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Abstra ct. In this paper we consider a well known class of valid inequalities for the
p-median and the uncapacitated facility location polytop es, the odd cycle inequalities.
It is known that their separation problem is polynomially solvable. We give a new
polynomial separation algorithm basedon a reduction from the original graph. Then,
we de ne a nontrivial class of graphs, where the odd cycle inequalities together with
the linear relaxations of both the p-median and uncapacitated facility location prob-
lems, suce to describe the assaiated polytope. To do this, we rst give a complete
description of the fractional extreme points of the linear relaxation for the p-median
polytop e in that classof graphs.

1. Intr oduction

Let G = (V; E) beadirected graph, not necessarilyconnected,where eat arc (u;v) 2
E has an assaiated cost c(u;v). The p-median problem (pMP) consist of selecting p
nodes, usually called centers, and then assignead non-selectednode to a selectednode.
The goalis to selectp nodesthat minimize the sum of the costsyield by the assignmenm
of the non-selectednodes. This problem has seweral applications sud as location of
bank accourts [9], placemen of web proxiesin a computer network [22], semistructured
data bases[21, 18]. When the number of certers is not speci ed and eat openedcerter
inducesa given cost, this is called the uncapacitated facility location problem (UFLP).

In this paper we study the so called odd cycle inequalities. We give a new separation
algorithm, and we shaw that when they are addedto the linear programming relaxation
of the pMP, a complete description of the polytope is obtained for the so called Y -free
graphs. To accomplishthat, rst we haveto characterizethe extreme points of this linear
programming relaxation for the classof Y -free graphs. Finally and for the sameclassof
graphs, we shaw that when we add the odd cycle inequalities to the linear programming
relaxation of the UFLP, we also obtain an integral polytope. We do not know of any
other classof graphs for which the p-median polytop e has beencharacterized.

The pMP is NP-hard in general[16]. For someparticular casest hasbeenshawvn that
it is polynomially solvable. This is the casewhen the underlying graph is an undirected
tree and the cost function c is de ned by c(u;v) = w(u)d(u;v), wherew(u) is a positive
weight asseiated with ead node u 2 V, and d(u;v) is the length of the unique path
in the tree from u to v, and it satis es the triangle inequalities. An O(pjVj?) algorithm
has beenpresered in [20] improving a previous algorithms in the sameclassof graphs,
O(p?jVj?) in [16] and O(pjVj®) in [14]. When the tree is directed, an O(p?L) algorithm
basedon dynamic programming is given in [22], where L is the path length of the tree.

Many heuristics without guaranties on the value of the solution have beengiven (see[9]
for references).In [9] someknown heuristics were evaluated using Lagrangian relaxation.
This study hasbeenusedin [13] for evaluating heuristics basedon a reduction from the
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set-cavering problem. Later, -approximation algorithms were developed, where is not
a constart factor, see[4, 5, 6]. The rst constart-factor approximation algorithm was
givenin [8], with = 6%. Algorithms that achieve a performancewithin aratio of 6 and 4
were presented in [15] and [7], respectively. Most of approximation algorithms are based
on rounding the optimal fractional solution of the following natural linear programming
relaxation for the pMP:

X
Q) minimize c(u; v)x(u; v);
(u;v)2E
(2) x(u;v) =1 y(u) 8u2V;
vi(u;v)2E
X
3) y(v) = p;
v2V
(4) x(u;v)  y(v) 8(u;v) 2 E;
(5) 0 ywv) 1 8v2yV,
(6) x(u;v) 0 8(u;v) 2 E:

If in addition the variables are 0-1, then we obtain an integer linear programming
formulation. The 0-1 variable y(v), v2 V is 1if the nodev is selectedas a certer and 0
otherwise. The 0-1variable x(u; v) takesa the value 1 if a non-selectednode u is assigned
to a selectednode v. Constraints (2) ensurethat ead node must be assignedto some
certer, constraints (3) ensurethat exactly p certers must be selectedand constraints (4)
indicate that if a node v is not selectedas certer then no node u may be assignedto v.

Denote by P,(G) the polytope de ned by constraints (2)-(6), and let pM P (G) bethe
corvex hull of Pp(G)\ f0; 1gEI*IVI, this is called the p-median polytope of G.

Let Q(G) the polytope de ned by constraints (2), (4), (5) and (6). Let UFLP (G) be
the corvex hull of Q(G)\ f0;1g/®I*1Vi this is the uncapacitated facility location polytope
of G.

Some polyhedral properties of P,(G) and the integrality gap are discussedin [23],
when G is restricted to be a tree. This relaxation has also beenstudied for treesin [11].
In [12], an extendedformulation by adding O(jVjP 1) variablescharacterizethe p-median
polytope for any xed p; alsothe 2-median polytope is characterized in the original set
of variables.

A formulation basedon the arc variablesis studied in [2]. Then the relationship with
the stable set problem is exploited. This approac was also usedin [10] for the UFLP.
Also in [2], they remark that the p-median polytope when p = 2 is completely described
using aresult in [17]. In [3] a Branch-and-Cut-and-Prize algorithm is developed to solve
large instancesfor the p-median polytope.

We conclude this introg,uction with a few de nitions. For a vector x 2 RS and a
subsetA S, wedenote _,, Xx(a) by x(A). ForasetW V, wedenoteby *(W),
the setof arcs (u;v) 2 E, with u2 W andv 2 VnW, and by (W) the set of arcs
(u;v), with v2 W andu 2 VnW. Wewrite *(v) and (v) instead of *(fvg) and

(fvg), respectively. For a solution (x;y) of Pp(G), de ne, for simplicity, z = (X;y)
as z(u;v) = x(u;v) for (u;v) 2 E and z(v) = y(v) for v 2 V. If an inequality (4) is
satis ed asequation by z with respect to an arc (u;v), we sa that (u;v) is saturated by
Z, otherwiseit is non saturated by z.
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A directed graph G = (V;E), not necessarilyconnected,is called a Y -free graph if
(u;v) 2 E implies (v;u) 2 E and it doesnot cortain asinduced subgraphthe graph of
Figure 1. This classof graphs may cortain cyclesand it contains the classof 1-rooted
directed trees, Figure 2 showvs a Y -free graph.

Figure 1. The graphY.

Figure 2. A Y -free graph.

This paper is organized as follows. In Section 2 we give a separation algorithm for
the odd cycle inequalities. In Section 3 a complete description of the fractional extreme
points of Pp(G) is given for Y -free graphs. In Section4 we show that when we add the
odd cycleinequalities to (2)-(6), we obtain a complete description of pM P (G) when G is
Y -free. In Section5 it is proved that when equation (3) is removed from the description
of pM P(G) and G is Y -free, then the polytope is still integral.

2. Odd cycle inequalities
In this section we describe this classof inequalities and their separation algorithm.
Let C bethe cycle
The inequality
(7 x(C)

is called an odd cycle inequality.
Lemma 1. Inequality (7) is valid for pM P(G) and for UFLP (G).

icj 1
2

Proof. The combination of inequalities (2) and (4) gives
X(Ui;Uisr) + X( T (Uisr)) L fori= 1;:::; 2,
X(Uzi+1;u1) + X( T (uy)) L
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Adding theseinequalities and non-negativity constraints we obtain
2x(C) 21+ 1=jCj:
Dividing by 2 and rounding down the right hand side yields inequality (7).

Odd cycleinequalities are a special caseof W g inequalities intro ducedin [3] with q= 1.
Sincewe might have an exponertial number of odd cycle inequalities, it is important to
have an e cien t algorithm to solve the semration problem Given a vector x satisfying
(2)-(6), nd aviolated odd cycle inequality if there is any, or prove that none exists. We
describe such a procedurebelow.

The odd cycleinequalities we considerhere, are equivalert to the odd cycleinequalities
that arevalid for the stable setpolytopein the intersection graph The intersection graph
has a node for every arc in E, and for any two arcs of the form (u;v), (v;w) there is
an edgein the intersection graph. Their separation can be reducedto jEj shortest path
problemsin an auxiliary graph with positive arc-weights obtained from the intersection
graph, seeTheorem 68.11in [19] for instance. Below, we give a reduction to jVj shortest
path problem in an auxiliary graph with no negative cycle, obtained from the original
graph.

Inequality (7) can be written as
8 iCj (C) &

To nd aviolated inequality, if there is any, we create an auxiliary graph asfollows. For
ead node u, we make two copiesu® u%® For ead arc (u;v) we create arcs (u® v°§ and
(u%9v9 with weights 1 2x(u;v). Then for ead node u we nd a shortest path P from
uto u® We identify every nodein P with its copy, this givesa union of cycles,and and
least 1 of them is odd. If the weight of P is lessthan 1, then we have found an odd cycle
of weight lessthan 1. On the other hand, if for every node u the weight of a shortest
path from u®to u%is at least 1, then there is no violated odd cycle inequality.

Sincethe arc-weights could be negative, we should apply Bellman-Ford algorithm for
nding a shortest path, see[1]. We have to seethat this graph has no negative cycle.

Lemma 2. The auxiliary graph has no cycle of negative weight.

Proof. Let (u;v) and (v;w) betwo consecutive arcsin a cycleC. It follows from (2) and
(4) that x(u;v) + x(v;w) 1. This implies

9) x(C) J%:
If C is a cycle of negative weight, we have
ICj Z(C) <0
x©)> =,

this contradicts (9)
Sinceead shortest path computation takes O(jVj2) time, the ertire separation algo-
rithm takesO(jVj%) time.

Remark that the number of odd cyclesin a Y -free graph is polynomially bounded.
Indeed in a Y -free graph no two cycles can intersect, so an arc can belongto at most
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one cycle. Hencefor this classof graphs the system de ned by (2)-(6) and (7) has a
polynomial number of inequalities.

3. The extreme points of P,(G), when G is a Y-free graph

In this sectionwe give a description of the extreme points of P(G), whenG isaY -free
graph. Let G = (V;E) beaY -freegraph. Let z= (x;y) 2 Pp(G). Let E, = f(u;v) 2 E .
0< z(u;v) < 1g and denoteby G, = (V;; E;) the subgraphof G induced by E,. Denote
by V,° the set of nodesv with z(v) > 0 such that either z(u;v) < z(v) for (u;v) 2 E or
J g,(W)i=0orz(v)=1. Call anodev with z(v) = 1 a pendentnode. A directed path
from v to w is denoted by P)/. De ne the sizeof P, to be the number of its inner nodes
(nodesdi erent from v and w). If the sizeof P, is even (resp. odd) , we sa that P, is
an evenpath (resp. odd path). Two paths are said to be node-disjoint, if the setsof their
inner nodesare disjoint.

For a solution z = (x;y) and a path Py = vi;:::; v, de ne z[Py2] 2 IRIEI*IVito be:

Z[Pyt] (v1) = z(v1) if z(v1) = O

z[Pg] (v1) = z(v1) if z(vq) > O;

z[Py1] (vi) = z(vi) + (1) fori=2:::k 1
z[Pyr] (Vi) = z(); _

z[Py] (VisVier) = Z(Vi;visr) + (1) fori= 1k 4

and z[Py] (u;v) = z(u;v), z[Py] (u) = z(u), for all other arcs and nodes (not in the
path).

the structure of these connected componerts when z is a fractional extreme point of
Pp(G). For this purpose,let us considerGZ = (V.5 EL).

Remark that for every node v 2 V that is not pendert, we have j 5 (v)j 1. This
remark is usedimplicitly in all the proofs of this section. Let z = (x;y) be an extreme
fractional point of P,(G).

Lemma 3. G} deesnot contain an odd path P} with v;w 2 V<.

constraints that are tight for z are alsotight for z[P;] . This cortradicts the fact that
z is an extreme point of Py(G).

Lemma 4. G} cannot contains two node-disjoint paths PY and Py having the same
parity, where u, w are in V,° and are not necessarily di er ent.

paths such that k; and k» are of the sameparity. Let z; = z[P]] and z; = z;[Py]
Then the sameconstraints that are tight for z are alsotight for z,, a corntradiction.

Lemma 5. Letw;t 2 V,! be two non necessarily di er ent pendentnodes. If G1 contains
two node-disjoint paths Py and P, such that there is no saturated arc directed into u
and v, then z(u) = z(v) = 0Oand u = v.

tinguished, asdescribed by the gure below, (a) uandvin V5, (b) v2 Vs andz(u) = 0
and (c) z(u) = z(v)= 0andu 6 v.



6 M. BAIOU AND F. BARAHONA
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Figure 3.

(a) From Lemma 3, these two paths are even. And from Lemma 4 u 6 v. Let
z; = z[Py] . Then the sameconstraints that aretight for z are alsotight for z;[P] , a
cortradiction.

(b) By de nition, there must exist a path P o = u; ud; o uk ;w0 from u to a pendert
node w® w® may coincide with w and t, (seeFigure 3 (b)). By Lemma 4, k3 and k;
are of dierent parity, and by Lemma 3, ky is even. Let z; = z[Pgo] , 22 = z1[Py]
z3 = z[PY] , and z4 = z;[P\] . Then the sameconstraints that are tight for z are also
tight for either zz or z4, again a contradiction.

(c) There must exist paths Pl = u; ul; i upswland Pro= vive;iiiivR s wod where
wP and w®are pendernt nodes,w, t, w®and WOOare not necessarilydi erent, (seeFigure
3 (c)). From Lemma 4, kq with k3 and ko with k4 are of di erent parity. Again we are
going to construct a new vector z such that all constraints that are tight for z are also
tight for z . Supposefor simplicity that k3 and ko are odd and that k; and k4 are even.
The other casesmay betreated similarly. Let zy = z[Pjo] , z2 = z1[Py] , z3 = z2[P{’]
nally z3[Py.] hasthe desiredproperty.

Lemma 6. Let C = f(vi;Vi+1)ji = 1;:::;2g[ f(va+1;Vvi)gbean odd cycleof GL. Then
at most one arc of C is not saturated.

Proof. Supposewe have two arcs (vi;Vvi+1) and (vj;Vvj+1) not saturated, that is,
z(Vi;Vi+1) < z(vi+1); and
Z(Vj;Vj+1) < 2(Vj+1);

SoVij+1 andvj.1 arein V5. And since C is odd then, either P\)?jll or P\,,J I is odd.
This contradicts Lemma 3.

We say that r 2 V' is aroot if j ,(r)j = O.

Lemma 7. If G} contains a root r then it contains a directed path from r to a pendent
node.

Proof. Starting from r perform a depth- rst seart for a pendert node using the arcs of
GL. Sincethereis no Y the seard should end on a pendert node.

Lemma 8. If GI contains a root then it contains exactly one.
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Proof. Let r; and r, be two roots in GL. Since G hasno Y, there is a directed path
P\,"Vl1 from rq to a pendert node w;. Also there is a directed path P\,"Vg from r, to a
pendert node w, . Thesetwo paths are disjoint becausethereisno Y. Lemma5 implies

rh=ro.

Lemma 9. In G} there is a path from r to any pendent node.

Proof. Consider a pendert node v in G1. There is an undirected path P from r to v.
Let P, be the maximal directed path directed away from r using only arcsin P. Let w
be the last node in Py, sincethereis no Y, w is a pendert node. If w = v we are done,
otherwise let P, be the maximal path directed into v, included in P. Let s be the rst

node in P,. Let P3 the other maximal path directed away from s included in P. Since
there is no Y, the last node in P3 is pendent. From Lemma 4 we have that P, and P3
have di erent parity. Let z; = z[P5] , zo = z[P3] . If z(r) > O, then from Lemma 3, P;
must be even. Hencez,[P1] or z»[P1] is a vector that satis es as equation the same
constraints as z.

Otherwise, if z(r) = 0, then there must be a path P from r to pendert node, where
P; and P are node-disjoint. From Lemma 4, P; and P have dierent parity. De ne
z3 = 2[P1] andzy = z5[P1] , then either z3[P] or [P is a vector that satis es as
equation the sameconstraints as z.

Now we have to study two casesas follows.
Case 1. G! doesnot corntain a directed cycle.

In this case,Gl must cortain a root r. From Lemma 8, the root r is unique. From
Lemma4,j ;,(r)j 2. Otherwise, sinceG; is Y -free, there must exist two node-disjoint

paths having the sameparity from r to two pendert nodesw; and wo.

Figure 4. Two node-disjoint paths, Py, and Py, whereky = 23 + 1,
k2 = 2l and Py, may be empty.

Prop osition 10. Gl consists either of
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Moreover, all the arcs, di er ent from (vi,;ws1) and (ug,; wz), are saturated by z, and

X1 X2

(20) z(v;) + z(up) + z(r) = Iy + I, + z(uy,); if G consists of two paths,
i=1 i=1
2

(11) z(up) + z(r) = I+ z(uy,); if GI consists of an even path.

i=1

Proof. If j *(r)j = 2, then there are two node-disjoint paths to somependert nodes. If
j T(v)j 2foranodev in any of thesepaths, then there are two node-disjoint paths P,
and P, from v to somependert nodes. Lemma 4 implies that P; and P, have dierent
parity. This implies that there are two node-disjoint paths of the sameparity from r to
somependert nodes,a cortradiction.

If j *(r)j = 1, then there is a directed path from r to a pendert node. If j *(v)] 2
for a node v in this path, then there are two node-disjoint paths P; and P, from v to
somependert nodes. Lemma 4 implies that P; and P, have di erent parity. In this case
z(r) > 0, thus Lemma 3 yields a contradiction.

Let S be the setof nodesin V,! that doesnot belongto any path from r to a pendert
node. SinceG. is connected,there must exist a node s 2 S incident to one of the nodes
in a path from r to a pendert node. SinceG is Y -free, we must have an arc (s;w) and w
is a pendert node. Sinces is not a root, there must exist an arc directed into s, repeating
this processwe must end up with the root r, which is a cortradiction since s does not
belongto any path from r to a pendert node, or we must have a directed cycle, which is
impossible.

We have exactly oneroot and j gl(v)j = 1 for all non-pendert nodesv 2 V! nfrg. It

follows that, if | g%(r)j = 2, then G consistsof two node-disjoint paths from r to two
pendert nodesor to the samependert node. From Lemma 4, thesetwo paths must be of
dierent parity. If | g%(r)j = 1, Gl is a path from r to a pendert node. Sincez(r) > 0,
it follows from Lemma 3 that this path is even.

Let k; = 2l + 1 and k, = 2l,. Remark that if | gl(r)j = 2then z(r) = 0, otherwise
this will contradict Lemma 3. Supposez(v|;Vj+1) < é(v|+1), forl 2 f1;:::;ky  1g. So
Vi« 2 V. It follows from Lemma 3 that the path P/l hasto be even. Sincek; is odd

then, both | and k, are even, which contradicts Lemma 4. In the samemanner it may
be shown that all the arcs, di erent from (vi,;wi) and (ug,;wy), are saturated by z.

Now, let us verify (10). From above we have,

(12) z(r;vy) = z(vi);

(13) z(r;ug) = z(ua);

(14) z(Vi;Vis1) = z(viyx) fori=1;::00ke L

(15) Z(ui;Ui+1) = z(Uj+r) fori=1;:::ke 1

and equalities (2) with respecttor, vi, i = 1;:::;ky 1,andu;,i=1;:::;ky 1, give
(16) z(r;vy) + z(r;ug) = 1 z(r);

(a7) z(Vi;Vis1) = 1 z(v;) fori=1;:::5;ky 1

(18) Z(Uj; Uj+1) 1 z(uj) fori=1:::;ky 1L
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The combination of equations (14) with (17) and (15) with (18) gives,

(19) Z(Vi+1) =1 z(v;) fori=1;:::;ky 1,

(20) Z(Ui+1) =1 z(uj) fori=1;:::;ky 1L

The sum of equations (12)-(15) is equal to the sum of equations (16)-(18), hence
Xa X2 kg 1 kg 1

(21) z(vi)+  z(ui)=ki+ky 1 z(r) z(vi) z(uj):
i=1 i=1 i=1 i=1

Recall that ki = 2I; + 1 and ko = 2l,. Now by considering (19) and (20), equation (21)
may be rewritten as follows

X1 a2
z(vi)+  z(ui)+z(r)= 21+ 2 11 2+ z(uk,);
i=1 i=1
hence
X1 o
z(vi)+  z(ui) + z(r) = I+ I2+ z(uy,):
i=1 i=1

Equation (11) can be obtained in a similar way.

If k = 2| considerthe vector z de ned belon. The sameconstraints that are tight for
z are alsotight for z.
2y = z(vi) + (1) _ for i
z(ViiVis1) = z(visvisr) + (1Y fori
z(vk;v1) = z(V;v1)

and z(u;Vv) = z(u;v), z(u) = z(u) for all other nodesand arcsnot in C.

Lemma 6, we have to considertwo sub cases:

Case 2.1. C cortains exactly one non saturated arc.

Yi

Os.
Vy ' O V3
Voie g (2]
KO//
Vi
Figure 5. Odd cycle C, *(V(C)) = ;. A dashedarc meansa non

saturated arc.
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Prop osition 11. We shouldhavethat gl(V(C)) = ;, andif (v1; V) is the non saturated
arc then ’

X+t
(22) z(vi) = 1+ z(v2):

i=1

Proof. Note that v, 2 V,°. Let vy, a node of V(C) sudch that | gl(vm)j 2, Vm may
coincide with vy or v,. SinceG is Y -free, there is a path Pym havingzg all its nodesnot in
V(C) with w a pendent node. We have four casesto consider, P, is odd or even, and
m is odd or even. Supposethat Py is odd, either m is odd, and in this casethe paths
Pym and Py are both odd, which cortradicts Lemma 4, or m is even and in this case
the path de ned by the junction of P2 and Py~ is odd, which cortradicts Lemma 3.
The sameargumerts hold when P™ is even. Sowe have proved that * (V(C)) = ;.

From equations (1),
z(vi;vis1) = 1 z(v) fori=2::::2
Z(va+1;v1) = 1 z(vor+1)

Also, z(vi;Vi«1) = z(vi+1) for ead arc of C dierent from (vi;v2). The conmbination
of these equations gives
1 X1
(23) 1 z(w) = z(vi)
i=2 i=1;i62
we also have,
zZ(vi+1) =1 z(vj) fori=2:::;2
z(vi) =1 z(va+);
theseimply that (1 z(vi)) + (1 z(vi+1)) = 1,fori = 1;:::;2l. Hencethe equation
(23) is equivalernt to
%1
z(vi) = 1.
i=1;i62

Case 2.2 All the arcsof C are saturated.

Note that in this case,if one of the node-variables or arc-variables of C has a value
1=2, then all the other node-variables and arc-variables have the samevalue and that G}
consistsof only the cycle C. In general,the structure of G is described by the following
proposition, seethe gure below.

Prop osition 12. We havethat j 5, (V(C))j 1. Andif j 5, (V(C))j = 1, then G}

from (uy;w) are saturated and

X+l X
(24) z(v) + z(up)) = I+ 11+ z(vm)  if k= 2l4;
i=1 i=1
X+t X
(25) z(v) + z(u) =1+ 11+ 21 z(Vm;Vm+1) IFk=21+1
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vj
.Ow.

V3

PR
Vo T
A\ Q\\ V2
Vi
Uy

Uk

s @~ O= Qf%\

Figure 6. OddcycleC,j *(V(C))j = 1, all arcs are saturated except
the dashedarc .

Proof. Supposethat | g%(V(C))j 2. Let (vi;;u) and (vi,; u% betwo arcsin g%(V(C)).
We must have two node-disjoint paths: P; from v;; to a pendert node ws, corntaining
(vi;;u), and P2 from v;, to a pendert node wo, cortaining (viz;ufb. If i1 & iy, then one
may de ne two node-disjoint paths having the sameparity, going from v;, (or vj,), to
wi and wy, which contradicts Lemma 4. If i1 = i, then by Lemma 4, P; and P, are of
dierent parity. For simplicity let i; = i = 1. Let P and PJ be the portions of P; and
P,, from u to wy and from u®to w,, respectively. De ne z; = z[PJ" , z, = z;[PJ* , and
z to be

z(vi;u) = zp(vasu)

z(vi;u% = zo(v;uY

z(v1) = zo(v1) + ;

z(v1;V2) = Za(Va;v2) + ]

z(vi) = zp(vi) + (1) for i
z(Vi;Vis1) = Zo(Vi;Visr ) + (1) for i
z(Va+1:V1) = Z2(Vai415 V1) +

and z(u) = zp(u) (resp. z(u;Vv) = zp(u;Vv)) for all other nodes (resp. arcs).

SinceP1 and P, are of di erent parity, z alsosatis es (3). We have that the constraints
that are tight for z are also tight for z, which cortradicts the fact that z is an extreme
point of Py(G).

Thus it may be assumedthat | gl(V(C))j = 1. Let (vm;u1) be the unique arc of

gl(V(C)). For simplicity, take m = 1. There must exist a path from v, to a pendert
node, call it Pyt = vi;ug;:::;ux; w. Supposethere existsa nodeu,, 1 r k, with
i gl(ur)j 2, then there are two node-disjoint paths P, and P, from u, to somependert
nodes. Lemma 4 implies that P, and P, have dierent parity. Supposer odd. De ne
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z1= z[P¥] 2,2, = z3[P1] , z3= 2,[P;] andlet. Dene zto be

z(v1;u1) = za(vy;u) + 2;

z(v1) = z3(v1)

z(v1;v2) = z3(Vasve)

z(vi) = z3(vi) + ( )"t for i
z(Vi;Vie1) = Za(Vi;Visr ) + (1P fori
z(Va+1;V1) = z3(Vai+1:V1)

and z(u) = zz(u) (resp. z(u;v) = z3(u;Vv)), for all other nodes(resp. arcs). Thus z and
z satisfy the sameconstraints as equations, this cortradicts again the fact that z is an
extreme point. Using the sameideas, one obtain the samecontradiction whenr is even.

Thus, it may be assumedthat G. consists of only the cycle C and the path PY:.
Suppose(Ur; Ur+1) is non saturated by z, for O r k 1, whereug = v;. It follows

from Lemma 3 that Py'** is even.

Dene z; = z[PY% 1 2, o= z[Py' ™ ]* if P is odd, otherwise z, = z3[Py' ™ ]
and let z to be

z(v1;u1) = zo(viyug) + 2;

z(vy) = zo(v1)

z(V1;V2) = Zo(V1iV2)

z(vi) = zo(vi) + (| 1)'*L for i
z(Vi;Vis1) = Z2(VisVier ) + (1) fori
z(Vai+1;V1) = Z2(Vai+13 V1)

and z(u) = zp(u) (resp. z(u;v) = z»(u;Vv)), for all other nodes (resp. arcs). We have
that constraints (2)-(6) that are tight for z are also tight for z, which contradicts the
fact that z is an extreme paint.

Thus ewvery arc, di erent from (ux;w), is saturated, so

(26) z(vi;ur) = z(uy);
(27) z(ui 1;u)) = z(uj) fori=2:::;k;
(28) Z(Vi;Viser) = z(Visr) fori=1;:::;2;
(29) z(Vai+1;v1) = z(va):

Now we have to seethat (24) and (25) hold. Equations (2) with respect to uj, i =

(30) z(vy;uq) + z(vy;v2) = 1 z(vq);

(31) Z(Vi;Vi+1) 1 z(vy) fori=2:::;2;
(32) zZ(Va+15v1) = 1 z(Vae1);

(33) zZ(uisuiv1) = 1 z(y) fori=1;:::;k 1

The combination of equations (26)-(29) with (30)-(33) gives,

(34) z(u1) + z(v2) = 1 z(v1);
(35) z(Vis1) = 1 z(v) fori= 1;:::;2;
(36) Z(Ui+1) = 1 z(u)) fori=1;:::;k 1
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The sum of equations (26)-(29) is equal to the sum of equations (30)-(33), hence
3+l NG ¥ K1
@7 z(vi)+  z(u)= (2 + 1) z(vi)  z(va+)+ (k1) z(uj):
i=1 i=1 i=1 i=1
By considering (34)-(36), equation (37) may be rewritten as follows.
If k= 2;:

3+l
z(vi)+  z(uw) = (@2+1) 1 z(u)) ( 1) z(va+«)
i=1 i=1
+ (k1) z(up) (1. 1)
= I+11+1 z(vasr);
= |+ 11+ z(v):
If k=21+ 1:
X+l
z(vi)+  z(ui) = (@2+1) 1 2z(u) ( 1) 2z(vaa)
i=1 i=1

+ 25y

= I+ 11+ 14 2z(u1)  z(va+1);
= |+ 13+ z(ug) + z(va);

= I+11+1 z(vi;v):

Theorem 13. Let G be a Y-free graph. Let z = (X;y) be a fractional extreme point of
Pp(G). Then the following hold:

(i) G, contains g connected components, G;:::; GZ, withq 2,
(i) G, contains at most one component that correspnds to one of the graphs of
Figures4, 5. The others components are all odd cycleswhere each arc is saturated
by z.
(iii) The valuesof z are 0, 1 or 1=2.

Proof. (i) If G, is connected. Then from Propositions 10, 11 and 12, G, is one of the
graphs of Figures 4, 5 and 6 or an odd cycle whegg ea node and arc is ass@iated with
the value 1=2. Thesepropositions aI|§o shav that 5, z(v) is fractional, sincez(v) = 0
or 1for every v 2V,, we have that |, z(v) is fractional, which is impossible.

(i) Let G and G2 be two connectedcomponerts of G,. Consider the casewhere G
and G2 are the graphs of Figures 4 and 5, respectively, the other casesmay be treated
similarly. Recallthat G} consistsof two node-disjoirt paths Py, and Py, having dierent

(v1;V2) is non saturated by z. De ne recursively a new vector z asfollows. z; = z[Py, ]
22 = nlPy,]" ,z= z2[Py2] . Any arc saturated by z remainssaturated by z. Moreover,



14 M. BAIOU AND F. BARAHONA

equation 3 hoI?(s. In fact,

X X
z(v) = z(v) + z(v) + z(v)
v2V v%V{L v2 szx v2V n(VA[ VZZ)X
= z(v) + z(v) + + z(v)
A v2V,2 V2V n(VA[ V2)
= z(v) = p:
v2V

We concludethat every constraint that is tight for z is alsotight for z, which cortra-
dicts the fact that z is an extreme point.

Supposethat G is the graph of Figure 6, that is GL isanodd cycleC = f(vi;Vi+1)ji =

of the graphs of Figures 4, 5 or 6, then as above we can de ne a solution z such that
the sameconstraints that are tight for z are also tight for z. Thus all other connected
componerts, G2;:::;GJ of G, consistof an odd cycle wgere eat arc is saturated and
that z(v) = 1=2for all v 2 (V, nV,}). By Proposition 12 vavi z(v) must be fractional.
Henceq 1 must be odd, and since ,,, z(v) is integer, by Proposition 12 we have
Z(vm) = 1=2if k is even, otherwise z(vh;Vm+1) = 1=2. In both cases,sinceall the arcs
of C are saturated, we must have z(vy;u;) = 0. Thus G} is also an odd cycle where
ead arc is saturated.

(i) By the de nition of G,, z takesthe valuesO or 1 for any arc or node not in G;.
Now (iii) is a straightforward consequencef (i) and Propositions 10, 11, 12.

Corollary 14. If G is a Y -free graph without odd cycles, then pM P (G) is completely
descrited by constraints (2)-(6). That is, Pp(G) is integral.

4. Description of pMP(G), when G is a Y-free graph

We show that the addition of the odd cycle inequalities (7) to (2)-(6), completely
describespM P (G) when G is a Y -free graph.

Call PCp(G) the polytope described by constraints (2)-(6) and inequalities (7).
Theorem 15. If G is a Y-free graph then, pM P (G) = PCy(G).

Proof. The proof is by induction on the number of arcs. Obviously, the theorem is true
for small graphs, with no more than 2 arcs. Supposeit is true for any Y -free graph with
no morethan m arcsand let G cortain exactly m+ 1 arcs. SupposepM P(G) 6 PCy(G),
and let z = (x;y) be a fractional extreme point of PC(G).

Claim 1. 0< z(u;v) < 1for all (u;v) 2 E.

Proof.

) Let (u;v) 2 E with z(u;v) = 0. Let G°= V;E n(u;v) , and z° the restriction
of z to GO It is clear that z° 2 PC,(GY. Supposethat z° = 1=2z; + 1=2z, where
21,22 2 PCp(G(), z; 6 z,. Let z; (resp. zp) be the vector obtained by adding a zero
componert to z; (resp. z;). We have that z = 1=2z, + 1=27,.

Now let us seethat z; and z, arein PCp(G). Clearly they satisfy (2)-(6), sowe just
have to seethat constraints (7) are satis ed. Considerthe odd cycle
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whereu = wy4+; and v = wi. We have that
z1(W2i 1;Wai) + Z1(Wai;Waiva) 15 fori= 1,100
This implies z;(C) |. The sameis true for z,. Therefore z; and z; are in P Cp(G).

We have then a cortradiction becausez is an extreme point. Soz®must be an extreme
point of PCp(GY and becauseof the induction hypothesis, it must be integral.

i) Let (u;v) 2 E with z(u;v) = 1. This implies z(u) = 0. From i) we have that u is
incident only to (u;v). Let G°= V nfug;E n(u;v) , and z°the restriction of z to G°.
It is clearthat z°2 PC,(GY. Supposethat z°= 1=2z; + 1=2z, where z;;2; 2 P Cy(G9,
Z1 6 7,. Let z; (resp. z2) be the vector obtained by adding a zero and a one componert
to z; (resp. z). We have that z = 1=2z; + 1=27,.

First we should seethat z; and z, arein PCp(G). Clearly they satisfy (2)-(6), and
since (u; v) doesnot belongto any cycle, constraints (7) are satis ed.

We have then a cortradiction becausez is an extreme point. Soz®must be an extreme
point of PCp(GY, and becauseof the induction hypothesisit must be integral.

In what follows, we will show that G cortains no odd cycle. Let usassumethe cortrary,

This remark follows from Claim 1.

Remark 17. SinceGis Y -free, if C; and C, are two directed cyclesin G, thenCy\ Cy = ;.

Claim 2. At most one arc of C is non saturated by z.

Proof. Supposethat we have two arcs (vi;Vvi+1) and (vj;Vvj+1) that are not saturated by
z, that is,

z(Vi;Vi+1) < z(vi+1); and
Z(Vj;Vj+1) < Z(Vj+1):

Since C is odd, then either Py';l or Pyl is odd. SupposePy':. By Claim 1,
0 < z(u;v) < 1 for every arc (u;Vv) in P\X‘:j and by Remark 16, 0 < z(v) < 1 for every
nodev in V(C). Also by Remark 17, the nodesin P\)?jll do not belongto another cycle.
It follows that z[P\)?jll * tight the sametight constraints by z, which contradicts the

fact that z is an extreme point of PCy(G).

Claim 3. If Py and P, are two paths going from V(C) to some pendent nodes, where
all the inner nodes of both P; and P, are not in V(C), then P; and P, cannot havethe
same parity.

Proof. Let Pl)’lkl = ViUgiiiu, PP = vpud;iinul, be two paths having the same
2

parity, with z(u;,) = z(u’) = 1, k  m. Notice that (vi;u1) and (vm;u}) are in

*(V(C)). Wherel; and I, may be equalto 1, and u,, uP2 may coincide. Remark that

from Claim 1, we have 0 < z(v) < 1 for any node v in P1; and P, (v is not a pendert
node).
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Let P be the path obtained by joining the path in C from vy to v, and P and

let PL‘,’lnI be obtained by joining the path in C from vy, to v¢ and Pgk . SinceC |s odd,

then either P ol and P"kl or P"m and P"lm, are of the sameparity.
2 2

Supposethat P and Pvk have the sameparity. Consider z; = z[P"k] and z; =
2

zl[Pull , then z, and z satlsfy the sameconstraints with equality. Notlce that sinceG
is Y -free, the nodesand arcsin C, P and P"kl cannot appear in any other cycle. A

similar proof can be usedif Pl)’l and P"m have the sameparity.
'2
From Claim 2, we distinguish two cases:

(@). All arcsof C are saturated by z. By Claim 3 we have that | *(V(C))j 2.
Supposethat j ¥ (V(C))j = 2. We can assumethat *(V(C)) = f(vi;u); (Vok+1 ; W)Q.
We have

X(V2i 1;V2i) + X(V2i;Vaier) = 1
for i = 1;:::;1. which implies x(C) = | + x(va+1;Vv1). Thus one of inequalities (7) is
violated. If j *(V(C))j 1 a similar proof can be used.

(b) . There is exactly one arc in C that is not saturated by z. First we are going to
prove that any path from V(C) to a pendert node is even.

Let (vo+1; V1) bethe non saturated arc in C. Let Pj2 be an odd path from vy to a
pendert node w. Let z; = z[Py?¢], and z; = z3[Py2<] . Here Py denotesthe path in
C from vy to vi. SinceG is Y -free, the nodesand arcsin C and Py cannot appear
in any other cycle. We have that z and z, satisfy the same constraints as equation, a
cortradiction.

Now let Py*** be an odd path from vy to a pendert node w. Let P be the path
obtained by joining the path in C from vi to vy and Py* . Let z; = z[P], the
vectors z and z; satisfy the sameconstraints as equation.

This shows that any path from V(C) to a pendert node is even, and by Claim 3 we
havethat j *(V(C))j 1.

If *(V(C)) = f(vok+1;W)g, we have that
X(V2i 1;V2i) + X(Vai;Vaivr) = 1
for i = 1;:::;1, which implies X(C) = | + x(va+1;V1). Thus one of inequalities (7) is

violated.
If *(V(C)) = f(va;wW)g, we have that

X(vai 1;V2i) + X(Vai;vaier) = 1 fori= Lok L
X(V2|1V2|+1) + X(V2|+1 V2|+2) = 1 for | - k ..... | 1,
X (Va5 Vs ) + X(Vorer ;vp) = 1

Therefore x(C) = | + x(vak 1;V2k). Thus one of inequalities (7) is violated.
Finally if *(V(C)) = ;, in a similar way we obtain x(C) = | + x(Vg+1 ;V1).
Thus G contains no odd cycle. From Corollary 14, z is integer. A cortradiction.



ON THE p-MEDIAN POLYTOPE OF A SPECIAL CLEASS OF GRAPHS 17
5. The Uncap acit ated Facility Loca tion pol ytope

Now we study the casewhen equation (3) is removed from the de nition of PCp(G).
Let G = (V;E) be a graph, and let G° be the graph obtained by adding to G a new
componert consisting of the nodesu and v and the arc (u;v). For a vector z assaiated
with GO let z® be the restriction of z to G. Let ( G) be the polytope de ned by (2),
(4), (5), (6) and (7). Let p(G() be the polytope de ned by

(38) z°2 ( Q)

(39) z(V[ fuvg) = p
(40) z(u;v) =1 z(u)
(41 0 z(u;v) z(v)=1

Lemma 18. If z is an extremepoint of ( G), then z is is an extreme point of q(G‘),
where

g=0dz (V)e+ 1

z(w) = z (w) for w2V,

z(w;t) = z (w;t) for (w;t) 2 E;

z(u=q z (V) 1

z(u;v) =1 z(u)

z(v) = L

Proof. Clearly z2 4(G9. Supposethat z = 1=2z; + 1=27,, with 23,2, 2 ¢(G9. Then
z = 1=278 + 1=27§, and z€ = z§ sincez is an extreme point. We have z;(v) = zp(v) =
1. Equation (39) implies z3(u) = zx(u) and z1(u;v) = zx(u;v). Thus z is an extreme
point.

The lemma above shows that any fractional extreme point of ( G) can be completed
to a fractional extreme point of ¢(G9. If G is Y-freethen Glis alsoY-freeand 4(G9
is integral. This shaows the following.

Theorem 19. If G is Y -free then the polytope ( G) is integral.

Theorem 20. The pMP and the UFLP are polynomially solvablefor the classof Y -free
graphs.

Ackno wledgments

Part of this work wasdonewhile the rst author wasvisiting the T. J. Watson Researt
Center of IBM and while the secondauthor was visiting the Laboratoire d'Econometrie
de L'Ecole Polytechnique in Paris. The nancial support of both institutions is greatly
appreciated.

References

[1] R. K. Ahuja, T. L. Magnanti, and J. B. Orlin , Network ows, Prentice Hall Inc., Englewood
Clis, NJ, 1993.

[2] P. Avella and A. Sassano, On the p-median polytope, Math. Program., 89 (2001), pp. 395{411.

[3] P. Avella, A. Sassano, and I|. Vasil 'ev, Computational study of large-s@le p-median prob-
lems, Technical Report 08-03, DIS, Universita di Roma \La Sapienza", 2003. Available at
http://www.optimization-online.org.



18 M. BAIOU AND F. BARAHONA

[4] Y. Bar tal, Probabilistic approximation of metric spaces and its algorithmic applications, in 37th
Annual Symposium on Foundations of Computer Science (Burlington, VT, 1996), IEEE Comput.
Soc. Press, Los Alamitos, CA, 1996, pp. 184{193.

, On approximating arbitrary metrices by tree metrics, in STOC '98 (Dallas, TX), ACM, New

York, 1999, pp. 161{168.

[6] M. Charikar, C. Chekuri, A. Goel, and S. Guha, Rounding via trees: deterministic approx-
imation algorithms for group Steiner trees and k-median, in STOC '98 (Dallas, TX), ACM, New
York, 1999, pp. 114{123.

[7] M. Charikar and S. Guha, Improved combinatorial algorithms for the facility location and k-
median problems in 40th Annual Symposium on Foundations of Computer Science (New York,
1999), IEEE Computer Soc., Los Alamitos, CA, 1999, pp. 378{388.

[8] M. Charikar, S. Guha, E. Tardos, and D. B. Shmoys, A constant-factor approximation algo-
rithm for the k-median problem, J. Comput. System Sci., 65 (2002), pp. 129{149. Special issue on
STOC, 1999 (Atlanta, GA).

[9] G. Cornuejols, M. L. Fisher, and G. L. Nemhauser , Location of bank accounts to optimize o at:
an analytic study of exact and approximate algorithms, Managemert Sci., 23 (1976/77), pp. 789{810.

[10] G. Cornuejols and J.-M. Thizy , Some facets of the simple plant location polytope, Math. Pro-
gramming, 23 (1982), pp. 50{74.

[11] S. de Vries, M. Posner, and R. Vohra , Polyhedral properties of the k -median problem on a
tree, Tech. Rep. 1367, North western Univ ersity, Center for Mathematical Studies in Economics and
Managemert Science,Apr. 2003. available at http://ideas.rep ec.org/p/n wu/cmsems/1367.html.

[12] M. Goemans, Notes on the k-median polytope on trees 1992.

[13] D. S. Hochba um, Heuristics for the xed cost median problem, Math. Programming, 22 (1982),
pp. 148{162.

[14] W. L. Hsu, The distance-domination numbers of trees Oper. Res. Lett., 1 (1981/82), pp. 96{100.

[15] K. Jain and V. V. Vazirani , Approximation algorithms for metric facility location and k-median
problemsusing the primal-dual schemaand Lagrangian relaxation, J. ACM, 48 (2001), pp. 274{296.

[16] O. Kariv and S. L. Hakimi , An algorithmic approach to network location problems. Il. The p-
medians, SIAM J. Appl. Math., 37 (1979), pp. 539{560.

[17] J.-F. Maurras , Convex hull of the edgesof a graph and near bipartite graphs Discrete Math., 46
(1983), pp. 257{265.

[18] S. Nestor ov, S. Abiteboul, and R. Motw ani, Extracting schemafrom semistructured data, in
SIGMOD '98: Proceedingsof the 1998 ACM SIGMOD international conferenceon Managemert of
data, New York, NY, USA, 1998, ACM Press, pp. 295{306.

[19] A. Schrijver , Combinatorial optimization. Polyhedra and e ciency. Vol. B, vol. 24 of Algorithms
and Combinatorics, Springer-Verlag, Berlin, 2003. Matroids, trees, stable sets, Chapters 39{69.

[20] A. Tamir, An O(pn?) algorithm for the p-median and related problemson tree graphs Oper. Res.
Lett., 19 (1996), pp. 59{64.

[21] F. Toumani , Personal communication. 2002.

[22] A. Vigner on, L. Gao, M. J. Golin, G. F. Italiano, and B. Li, An algorithm for nding a
k-median in a directed tree, Inform. Process.Lett., 74 (2000), pp. 81{88.

[23] R. Ward, P. Lemke, and O. A, Properties of the k-median linear programming relaxation, technical
report, RensselaerPolytechnic Institute, 1988.

5]

(M. Baeou) Cust Universit e Clermont |l and Labora toire d'Econom etrie de |'Ecole Pol y-
technique, 1 rue Descar tes , 75005 Paris, France

E-mail address M. Basou: baiou@custsv.univ-bpclermont.f r

(F. Barahona) IBM T. J. Watson resear ch Center, Yorkto wn Heights, NY 10589, USA

E-mail address F. Barahona: barahon@us.ibm.com



