GRASP FOR NONLINEAR OPTIMIZA TION
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ABSTRACT. We proposea GreedyRandomizeddaptive SearchProceduréd GRASP)for

solving continuousglobal optimizationproblemssubjectto box constraints.The method
wastestedon benchmarkunctionsandthe computationatesultsshav thatour approach
wasableto nd in afew secondsoptimal solutionsfor all testedfunctions despitenot

usingary gradientinformationaboutthe functionbeingtested.Most metaheuristcéound

in theliteraturehave not beencapableof nding optimal solutionsto the samecollection
of functions.

1. INTRODUCTION

In this paper we considerthe global optimizationproblem: Find a pointx suchthat
f(x) f(x) forall x2 X, whereX is acorvex setde ned by box constraintsn R". For
instanceminimize f(x1;x2) = 100(x;  x2)2+ (1 x3)?suchthat 2 x 2fori= 1;2.

Many optimizationmethodshave beenproposedo tackle continuousglobal optimiza-
tion problemswith box constraints. Someof thesemethodsuseinformation aboutthe
functionbeingexamined,e.g. the Hessiamrmatrix or gradientvector For somefunctions,
however, this type of information can be dif cult to obtain. In this paper we pursuea
heuristicapproactto globaloptimization.

Even thoughseveral heuristicshave beendesignedandimplementedor the problem
discussedn this paper(seee.g. [1, 15, 16, 17]), we feel that thereis room for yet an-
otheronebecauseheseheuristicsverenot capableof nding optimalsolutionsto several
functionsin standarcbenchmarkgor continuousglobal optimizationproblemswith box
constraints.

In this paper we proposea GreedyRandomizedh\daptive SearchProcedurd GRASP)
for this type of globaloptimizationproblem.GRASP[3, 2, 13] is ametaheuristithathas,
until now, beenappliedmainly to nd good-qualitysolutionsto discretecombinatorial
optimizationproblemg4]. It is a multi-startprocedurenhich, in eachiteration,generates
a feasiblesolution using a randomizedgreedyconstructionprocedureand then applies
local searchstartingat this solutionto producealocally optimalsolution.

In Section2, we brie y describewhata GRASPIs andin Section3, we shov how to
adaptGRASPfor nonlinearoptimizationproblems.n Sectiord, computationatesultsare
reportedandanalyzed Final remarksaregivenin Section5.
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Input: Probleminstance

Output: Feasiblesolution,if oneexists

Inputinstance ();

Initialize BestSolution ;

while stoppingconditionis notmetdo
ConstructGreedyRandomizedSolution (Solution );
Solution LocalSearch (Solution );

if Solution is betterthanBestSolution then
| BestSolution Solution ;
end

end
return BestSolution ;

Algorithm 1: A genericGRASPpseudo-codéor optimizationproblems.

2. GRASP

GRASPIs aniterative processwith eachGRASPiterationconsistingof two phasesa
constructiorphaseanda local searclphase.Thebestsolutionis keptasthe nal solution.
A genericGRASPpseudo-codés shavn in Algorithm 1. In thatalgorithm,the problem
instanceis read,andthena while loop is executeduntil a stoppingconditionis satis ed.
This conditioncould be, for example,the maximumnumberof iterations,the maximum
allowed CPUtime, or the maximumnumberof iterationsbetweertwo improvements.

In Algorithm 2, a typical constructionphaseis described. In this phase,a feasible
solutionis constructedpne elementat a time. At eachiteration, an elementis chosen
basedn agreedyfunction. To this end,a candidatdist of elementss keptandthegreedy
functionis usedto decidewhich elemenis choserto beaddedo thepartial (yetinfeasible)
solution. The probabilisticaspecbf a GRASPIs expressedy randomlyselectingone of
the bestcandidategnot necessarilythe bestone) in the candidatelist. The list of best
candidatess called the RestrictedCandidateList of simply RCL. For the local search
phaseary local searclstrateyy canbe used(seeAlgorithm 3).

Input: Probleminstance

Output: Feasiblesolution,if oneexists

Solution 0;

while solutionconstructiomnotdonedo
RCL MakeRQ);
s SelectElementAtRandom(RCD;
Solution Solution [ fsg;

AdaptGreedyFunction (s);
end

return Solution ;

Algorithm 2: ConstructGreedyRandomizedSolution procedure.
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Input: SolutionS, NeighborhoodN(S)
Output: SolutionS
S S
while S is notlocally optimaldo
GeneratasolutionS2 N(S );
if Sis betterthanS then

| S §
end

end
return S ;

Algorithm 3: LocalSearch procedure.

3. GRASP FOR NONLINEAR OPTIMIZATION PROBLEMS

In this section,we describehow to de ne the constructionandlocal searchphaseof
a GRASPfor solving nonlinearoptimization problemssubjectto box constraints. It is
assumedhata minimizationproblemis de ned asfollows:

min f(x)

subjectto

i % u;8i=12:::;n;
wheref(x) : R"! R, andl; andu; arelowerandupperboundsgor thevaluesof thevariable
X;, respectiely.

Sincethe main contribution of this paperis algorithmic,we describeall algorithmsin
detail. Algorithm 4 describe®urmethod.Theinputis afunctionnamegivenin thecolumn
namein Tablesl and2. In thefollowing paragraphsve explainthestepsn thatalgorithm.

Given the function name(FuncNampg vectorsl andu areinitialized accordingto the
lastcolumnin Tablesl and2. Theinitial solution(y) is constructedsy][i] = (I[i]+ u[i])=2
fori= 1;2;:::5n.

Thelocal searchprocedurds appliedonly for problemswith at most4 variables.The
reasorfor thisis explainedin the computationatesultssection.

ParameteMaxNumlterNolmprowvcontrolsthegrid density(h). The GRASPstartswith
a givenvaluefor h andwhenthe numberof iterationswith no improvementachievesthe
valueMaxNumlterNolmproy thenthevalueof h is reducedo its half, andthe processs
restarted This worksasanintensi cation, forcing the GRASPto searchfor solutionsin a
smallerregion of thesolutionspace Thoughsimple,this schemeavasimportantto enhance
the performanceof the method. We notethat mostmethodsfor continuousoptimization
that usethe arti ce of discretizingthe solution space,usea x ed value for h (usually
h= 0:01). In the GRASR we startwith h = 1, andthenwhennecessarythevalueof h is
reduced.With this, we canlook for solutionsin a moresparseagrid in the beginning and
thenmalke the grid densemwhenwe have founda goodsolution.

Algorithms5, 6, 7, and8 describen detailthe proceduresisedin the GRASP

The constructionphase(Algorithm 5) works asfollows. Givena solutionvector y =

othercoordinatevalues x ed. Then,thevaluefor coordinata thatminimizesthe function
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is kept (seeZi] in Algorithm 5). After performingthe line searchfor eachcoordinateof
y, we selectat randoma coordinatethat hasfunctionvalue(seeq[i] in the algorithm)less
thanorequaltomin+ a (max min), wheremin andmaxare,respectrely, theminimum
and maximumyvaluesachiesed by the function when executingthe line searchat each
coordinateof y, anda is auserde ned parametef0 a 1).

The reasonwe choosea coordinateusingthe above stratgy is to guaranteehe ran-
domnessn the constructiorphase.Then,the solutionvectory is updatedandthe chosen
coordinates eliminatedfrom consideration.

Algorithm 7 shavs theline search.Thevariableindex in thatalgorithmrepresentshe
coordinatebeing examined,andthe variablexi pes keepstrack of the bestvaluefor that
coordinate Algorithm 6 checksf agivenvectorx 2 R" satis esthebox constraints.

In thelocal searcihphasgAlgorithm 8), a setof directionsis examined.Sincethefunc-
tionsin our problemcanbevery complicatedijt maynotbepossibleto ef ciently compute
thegradientof thosefunctions.So,we needageneralvay to createsearctdirectionsgiven
apointin R".

We usean simple way to generatea setof directions. It dependson the numberof
variablesin the problem. This setof directionsis indicatedby D(x) in the local search
procedurelf the numberof variableg(n)

is1,thenD(x) = f( 1);(Dg;
is 2,thenD(x) = f(1;0);(0;1);( 1,0);(0; 1);(1;1);( LD(L 1:( 1 Dg;
is 3, thenD(x) = f (1,0;0); (0;1;0); (0;0;1); ( 1;0;0); (0; 1,0); (0;0; 1);
(3,1,0; (L,0;1); (O;LD); ( L10); ( 1,0;1); (L 1,0)5 (0 1;1);5 (1,0, 1);
O:L 1 (LLY; ( L1 (L L) (LL (L L 1);( L 1 1)
0, 1, 1);( 3,0, 1);( L L0);( 1 1,1);( 1,1 Do
We notethatthe numberof directionsconstructedn this way is givenby 3" 1. So, for
n= 4, D(x) would have 80 directions.

The EvaluateFunction (x;FuncNameprocedureecevesasparameters vectorx 2

R" andthe FuncNamgandreturnsthe correspondindunctionvalueat point x.

4. COMPUTATIONAL EXPERIMENTS

In this section,we presenthe computationakxperimentscarriedout with the GRASP
describedn Section3. First, we de ne the benchmarkunctionsusedin the tests. Then,
in Subsectiort.2,theresultsobtainedoy the GRASParediscussed.
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Input: FuncNamgvlaxNumiterNolmprov
Output: Feasiblesolution(BestSolution )
Initialization (FuncNamg; |; u);
fori  ltondo
| ylil (I[]+ uliD=2;
end
h 1;
SolValue  +¥;
BestSolvalue  +¥;
for iter = 1to Maxlter do
ConstructGreedyRandomizedSolution (x;FuncNamgn;h;l;u;seed;a);
if n  4then
LocalSearch (x;xlocalopt ;n;FuncNamg; u;h);
SolValue  EvaluateFunction (xlocalopt ;FuncNamg
else
| Solvalue  EvaluateFunction (x;FuncNamg
end
if SolValue < BestSolValue then
BestSolution xlocalopt ;
X  xlocalopt ;
BestSolvalue  SolValue;
NumlterNolmprov  0O;
else
| NumlterNolmprov  NumiterNolmprov+ 1;
end
if NumlterNolmprov  MaxNumlterNolmprowthen
/* makesgrid moredenset/;
h h=2;
NumliterNolmprov  O;
end
end
return BestSolution ;

Algorithm 4. GRASPfor nonlinearprogramming.

4.1. Instancesand test ervironment. To testthe GRASR we usefunctionsthatappear
in[7,8,9,10,14,16]. Thesefunctionsarebenchmarkeommonlyusedto evaluateuncon-
strainedoptimizationmethods Tablesl and2 list thetestfunctions.

All testswererun in doubleprecisionon a Pentium4 CPU with clock speedof 2.80
GHzand512MB of RAM, underMS Windows XP. All algorithmswereimplementedn
the C++ programmindanguageandcompiledwith GNU g++. CPUtimeswerecomputed
usingthefunctiongetusage(RUSAGE _SELF).

The algorithmusedfor random-numbegeneratioris animplementatiorof the multi-
plicative linearcongruentiabeneratof12], with parameter&6807(multiplier) and23! 1
(primenumber).

For functionswith morethan4 variablesnamelyF25throughF31,the maximumnum-
ber of iterationsMaxlter in Algorithm 4) was setto 10. For all otherfunctions, this
parametewassetto 200. ParameteMaxNumliterNolmprovin Algorithm 4 wassetto 20.
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Input: x; FuncName; h;l; u;a
Output: New solutionx
fori= 1tondo

| ylil XL

end

S f1,2:::;ng;

while S6 0do

min  +¥;

max ¥;

for eachi 2 Sdo

glil]  Minimize (y; h;i;n;FuncNamg; u; Xi peg);
Zi]  Xi pes;

if min> g[i] then

| min  d[i];

end

if max< g[i] then

| max dfi];

end

end

RCL 0

for eachi 2 Sdo

if gli] min+a (max min) then
| RCL RCI fig;

end

end

j  RandomlySelectElement(RCL;
X[l 4jl;

yliil — 4ijl;

S Snfjg;

end

return x;

Algorithm 5: ProcedureConstructGreedyRandomizedSolution constructsa
greedyrandomizedsolution.

Input: x;I;u;n

Output: feas (true orfalse )

feas true ;

i 1

whilei nandfeas = true do
if X[i] < I[i] or x[i]1> u[i] then
| feas false ;
end
i i+ 1

end

return feas;

Algorithm 6: Procedurd-easible checksif box constraintsaresatis edby x.
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Input: y; h;index ; n; FuncNamg; u
Output: minimizerxi peg
fori  1ltondo

| ti] Vil

end

tlindex] I[index];
min  +¥;

while tlindex] u[index]do
value  EvaluateFunction (t;FuncNamg
if min> value then

min  value;

Xi peg  t[index];
end
tlindex] t[index]+ h;

end

Algorithm 7: Minimize.

Input: x;xlocalopt ;n;FuncNamg;u;h

Output: Local optimalxlocalopt

Generatd(x);

DY¥)  D(X);

xlocalopt X;

xlocaloptValue EvaluateFunction (x;FuncNamg

repeat
Improved false ;

while D(xlocalopt ) 6 0 and Improved = false do
selectdirectiond 2 D(xlocalopt );
D Dnfdg;
xprime  xlocalopt + h d;
xprimeValue  EvaluateFunction (xprime;FuncNamg
if Feasible (xprime;l;u;n) = true and
xprimeValue < xlocaloptValue then
xlocalopt Xprime;
xlocaloptValue xprimeValue ;
Improved true ;
D(xlocalopt ) DYx);
end
end
until Improved = false ;

Algorithm 8: LocalSearch.

4.2. Experimental Analysis. In our implementationthe GRASP usesthe local search
procedureonly for functionswith at most4 variables.Thereasorfor this is thatfor func-
tionswith morethan4 variablesthelocal searchhecomesootime consuming.Therefore,
whenthe GRASPIs usedfor solving problemswith morethan4 variables,it usesonly
the constructiorprocedure We emphasighatjust the constructiorprocedurevasableto
nd optimal solutionsfor all functionstestedin this paper It is by itself a methodfor
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TABLE 1. Benchmarkfunctions.FunctionsF1 throughF19weretested
in [16] andarebenchmarKor testingnonlinearunconstrainedptimiza-
tion methods.F20andF21 appearin [7]. F22andF23arefrom [14].

Datafor F4 andF5 aregivenin Table4.1.

Name Function Domain
F1 1+ (xa+ xo+) 2(19 14x1+ 3 14+ BxgXp + I)]: 2 x5 2
[30+ (2x1  3x2)%(18 32x + 12+ 48  36xyxp+ 27%3)]
F2 (C+x 12+ (xq+ x5 7)2 6 x 6
F3 100x2 X8)2+ (1 x1)? 2 x5 2
F4 &2l(x a)T(x a)+al * 0 x 10
F5 &%0x a)T(x a)+al 0 x 10
F6 (xp+ 10x)2+ 5(x3 Xa)2+ (X2 2xa)*+ 10(x1  Xa)* 3 x 3
F7 (4 213+ xX3=3)x2+ xpxo+ ( 4+ 4x3)X5 3 x1 3,2 x 2
F8 faicod(i+ L)x+ ilg:f a2 jicod(i+ D)xa+ ilg 10 x 10
FO  33aZ,0¢ 16¢+ 5x) 20 x 20
F10  3a3,0¢ 16x2+ 5x) 20 x 20
F11 33t ,0¢ 16¢+ 5x) 20 x 20
F12  0:5x¢+ O0:5[1  cog2x)]+ X3 5 % 5
F13  10¢+x3 (+x3)%+ 10 (¢ + x3)* 5 % 5
F14  10%2+ x5 (x2+ x3)2+ 10 2(x2 + x3)* 5 % 5
FI5  10%Z+x3 (X2 +x3)2+ 10 3¢+ x3)* 20 x 20
F16  10%2+ x5 (x+x3)2+ 10 4+ x3)* 20 x 20
F17 x2+x3 coq18x;) cog18xp) 5 x 5
F18 [x2 (5:1x§):(4p2) +5x=p  6]2+ 10[1 1=(8p)] cogx1) + 10 20 x 20
F19 fax sin(i+ 1)x.+ilg 20 x3 20
F20 e+ [sin(4x; 3)]4+ 052+ X 102, u= 0:50&+>% 25) 0 x 6
F21 8 154+ 27+ 250 5 x1 5
F22  1000x; X2)2+ (1 x1)2+90(xa X3)%+ (1 x3)2+ 3 x 3

10400 D%+ (xa D+ 1980 0 1)

F23  [L5 xi(1 %)%+ [225 xi(1 x3)]%+[2625 xi(1 x3)]° 0 x 5
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TABLE 2. Continuedbenchmarlfunctions. F24 throughF28 arefrom
[9]. NotethatF25,F26,F27 andF28 arethe samequadraticfunction,
but with differentnumberof variables.F29throughF31 appeaiin [10].
F32is from [8].

Name Function Domain
F24  3[0)(e 0%+ 2e U xje U2 yge O2I)2 0 x 4
F25 810 % + 410, %% 20 x 7
F26 a2, X+ a2, %% 20 x 7
F27 a0 % + 430, %% 20 % 7
F28 480 % + 340, %% 20 x 7
F29 a9 % 10 x 7
F30 &9 b+ 0:5¢2 10 x5 7

q__
F31 20exp( 0:2 a0 %) exp(ai% cog2px))+20+e 10 x 20

F32  sin(xq) + sin(10x;=3) + log;g(x1) 0:84x; 01 x3 6

TABLE 3. Datafor functionsF4 andFb5.

[ aj G i aj C

1 4 4 4 4016 29 29 06
21111027 55 33 03
38888028 81 81 07
4 6 6 6 6 049 62 6 2 05
5 3 7 37 04 10 7 36 7 36 05

nding nearoptimalsolutionsfor continuousoptimizationproblemswith box constraints.
However, for someproblemstheinclusionof local searchjn additionto the construction,
reducedhe CPUtimeto nd solutions.

Table 4.2 shaws the resultsfor the GRASP In this table, the rst columnshaws the
functionname the secondandthird columnsgive the solutionvaluefor the solutionfound
by GRASR andthe CPUtime (in seconds}o nd thatsolution,thefourth columnshowvs
the global optimumvalue asreportedin the literature,andthe last columngivesthe ab-
solutevalue of the differencebetweernthe valuesin the secondandfourth columns.Note
thatthe smallerthe valueappearingn thelastcolumnthe betterthe solutionfoundby our
method.

Table4.2 shavs the solutionvectorsfoundby GRASP

As seenin Table4.2, the solutionsfound by GRASPare optimal or nearoptimal. We
remarkthatincreasinghevalueof theparameteMaxiter (maximumnumberof iterations
in Algorithm 4) generallyimprovesthe solutionfound.
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TABLE 4. In the columnCPU time, zero meansthatthe GRASP exe-
cutedin lessthanl second.

Solution GlobalOptimum AbsoluteDistance
Name Value CPUtime Value Value
F1 30 0 3.0 0.0
F2 0.0 0 0.0 0.0
F3 0.0 0 0.0 0.0
F4 -10.1531958 3 -101531957 0.0000001
F5 -10.5362837 5 -105362836 0.0000001
F6 0.0 0 0.0 0.0
F7 -1.0316280 0 -1.031628 0.0
F8 -186.7295368 1 -186.7309 0.0013632
F9 -78.3323112 1 -78332331 0.0000219
F10 -117.4984669 3 -1174984 0.0000669
F11 -156.6646225 6 -15666466 0.0000375
F12 0.0 0 0.0 0.0
F13 -0.4074610 0 -0407461 0.0
F14 -18.0586860 0 -18058697 0.000011
F15 -227.7656948 2 -227765747 0.0000522
F16 -24294146131 2 -2429414749 0.0001359
F17 -2.0 0 -20 0.0
F18 0.3978919 1 0.397887 0.0000049
F19 -3.3728854 1 -3.372897 0.0000116
F20 10 0 1.0 0.0
F21 70 0 7.0 0.0
F22 0.0 1 0.0 0.0
F23 0.0 0 0.0 0.0
F24 0.0 0 0.0 0.0
F25 0.0 0 0.0 0.0
F26 0.0 1 0.0 0.0
F27 0.0 4 0.0 0.0
F28 0.0 11 0.0 0.0
F29 0.0 0 0.0 0.0
F30 0.0 0 0.0 0.0
F31 0.0 0 0.0 0.0
F32 -5.5344323 0 -5534 0.0004323

We obsenredfrom theexperimentghatthe GRASPneededit mosttwoiterationsto nd
optimalsolutionsfor problemswith quadratidunctions,namelyF25throughF30. Figures
1, 2, and3 shaw the progresof the GRASPfor the functionsthattook at least? iterations
to corvergeto thevaluesonthe seconccolumnof Table4.2.
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TABLE 5. Solutionvectorsfoundby GRASP

Name SolutionVector

F1 (0,-1)

F2 3,2)

F3 (1,1

F4 (4,4,4,4)

F5 (4,4,4,4)

F6 (0,0,0,0)

F7 (0.089843,-0.712890)
F8 (5.4824214.857421)
F9 (-2.90429,-2.90429)
F10 (-2.90429,-2.90429,-2.90429)
F11 (-2.90429,-2.90429,-2.90428,-2.90429)
F12 (0,0

F13 (0,-1.386718)

F14 (0,-2.609375)

F15 (0,-4.701171)

F16 (0,-8.394531)

F17 (0,0

F18 (3.140625,2.275390)
F19 (18.412109)

F20 (3,4)

F21 (-3)

F22 1,1,1,1)

F23 (3,0.5)

F24 1,1,2,2)

F25 (0,0;::,0)

F26 (0,0;::,0)

F27 (0,0;::,0)

F28 (0,0;::,0)

F29 (0,0;::,0)

F30 (0,0;::,0)

F31 (0,0;::,0)

F32 (5.209375)
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5. FINAL REMARKS

In this paperwe describednew approachor continuougylobaloptimizationproblems
subjectto box constraints.The methoddoesnot useary particularinformationaboutthe
objective functionandis very simpleto implement.

The computationakxperimentshavedthatthe methodis quite promisingsinceit was
capableof nding optimalor nearoptimalsolutionsfor all testedunctions.Othermethods
do not have similar behaior onthe samecollectionof functions.
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