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Abstract

Video on Demand (VoD) is a technology used to provide a number of programs to
a number of users on request. In developing a VoD system, a fundamental problem is
load balancing, which is further characterized by optimally placing videos to a nuniber
of prede ned servers and routing the user program requests to available resources. In
this paper, we develop an exact solution algorithm based on Lagrangean relakan and
decomposition to solve the video placement and routing problem. The novelty of the
approach can be described as the use of integer programs to obtain feasible \g@ns
to the problem. We also provide a modi cation to accelerate the proposed algothm.
Computational experimentation reveals that for randomly generated problems wih up
to 100 nodes and 100 videos, the use of such integer programs help greatly in olsting
good quality solutions (typically within 5% of the optimal solution), ev en in the very
early iterations of the algorithm.

Keywords. Integer Programming, Video-on-Demand, Placement, Routing, Lagrangean
Relaxation, Decomposition.

1 Introduction

Video on Demand (VoD) is a service that provides tens to hundeds of videos (programs)
to hundreds to thousands of clients through a network. Commecial VoD services are now

available in many areas that the multimedia technologies ae developing very fast. With
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such services users can select any video programs they likend then after a short setup
time, receive the video programs through the network. As forvideotape, they have greater
exibility in scheduling the viewing time and have ne-grain ed control: enabling them to
pause, resume, fast rewind and fast-forward the video.

An in-depth treatment of the subject is given by Little and Ven katesh [6]. Here, we
only provide a brief explanation. A complete VoD system conssts of three fundamental
components which may be stated as the storage server, networon which the system is
built and the user interface (e.g. the keyboard, mouse, or vite commands, along with
a translator). The requests made by the user through the inteface is forwarded to the
network. Once the user request for a program is fetched from ra available resource, it is
served to the user.

A central problem in structuring a VoD system is load balancing, which can be further
separated into two subproblems as indicated by Little and Venkatesh [6]. The rst con-
sists of deciding on program allocation and the second is resirce location and connection
establishment.

Several studies exist addressing the problem of developing VoD system. To mention
a few, Kim et al. [4] consider designing a VoD system on a netwd with storage capacity
constraints on each node and no capacity limitations on linls between each pair of nodes.
They o er an integer linear programming formulation of the p roblem along with a tabu
search algorithm. The authors present computational resus for networks with up to 40
nodes and 200 programs. Wang et al. [9] study the optimal vide distribution problem
in VoD systems with multiple multicast sessions. Multicasting is performed when a set of
clients require the same program at approximately the sameime. In this case, clients are
grouped as a multicast tree and the server sends the progranhtough this tree. The authors
present a branch and bound algorithm to nd an optimal solution when the network is a

directed acyclic graph and propose an approximation algothm for general graphs. Hwang



and Chi [3] consider the problem of placing a number of progrens on a number of servers
such that the total installation cost that is composed of the network transmission cost and
the video storage cost. In the context of a VoD system, Leung ad Wong [5] address a
di erent aspect of the problem as what kind of a charging schene should a service provider
adopt in order to maximize the mean revenue. Ouveysi et al. [[proposed an integer
programming formulation to determine the location of the video programs so as to minimize
the total cost of storage and transmission, subject to storge and transmission capacity
constraints. They refer to this problem as the Video Placemat and Routing Problem, for

the solution of which the authors propose heuristic approabes. Finally Huang and Fang
[2] propose a dynamic load balancing among the servers in a rtitserver VoD system.

Through simulations, the authors demonstrate that their algorithms perform well on an

example network.

The main motivation in this paper is to develop an exact soluton algorithm for the
integer linear programming model introduced by Ouveysi et & [7]. Our algorithm is
based on Lagrangean relaxation and decomposition, coupleslith some integer programming
techniques to convert infeasible solutions to feasible sations. This approach in contrast to
similar algorithms in the literature in which mainly heuris tics are utilized for this purpose.
Computational experimentation reveals that, although at the expense of relatively higher
solution times, the use of such integer programs help greatlin obtaining good quality
solutions even in the very early iterations of the algorithm.

The format of our paper is as follows. In the next section, we & ne the problem and
present the integer linear programming formulation. Sectbn 3 provides the full details of
the Lagrangean relaxation and decomposition algorithm, wih the implementation results
on randomly generated instances given in Section 4. Conclims and further remarks are

given in Section 5.



2 Problem De nition And Formulation

In de ning the problem, we adhere to the notation of Ouveysi & al [7], given as follows.
There exists a fully meshed network modelled by an undirecté graph G = (V;A), where
V = f1;2;::;;ng is the set of nodes andA is the set of edges including then(n  1)=2
links of the network. The set of programs (videos) to be placd and routed is denoted by
P = f1;2;:::;mg, where each prograrmk 2 P has a capacity requirement denoted bymy and
a bandwidth requirement for transmission denoted by . Each nodej 2 V corresponds to
a potential location for storing the programs with capacity denoted by Cs(j ). In addition,
each node has a demand for each program. The cost of storing aggram k 2 P at node
j 2V is shown bysk(j) and the transmission cost of the program on the linkfi;jg2 A is
shown by ty(i;j ). Finally, each link fi;j g 2 A has a transmission capacity that is denoted
by Ci(i;j ). A fully meshed VoD architecture with 5 servers is given in Hgure 1.

Given the demand forecast of the programs, theVideo Placement and Routing Problem
(VRPR) is to nd a placement scheme for the programs such that the tdal cost of storage
and transmission of the programs in the network is minimizedand the demand of each node
for each program is satis ed.

Ouveysi et al. [7] provide a integer linear programming fornulation for this problem,

using the following binary decision variables:
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The formulation is then given as follows (denoted byF):
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Figure 1: A fully meshed VoD architecture with 5 servers
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(F) minimize s )yf + tie(is )xi (1)
k2P j2V k2P j2V i2Vii6
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In this model, constraints (2) and (3) correspond to the capaity constraints related with
storage nodes and transmission links, respectively. Constints (4) state that each node
either stores a program or receives it from another node thastores it. Finally, constraints
(5) imply that a program can be transmitted from a node only if the program is stored
at that node. It is clear that this formulation only allows on e-hop paths in transmitting a
program. The reader is referred to Ouveysi et al. [8] for the gneralization of this problem
to two-hop paths. Constraints (6) impose integrality restri ctions on the decision variables.
Problem F has in general ?m + nm)=2 binary variables and (n?m+ n?+ n)=2 constraints.

We now study the complexity of the VPRP. Ouveysi et al. [7] mertion the possibility
that the VPRP may be NP -Hard. In the proposition stated below, we prove that it indeed

is:
Proposition 1  The video placement and routing problem (VPRP) isN P -Hard.

Proof The proof is based on the following restriction. Consider a ®gle program (i.e.,

P=1flg)andlet ; ming;j4aCt(i;j) and my  minjoy Cs(i). Since there is a single



program, we can drop the indexk in the formulation. In this case, constraints (2) and
(3), pertaining to node and link capacities, become redundat. Now, partition the node
set such thatV = | s J wherey; Oforallj 2 J. Then, constraints (4) and (5) can be
written as P i1 Xij =1:;8) 2J andxj V;;8i 21;j 2J. Butthen F reduces to the well-
known uncapacitated facility location problem (see [1]) wth | as the set of potential facility
locations and J as the set of customers. Since this problem is known to bBl P -Hard, the

VPRP is also NP -Hard. 2

The complexity of the VPRP implies that the solution of F using standard o -the-shelf
software will not be practical, especially with the increasng size of the problem. Therefore,
in this paper, we propose an exact solution algorithm for prdlem F based on Lagrangean

relaxation and decomposition. We present the details of thealgorithm in the next section.

3 A Lagrangean Relaxation and Decomposition Algorithm

Our algorithm is based on relaxing the capacity constraints(2) and (3) in a Lagrangean
fashion, by respectively associating the Lagrange multipers j and j to each constraint.

As a result, we obtain the following relaxed problem (denotel by F(; )):

X X X
F(; ) minimize (sc(i)+ jmi)yf + (t(i;i)+ 5§ X Co
k2P j2Vv k2P j2V i2V;ig]j
S.t.

(4);(5);(6)

P P P
where Co = 5y jCs(i)+ 2y jav ij Ci(ijj). Next, we observe that F(; )
decomposes intgPj subproblems, one for each progrank 2 P, each denoted byF¢(; )

and shown as follows for a singlé :
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j2Vv j2Vi2V;ig|
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X
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Each subproblem has (% + n)=2 binary variables and (n?> + n)=2 constraints. Let
v(F) denote the optimal objective function value of problem F. Then, as a result of the
decomposition procedure, the optimal objective function & F(; ) can be calculated as
v(F(; )= P wop V(FK(; ) Co. We are now ready to provide a general outline of the

algorithm for the solution to problem F.

The Algorithm:

Start with an initial vector of multipliers  1; 1. Let the incumbent lower bound be

Ib= 1 ,incumbent upper bound beub=1 andt=1.

Perform the following until gap= % < 1.00 or the maximum amount of iterations

have been reached.
{ SolveF( % Y. Setlb=v(F( % YH)if v(F( % Y) >lb.

{ Modify the solution of F( !; !)into a feasible solution ®( ; 1) using the two-
stage procedure that will be explained later on. va(Fb( YY) < ub, setub=

v(B( b oY),

{ Update the multipliers as follows:



"1 = maxfo; '+ s} dig

t+1

maxf0; '+ s, ghg

Here, g{ and g} are the subgradient vectors. Thej™ component ofg} is de ned

as:

X
() = meyf Cs(j)
k2P

Similarly, the (i;j )" component ofg} is de ned as:

ty. — X k Ciii
(QZ)IJ = kXU t(le )
k2P

In updating the multipliers, the steplengths s} and s}, are calculated as follows:

¢ L05 ub w(V(Y4 Y.

i kgtk? ! =12 (7)

{ Incrementt ast + 1.

Output ub as the best feasible solution.

In calculating the steplengths, the equation (7) is used whee is a convergence pa-
rameter. More details on this parameter will be provided in sction 4. The gap calculated
at each iteration of the algorithm shows how far the current feasible solution is from the
optimal solution. Therefore, in the case that the algorithm is unable to nd the optimal
solution, it is capable of indicating the quality of the nal solution.

At any step of the algorithm, the solution of F( !; ') provides an integral solution

that is feasible with respect to constraints (4) and (5), but do not necessarily satisfy the
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capacity constraints (2) and (3). This (infeasible) solution needs to be converted into a
feasible solution with respect to ProblemF in order to be able to provide the algorithm
with an upper bound. In general, in such circumstances, soméast heuristics are used to
convert the infeasible relaxed solution to a feasible solubn, at the expense of a possibly bad
feasible solution. However, we consider a reverse approaehnd utilize integer programs (IPs)
techniques to obtain feasible solutions. Our motivation isto make use of the information
provided by the current relaxed solution as much as possibleSuch an approach, although
at the expense of a higher computational e ort, will be proven to be e ective in providing

feasible solutions of good quality. The details of our procdure is as follows:

3.1 Obtaining Feasible Solutions

Let iq" and b}} be the optimal solution to the F(; ). Using this solution, we attempt to
achieve a feasible solution td= using a two stage procedure (named asSP). In brief terms,
the rst stage of the 2SP attempts to obtain a feasible con guration of y variables using an
IP named FeasY. Using the result of the rst stage, we construct another IP named FeasX
in the second stage, whose solution provides a feasible cayuration of x variables. Details

are provided below:

3.1.1 Stage 1

The rst stage of the 2SP consists of converting thejzﬁk‘s S0 as to satisfy constraint (2) with
a minimal amount of modi cation. The modi cation is done for each nodej 2 V, through
repositioning any program that violates the capacity constaint. To achieve this, we de ne
the setO(j;k) = fj 2 V;k2 ijqk = 1g9. Then, the feasibility is accomplished through the

use of the following feasibility IP model (henceforth denotd by FeasY):
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X X X X

(FeasY) minimize sk )y + Rmj¢ (8)
k2P j2v k2P j2Vv
s.t.
X K : .
mey;  Gs(); 8 2V
k2P
yk 1 mf 8k 2 0(jk) 9)
X
yk 1, 8k2P (10)
j2v

yk210,1g; 8 2V;k2P
mf2f0;1g; 8k 2 O(j; k) (11)

In FeasY, the additional binary variable m}‘ is equal to one if programk on nodej
is repositioned to another node, with, however, a penalty fo each repositioning. This
is re ected in the second summation of the objective function of FeasY with a penalty
coe cient R and ensures that the modi cation performed to the solution is minimal. The
motivation for such an approach is to benet as much as possite from the information
provided by the relaxed Lagrangean solution. Constraints Q) stipulate that if a program k
already located at nodej is repositioned to another node, thenyj = 0. Constraints (10) are
used to ensure that after the modi cation, each program is Iccated on at least one node. In
short, the solution to FeasY yields a placement scheme for the programs such that no node
constraint is violated. Our computational experience shovs that FeasY is easily solved to
optimality with standard optimization software.

We also note that in FeasY, it is possible to relax the binary variables m}‘ in the interval
[0; 1], since it is easy to see that in any optimal solution toFeasY, no m¥ will attain a

J

fractional value.
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3.1.2 Stage 2

In the second stage of the 3P , we attempt to nd a feasible con guration of x}} variables,
based on the optimal values of the variableg}‘ of FeasY. In other words, we would like to
obtain a vector of x variables satisfying the following IP model (henceforth rderred to as

FeasX):

X X X
(FeasX) minimize tic(isj )X (12)
k2P j2V i2Viig ]
S.t.
X k Ly P ok =1 gk =
meXj  Ci(ij); 8i6j2V:iyr=1;y7=0
k2P X
x€ =1, 8 2V;k2P:y =0 (13)
i2V;igjyk=1
xK 2101, 8i6j2V:y<=1;yk=0;k2P (14)

Note that in model FeasX, the binary variables x}J‘- are only dened if y¢ = 1 and
7}‘ = 0. Therefore, the size of the model is greatly reduced as copared to problemF. The
optimal solution to the FeasX yields a feasible con guration ofx}} variables.

As a result of stages 1 and 2, we obtain the optimal objective alues for the formulations
FeasY and FeasX The objective value of the corresponding (feasible) solubn for problem

P P
F is then found through v(FeasY) + v(FeasX) k2P jav RMK

4 Computational Results

In this section, we describe our computational results withthe proposed algorithm on ran-
domly generated test problems. The Lagrangean relaxation d decomposition algorithm
proposed for the solution ofF has been implemented in C and all the tests are performed

on a Sun UltraSPARC 12x400 MHz with 3 GB RAM, using CPLEX 9.0 as the optimization
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package to solve the IPs.

The random problems have been generated with the following arameters:
m,  U(1;100)
k U(l; 100)
te(i;j)  U(1;100)
sk(j) U(1;100)
. . P .
Ci(i;j)  Ulmaxi; fte(i5i)g 5 te(is)))

The capacity of each node Cs(j)) is set to be 40% of the total size of all the pro-
grams. For the Lagrangean algorithm, the convergence paraeter is initially set to 2.00
and multiplied by 0.87 if there is not any improvement in the best known upper bound for
5 consecutive iterations. The algorithm is stopped if one othe following conditions is sat-
is ed: the gap < 1:00,t > 100 or there is no improvement in the best known upper bound
for 9 successive iterations. The last criteria has been setdsed on our observations during
preliminary experiments. All the subproblems are solved tooptimality using CPLEX 9.0.

It is previously stated that the proposed algorithm herein is an exact solution procedure
as it provides both upper and lower bounds at every iteration This, in turn, outputs an
integrality gap that is an indicator of the quality of the sol ution found. Therefore, we do
not compare our algorithm with the heuristic procedure proposed by Ouveysi et al. [8]. We
present the computational results in Table 1, where each rovwpresents a randomly generated

problem. The columns of the table are explained below:
n: number of nodes
m: number of programs
n.: number of iterations required by the algorithm

13



tsub: average time required to solve all the subproblems to optimality
treasy . average time required to solveF easY to optimality

treasx . average time required to solveF easX to optimality

tL: overall solution time required by the algorithm

igap: initial gap obtained at the beginning of the algorithm

gap nal gap obtained at the end of the algorithm

Insert here Table 1.

The results presented in Table 1 indicate that the algorithm presented here is able to
produce good quality solutions, even in the rst iteration, for most of the problems. As
also indicated in Table 1, the time required to obtain feasile solution at every step of
the algorithm is quite short. However, one drawback of the afjorithm lies in obtaining
lower bounds. The lower bound computation time, as shown undr tg,, column, increases
heavily with the number of nodes. This is due to the fact that, at every iteration, the
algorithm needs to solvem integer subproblems to optimality. This, in turn, makes the
algorithm computationally ine cient for larger sized inst ances, as the size and the number
of subproblems will increase as well. To overcome this drawdrk, we propose a simple
modi cation to the algorithm that appears to be quite e cien t, as described in detail

below.

4.1 A Modied Algorithm

Since solvingm integer subproblems at every iteration of the algorithm is @stly, we propose
to solve the LP-relaxation of each integer subproblem. The laer bound obtained in this
case will surely be below the lower bound obtained by solvingnteger subproblems, but

will help in speeding up the algorithm. The only complication with this modi cation is
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that the solutions of the subproblems will in general be frational, if not always. However,
the fractional solutions can easily be converted to integersolutions that will be used to
obtain feasible solutions to the original problem. This is cone through rounding up (to 1)
every fractional variable with value greater or equal to 0.9, and rounding down the rest.
Using this solution, a feasible solution can easily be compged using formulations FeasY
and FeasX, as discussed previously.

Our computational experience with this version of the algoithm shows that such a
modi cation greatly helps in reducing the solution time of calculation of the lower bound
at each iteration of the algorithm. To see this, we present Tdle 2, where we compare the
original and the modi ed algorithm on some test problems. The rst ve columns are self
explanatory. In the next three columns, we report the averag computation time required
to nd lower bounds (denoted by bsub), to solve problem FeasY (denoted by h:easy) and
to solve FeasX (denoted by Bcasx ), respectively. Finally , the last column denoted by
imp, shows the improvement in the solution time in nding lower bounds ( calculated as
tap B 100

The numerical values given in Table 2 show that our modi cation proposal does not
have any e ect on reducing the computation times to obtain feasible solutions. However,
it does have a tremendous e ect in reducing the necessary conutation times to nd lower
bounds. As indicated under columnimp, these improvements can be up to 90%. Based on
these results, we proceed on solving larger instances witthis modi cation and the results
are presented in Table 3. In solving these instances, we keegll the algorithm parameters
as explained previously.

Looking at the results in 1 we see that the modi ed algorithm provides good quality
solutions (typically with a gap below 5%) in a reasonable amant of time. However, as
problem size increases, the di erence between the initial gp and the nal gap tends to

decrease.
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5 Concluding Remarks

In this paper, we have presented an hybrid Lagrangean relaxson-decomposition algorithm
for the resolution of the Video Placement and Routing Problen (VRPR). Our algorithm
provides a benchmark to measure the quality of the output reslts and is capable of pro-
ducing good quality solutions in considerably short running times. The algorithm proposed
in this paper is di erent from similar existing algorithms b ecause we achieve the feasible
solutions through the use of integer programming techniqus and this is the reason that our
solution methodology would result in good quality solutions even at the earlier iterations
of the algorithm. However, obtaining a lower bound at each sép of the algorithm seems
to be the main bottleneck as one has to solve a number of integgrograms at each step.
For this reason, we have also proposed a modi cation to our gjorithm that considerably
accelerates its running time.

Itis clear that obtaining the optimal solution of the model ¢ onsidered here will get harder
as the problem sizes increase. In such cases, fast heurissilgorithms or metaheuristics such
as tabu search can be of use. However, one must be aware thatcsuapproaches are incapable
of providing the quality of the solution found unless additional lower bounding techniques

are employed.
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Table 1. Computational results for the Lagrangean relaxaton and decomposition algorithm
n m np tsub tFeasy [Feasx t igap gap
50 10 15 9.07 0.06 0.25 141 1351 7.78
60 10 15 15.84 0.07 0.34 244 791 6.91
70 10 16 2144 0.09 0.50 352 7.73 4.76
80 10 16 25.65 0.10 0.62 422 547 3.70
90 10 13 30.91 0.11 0.79 414 3.63 244
100 10 9 131.87 0.12 0.88 1196 3.82 3.64
50 20 15 14.15 0.11 0.58 223 501 231
60 20 9 2331 0.13 0.84 218 3.19 3.10
70 20 22 24.68 0.16 1.20 573 3.46 2.36
80 20 11 35.27 0.18 1.32 404 1.30 1.12
90 20 25 69.01 0.23 193 1779 232 191
100 20 31 80.55 0.23 214 2572 266 2.12
50 30 11 1254 0.18 1.03 152 3.89 3.26
60 30 28 46.24 0.25 1.35 1339 3.80 249
70 30 9 26.37 0.23 2.08 258 242 241
80 30 13 9447 0.33 211 1260 249 1.95
90 30 18 188.64 0.32 297 3455 287 2.29
100 30 9 168.30 0.33 351 1550 215 211
50 40 17 23.62 0.23 1.64 433 345 227
60 40 14 4934 0.30 2.62 732 3.78 245
70 40 9 58.85 0.42 2.70 558 2.64 2.62
80 40 21 120.21 0.38 417 2620 2.31 2.04
90 40 17 21863 0.34 497 3807 2.61 2.07
100 40 9 21171 0.37 488 1953 1.05 1.05
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Table 2: Comparison of the original and modi ed algorithm

Original Algorithm

Modi ed Algorithm

n m tsub trFeasy [Feasx bsub h: easY h: easx | IMp
50 10| 9.07 0.06 0.25 | 2.24 0.06 0.25 | 75.33
60 10| 15.84 0.07 0.34 | 3.18 0.07 0.35 | 79.90
70 10| 21.44 0.09 0.50 | 4.50 0.09 0.57 | 79.01
80 10| 25.65 0.10 0.62 | 5.88 0.09 0.63 | 77.08
90 10| 30.91 0.11 0.79 | 7.79 0.10 0.79 | 74.81
100 10| 131.87 0.12 0.88 | 11.08 0.12 0.94 | 91.60
50 20| 14.15 0.11 0.58 | 4.62 0.12 0.58 | 67.36
60 20| 23.31 0.13 0.84 | 6.17 0.13 0.82 | 73.53
70 20| 24.68 0.16 1.20 | 9.02 0.17 1.38 | 63.46
80 20| 35.27 0.18 1.32 1151 0.18 1.43 | 67.37
90 20| 69.01 0.23 1.93 | 16.03 0.19 1.84 | 76.77
100 20| 80.55 0.23 2.14 | 2043 0.24 2.13 | 74.63
50 30| 12.54 0.18 1.03 | 6.72 0.18 1.18 | 46.46
60 30| 46.24 0.25 1.35 | 10.07 0.22 1.52 | 78.21
70 30| 26.37 0.23 2.08 | 12.72 0.23 2.08 | 51.75
80 30| 94.47 0.33 211|17.79 0.28 2.15 | 81.17
90 30| 188.64 0.32 2.97 | 25.84 0.35 3.23 | 86.30
100 30| 168.30 0.33 3.51|31.01 0.33 3.67 | 81.57
50 40| 23.62 0.23 1.64 | 8.79 0.26 1.66 | 62.79
60 40| 49.34 0.30 2.62 | 13.49 0.31 2.50 | 72.67
70 40| 58.85 0.42 2701|1783 0.31 2.74 | 69.70
80 40| 120.21 0.38 417 | 2590 0.38 4.16 | 78.45
90 40| 218.63 0.34 497 | 3454 043 4.86 | 84.20
100 40| 211.712 0.37 488 | 40.45 0.36 4.84 | 80.90
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Table 3: Computational results for the modi ed Lagrangean relaxation and decomposition
algorithm

n m np Bup Beasy  Breasx il igap gap
50 50 25 10.76 0.33 2.20 333 5.74 4.79
60 50 16 15.87 0.34 2.80 305 4.16 3.66
70 50 11 2241 0.42 4.57 302 456 4.27
80 50 11 30.73 0.46 5.54 405 5.35 5.06
90 50 12 43.76 0.56 7.00 616 5.36 5.29
100 50 11 54.15 0.60 8.71 699 354 347
50 60 9 12.96 0.36 3.08 148 484 4.84
60 60 18 19.99 0.44 3.50 432 4.11 3.29
70 60 9 26.20 0.50 4,92 285 543 5.37
80 60 13 37.37 0.54 6.16 574 475 4.17
90 60 13 50.61 0.62 10.77 807 4.67 4.58
100 60 9 63.79 0.61 9.38 664 3.09 3.09
50 70 14 15.19 0.42 4.00 275 547 475
60 70 15 2254 0.49 4.10 408 3.89 3.88
70 70 13 33.65 0.61 9.42 568 5.34 5.30
80 70 17 44.99 0.69 11.16 967 4.39 4.22
90 70 11 56.63 0.77 8.88 730 3,50 342
100 70 12 71.07 0.82 14.74 1041 4.16 4.13
50 80 13 18.25 0.51 4.40 302 4.78 4.24
60 80 12 26.24 0.50 53.32 961 4.82 4.37
70 80 13 35.14 0.68 16.85 685 3.95 3.82
80 80 12 49.37 0.84 19.90 842 5.88 4.73
90 80 9 63.70 1.17 20.07 765 4.74 4.73
100 80 17 82.44 0.94 13.87 1654 3.72 3.42
50 90 12 21.06 0.59 2769 593 529 521
60 90 25 29.30 0.70 7.00 926 5.19 4.44
70 90 26 39.86 0.77 64.33 2729 491 4.83
80 90 28 55.48 0.90 22,28 2203 5.41 4.86
90 90 9 77.26 1.06 2790 956 534 534
100 90 17 93.30 1.14 40.93 2302 3.99 3.90
50 100 9 23.00 0.57 7.29 279 392 3.92
60 100 12 32.18 0.74 11.83 537 6.07 5.87
70 100 14 44.36 0.91 13.09 818 4.89 4.60
80 100 26 63.56 0.95 2351 2290 5.08 4.52
90 100 9 83.83 1.01 62.26 1325 4.75 4.75
100 100 9 106.77 1.12 274.03 3440 455 4,55
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