THE p-MEDIAN POLYTOPE OF RESTRICTED  Y-GRAPHS

MOURAD BA1OU AND FRANCISCO BARAHONA

Abstra ct. We further study the e ect of odd cycle inequalities in the description of
the polytop es assiated with the p-median and uncapacitated facility location prob-
lems. We show that the obvious integer linear programming formulation together with
the odd cycle inequalities completely describe these polytop esfor the classof restricted
Y-graphs This extends our results for the class of Y-free graphs We also obtain a
characterization of both polytop esfor a bidirected path.

1. Intr oduction

Let G = (V;A) beadirected graph, not necessarilyconnected,where ead arc (u;v) 2
A has an assaiated cost ¢(u;v). The p-madian problem (pMP) consists of selecting p
nodes, usually called centers, and then assignead nonselectednode to a selectednode.
The goalis to selectp nodesthat minimize the sum of the costsyield by the assignmem
of the nonselectednodes. This problem has several applications such aslocation of bank
accourts [6], placemert of web proxies in a computer network [12], semistructured data
bases[11, 10]. When the number of certers is not specied and ead opened certer
inducesa given cost, this is called the uncapacitated facility location problem (UFLP).

The facets of p-median polytope have beenstudied in [1] and [8]. The facets of the
uncapacitated facility location polytope have beenstudied in [9], [7], [4], [5], [3]. In [2] we
studied the e ect of odd cycle inequalities in the description of the polytopesassaiated
with the pMP and the UFLP for the classof Y -free graphs. In this paper we further
study these inequalities, namely we show that the obvious integer linear programming
formulation together with the odd cycle inequalities completely describe thesepolytopes
for the classof restricted Y-graphs

Let G = (V;A) be a directed graph. We are going to usevariablesy assaiated with
the nodesin V, and variables x assaiated with the arcsin A. For a directed cycle

we denote by A(C) the set of arcsin C. We say that C is odd if k is odd. We plan to
study the following linear system:
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X
1) y(v) = p;
v2\§<
(2) x(u;v) =1 y(u) 8u2V;
vi(u;v)2A
3) x(u;v)  y(v) 8(u;v) 2 A;
4) 0 y(v) 1 8v2V,
) x(u;v) 0 8(u;v) 2 A;
(6) X x(a) JA(C# for eath odd directed cycle C:
a2A(C)

Inequalities (1)-(5) give a linear programming relaxation of the pMP, by adding in-
equalities (6) we obtain a stronger relaxation. Analogously (2)-(5) give a linear program-
ming relaxation of the UFLP and adding inequalities (6) yields a stronger relaxation.

Denote by Pp(G) the polytope de ned by (1)-(5), let PCp(G) bethe polytope de ned
by (1)-(6), and let pM P (G) be the corvex hull of Po(G)\ f0;1g/VI*IAl. In generalwe
have

PMP(G) PCy(G) Pu(G):
Also let P(G) bethe polytope de ned by (2)-(5), let PC(G) be the polytope de ned by
(2)-(6), and let UFLP (G) be the corvex hull of P(G)\ f0;1gVi*IAl, We have

UFLP(G) PC(G) P(G):

For a undirected graph G = (V;E) we denote by IG = (V;A) the directed graph
obtained from G by replacing ea edgeuv 2 E by two arcs (u;v) and (v;u). A directed
graph G = (V;A) is called 1-directed if (u;v) 2 A ) (v;u) 2 A. A directed graph
G = (V;A), not necessarilyconnected,is called Y -free if it is 1-directed and it doesnot
contain asinduced subgraphthe graph of Figure 1. In [2] we proved the following.

Theorem 1. If Gis aY-free graphthen pMP(G) = PCp(G) and UFLP (G) = PC(G).

Q O

N

Figure 1. The graphY.

In Figure 2 we show three graphs,that arenot Y -free, and for ead of them a fractional
extreme point of P,(G). The numbers near the nodescorrespond to the variablesy and
the numbers near the arcs correspond to the variablesx. In this paper we study graphs
for which thesethree con gurations are forbidden.

A directed graph G = (V;A), not necessarilyconnected,is called a Y -graph if it is
1-directed and it doesnot contain as induced subgraphsthe graphsH 1, H, and H3 of
Figure 2. For a directed graph G = (V;A) andasetW V, we denoteby * (W) the
setof arcs(u;v) 2 A, with u2 W andv 2 V nW. Also we denoteby (W) the set of
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arcs (u;v), with v2 W andu 2 V nW. Wewrite *(v) and (v) instead of *(fvg)
and (fvg), respectively. If there is a risk of confusion we use E’; and 5. A nodeu
with *(u) = ; is called a pendent node.

Remark 2. Remarkthat for any arc (v; w) with w not a pendentnode,j (v)j 1. Thus
in suchgraphsthe only nodesv di er ent from a pendentnode that may havej (v)j = 2
have the property: if (v;u) 2 A then u is a pendent node. Call such a node a Y-node
and denote by Yg the set of Y-nodesin G.

A simple cycle C is an ordered sequence

where

vi, 0 i p 1, aredistinct nodes,

8,0 i p 1,aredistinct arcs,

either v; is the tail of a; and vj+; is the head of a;, or v; is the head of a and
Vi+1 isthe tail ofa;,for0O i p 1,and

Vo = Vp.

By setting a, = ag, we assaiate with C three more setsas below.

We denote by € the setof nodesv;, sud that v; is the headof a; ; and alsothe
headofa,1 i p.

We denote by C_the set of nodesv;, sud that v; is the tail of a 1 and alsothe
tail ofa,1 1 p.

We denote by C the set of nodesyv;, sud that either v; is the head of a; ; and
alsothe tail of a;, or v; is the tail of a; ; and alsothe headofa;, 1 i p.

Notice that j&j = jCj. A cyclewill be called odd if jCj + j€j is odd, otherwise it will
be called even A cycle C with C = C is a directed cycle. A cycle C is called a Y -cycle
if all the nodesin € are Y -nodes. Remark that when € = ; then C is a directed cycle
and alsoa Y -cycle.

A polyhedron is called integral if all its extreme points are integral. A restricted Y -
graph is a Y -graph that doesnot corntain an odd Y-cycle C with € 6 ;. A restricted
Y -graph may have directed odd cycles,and it may contain odd cyclessud that someof
the nodesin € are pendert nodes. In this paper we prove that Theorem 1 also holds for
restricted Y -graphs. We obtain asa corollary that if G is a 1-directed graph with no odd
Y -cycle, then Pp(G) is integral if and only if G doesnot contain any of the graphsHy,
H, and H3 asinduced subgraphs. Also we obtain as a corollary that for an undirected
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|
graph G the polytope Pp( G) is integral if and only if G is a path. Other than the classes
mentioned here, we do not know of any other classesof graphs for which the polytopes
of the pMP or the UFLP have beencharacterized.

For simplicity, in what follows we usez to denote the vector (x;y), i. e. z(u) = y(u)
and z(u; v) = x(u; V).

This paper is organizedasfollows. In Section2 we give somepolyhedral preliminaries.
In Section 3 we prove our main result. Section4 is dewoted to bidirected paths.

2. Some basic pol yhedral facts

Consider a polyhedron P de ned by
P=fx2R"jAx bg:

Denoteby A=x b~ amaximal subsystemof Ax bsudthat A=x = b forallx2 P.
Then the dimensionof P is

n rank(A7):

A faceF of P is obtained by setting into equation someof the inequalities de ning P.
Clearly F is a polyhedron. An extreme point of P is a face of dimensionO.

Lemma 3. Let P be a polyhedron de ned by

P=fx2R"jAx bg;
whoseextreme points are all 0 1 vectors. Let P°be de ned by

PO= fx 2 Pjcx = dg:
If ® is an extreme point of P%then all its components are in

fo;1,; 1 g

for somenumber 2 [0; 1].
Proof. Let A=x b~ be a maximal subsystem of Ax bsuth that A= = b, If

rank(A~) = n then R isan extremepoint of P andit isa0 1vector. If rank(A~)=n 1
then

F=fx2PjA™x=bg

is a faceof P of dimension 1. Therefore® is a corvex combination of two extreme points
of P.

3. Chara cteriza tion of pMP(G) and UFLP (G) when G is a restricted
Y -graph

In this section we shaw that if G is a restricted Y -graph then pM P (G) is de ned by
(1)-(6), and UFLP (G) is de ned by (2)-(6). First we needse\eral lemmas.

Lemma 4. Let G be a restricted Y -graph. Let C be an evenY -cycle, then there is no
intersection between the arc set of C and the arc set of any odd directed cycle.
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directed cycle. If CCintersects C and C is a directed cycle, then we would have the
con guration H; or Hz. Sowe should assumethat C is not a directed even cycle.

Supposethat A(C)\ A(CY 6 ;. We must have jC.\ V(C9j 1, otherwise the
con guration Hq, H, or Hjz is presert.

If jC\ V(CYj = 1, then we can assumethat C.\ V(CY = fvpg, A(C)\ A(CY =
fag;:::;ag Vo= V3, and ap = aJ;:::;a = & Let C%be the cycle whosearc set is
A(C) 4 A(CY (the symmetric di erence betweenA(C) and A(C9). Then the parity of
JA(CYj is di erent from the parity of JA(C)j. BecauseG is a Y -graph we have that none

Now we useinduction, sowe assumethat A(C)\ A(D) = ; whenD is an odd directed
cycleand jC\ V(D)] m.

Consider now a directed odd cycle C°with jC.\ V(C9 = m+ 1 2. Considera
maximal directed path cortained in A(C)\ A(C9 goingfrom uto v. Sou2 C\ V(C9
andv 2 C\ V(C9Y , otherwisewe havethe con guration H1 or Hz. SincejC\ V(C9j 2
there is a nodew 2 C\ V(CY, w 6 u, suc that the directed path in C°from v
to w does not contain the node u. Denote by C¥ this path. We can assumethat
V(CY)\ V(C) = fv;wg. Considerthe path in C from v to w that doesnot cortain u,
denote it by CY. The junction of C¥ and CY, is a cycle C% It cortains at least one
Y -node, becauseCy, cortains at least one Y -node. Also notice that all the nodesin €%
are Y -nodes, sincethesenodesare in V(C). Thus C%is a Y -cyclewith €%%6 ;. SinceG
is a restricted Y -graph C%is even. Notice that now w 2 C%v 2 C%and u 2 C% Thus
jiC9 v(CY m. This implies A(C%\ A(C9 = ;, which is impossible.

Now we study a vector z assumingthat it is a fractional extreme point of PC(G) or
PCy(G), we plan to arrive to a cortradiction. We denote by G, = (V;;A;) the graph
induced by the arcs (u;v) 2 A sud that 0 < z(u;v) < 1. Below we state sewral
properties of G;.

Lemma 5. We may assumethat j 5 (v)j = 1 for every pendentnode v in G;.

z%sud that zQui;vi) = z(u;v) , zqv) = 1, for all i, and zu) = z(u), zqu; w) = z(u; w)

for all other nodesand arcs. Let G%be this new graph. We have that the constraints that

aretight for z are alsotight for z% sozis a fractional extreme point of PCp. 1(G9.
The lemma above implies that we can assumethat ewery cycleis a Y -cycle.

Lemma 6. G, doesnot contain an evencycle.

If v 2 € then v is not a pendert node in G, since| c,(V)j > 1. Hencev must be a
Y -nodein G,.

Also, for every nodev 2 C, j 5 (v)] = 1, otherwise the con guration H is presert.
Thus the unique arc directed into v belongsto C.

Assumevg 2 C. Assign labelsto the nodesand arcs of C as follows:

I(vo) 0;l(ag) 1.
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Fori= 1top 1 do the following:
{ If vj is the head of & 1 and is the tail of a;, then I(v;) (& 1), (&)

{If I\(/iVii)s; the head of a; 1 and is the head of a;, then I(v;) (& 1), I(&)

{ IIf(V\i/i)'is the tail of a; 1 and is the head of a;, then I(v;) (& 1), I(a&)
{ IIf(V\i/i)'is the tail of a; 1 andisthe tail of a;, then I(v;) O, (&) (& 1).
Now de ne z asfollows. For every arca; of C,i = 0;:::;p 1,letz (&) = z(a) +
[(a;) . For every nodevi, i = 0;:::;p 1, let z (vj) = z(vi) + I(v;) . Also for every

node u 2 €, pick an arc (u;v) 2 gz(u) and let z (u;v) = z(u;v) I(u) . Finally let
z (u) = z(u), z (u;v) = z(u;v) for all other nodesand arcs of G.

It shouldbeclearthat z satis es constraints (2) for every nodev 6 vg, and that every
constraint (3) that is tight for z is alsotight for z . In order to show that constraint (2)
with respect to vq is satised by z , and that equation (1) is also satised by z , we

from v; iy to vj(j+1) Will be called a sggmentand denotedby Sj. A segmen is odd (resp.
ever) if it contains and odd (resp. evern) number of arcs. Let
X

1(Si) = I(v):
V2Si\ V
Let r be the number of even segmens and t the number of odd segmets. We have that
r + t = jCj, and sincethe parity of jCj is equal to the parity of t, we have that t+ jCj is
even. Thereforer = jCj t is alsoeven. The labeling hasthe following properties:

a) If the segmen is odd then I(a;iy) = (g ¢+1) 1)-
b) If the segmen is eventhen I(a; ) = (& +1) 1)-
c) If Sj is odd then I(S;) = 0.

d) If Si is eventhen I(S;) = I(g ).

e) Let S1;:::;S; bethe ordered sequenceof even segmetts in C. Then
I(S;)) = 1(Sj+1), fori=1;:::; 1
Properties a) and b) imply that I(ap 1) = [(ag). It follows that constraints (2) are
satised by z .

Properties ¢), d) and e) imply that equation (1) is satised by z .
It follows from the remarks above and Lemma 4 that any constraint among (1)-(6)

that wastight for z remainstight for z . This cortradicts the fact that z is an extreme
point of PCp(G) or PC(G).

Lemma 7. The graph G, must contain at least one Y -node.

Proof. Supposethat z is an extreme point of PC,(G). Supposethat G, is Y -free. Let
GPbe the graph obtained by adding to G, all arcs (u;v) with z(u;v) = 1, and all nodesu
with z(u) = 1. It is easyto seethat Glis alsoY -free. Let z&° bethe restriction of z to G°
Theorem 1 implies that PC,,(GY is an integral polytope. Clearly z&° 2 PC,(GY. Since
z6° is fractional, we have that zG° = 1=2z; + 1=27, with z;: 2z, 2 PCo(GY, 21 6 z5. Let 73
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(resp. z,) bethe vector obtained by adding zerosto z; (resp. z,) for all (u;v) 2 GnG°% We
have to seethat thesetwo new vectorsbelongto P Cy(G). For that we study constraints
(6), it is easyto seethat the other constraints are satis ed. Supposethat we add a zero
componert assaiated with the arc (u;v). Considerthe odd cycle C with

whereu = wy+; and v = wi. We have that

z1(Wai 13Wa2i) + Za(WaiiWziv1) 15 fori = 1;::0l
This implies = ;5 (cyz1(a) |. The sameis true for z,. Therefore z; and z; are in
PCp(G).

Sincez = 1=2z; + 1=2z, we have a cortradiction. The sameproof holds when z is an
extreme point of PC(G).

Lemma 8. Thereis a Y-nodet in G suchthat:

The arcs (uy;t), (uz;t), (t;w) arein A.

V can be partitioned into W; and W» sothat fuq;t;wg Wi and u; 2 Wo.
The unique arc in G, between W, and W5 is (uz;t).

Any arc in G between W1 and W, does not belongto an odd directed cycle. In
other words, all directed odd cycles have all their arcs either in A(W3) or in
A(W,). See Figure 3.

Proof. Any Y-nodein G; isalsoaY-nodein G. Lett beaY-nodein G,, Lemma7 shavs
that such a node exists. The nodet is incident to a pendert node w and there are exactly

connectedcomponerts of G,. SetS;+1 = V nV,. Let G; be the connectedcomponent
that cortains t. It follows from lemmas5 and 6 and from the de nition of a restricted
Y -graph that t doesnot belongto any cyclein G,. Henceif we remove t from G, then
we disconnect G; into two connectedcomponerts. Let S and S§ be the node sets of
these two componerts, cortaining u; and u, respectively. Dene So = S?[ ft;wg and
redene S; = Sg. The unique arc of G, that may have oneendnode in S; and the other
endnodein Sj, i 6 |, is (uz;t). De ne two setsW; and W, as follows.

Step 0. W, So, W> S;.

Step 1. If there is a set S; 6 W3 such that there is an arc in G of an odd
directed cycle having one endnode in W1 and the other endnade in
Si, then setW; Wi [ S.

Step 2. If there is a set S; 6 W, sud that there is an arc in G of an odd
directed cycle having one endnode in W, and the other endnade in
Si, then setW, W, [ S;. Goto Step 1.

Step 3. For ewvery set S; not included in W1 [ W5 include S; in Wo.

By de nition we have W1 [ Wy = | {:g Si. We have to seethat W1\ W> = ;. For
that supposeS; 2 W1\ W;. Notice that a directed cycle cannot go through w because
we would have the con guration Hq or H3. Then there is a cycle C in G containing
anode in S, the node uy, the node u, and t. BecauseG is a restricted Y -graph this
cycle should be even. The cycle C contains arcs of odd directed cycles, this contradicts
Lemma 4.

Basedon this last lemma, we de ne the graphs G! and G? asfollows. Let A(W1) and
A(W5) be the set of arcsin G having their both endnodesin W1 and W5, respectively.
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W, W2

Figure 3

Let Gt = (Wq;A(Wq)) and G? = (W[ FtSvewly; A(W,)[ f(uz;t9; (t%v9; (v8w9g), see
Figure 4. Now we can prove the following.

Wy W,

Figure 4
Theorem 9. If G is a restricted Y -graph then PC(G) is an integral polytope.

Proof. The proof is by induction on the number of Y -nodes. If the graph is Y -free the
result follows from Theorem 1. Then we assumethat the result is true for any restricted
Y -graph GOwith jYgoj < jYgj.

Let z; be the restriction of z to G1. Clearly z; 2 PC(G!). Dene z, 2 PC(G?)
as follows: zo(uz;t9 = z(uo;t), zo(t9 = z(t), z(t°v%) = 1 z(t9, z(v) = 1  z(tY,
(v w9 = z(19, zo(W9 = 1 and z(u) = z(u), z2(u;v) = z(u;v) for all other nodesand
arcs of G2. We have that z, 2 PC(G?).

Notice that G and G? are both restricted Y -graphs. Also jYg1j < jYgj and jYgzj <
iYg]. Since z; and z, are both fractional, by the induction hypothesis they are not
extreme points of PC(G?') and P C(G?), respectively. Thus there must exist a 0-1 vector
292 PC(GY) with z{(t) = 0 and sudh that the sameconstraints that are tight for z; are
also tight for z9. Also there must exist a 0-1 vector z§ 2 PC(G?) with z3(t% = 0 such
that the sameconstraints that are tight for z, are alsotight for zJ. Combine z{ and z9
to de ne a solution z°2 PC(G) as follows.

zqu) = z9(u); for every node of G;
z%u; v) = 29(u;v) for every arc of G*;
zYuy;t) = O;

z%v) = z9(v); for all nodev 2 Wy;

z%u; v) = z3(u;v); for all arc(u;Vv) 2 A(W>);
z9u;v) = z(u;v) = 0; for all arc having one endnade in W1 and the other in W.:

Clearly that any constraint among (2)-(5), that is tight for z is also tight for z% By
Lemma 8, any odd directed cycle is included either in G(W;) or in G(W5), thus any
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constraint (6) that is tight for z is also tight for z% This cortradicts the fact that z is
an extreme point of PC(G).

Now we plan to prove that if G is a restricted Y -graph then P C(G) is integral. The
proof is by induction on the number of Y -nodes. If the graph is Y -free the result follows
from Theorem 1. Then we assumethat it is true for any restricted Y -graph G° with
iYao < jYgj. We keepworking with the graphs G! and G? de ned before. Now let z be
a fractional extreme point of P C(G). We needthe following lemmas.

Lemma 10. The valuesof z arein f0;1; ; 1 g, for somenumber 2 [0;1].

Proof. Since PC(G) is an integral polytope and PCy(G) is obtained from PC(G) by
adding exactly one equation, the result follows from Lemma 3.

Lemma 11. z(ui;t) = z(ugp;t) = z(t) = %

Proof. Supposez(us;t) < z(t). Considerthe graph G obtained from G by removing
the arc (u;t) and adding the arc (ui;w). Let z°be de ned as zYu;;w) = z(uy;t) and
z%u) = z(u), z%u;v) = z(u;v) for all other nodesand arcs. We have that z°2 P C,(G9.
Since Gl is a restricted Y -graph with jYgoj < jYgj, then z%is not an extreme point of
PCp(GY. Hence,there exists a vector z 2 PCp(GY, z 6 20 sudh that all constraints
that are tight for z° are also tight for z . De ne z(ug;t) = z (ug;w) and z(u) = z (u),
z(u;Vv) = z (u;v) for all other nodesand arcs. Then z 6 z and sincethe arc (us;t) does
not belongto any odd directed cycle in G then all constraints that are tight for z are
alsotight for z. This is impossiblesincez is an extreme point of PCp(G). (Notice that
we do not needthat z 2 PCp(G)). The samemay be doneif z(uy;t) < z(t).

Thus we may assumethat z(uqi;t) = z(up;t) = z(t). Now we have to prove that
z(t) = 3.

Consider the graph G° de ned from G as follows. Remove (u;t) and add (uy;t9,
(t%v9 and (v® w). Heret®and v°are new nodes, seeFigure 5.

uq uz
Q

tO

<=0

w O=—-=:x VO

GO

Figure 5

De ne z%to be zQu»;t9Y = z(uy;t), z4tY = z(uy;t), zqt°v9 = 1 z(uy;t), zqVv9 =
1 z(up;t), Z4v®w) = z(uy;t) and zYu) = z(u), zYu;v) = z(u;v) for all other nodes
and arcs. We have that z°2 PCp:1 (G9 and GPis a restricted Y -graph with jYgoj <
iYsj. Hencezis not an extreme point of PCp+1(G(). Thus there must exist a 0-1
vectors z9;:::;2° in PCps1 (GY sudh that z%is a corvex combination of z%;:::;2z?, and
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all constraints that are tight for z°are alsotight for z9;:::;z°. Thus

() 0= iz
i=1
X
(8) i= 1L
i=1
©) i 0 i=1Lm

If there exists a vector z2 with z2(t) = z2(t9, then we can de ne from z? a 0-1 vector
2992 PCy(G) sudh that the sameconstraints tight for z are also tight for z% Thus we
may supposethat for all z% i = 1:::;r, we have zJt) 6 zXt9. Let zqt) = 1, z{t9 = 0,

X1
(10) zqt) = i

i=1

X

(11) 2qt9 = i

i=ri+1

. -y . P r - .

and sinceby de nition zqt) = z{t% and [, i = 1, the result is obtained.

Lemma 12. If z is a fractional extreme point of PCy(G) then each component of z is
in f0;1; 3g.
1 2

Proof. Immediate from Lemma 10 and Lemma 11.

Now we can state the nal result of this section.

Theorem 13. The polytope PCy(G) is integral.

P P
Proof. Dene p1 = oy, 2(V) and p2 = 5\, 2(V), sOp = p1 + pz. We distinguish
two cases:

Case 1. The numbersp; and p, are integers.

Considerthe graphs G and G? of Figure 4, asde ned above. Let z; be the restriction
of z to GL. Clearly z; 2 PC,,(G?). Dene z; asfollows. zy(uz;t9 = z(uz;t) = 3,
(1Y = %, (%9 = 3, (V) = 3, (VOw9 = 3, (WY = 1 and zp(u) = z(u),
z2(u;v) = z(u;v) for all other nodesand arcs of G2. We have that z, 2 PCp,+2 (G?).

G! and G? areboth restricted Y -graphsand jYg:j < jYgj, jYaz2j < jYgj. Sincez; andz,
are both fractional, by the induction hypothesisthey are not extreme points of PCpl(Gl)
and P Cp,+2 (G?), respectively. Thus there must exist a 0-1 vector z9 2 PC,, (G?) with
Z)(t) = 0 sothat the sameconstraints that are tight for z; are also tight for z9. Also
there must exist a 0-1 vector zJ 2 PCp,+2 (G?) with z3(t9 = 0 such that the same
constraints that are tight for z, are also tight for z9. Combine z$ and 22 to de ne a
solution z°2 PCp(G) as follows.
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z%u) = 2{(u); for every node u of G1;
z%u; v) = 29(u;v); for every arc (u;v) of G1;
zYuy;t) = O;

zqv) = z9(v); for every node v 2 W5;
z%u; v) = z9(u; v); for every arc(u;v) 2 A(Wy);

zqu;v) = z(u;v) = O; for ewery arc (u; V) having one endnode in Wy
and the other in W5:

Remark that P V2V zqv) = p. Also any constraint among (2)-(5), that is tight for z
is alsotight for z By Lemma 8, any odd directed cycle is included either in A(Wy) or
in A(W,), thus any constraint (6) that is tight for z remainstight for z Then the same
constraints of P C,(G) that are tight for z are alsotight for z% This cortradicts the fact
that z is an extreme point of P Cp(G).

Case 2. The valuesof p; and p, are not integers.

P
Thus from Lemma 12, ,, 2(V) = p1 =+ % and oy, 2(V) = p2 = %

where and areintegersand + = p. Dene G! and G? from G as follows.
Gl = wy[ fulg; (A(Wq)nf(ug;t)g)[ f(ug;uf); (ul;t)g andG2 = W[ % wly; A(Wo)[
f(u2;t9; (t%wW9g , seeFigure 6.

u
Wi O WM
W,
Cl) to
O wo
Gl G2
Figure 6

De ne z! to be:

zugud) = Z(uf) = Z'udit) = 5
z(u) = z(u) for all other nodesof G1,
zY(u;v) = z(u;v) for all other arcs of G.

Let z2 be de ned by:
z%(up;t9 = 22(t% = 22(t%w9 = %;
w9 = 1;
z?(u) = z(u) for all other nodesof G2,
z?(u;v) = z(u;v) for all other arcs of G2.

Notice that z! 2 PC 41 (G') and z2 2 PC ,1(G?). Notice also that G and G? are
restricted Y -graphs with jYg1j < jYgj and jYgz2j < jYgj. Thus there must exist a 0-1
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vector z! 2 PC .1 (G?) sudh that the sameconstraints that are tight for z* are alsotight
for z1, and sudh that z'(uy;u) = 0. Also there must exist a 0-1 vector z2 2 PC 41 (G?)
sud that the sameconstraints that are tight for z2 are also tight for z2 and such that
z2(t% = 0. Now from z! and z? de ne z 2 PC,(G) as follows.

Z(ug;t) = 0;

z(u) = z%(u); for all u 2 Wy nftg;

z(u;v) = z(u;v); for all (u;v) 2 A(Wy) nf(ug;t); (t; w)g;
z(t) = O;

z(ug;t) = 0;

z(t;w) = 1,

z(u) = z2(u); for all u2 Wy;

z(u;v) = z2(u;v); for all (u;v) 2 A(W>);
z(u;v) = z(u;v); for all other arcs.

It is easyto seethat z 2 PCp(G) and the sameconstraints that are tight for z are also
tight for z. We have a corntradiction becausez is an extreme point.

4. Bidirected paths

A = f(UisUi+1); (Uisrsui); P = Liin g
In this section we show that pMP(G) = Pp(G) and UFLP (G) = P(G) when G is a
bidirected path. For that we rst considera graph H = (V;A) where

[n

The set of arcs A is composedby two arc-subsets. The arcs (ui;vj) for i = 1;:::;
andj = 1;:::;p(i). And the arc-subsetbetweenany two consecutive nodesu; and Uj+1,
fori=1;:::;n 1, that consistsof one of the following possibilities:

(uUi;ui+1) 2 A and (uj+1;U)) ZA, or
(uUi;ui+1) Z2 A and (uj+1;U)) 2 A, or
(uUi;ui+1) 2 A and (uj+1;U)) 2 A, or
there is no arc betweenu; and uj+1 .

Notice that H may not be connected. Call such a graph an extende path. For H an
extendedpath, denoteby Pair (H) the set of pair of nodesf u;; uj+; g such that both arcs
(uj; uij+1) and (uj+1 ; uj) belongto the set of arcsof H.

Theorem 14. If H is an extendel path thenpM P (H) = Pp(H) andUFLP (H) = P(H).

Proof. The proof is by induction on jPair (H)j. If jPair (H)j = O then H is a restricted
Y -graph with no odd directed cycle. Hence from Theorem 13 we have that pM P (H)
is de ned by inequalities (1)-(5). Supposethat the theorem is true for ewvery extended
path HCwith jPair (H9} m. Let H bean extendedpath with jPair (H)j = m+ 1 and
assumethat z is a fractional extreme point of Pp(H).

Dene H, = (V;;A;) to be the graph induced by the arcs (u;v) 2 A, with
0< z(u;v) < 1. Remark that H, is also an extended path.
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Claim 1. jPair(H;)j 1.

Proof. SupposejPair (H;)j = 0. Then H; is a restricted Y -graph with no odd directed
cycle. Let H%be the graph obtained by adding to H, all arcs (u;v) with z(u;v) = 1, and
all nodesu with z(u) = 1. It is easyto seethat H %is also a restricted Y -graph with no
odd directed cycle. Then Pp(H() is an integral polytope. Let zH° be the restriction of z
to HO Clearly z° 2 Py(H9. Sincez"’ is fractional, we have that z"° = 1=2z; + 1=27,
with z1;2, 2 Po(H9, 21 6 2.

Let z; (resp. z») be the vector obtained by adding zerosto z; (resp. zp) for eadh
(u;v) 2 HnHZO It is easyto seethat z; and z, belongto Pp(H). Sincez = 1=2z; + 1=22,,
we have a cortradiction.

From the claim above, we may assumethat there are at least two arcs (u;; uj+1 ) and
(Uis1;ui) with 0 < z(ui;ui+1) < 1 and 0 < z(uj+1;uj) < 1. Dene HO%from H by
removing the arc (uj; uj+1) and adding the arc (u;;w) where w is new a pendert node.
De ne z°to be zYu;i;w) = z(ui; ui+1 ), zYw) = 1 and zqu) = z(u), zYu;v) = z(u;v) for
all other nodesand arcs of HC Notice that His an extendedpath with jpair (H%j = m
and that z°2 Pp.q (H9. Then by the induction hypothesis Pp+q (H9 must be integral.
Hence there must exist a 0-1 solution z 2 Pp+1(H(§ with z(uj+1;U;) = 1, sothat the
sameconstraints that are tight for z° are alsotight for z.

From z dene z 2 Pp(H) as follows: z (uj;ui+1) = z(ui;w) and z (u) = z(u),
z (u;v) = z(u;v) for all other nodesand arcs. All constraints that are tight for z are
also tight for z . To seethis, it suces to remark that z (uj+1) = z(uj+1) = 0 and
z (Uj;ui+1) = z(uj;w) = 0. This contradicts the fact that z is an extreme point of
Po(H).

The proof for UFLP (H) is similar.

We also have the following two corollaries.

Corollary 15. Let G be a 1-directed graph with no odd Y -cycle. Then Py(G) is integral
for all p if and only if G does not contain any of the graphsH 1, H, and H3 as induced
sulgraph.

Proof. Let G = (V;E) bea 1-directed graph with no odd Y -cycle. If G doesnot contain
none of the graphsH,, H, and H3 asinduced subgraph, then G is a restricted Y -graph
with no odd directed cycle. Thus PC,(G) = Pp(G) and the integrality of Pp(G) follows
from Theorem 13. Now supposethat G cortains H; = (Vq;Ej) asinduced subgraph.
Call v the unique pendert nodein H;. De ne z asfollows:

1 1 i (00
5 ifv2Vyinfvg 5 if (u;v) 2 Eq
= 2 - v)= 2
z (V) 1 otherwise » z (uv) 0 otherwise

It is easyto verify that z is an extreme point of P;y; »(G). By the samemanner one
can construct fractional extreme point of P,(G) when G cortains H, or H3 asinduced
subgraph.

|
Corollary 16. Let G be a undirected graph. Then P,(G) is integral for all p if and
only if G is a path.
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Proof. If G is a path the result follows from Theorem 14. SupposeG is not a path. Thus
G cortains a node w of degreeat least 3. Let wq, wo and ws three nodqsadjacert to w.

The solution z de ned below is an extreme fractional point of Pjy; »( G).

g if (u;v) 2 f(w;wq); (Wg;w);
;z (upv) = (w2; w); (wz;w)g
" 0 otherwise

Nl

if v2fw;wg;ws;wsg

1
= 2
z (v) 1 otherwise
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