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Abstract

We examine the problem of approximating a positive, semide rite matrix 8§ by

a dyad xx T, with a penalty on the cardinality of the vector x. This problem arises
in sparse principal component analysis, where a decomposin of § involving sparse
factors is sought. We express this hard, combinatorial prokem as a maximum eigen-
value problem, in which we seek to maximize, over a box, the l@est eigenvalue of
a symmetric matrix that is linear in the variables. This repr esentation allows to use
the techniques of robust optimization, to derive a bound bagd on semide nite pro-
gramming. The quality of the bound is investigated using a technique inspired by
Nemirovski and Ben-Tal (2002).
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Notation

The notation 1 denotes the vector of ones (with size inferred from contextyvhile Card (x)
denotes the cardinality of a vectorx (number of non-zero elements), an® (x) the diagonal
matrix with the elements of x on its diagonal. We denote bye the unit vectors of R".
For an £ n matrix X, X °© 0 meansX is symmetric and positive semi-de nite. The
notation B., for a symmetric matrix B, denotes the matrix obtained fromB by replacing
negative eigenvalues by 0. The notation has precedence otlee trace operator, so that
Tr B, denotes the sum of positive eigenvalues 8f if any, and 0 otherwise. Throughout,
the symbol E refers to expectations taken with respect to the normal Gaussialistribution
of dimension inferred from context. Finally, the support of a &ctor x is de ned to be the
set of indices corresponding to its non-zero elements.

1 Introduction

Given a non-zeron £ n positive semi-de nite symmetric matrix § and a scalarz >0, we
consider thecardinality-penalized variational problem

A(Yy:=max x"8x YLCard (x) : kxk,=1: (1)
This problem is equivalent to solving the sparse rank-one apptionation problem

min k§ | zz'kZ | ¥Card (2);
z

which arises in thesparse PCAproblem [4, 2], where a \decomposition" of § into sparse
factors is sought. We refer to [2] for a motivation of the sparse @A problem, and an
overview of its many applications.

In the paper [2], the authors have developed the \direct spardeCA" approach, which
leads to the following convex relaxation for the problem (1)

mxaxTrX§i Xk 0 X° 0 Tr X =1:

The above problem is amenable to both general-purpose semidigenprogramming (SDP)
interior-point codes, and more recent rst-order algorithms sth as Nesterov's smooth min-
imization technique [3]. Unfortunately, the quality of the relaxation seems to be hard to
analyze at present.

In this paper, we introduce two new representations of the pbtem, and a new SDP
bound, based on robust optimization ideas [1]. Our main goal ie use the new representa-
tions of the problem to analyze the quality of the correspondg bound.

The paper is organized as follows. Section 2 develops someipri@ary results allowing
to restrict our attention to the case when%2 <max; §;. Section 3 then proposes two new
representations forA(}), one based on largest eigenvalue maximization, and the othen a
thresholded version of the Rayleigh quotient. In section 4, weedve an SDP-based upper
bound onA(%}, and in section 5, we analyze its quality: as a function of theenalty parameter
% rst, then in terms of structural conditions on matrix 8.



It will be helpful to describe § in terms of the Cholesky factorzation § = ATA, where

without loss of generality, that the diagonal of § is orderedand none of the diagonal elements
is zero, so that &, , :::, 8., > 0. Finally, we de ne the setl (*3:= fi : §; > %9, and
let n(*} := Card | (3.

2 Equality vs. Inequality Models

In the sequel we will develop SDP bounds for the related quatyti
A% :=max x"8x | ¥Card (x) : kxk, - 1: 2)
X

The following theorem says that wherz < § 1, the two quantities A(¥}, A(%} are positive
and equal; otherwise, bothA(* and A(*) have trivial solutions.

Theorem 1 If % < §4;, we haveA(X) = A(¥) > 0, and the optimal sets of problems (1)
and (2) are the same. Conversely, i#2, 8§11, we haveAA =0 , AMM =811 % and
a corresponding optimal vector forA(¥3 (resp. A(X}) is x = e, the st basis vector in R
(resp. x = 0).

Proof: If % <§,4, then the choicex = e, in (2) implies A(¥) > 0, which in turn implies
that an optimal solution x° for (2) is not zero. Since theCard function is scale-invariant, it
is easy to show that without loss of generality, we can assume that hasl,-norm equal to
one, which then results inA(Y3 = A(%) > 0.

Let us now turn to the case wher¥s, §.;. We develop an expression fol(%} as follows.
First observe that, since §8° 0,

max X' 8§Xx =8 1;;
ka]_:l

which implies that, for everyx,
§1:kxk? | x"8§x: (3)

Now lett , 0. The condition A(*} - i t holds if and only if
8x; kxk, =1 : YCard (x), t+ x"8§x:

Specializing the above condition tox = e;, we obtain that A%} - | t implies ¥, 8§11 + t.
Conversely, assume that2, 8;; + t. Using (3), we have for every, kxk, = 1:

vaCard (x) , Ykxkf, (811+ t)kxki, x'8x+t;

where we have used the fact thalkxk,; , 1 wheneverkxk, = 1. Thus we have obtained that
A -i twith t, Oifandonlyif%, &1+ t, which means thatA(*3 =8 11i Ywhenever
Yo, §11.

Finally, let us prove that A(¥) = 0 when Y%, §,;. For every x 6 0 such that kxk, - 1,
we have 1,

kxk3
which shows thatA(¥3 - 0, and concludes our proof¥

YeCard (x) | kxk? | Ykxk?, x'§x;

In the sequel, we will make the following assumption.
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Assumption 1 We assume that2 <8, that is, the setl (¥} := fi : §; >Ygis not empty.

3 New Representations

3.1 Largest eigenvalue maximization

The following theorem shows that the problem of computing(}3 can be expressed as a
eigenvalue maximization problem, where the sparsity patteris the decision variable.

Theorem 2 For %2 [0; 8 11[, A(¥) can be expressed as the maximum eigenvalue problem

A !
X

A(l/) = ury[g')l(]“ » max uBi ; 4)

An optimal solution to the original problem (1) is obtained fysm a sparsity pattern vector
u that is optimal for (4), by nding an eigenvectory corresponding to the largest eigenvalue
of D(u)8 D (u), and settingx = D (u)y=kD (u)yk,, whereD (u) := diag (u).

Proof. Sincelz <8§1,, the result of Theorem 1 implies thatA(4) is equal to A(X) de ned in
in (2). Let us now prove that A(¥3 = A(%), where
A% = max max y'D(u)8D(u)yj ¥¢1"u: (5)
u2f 0;1g" yTy- 1

To prove this intermediate result, rst note that if x is optimal for A(}3, that is, for (2),
then we can setu; = 1 if x; 8 0, u; = O otherwise, so that Card (x) = 1Tu; then, we set
y = x and obtain that the pair (u;y) is feasible forA(¥}, and achieves the objective value
A%, henceA(¥) - A(*). Conversely, if (u;y) is optimal for A(}), then x = D(u)y is feasible
for A (as expressed in (2)), and satis e€ard (x) - Card (u) = 1Tu, thus

A=y DUSED(U)yYi ATu- x"8xj ¥Card (x) - A¥;

This concludes the proof thatA(¥) = A(%A.
We proceed by eliminatingy from (5), as follows:

A% = max | ma(D(W8D(W) i ¥e1'u
u2f 0;1g"

= max ., ma(D(UATAD(u)) | ¥%¢1"u

u2f 0;1g"
= max , max(AD(U)AT)| ¥%¢1Tu
u2f 0;1g"
X1 T T
- aal): 1 .
ug?aa;)l(g" , max ( uaa )i Y21 u;

i=1

in virtue of § = ATA, and D(u)? = D(u) for every feasibleu. Invoking the convexity of the
largest eigenvalue function, we can replace the sdd; 1g" by [0; 1]" in the above expression,
and obtain (4). ¥



3.2 Thresholded Rayleigh quotient

The following theorem shows thatA(¥} can be expressed as a maximal \thresholded Rayleigh
guotient”, which for ¥2= 0 reduces to the ordinary Rayleigh quotient.

Theorem 3 For %2 [0; §11[, we have

X0

A% = max (&' »)?i Ys; (6)
))T)): I:l

= max (&' Xa;j B : X° 0 TrX =1: (7)

i=1

An optimal solution x for (1) is obtained from an optimal solution» to problem (6) by setting
u =1 if (a'»)? > u, = 0 otherwise; then, nding an eigenvectoy corresponding to the
largest eigenvalue oD (u)8 D (u), and settingx = D (u)y=kD (u)yka.

Proof: From the expression (4), we derive

A !
X
Ay = 4 gl »i w1’
(/) UT[g:)f]n )Sn»a-)i > -1 ulala1 »l 2¢ u
xXn
= max ()% ¥,
» » 1 i=1
= max (@)% W 8)
i=1

where the last equality derives from the fact thatA(¥3 > 0 (which is in turn the consequence
of our assumption that §;; = max; a' a > %). Finally, the equivalence between (6) and (7)
stems from convexity of the objective function in problem (7)which implies that without
loss of generality, we can impos¥ to be of rank one in (7). ¥

The following corollary shows that we can safely remove columrand rows in § that
have variance below the threshold-

Corollary 1 Without loss of generality, we can assume that every optimallgmon to the
original problem (1) has a support included in the sét(*} := fi : 8; >%g. Thus, if §; - %
the corresponding column and row can be safely removed fr@m

Proof: This is a direct implication of the fact that for everyi, if Y2, a'a;, then we have
(a'»)? - Ysfor every » such that »"» = 1. Hence, the corresponding term does not appear
in the sum in (8). ¥



3.3 Exact Solutions in Some Special cases

Theorems 2 and 3 allows to solve exactly the problem in some sp¢@ases.

First, Theorem 2 can be invoked when § is diagonal, in which caglee optimal vector x
turns out to be simply the rst unit vector, e;.

Next, consider the case when the matrix 8 has rank one, that isn = 1. Then, the &'s
are scalars, and the representation given in Theorem 3 yields

i X X
Ap=max (@i A= (@i B

i=1 i=1
A corresponding optimal solution forA(%} is obtained by settingu; = 1if %2 <&, u; = 0
otherwise, and then settingx = -a=kak,, with a obtained from a by thresholding a with
absolute level” 7z In the sequel, we assume than > 1.

A similar result holds when § has the form § = | + aa’, when a is a givenn-vector,
since then the problem trivially reduces to the rank-one case.

4 SDP relaxation

A relaxation inspired by [1] is given by the following theorem

Theorem 4 For every %2 [0; 8§11, we haveA(¥) - A(%, where A(% is the solution to a
semide nite program:

A !
X

A% = min | max Yi Y% Bi; Vi O i=1;:::n: (9)

0. i=1
The problem can be represented in dual form, as the convex o

A X [ 1=2 Ty 1=2 ¢
A(l/azm;ix Tr X ™ga X7 f %X, - X°0 TrX=1: (10)
i=1
Proof: If ()., is feasible for the above SDP, then for every 2 R™, »™» - 1, and

u2 [0;1]", we have
A ! A !

X X X .
»' uB;, »- (»TBi»)Jr Y Y, »- A(¥;
i=1 i=1 i=1
which provesA(%} - A(*3. The dual of the SDP (9) is given by
. X
A(l/)=x_r?Pa)>g hP;Biji : X° P° 0 i=1;:::;n; Tr X =1: (11)
IASEPIE

i=1
Using the fact that, for any symmetric matrix B, and positive semi-de nite matrix X ,

- ¢
max fhP;Bi : X ° P° 0g= Tr 'X?BX %
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allows to represent the dual problem in the form (10). Note thathe convexity of the
representation (10) is not immediately obvious¥

A few comments are in order.
The fact that A%} - A(¥) can also be inferred directly from the dual expression (10): we
have, by convexity, and using the representation (7) foA(%),

- X ¢ )
A%, max laiTXaii Y2, 1 X°0 TrX=1 =AW
i=1
From the representation (10) and this, we obtain that if the rak k of X at the optimum of
the dual problem (10) is one, then our relaxation is exactA(“3 = A(*A.
In fact, problem (10) can be obtained as a rank relaxation ohe following exact repre-
sentation of A:
A X i 1=2 Ty 1=2 ¢
A=m>§x Tr X ga X7 %X,  X°0 TrX=1; Rank(X)=1:
i=1
In contrast, applying a direct rank relaxation to problem (6)(that is, writing the problem
in terms of letting X = »»' and dropping the rank constraint onX) would be useless: it
would yield (7), which is A(¥} itself.
Finally, note that our relaxation shares the property of the gact formulation (6) observed
in Corollary 1, that indicesi such that Y2, §; can be simply ignored, since theB; * 0.

5 Quality of the SDP relaxation

In this section, we seek to estimate a lower bound on thguality of the SDP relaxation,
which we de ne to be a scalap 2 [0; 1] such that

WA - AWy - A% (12)
Thus, (1 p)=pis a upper bound on the relative approximation error, A% i A()=A.

5.1 Quality estimate as a function of the penalty parameter

Our rst result gives a bound on the relaxation quality conditiomal on a bound on%2 We
begin by making the following assumption:

Assumption 2 We assume thaD < %2 < 1min 8i =8 ,,andm= Rank(8) > 1.
Sien

From the result of Corollary 1, we can always reduce the probteso that the above assump-
tion holds, by removing appropriate columns and rows of § if reessary.

Theorem 5 With assumption 2 in force, for every value of the penalty pareeter %2 2
[0; 8hn [, and for every® . 0O such that

o

- 811; (13)

n+°
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the bound (12) holds withu set to i, (°), where form > 1 and° , 0O, we de ne
A !
0 xn ,
bn(°) = E | ¢ 7 (14)
I j=2 .
which can be computed by the formula
Z Va2 H o ﬂ
cog(t) i sin?(t)  sin™ 2(t)dt
o 0 m j 1 +
b (°) = Z v : (15)

cog(t) sin™i 2(t)dt
0

For every® , 0O, the valuep,(°) decreases withm, and admits the bound
A r !
1 2 °2
o - . © + = +
(). 5 ity 14—y (16)

+

In particular, if Yzsatis es (13) with ° = 1, that is, %2+ 8§1;=(n + 1), then bound (12)
holds withp, 1=%

Before we prove the theorem, let us make a few comments.

First, as will be apparent from the proof, the value oin can be safely replaced by the
rank k of an optimal solution to the SDP (10). This can only improve tle quality estimate,
ask - m and p,(°) is a decreasing function om for every® , 0.

Second, the smallem is, and the larger® is, the smaller the corresponding quality
estimate. However, a small value fot does not allow for a large range dfzvalues via (13),
and this e®ect is becomes more pronounced ragrows. The theorem presents the result
in such a way that the respective contributions ofn;n to the deterioration of the quality
estimate are separated. A plot of the functioq, for various values oim is shown in Figure 1.

Third, the theorem allows to plot the predicted quality estinate p as a function of the
penalty parameter, in the interval [Q8,,[. Leveraging these results to the entire range
[0; 8 11 will be straightforward, but will require us to be careful almut the sizesn and m, as

the argument in Corollary 2.
Finally, the theorem allows to derive conditions on the struire of § that guarantee a
prescribed value of the quality. We describe such a condition @orollary 3.

Proof of theorem 5: The approach we use in our proof is inspired by that of TheoremZ2.
in[1]. LetX © 0, Tr X =1, be optimal for the upper boundA(%} in dual form (10), so that

. X0
A = Tr (Bi(X)+);
i=1
where B;(X) := X¥2B;X ¥, Let k = Rank (X). We have seen that ifk = 1, then our

relaxation is exact: A} = A(%A. If the rest of the proof, we will assume thatk > 1. We
thus have 1<k - m= Rank(8) - n.
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Figure 1: Plot of function pn(°), as de ned in (15), for various values ofm.

Assume that we nd a scalamu 2 [0; 1] such that:

X )
E (OTBi(X)») > (WA() CEGTX»); (17)

i=1

where » follows the normal distribution in R™. The bound above implies that there exist a
non-zero» 2 R™ such that

X ;
GTBI(X)») > (A(¥)) 667 X):
i=1

Thus, with u; = 1 if »"B;(X)» > 0, u; = 0 otherwise, we obtain that there exist a non-zero
»2 R™ and u 2 [0; 1]' such that

A !
X1 ~
> uBi(X) » > (WA)) 6T X»):
i=1
With z = X ¥ A !
X1 ~
r uBi z> (LAY ¢(z"2):
i=1
The above implies thatz 6 0, so we conclude that there exist 2 [0; 1]" such that
A !
X] ~
» max uB; >pAH;

i=1

from which we obtain the quality estimateuA(*} - A%} - A(*). By a continuity argument,
this result still holds if (17) is satis ed, but not strictly. The rest of the proof is dedicated
to nding a scalar p such that the bound (17) holds.
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®, since assumption 2 holds. Thu®} = Tr Bj(X).. Further, Bi(X) has exactly rank
k = Rank (X). Denote by (i | )}“:11 the negative eigenvalues dB;(X ), ordered such that

1. "1, k1 Likewise, denote byf,,-g}‘=1 the non-zero eigenvalues of , ordered such

that ,,, :::, ,«. Using an interlacing property of eigenvalues, we can show that
i Yy =10k 1
Thus,
X1 X1
e L =Ly L)
j=1 j=1
Let »» N (O;1,). By rotational invariance of the normal distribution, we have:
A K1 !
EG'Bi(X)»): = E @»] e
Thus,
8 A | 9
< A K1 ) K1 =
EG'Bi(X)»),: | D;Irll( CE ®» i »JZJrl R O & Y (18)
R% . ,
- -
8 X : t : 9
< i 1 ) Xi 1 =
mn E ®»i e L, 0 % (19)
23 ) j=1 + i=1 ’
A 1 !
1 X
= E @»j 1 >>12+1 ; (20)

where we have exploited the convexity and symmetry in problerfl9). (As claimed in the

“rst remark made after Theorem 5, we could safely kedpinstead ofm in the remaining of
the proof.)

~ P
Summing overi, and in view of A(3= ., ®, we get:

A !
X X 1, Xl
E  (»Bi(X)», . E ®»j _ »12+1 (by the bound (20))
i=1 i=1. mi 1 j=1 .
A !
N ny, Xt
., E AMW» — g (by homogeneity and convexity)
i1, .
Hn (°) CA(Y; (21)

provided ° | n¥%£m | 1)A(*). Using the fact that A(¥3 ., A}A ., 8117 % we obtain that
the bound (12) holds withp = p,(°) whenever (13) does, as claimed in the theorem. The

expression (15) of the functionu, is proved in Appendix A, while the bound (16) is proved
in Appendix B. ¥
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Figure 2: Plot of the function #(*3 de ned in Corollary 2, for a specic 5£ 5
covariance matrix 8. The left pane corresponds to a random matix, and the right
pane, to a random matrix that satis es the conditions of Corollary 3.

The following corollary allows to plot the quality estimate,as derived from Theorem 5, as
a function of %2across the entire range [&1;[. We do not make the assumption 2 anymore,
but do keep assumption 1.

Corollary 2 Let %22 [0;814[, and denen(*} = Cardfi : 8§; > ¥g > 0and m(¥} =
Rank (8(%}), where §(%} is the n(*2 £ n(¥} matrix obtained by removing the lash j n(*}
rows and columns in§. The bound (12) holds fou= #(¥}, where

8
Y ) .
dp= I CON; - " if m > 1

m®*i 1 8ui %
1 otherwise.

An example of the resulting plot is shown in Figure 2.

5.2 Quality estimate based on the structure of 8

The next result illustrates how to obtain a quality estimate base on structural assumptions
on §, requiring that its ordered diagonal decreases fast enough

Corollary 3 Assume8,; > :::> §8,,. If 85 - Y% <8§y,, then the bounds (12) hold with

1
h+1

then, whenevel0 < %2 < §,,, the bounds (12) hold withu, 1=V

8hh - 811; (22)
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Proof: In the case2 [8,,;811[, n(*2 = 1, so that m(*A = 1, and the bound (12) holds

8h+1:ne1 - ¥2<8pn, With the convention 8,.1.n+1 = 0. In this case,n(*3 = Card fi : §; >
¥ = h, so that the suxcient condition (13) with °© = 1 writes
1
1 -
which, in view of 8p.1.h+1 - % <8y, holds when (22) holds, independent df2 Applying
the bound (16) ends the proof¥
An example corresponding to the situation of Corollary 3 is showin Figure 2 (left pane).
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A A Formula for g

Let ° > 0, m > 1. Let us prove that the function ,, de ned in (14) can be represented as
in (15). Using the hyperspherical change of variables

» = rcosfy)
» = rsin(A)cos@y)

i1 = rsin(Ay)::isin(An; 5) cos@n; 1)
= rsin(Ay):::sin(An; 2) Sin(An; 1);

measure
d»= r™i tsin™ 2(A)) :::sin(An, 2)dA c:idA, o;
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we obtain

z A !
. — ° )(n . 2 —
() = (2¥' ™7 i » | mi 1 » ek *k2=2dx
= Iy CIn(°);
wherel,, is some constant, independent df, and
Z 1/4H o ﬂ
In(®) = cog(Ay) i i 1sin2(A1) sin™i 2(Ay)dA;:
0 +

Sincepn(0) = 1, we have I, = 1=J,(0). Exploiting symmetry to reduce the integration
interval from [0; %] to [0; %=2], proves the formula (15).

B A bound on g,

The bound stems from the identitya. = (a+ jaj)=2, valid for everya 2 R, and the following
result, found in the proof of Theorem 2.1 of [1]:
Yyl _ >
8y2R™ : EZ  yi»l, —kyks:
Ya

i=1
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