; 1g (32)

which exactly provides an integer linear programming formulation for � f (W2) and thus
completesthe proof. �

So, in casethat every lightpath hasat most two links the lower bounds� � (W2) and � f (W2)
areequivalent. For generalinstancesW wehaveby Theorem14a combinatorial lower bound
of

P
n2 N � f (Wn ). To comparethis bound with � � (W), we have to comparein fact � � (W)

with
P

n2 N � � (Wn ). The following lemma, stating a rewriting of the objective, is helpful
in determining this relation.

Lemma 17 For any solution y satisfying the constraints (7),
X

p2P

X

s2S p

ys
p �

X

p2P

dp =
X

n2 N

X

p2P :n2 N (p)

X

s2S p :� s = n

ys
p

Pro of: The summation of the y-variables can be split into subpaths s 2 Sp that reach the
target node of path p and those that do not reach the target node:

X

p2P

X

s2S p

ys
p =

X

p2P

X

s2S p :� s= � p

ys
p +

X

p2P

X

s2S p :� s6= � p

ys
p :
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Figure 4: Wavelength assignment instance with 3 = � � (W) >
P

n2 N � f (Wn ) = 2.

By applying equation (7) for the last link of p, ` = L(p) \ � N (� p) we obtain

X

p2P

X

s2S p

ys
p �

X

p2P

dp =
X

p2P

X

s2S p :� s 6= � p

ys
p :

Now the result follows by reordering the summedy-variables according to their target. �

Prop osition 18 For any instance W, � � (W) �
P

n2 N � � (Wn ) with Wn de�ned as in
Theorem 14.

Pro of: Let ( �x ; �y) be a solution of the linear relaxation of (6){(10) for the instance W
with value z( �x ; �y). For n 2 N , we de�ne a solution ( �x[n]; �y[n]) of the linear relaxation
of (6){(10) for the instance Wn as de�ned in Theorem 14. For n 2 N , let for all p 2 Pn ,
�y[n]pp :=

P
s2S p :n2 N (s) �ys

p (the sum over all subpaths that have n as an intermediate node)

and for ` 2 L(p), �y[n]`p := dp � �y[n]pp. For every � 2 � with �x � > 0 we de�ne a path
packing � [n] 2 �[ n] with for all p 2 Pn , tp

� [n] :=
P

s2S :p� s ts
� and for all ` 2 � G(n),

t `
� [n] :=

P
s2S :js\ `j=1 ts

� , and set �x[n]� [n] = �x � .

Now, it is easy to verify that ( �x[n]; �y[n]) is a feasible solution for the linear relaxation
of (6){(10) for the instance Wn and has value z( �x[n]; �y[n]) =

P
p2P n

�y[n]`1 (p)
p .

By Lemma 17 we have z( �x ; �y) =
P

n2 N z( �x[n]; �y[n]). If ( �x ; �y) is an optimal solution of the
linear relaxation of (6){(10) for instanceW, then it follows � � (W) =

P
n2 N z( �x[n]; �y[n]) �P

n2 N � � (Wn ). �

Corollary 19 For any instance W, � � (W) �
P

n2 N � f (Wn ) with Wn de�ned as in Theo-
rem 14.

Figure 4 shows an example for which � � (W) (and �( W)) equals three whereasthe com-
binatorial lower bound by Theorem 14 is two. The links incident to node A and B de�ne
two stars, both with � f (Wn ) = 1, whereasfor all other nodesthe bound equalszero. If we
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construct the path con
ict graph GP , we obtain the well-known Petersengraph, for which
it is known that � (GP ) = 3. In fact, the size of the smallest color classin any 3-coloring
equals three, and thus �( W) = 3. The linear relaxation in this caseequals the optimum
and thus is larger than the combinatorial bound.

6 Practical comparison

Corollary 19 states the theoretical relation betweenthe combinatorial lower bound of The-
orem 14 with the linear relaxation bound � � (W). In this section,we comparethesebounds
for realistic wavelength assignment instances. For this purpose,we implemented a column
generation algorithm for the linear relaxation, see[17] for details.

By Theorem 16, computing � f (W2) can be done via this column generation algorithm as
well. Since the pricing problem in this caseis equivalent to �nding a maximum weighted
f -matching, it follows that it can be computed in polynomial time by using a polynomial
time algorithm for solving the linear relaxation (e.g., the ellipsoid method) [10]. However,
� f (W2) can also be computed directly with a combinatorial algorithm: First note that the
maximum is taken over all subsetswith f (S) odd and thus rounding always takes place.
Moreover, for f (S) to be odd, there must be an odd number of vertices v 2 S with f v odd.
Let U = f v 2 V(G) : f v oddg. Now � f (G) can be restated as

� f (G) = max
�

0; 1
2 j� j + max

S� V (G);jS\ Uj odd
jE (G[S])j � 1

2 j� jf (S)
�

:

For S � V (G), jE (G[S])j = jE(G)j � jE (V; V n S)j with E(S;T) := f vw 2 E(G) : v 2
S;w 2 Tg and thus,

� f (G) = max
�

0; 1
2 j� j + jE (G)j � min

S� V (G);jS\ Uj odd

 (S)

�

with


 (S) = jE(V; V n S)j + 1
2 j� jf (S) :

The function 
 (S) is submodular (i.e., for all S;T � V (G), 
 (S[ T) � 
 (S)+ 
 (T) � 
 (S\ T)
holds). Gr•otschel et al. [8, 9, 10] proved that submodular function minimization over all sets
S with jS \ Uj odd can be donein strongly polynomial time. At that time only the ellipsoid
method was available for this. Independently, Schrijv er [28] and Iwata et al. [14] gave a
combinatorial strongly polynomial time algorithm for minimizing submodular functions,
and hence� f (W2) can be computed combinatorially this way.

For our computations we usea much simpler algorithm that only considersa subcollection
of all possiblesubsetsS. Hence,the result is in fact a lower bound on � f (G). Our algorithm
starts with S = V(G) and repeatedly removesa vertex v from S such that 
 (S n f vg) is as
large as possible. The algorithm reports the maximum 
 (S) encountered.

Our test set of wavelength assignment instanceshas 80 members that were generated in
the context of an integer programming approach for optical network design, see[17] for

16



ILP Combinatorics
instance jN j jL j d(P) jP j UB LB time LB time

europe-up1 28 41 1008 353 2 2 24.19 2 0.00
europe-up3 28 41 1008 352 5 5 17.71 5 0.00
europe-up4 28 41 1008 349 1 1 21.50 1 0.00
germany-high2 17 26 836 75 4 4 0.28 4 0.00
germany-fp1 17 26 1193 64 8 8 0.39 8 0.00
germany+-up2 17 28 686 48 16 16 0.16 16 0.00
germany+-up3 17 28 686 47 12 12 0.26 12 0.00
germany+-up5 17 28 686 44 9 9 0.09 9 0.00
germany+-lo w2 17 28 699 82 9 9 0.49 9 0.00
germany+-fp5 17 28 1122 102 5 5 0.99 5 0.00

Table 1: Results for the wavelength assignment instanceswith non-zerobest solution

further details. For each of four di�eren t network topologies,20 instanceswere generated,
all with j� j = 40. For 57 instances,a conversion-freesolution wasobtained by the heuristics
described in [18, 19], and thus all lower bounds on �( W) will be zero as well. By recent
advancesin heuristic algorithms [34] another 13 instancesturned out to have a conversion-
free solution. For the remaining 10 instances, Table 1 shows the problem characteristics
as well as the combinatorial lower bound, the linear programming lower bound, and the
best known solution value (cf. [17, 34]). Besidesthe number of nodes jN j, the number
of links jL j, and the number of lightpaths d(P), the column jP j denotes the number of
di�eren t lightpaths in P (note that P is a multi-set). The number of di�eren t paths jP j
is an important measurefor the performanceof the column generation algorithm to solve
the linear relaxation of the integer formulation. All computation times are in secondson a
Linux operated PC with 3.2 GHz Intel Pentium 4 HT processor.For the linear relaxation
the fastest variant (cf. [17]) of the column generation algorithm has beentaken.

Table 1 shows that without exemption the combinatorial lower bound equals the value of
linear programming relaxation. Moreover, without any exception the bounds prove opti-
mality of the best known solution. The combinatorial lower bound can be computed within
a fraction of a secondwhereasthe column generation algorithm is somewhatslower. Note
that solving the linear relaxation of (6){(10) for general instances is an NP-hard prob-
lem since the pricing subproblem generalizesthe set packing problem (cf. [17]), whereas
computing the combinatorial lower bound can be done in polynomial time.

7 Concluding remarks

We have shown that in caseall lightpaths have at most two links, wavelength assignment
is strongly related to a generalizededgecoloring problem known as f -edge-coloring.From
bounds known for this problem, we have derived lower and upper bounds on the number
of converters neededor the number of lightpaths establishablein a con
ict-free assignment.
In the special casethat an even number of �b ers is installed at every link, the lower and
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upper bound both equalzeroand hencein such casesno wavelength conversion is necessary.

The practical relevance of these results lies in the fact that all links incident to a single
node form a star network. If we restrict all lightpaths to the links of the star, we obtain an
instance with at most two links per lightpath. Hence,we can compute a lower bound on
the number of converters in the central node. Applying this algorithm to all nodes in the
network givesus a lower bound on the number of converters in the overall network.

A theoretical comparisonof the combinatorial lower bound with the lower bound provided
by the linear relaxation value of a novel integer programming formulation of the converter
problem revealsthat both boundscoincideon instanceswith at most two links per lightpath.
For generalinstancesthe linear relaxation bound can bebetter, but for all realistic instances
we have shown that the boundsare equally good: Without exception,optimalit y of the best
known solution could be proved as the lower bound equalsthe solution value.

The relation to the (generalized)edgecoloring problem heavily relies on the restriction of
at most two links per lightpath. If this restriction is lifted, we have to extend the graph GL

to a hypergraph. Unfortunately, not much is known about the (f -)coloring of the edgesof a
hypergraph. Further research in this direction could be considered.A related but di�eren t
direction for further research is the investigation of the impact of the achieved results for
special network structures that generalizethe star, like spidersand trees.
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