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Abstract

In this paper, we are concerned with nonlinear minimization problems with sec-
ond order cone constraints. A primal-dual interior point method is proposed for
solving the problems. We also propose a new primal-dual merit function by com-
bining the barrier penalty function and the potential function within the framework
of the line search strategy, and show the global convergence property of our method.
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1 Introduction
In this paper, we consider the following constrained optimization problem with the second

order cone constraints: o
M minimize  f(X), x CH",
subject to g(x) =0, x [K,

where we assume that the functions f : R" - R and g : R" - R™ are su Lciehtly
smooth, and K is the Cartesian product of socond order cones: K = K!xK2x...xKS,
and K' is an n; dimensional second order cone which is define by

Ki = {(Xio’)_(i)t ni | XiO > @L—_IXIO ’ )_(i ni—l}’

and ny +n,+---+ng = n, and [ denotes the I, vector norm. Let x = (x%, X2, ..., x%)!
where x' = (x{, X")! CRI". By x [KI, we mean

x' [K' R, i=1,...,s.
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We denote the conditions x' [CK' x' [CimtK', x [K,x CintK by x' [COJx' COlx [
0,x [O]respectively.

It is known that linear SOCP (second order cone programming) problems include lin-
ear and convex quadratic programming problems as special cases, and are special cases
of SDP (semidefinite programming) problems. Interior point methods for solving these
problems have been studied by many researchers in the past. On the other hand, some
researchers have studied numerical methods for solving nonlinear SOCP or SDP prob-
lems. For example, Kocvara and Stingl [8] developed a computer program PENNON for
solving nonlinear SDP, in which the augmented Lagrangian function method was used.
Correa and Ramirez [4] proposed a global algorithm for nonlinear SDP which modified the
sequentially semidefinite programming method by using a nondi Lerkntial merit function.
Related researches include Jarre [7], Freund and Jarre [6] and Bonnans and Ramirez [2].
However, there are not so many researches on interior point methods for solving nonlinear
SOCP problems yet.

In this paper, we propose a primal-dual interior point method for solving nonlinear
SOCP problems. The method is based on a line search algorithm in the primal-dual space.
We show its global convergence. The present paper is organized as follows. In Section
2, the optimality condition for problem (1) and basic Jordan algebra are introduced. In
Sections 3 and 4, our primal-dual interior point method is discussed. Specifically, in
Section 4.1, we describe the Newton method for solving nonlinear equations that are
obtained by modifying the optimality conditions given in Section 2. In Section 4.2, we
propose a new primal-dual merit function that consists of the barrier penalty function and
the potential function. Then Section 4.3 presents the algorithm called SOCPLS based on
the line search strategy, and Section 4.4 shows its global convergence property. Finally,
we give some concluding remarks in Section 5.

2 Optimality conditions and basic Jordan algebra
Let the Lagrangian function of problem (1) be defined by

L(w) = f(x) —y'g(x) —z'x,

where w = (x,y,2)t, and y CHR™ and z [CR" are the Lagrange multiplier vectors which
correspond to the equality and second order cone constraints respectively. Then Karush-
Kuhn-Tucker (KKT) conditions for optimality of problem (1) are given by the following
(see [3)]):
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Here L[L{w) is given by
LLw) = OF) —AMX)'Y —z,
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and the multiplication x < z is defined by
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where 1 . .

i i x")z'
X' = i i 4 iy
X0Z' + 74X

The Jordan algebra used in this paper is surveyed in the paper by Alizadeh and
Goldfarb [1] (see also [5]). We first define the following notations:

Arw(x) = %(xl) Dé:%@) 1 CAIw(X®),

Arw(x') = )EB ()_(-I)t [CRMi><ni

x' xpl ’

e = (el’ . eS)t’

Ei = (1, O)t ni W|th 0 ni—l’

N ruing o

det(x') = (E 2 3 2]

1 0 --- 0
H—1 -+ 0 o

Ri - . ) ] n,xnl.
o 0 .. —1

Here det(x') is called the determinant of the vector x'. We note that det(x') > 0 for
x! O] We also note that x' [COlif and only if the matrix Arw(x') is positive definite.
By using notations above, the multiplication x' = z' can be expressed as

(4) x' ez = Arw(x)z' = Arw(x")Arw(z')e.

The vector €' is the unique identity in the sense that v - ' = v holds for any v [CR".
It is known that there exists a unique inverse (x')™ for any x' [COlin the sense that
x'o (x') =¢'. Let

x P =((xHTH AL )T
In this case, x and x' are said to be nonsingular. We note that the inverse of x' is written
as .
RiXI

0™ = Getoa)

In the following, we also use the relation

x~ 1 = Arw(x) e,
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which can be proved by confirming Arw(x 1)e = Arw(x)e.
We next introduce the so-called spectral decomposition of a vector x' [CRI", which is
given by
x' = Nc! +Abch,
where Al, AL are called the eigenvalues and ci, ¢}, are called the Jordan frame of the vector
x!, respectively. They are defined by

N=xi+ T A =x— KO

and C 1 [ 1 1 1
a1 1 Y
2 [%—!I:I ’ . _[%—!I:I

We note that the Jordan frame {c}, c}} satisfies the relations
cleoch=0, clocl=cl, choch=c), cl+ch=¢, ¢l =Rich and ¢}, =Ricl.

Eigenvalues have the properties A} =0, A} =0 for X' [COhnd A} >0, A, >0 for x' [Q1
The inverse of a nonsingular vector x' can be written as

(<) =AY el + (M) el
Furthermore, for x' [CQlwe can define
()2 = (V2] + (W)V7c
and _ _ _ _ _
()2 = ()2 + () e,

which satisfy the properties (x')¥2 o (x)¥? = x' and (x')71/? o (x')7%/2 = (x") ..

We call w = (X, y, z) satisfying x [C0lnd z [Olkhe interior point. The algorithm of
this paper will generate such interior points. To construct an interior point algorithm, we
introduce a positive penalty parameter y, and try to find a point that satisfies the barrier
KKT (BKKT) conditions:

1 | 11 11 ]
L) 0
(5) I’(W, IJ) = L[ 1 g(x) L=1L gl 1
XeoZ—Me 0
and
(6) x 0] z 01

In applying the Newton method to the system of equations (5), we usually consider an
e [edtive scaling of the primal-dual pair (x,z). For this purpose, we define the transfor-
mations

T, = Tpl I:[;lz L1 LT4,
Tpi 2ArwA(p') — Arw((p')?)
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with respect to p' [Qli =1,...,s. The matrix T, is nonsingular if and only if the inverse
of p exists. Using this transformation, we scale x and z by

-1

X=Tpx and Z=T,"z.
Then we obtain (see Theorem 8 in [1])
Xt=T,x' and 7' =Tz "

Throughout this paper, we choose the transformation T, such that the matrices Arw(X)
and Arw(Z) commute. In this case, the vectors X' and Z' share a Jordan frame {c}, c5},
that is, they can be represented by

K =Ncl+Ac, and 7' =1t/cl +ich,

where AL, AL and T, T} are the eigenvalues of X' and Z', respectively.
As examples of the transformation that makes Arw(X) and Arw(Z) commute, following
choices of p are well known:

(7 p=2zY2 p=x12
and

]
(8) p= T (TX1IZZ)_1/2 2 = T, 1 (Tzllz X) 1/2 Lhyo .

For the first two choices, we have
Z=T,,z=e and X=T,i:X=¢,

respectively. The third choice (8) is the Nesterov-Todd direction and this yields X = Z.

3 Procedure for satisfying KKT conditions

We first describe a procedure for finding a KKT point using the BKKT conditions. In
this section, the subscript k denotes an iteration count of the outer iterations.

Algorithm SOCPIP

Step 0. (Initialize) Set € > 0, M; > 0 and k = 0. Let a positive sequence {px},Hk ¢ O
be given.

Step 1. (Approximate BKKT point) Find an interior point wy.; that satisfies
()] [EQWi+1, M) C=£ Mk

Step 2. (Termination) If [rd(wy+1) < €, then stop.

Step 3. (Update) Set k :=k + 1 and go to Step 1. O



We note that the barrier parameter sequence {px} in Algorithm SOCPIP needs not
be determined beforehand. The value of each px may be set adaptively as the iteration
proceeds. We call condition (9) the approximate BKKT condition, and call a point that
satisfies this condition the approximate BKKT point.

The following theorem shows the convergence property of Algorithm SOCPIP.

Theorem 1 Assume that the functions ¥ and g are continuously differentiable. Let {Wy}
be an infinite sequence generated by Algorithm SOCPIP. Suppose that the sequences {Xx}
and {yx} are bounded. Then {zx} is bounded, and any accumulation point of {Wx} satisfies
KKT conditions (2) and (3).

Proof. Assume that {zx} is not bounded, i.e., that there exists an i such that (zx)j - oo.

Equation (9) yields
@ CECk) — AG)'Yii _ 1E5 . M1
= (1) “(z)i’
The sequences {xx} and {yx} are bounded, and f and g are continuously di [erkntiable,
and gy —» +0 as kK - oo. This implies that 1 < 0, which is a contradiction. Thus the
sequence {zx} is bounded.
Let W be any accumulation point of {wy}. Since the sequences {wy} and {jx} satisfy
(9) for each k and py approaches zero, ro(W) = 0 follows from the definition of r(w, p).
Therefore the proof is complete. O

4 Algorithm for finding a barrier KKT point

Using the transformation T, described in Section 2, we replace the equation x -z = pe
by an equivalent form X - Z = pe, and deal with the modified BKKT conditions

(- a1
L {w) 0

(10) fw,w= Cdgix) =111
Ko7 —pe 0

instead of (5) to form Newton directions as described below.

4.1 Newton method

In this subsection we consider a method for solving the BKKT conditions approximately
for a given pu > 0 (Step 1 of Algorithm SOCPIP). Throughout this section, the index k
denotes the inner iteration count for a given p > 0. We note again that x, [C0hnd z, O]
for all k in the following.

For this purpose, we apply a Newton-like method to the system of equations (10). Let
the Newton directions for the primal and dual variables by Ax and Az, respectively. Since
XoZ = pe can be written as (Tpx)o(Tp_lz) = pe, the equation Tp(x+Ax)oTp—1(z +Az) = pe
yields

(TpX) © (T, 2) + (Tpx) © (T, *AZ) + (TpAX) o (T, '2) + (TpAX) © (T, Az) = pe.
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By neglecting the nonlinear part (T,AX) < (T, 1Az7), we have the equation
(11) (TpX) © (T, 2) + (Tpx) ° (T, *Az) + (TpAX) © (T, ') = pe.

Then using (4), the Newton equations for solving (10) are defined by

(12) GAXx — AX)'Ay — Az = — LIw),
(13) A)AX = —g(x),
(14) AW(Z)ToAX + Arw(X)T, Az = pe — Arw(R)Arw(2)e,

or equivalently
(15) J(W)AW = —T(w, p),
where the matrix J(w) is given by

1
G —AX! —

Jw) = LIA(x) 0 0 L1
Arw(2)T, 0 Arw(R)T,™

and the matrix G is [2L{w) or its approximation. Since equation (14) was derived for a

fixed transformation T, at the k-th iteration, equations (15) are not the Newton equations,

strictly speaking. However, in this paper, we call (15) the Newton equations for simplicity.
The following lemma gives a su Lcieht condition for equation (15) to be solvable.

Lemma 1 If the matriz G+TpArw(X) LArw(Z) T, is positive definite and the matriz A(X)
is of full rank, then the matriz I(W) is nonsingular.

Proof. Consider the equation —1 101

for (vx, vy, vz)' CR™ x R™ x R". Since the equation above gives
v, = —T,Arw(X) TArw(Z) Tpv,
by eliminating v,, we have
Vx = (G + ToArw(X) TArw(2) Tp) TA(X) vy.
The condition A(x)vx = 0 yields
AX)(G + ToAMW(X) *Arw(2)T,) TA(X)'vy = 0.

Since the matrix G + T,Arw(X) " *Arw(Z)T, is positive definite and the matrix A(x) is of
full rank, we have vy = 0. This implies that vy, = v, = 0. Therefore the proof is complete.
O

It is known that if px is chosen to make Arw(Xy) and Arw(Z,) commute, then the matrix
To Arw(Xy) L Arw(Zi)T,, becomes symmetric positive definite. In this case, if we choose
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a symmetric positive semidefinite matrix Gy, the matrix Gy + Ty Arw(X) "*Arw(Zi) Ty, is
symmetric positive definite. This is true for the choices of p, = x; /* and px = z.’%, which
are introduced in Section 2. Furthermore, if px is chosen to be the Nesterov-Todd direc-
tion (8), then we have Arw(Xx)"*Arw(Z) = I and the matrix Tp Arw(X) TArw(Z) Ty,
becomes the symmetric positive definite matrix szk. These facts justify the assumption
of the previous lemma.

The following lemma claims that a BKKT point is obtained if the Newton direction

satisfies Ax = 0.

Lemma 2 Assume that AW solves (15). If AX =0, then (X,y +AY,z + Az) is a BKKT
point.

Proof. 1t follows from the Newton equations that

FX) — AX)'(y +Ay) — (z+Az) = 0,
gx) = 0,
(Tpx) ° (T, *Az) = pe — (Tpx) ° (T, '2).

Since the last equation yields T,x Tp‘l(z + Az) = pe, we have that x o (z + Az) = pe,
and then z + Az = pux~! 01 Therefore the point (X,y + Ay, z + Az) satisfies the BKKT
conditions. O

4.2 Primal-dual merit function

To force the global convergence of the algorithm described in this paper, we use a merit
function in the primal-dual space. For this purpose, we propose the following merit
function:

(16) F(x,z) = Fgp(X,2) + VFp (X, 2),

where Fgp (X, 2) and Fp (X, z) are the barrier penalty function and the potential function,
respectively, and they are given by

m E_ 1 )
(17) Fer(x,2) = f(x)— > log(det(x")) + p[g{x) L]
i=1
t t 1
(18) Fe(x2) = logC+ 17" —ui) - % log(det(x')det(z')),

i=1

where v and p are positive parameters. The following lemma gives a lower bound on the
value of the potential funciton.

Lemma 3 The potential function satisfies
(19) Fp(x,z)=0

for any X [Qhnd z Q1 Furthermore, the equality holds in (19) if and only if the vectors
X and zZ satisfies the relation X oz = [e.



Proof. Noting that X'Z = x'z and det(X")det(Z') = det?(p')det(x') - det™?(p")det(z') =
det(x')det(z') (see Theorem 8 in [1]), we have Fp(X,2) = Fp(X,z). Let the eigenvalues
of X' and Z' be A}, AL and T/, T/, respectively. Since X [Oland Z [Olare satisfied and
Arw(X) and Arw(Z) commute, these eigenvalues are positive and the Jordan frame of X!
and Z!, c} and c} say, is shared as stated in Section 2. Then X' and Z' are written as

K= ANcl + A, and 7' =t/c] + tich,

and we have det(X") = AlAL and det(Z') = tit). Thus it follows from the algebraic and
geometric mean that

e T

v — _ - i i
Fr(X,2) = log 7% |_,S M 28Iog | NTAT

= i=
L Copl ™ 1
— - 1 —
> log L1 At + — uH—=1"1og ANTAT)

2s i=1
|:| |:|
= log L1 -—-@ @ [ =D,

I

Furthermore, the equality holds Ifﬁ) if and only if the equalities hold in the algebraic
and geometric means, and X'Z = It! + Abtd)/2 = ps in the above. This implies
that

NU=NG = =NT=NKG =4
Then we have o S _ o _ _
Ko7' = NT((Ch)* + (€2)?) = NT{(C + ¢5) = e,
which implies that x - z = pe.
This completes the proof. O

It is known that
C(Ibg det(v)) = 2v ! for v [

Then we introduce the first order approximation F, of the merit function by
(20) Fi(x, z; Ax,Az) = F (X, 2) + AF(X, z; AX, Az),
where
AF (X, 2;AX,Az) = AFgp (X, Z; AX,Az) + VAFp (X, z; AX, AzZ),
(21) AFgpi(X,z;Ax,Az) = FER)AXx—px HAx
+o(L90x) + A)A [g0x) L),

A + tA + tA + tA
22 DFm(xzAxng) = (COXTXA7) | HXz+ziAX X Z)—uE

@E @Ej

(x 1)tAx+(z 1)tAz .




We now show that the search direction is a descent direction for both the barrier
penalty function and the potential function. We first give an estimate of AFgp (X, z; AX, Az)
for the barrier-penalty function.

Lemma 4 Assume that AW solves (15). Then the following holds

| ]
(23) AFgpi(X, 2, A%, Az) <= —Ax' G+ T,Aw(X) PAw(2)T, Ax
—(p — yH Ay L) [g{x) L]

Proof. Itis clear from (13) and (21) that
(24) AFgpi(x,2; A, Az) = LER)'Ax — p(x ) Ax — pg{x) L]
It follows from (12) that

CEFX)'Ax = —AX'GAX + AXAX)'(y + Ay) + AxX'(z + Az).
Since TpArw(X) *e = x* holds, equation (14) implies that

z+0Az = T,Arw(X)(ue — Arw(2) T, Ax)
= pux ! = TLArwW(R) TArw(2) T,Ax.

Then we have
L1 ]
[TRX)'Ax = —AX' G + T,Aw(X) PArW(D) T, Ax — g(X)'(y + Ay) + pAxx
Therefore equation (24) yields

AFgp (X, 2; A%, A7) = —AXx %I + ToArw(X) TArw(2) T, DAX —g(X)'(y + Ay)
+|J_1}th_l —u N Ax —p @X) (o]
= —Ax' G+ T,ArwWX) TArw(2)T, Ax
—(p — yH Ay L) [g{x) 1]

The proof is complete. O

Next we estimate the dilerknce AFp (X, z; AX, Az) for the potential function.

Lemma 5 Assume that AW solves (15). Then the following holds
(25) AFp (X, z2;A%,A2) < 0.

The equality holds in (25) if and only if the vectors X and Z satisfies the relation XozZ = pe.
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Proof. Equation (11) yields
(T, ' 2) TpAX + (TpX) T Az = ps — (TpxX)'T, 'z

and
2'Ax + X'z = ps — x'z.

Since matrices Arw(X) and Arw(Z) commute, premultiplying (14) by e!Arw(X)"*Arw(Z)*
implies

e"Arw(X) ' TpAX + e'Arw(Z) 1T, Az = petArw(X) FArw(Z) e —ee.
This yields
(T, X )T+ (Tpz )T Az = —s + (T, X D) Tpz ™,

and then
X HAx+ @z HAz = —s+puxHiz 1.

Thus from (22) we obtain

(—xz/s +p) — |x'z/s—y| 10T —iyt—1
. A — — - —g+
AFp (X, 2, AX, Az) X275 + X2/ — 11 s S H(X")z
_ M N L
xtz/s+ |xtz/s—p| s )z
— H _ E()ﬁz—l)tz'—l

K7/s + |XZ/s —p| s

= I H
T (X)Di/s + [XZ/s — ]

M I:~il—1t~i—1
- @Y™

i=1

We use the spectral decomposition of X' and Z' as in the proof of Lemma 3. Then X' and
Z' are written as

Sio— il il 51 — il il

X'=Ac]+Ac, and Z' =T/Cc] + T,0;.

By using the algebraic and geometric mean, we have

1 1 B
1 == = ('S
— (X)ZV/s + [X'Z/s—p| s -
— L1
_ 1 B 11
) 7"'1%2“;)"25' +|RZ/s — | oy 2S AT
L1 Lyl
< — 1 J—
T OCANTND) P+ Rz/s -y o, MUNT
< 0.

This implies that AFp (X, z; AX, Az) < 0.
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Furthermore, the equality holds i{_qﬁ) if and only if the equalities hold in the algebraic

and geometric means, and X'Z = ,_,(AlT{ + ALT))/2 = ps in the above. In the same
way as the proof of Lemma 3, we obtain the result.
Therefore the proof is complete. O

Now we obtain the following theorem by using the two lemmas given above. This
theorem shows that the Newton direction Aw becomes a descent search direction for the
proposed primal-dual merit function in (16).

Theorem 2 Assume that AW solves (15) and that the matriz G + ToArw(X) LArw(2) T,
18 positive definite. Suppose that the penalty parameter p satisfies p > [yH Ay Lol Then
the following hold:

() The direction AW becomes a descent search direction for the primal-dual merit function
F(x,2), i.e. AF(X,z;AX,Az)<0.

(i) If AX B 0, then AF(X,z; AX,Az) < 0.

(i) AF (X, z; AX,Az) = 0 holds if and only if (X,y + Ay, 2) is a BKKT point.

Proof. (i) and (ii) : It follows directly from Lemmas 4 and 5 that

(26) AF (X, 2;AX, A7) < —AX* %I + ToArw(X) TArw(2)T, DAX
—(p — yH Ay L) [g{x) L]

< 0.

The last inequality becomes a strict inequality if Ax 8 0. Therefore the results hold.
(i) If AF(X, z; AX, Az) = 0 holds, then AFgp (X, z; AX, Az) = 0 and AFp (X, z; AX, Az) =
0 are satisfied, and equation (26) yields

(27) Ax =0, gx) =0.
Since AFp((X,z; AX,Az) = 0, Lemma 5 gives X = z = pe. Since equation (14) yields
Arw(>“€)Tp_1Az =0, we have Az = 0. Then equation (12) implies that [E(X) — A(X)'(y +
Ay) —z = 0. Hence (X,y + Ay, z) is a BKKT point.

Conversely, suppose that (x,y+Ay, z) is a BKKT point. The Newton equations imply

that
GAXx—Az =0, and Arw(Z)T,Ax+Arw(X)T,*Az =0.

It follows that (G + T,Arw(X) *Arw(Z)T,)Ax = 0 holds, which yields Ax = 0. Using
equation (24) and Lemma 5, we have

AFgpi(X,2;0%X,Az) =0 and AFp|(X,z;AX,Az) =0,
which implies AF(x, z; Ax, Az) = 0. Therefore, the theorem is proved. O
Closing this subsection, we give the following lemma that gives a base for Armijo’s line

search rule and its convergence described in the next section. This lemma corresponds to
Lemma 2 and Lemma 3 of the paper by Yamashita [11], so we omit the proof.

12



Lemma 6 Let dy CR" and d, CRI" be given. Define FXX,z;dy,d,) by

F(x+tdy,z +td,) — F(X,2)

FXx,z;dy, d,) = Itllrgl n

Then the following hold:
() The function Fi(X, z; ady, ad,) is convex with respect to the variable Q.
(i) The relation

F(x,2z) + FXx, z;dy, d;) < Fi(X, Z; dy, dy)

holds.
(iii) There exists a 6 [(0,1) such that

F(Xx+dy,z+d,) < F(X,2)+ FXx+ 0dy,z + 08d,; dy, d,),

whenever X +dy [Qdand z +d, O]
(iv) Let &g [(Q,1) be given. If AF(X,z;dx, d;) <0, then

F(x+ ady,z +ad;) — F(X,2) < €0AF (X, z; dy, d;),

for sufficiently small o > 0. O

4.3 Line search algorithm

To obtain a globally convergent algorithm to a BKKT point for a fixed g > 0, we modify
the basic Newton iteration. Our iterations take the form

Xi+1 = Xk + OAXg,  Zg+1 = Zx + Az and  Yg+1 = Yk + Ay

where ay is a step size determined by the line search procedure described below.

The main iteration is to decrease the value of the merit function F (x, z) for fixed p.
Thus the step size is determined by the su Lcieht decrease rule of the merit function. We
adopt Armijo’s rule. At the point (X, zx), we calculate the maximum allowed step to the
boundary of the feasible region by

Oxkmax = argmin det(x} + aAx;) =0, (X)o + a(Axp)o =0, i=1,...,s, a>0
and
Ozkmax = argmin det(z), + aAz}) =0, (zL)o + a(Az})o =0, i=1,...,s, a>0 .

Specifically, the equation det(x} + aAxl) = 0 implies the quadratic equation of o
det(Ax})o? + 2(x})'RiAxLa + det(x}) = 0.

Thus we can easily get Oxkmax, and we obtain O xmax in @ similar way. The step sizes are
set to be infinity if there is no stepsize that satisfies these conditions.
A step to the next iterate is given by

Ox = C_XkBIK, Ok = Min{yOxkmax, YOzkmax, 1},

13



where y [(D,1) and B [(D,1) are fixed constants and Iy is the smallest nonnegative
integer such that

(28) F (Xk + C_XkBIKAXk, Zx + C_XkBIKAZk) <F (Xk, Zk) + SoC_XkBIKAF|(Xk, Zk, DXy, AZk),

where gy [(0, 1).

Now we give a line search algorithm called Algorithm SOCPLS below. This algorithm
should be regarded as the inner iteration of Algorithm SOCPIP (see Step 1 of Algorithm
SOCPIP). We also note that £”given below corresponds to M.u in Algorithm SOCPIP.

Algorithm SOCPLS

Step 0. (Initialize) Let wo CR" x R™ x R" (xo Oz CO) and p >0, p >0, p"”> 0,
v>0.Sete"’>0,y [(0,1), B [(0,1) and g, [(0,1). Let k =0.

Step 1. (Termination) If [rdwy, ) = €Y then stop.

Step 2. (Compute direction) Calculate the matrix Gx and the vector px. Determine the
direction Awy by solving (15).

Step 3. (Step size) Find the smallest nonnegative integer I that satisfies the criterion
(28), and calculate

Qg = C_XkBIK.
Step 4. (Update variables) Set
L1 L1 L1 L1 [ AI L1
Xk+1 Xk Xk
= + ,
Z+1 Zy K Az

Yk+1 = Yk + Ayk.

Step 5. Set k :=k + 1 and go to Step 1. O

4.4 Global convergence

Now we prove global convergence of Algorithm SOCPLS. For this purpose, we make the
following assumptions.

Assumptions

(A1) The functions f and g, i = 1,...,m, are twice continuously di [erentiable.

(A2) The sequence {wi} generated by Algorithm SOCPLS remains in a compact set Q
of R" x R™M™ x R".

(A3) The matrix A(xg) is of full rank for all k on Q.

(A4) The matrix Gk and the vector pyx are chosen such that the sequence of the matri-
ces {Gx + Tp Arw(X) *Arw(Z) Ty} is uniformly bounded and uniformly positive
definite. The vector pg is also chosen such that Arw(Xy) and Arw(Zx) commute.
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(A5) The penalty parameter p is su [ciehtly large so that p > [y + Ay [ holds for all
K.

O

Assumption (A2) assures the existence of a limit point of the generated sequence as
shown in the next theorem. This compactness of the generated sequence is derived if
we assume the compactness of the level set of the merit function F(x,z) at the initial
point, for example, because the iterates give decreasing function values. It follows from
Assumptions (Al) and (A2) that the sequence {F (Xk, zx)} is bounded below. We should
note that if a quasi-Newton approximation is used for computing the matrix Gy, then we
only need the continuity of the first order derivatives of functions in Assumption (Al).

The following theorem gives the global convergence of an infinite sequence generated
by Algorithm SOCPLS.

Theorem 3 Suppose that Assumptions (Al) — (A5) hold. Let an infinite sequence {Wy}
be generated by Algorithm SOCPLS. Then there exists at least one accumulation point of
{wi}, and any accumulation point of the sequence {Wy} is an BKKT point.

Proof. In the proof, we define the following notations

C1 [ |:|A 1
Uk = )Z(: and Auy = A)Z(::

for simplicity. We note that the assumption implies Axx 2 0 for all k. By Assump-
tion (A2), the sequence {wg} has at least one accumulation point. The compactness
of {wy} implies that each component of xx and zyx is bounded above. Thus the sec-
ond term of the potential function guarantees that each component of Xy and zy is
bounded away from the boundary of the second order cone. Since the inverse of the
matrix Gy + Tp Arw(Xx) *Arw(Z)Tp, is uniformly bounded and wy [Q, the matrix
J(wg) is nonsingular and [Awy 1k uniformly bounded above. The logarithmic function
terms in the merit function guarantee that liminfy_ (Xx) [Qdand liminfy_ o (zx) 01
Hence, we have liminfy _ . ax > 0.
It follows from assumption (A4) that there exists a positive constant M such that

1
i VT2 V(G + Tp Arw(X) PArw(Z) Tp, )V < M VT2]

for any v [RI" and all k = 0. Thus by (26), we have

(29) AF (U Ay < — D%

and from (28),

(30) F(Ur1) —F(U) < €00iB™AF(Ui; Auy)
- —ankB"‘ LA ]
< 0.
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Because the sequence {F (ux)} is decreasing and bounded below, the left-hand side of (30)
converges to 0.

We will prove that
(31) klll'(r)]o AF|(U|(; Auk) = 0,

by contradiction. Suppose that there exists an infinite subsequence K [{0d,1,---} and a
d such that
(32) |AF (ug; Au)| =6 >0, for all k (K.

Since the fact that the left most expression in (30) tends to zero yields B'x — 0, we have
Ik - oo,k K, and therefore we can assume I, > 0 for su Lciehtly large k [CKl without
loss of generality. In particular, the point uyx + axAu/p does not satisfy condition (28).
Thus, we get

(33) F (ux + akAuk/B) — F (ux) > g0aikAF (Uk; Aug)/B.

By Lemma 6, there exists a 8, [(0, 1) such that for k [KI,

F (ux + axAue/B) — F (uk)
= oxF %Uk + ekaAUk/B; Auk)/B
(34) < o AF(ug + 0o Au/B; Auy)/B.

Then, from (33) and (34), we see that
E0AF | (Uk; Auy) < AF(uk + 0o Au/B; Auy).
This inequality yields

(35) AF(uk + 6o Au/B; Aug) — AF (uk; Auy)
> (g0 — D)AF(ux; Auy) > 0.

Thus by the property Iy — oo, we have ax —» 0 and thus [BloAu/BLCEH 0,k K,
because [Auy [1s uniformly bounded above. This implies that the left-hand side of (35)
and therefore AF,(ux; Aug) converges to zero when k - oo,k [CK. This contradicts
assumption (32). Therefore we have proved (31).

Since equation (31) implies that

AFgp (X, Zk; DXk, Azy) - 0 and  AFp(Xk, zk; DXk, Azy) - 0,
it follows from equations (26) and Lemma 5 that
(36) AxXe - 0, 9g(Xk) - 0, Xkozx - pe (Xk°Zx - pe).
Therefore, the third equation (14) of the Newton equations yields
Jlrgo [ArwW(K )T, Az (= kILTO [(fe — Rk ° Zi) — Arw(Zi) Tp, Ay = 0.
Since {Arw(Xy)} is uniformly positive definite and {Tgf} is uniformly bounded, we get

Nz, - 0.
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By equation (12), we have

DXk, Yk + Ay, zx) - 0,

which implies that
r(X, Yk + Ay, Zk, 1) - 0.

Since Xix1 = Xk + OAXy, Zka1 = Zx + Oz, AXx — 0,Azx — 0 and Vik+1 = Yk + Ak,
the result follows. Therefore, the theorem is proved. O

The preceding theorem guarantees that any accumulation point of the sequence {(Xk, Yk, Zk)}
satisfies the BKKT conditions. If we adopt a common step Size Ok as Wy+1 = Wy + O Awy
in Step 4 of Algorithm SOCPLS, where ok is determined in Step 3, then the result of
the theorem is replaced by the statement that any accumulation point of the sequence
{(Xk, Yk + Ay, zk) } satisfies the BKKT conditions.

5 Concluding Remarks

In this paper, we have proposed a primal-dual interior point method for solving nonconvex
programming problems over second order cones. Within the line search strategy, we have
proposed the primal-dual merit function that consists of the barrier penalty function and
the potential function, and we have proved the global convergence property of our method.

Ifwesets =nandn; =1, ie K ={x =0} fori=1,...,s, then problem (1)
reduces to the usual constrained optimization problem:

minimize  f(x), x [CRH",

(37) subjectto g(x)=0, x=0.

In this case, the merit function reduces to

(38) F(x,z) = Fgp(X,2)+VFp(X,2),
1
Fer(X,2) = f(X)—u  logx;+ plg{x) L]
i=1
r 1
log(x'z/n + gtz/n — HE— % log(xizi).

i=1

Fp(X,2)

Therefore, as a special case, the results of the present paper include the global convergence
property of the usual primal-dual interior point method for solving problem (37) by using
the primal-dual merit function (38) within the framework of the line search strategy. This
relates to the convergence result by Yamashita and Yabe [12] in which the primal-dual
quadratic barrier penalty function was used in the whole space of (X,y,z). In this case,
the merit function (38) may be modified as

- 1

1 Xz/n + |x'z/n —y|

F(x.y,2)=f(x)—u  logxi + plgx) + py L H v log (M, x,2;) /7 ’
i=1Ni4i

i=1
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and gives a slightly di [erent form from the one given in [12].

Analysis of the rate of convergence and numerical experiments of our method are under
further research. In addition, we plan to construct a method within the framework of the
trust region globalization strategy.

It is also of interest to extend the present method to nonlinear semidefinite optimiza-
tion and to nonlinear optimization over symmetric cones.

Furthermore, we think it is also interesting to apply the method to the usual con-
strained optimization problems.
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