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Abstract.
One of perspective ways to exploit sparsity in the dependency graph of an optimization problem is nonserial dynamic programming (NSDP) which allows to compute solution in stages,
each of them uses results from previous stages. The class of discrete optimization problems
with the block-tree matrix of constraints is considered. Nonserial dynamic programming
(NSDP) algorithm for the solution of this class of problems is proposed. Properties of NSDP
algorithm for the solution of the problems of this class are investigated.
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Introduction

Many questions in computer science, mathematics, and various applications can be expressed
as or are strongly related to optimization problems ([8], [13], [16]). Among the most prominent classes of optimization problems we find the discrete programming problems (denoted
by DP). Applications of combinatorial optimization are found in such areas as VLSI routing,
scheduling, network optimization, routing traffic in communications networks, economical allocation, multi-dimensional smoothing for pattern recognition, theorem proving, game theory,
and artificial intelligence. Popular benchmark applications from the literature include the integer knapsack problem, the traveling salesman problem, the 15 puzzle, and the n-queens
problem. The tremendous attention that combinatorial optimization and DP particularly
have received in the literature gives some indication of its importance in many research areas.
Unfortunately, most of the interesting problems are in the complexity class NP-hard and may
require searching a tree of exponential size (if P 6= N P ) in the worst case. Today almost
everyone expects that there is no polynomial time algorithm for solving an NP-hard problem
([9], p.1). Many real DP problems contain a huge number of variables and/or constraints
that make the models intractable for currently available DP solvers. A well known drawback
of exact algorithms of DP is that they have worst case exponential time performance. As
noted in [9], one of the modern approaches is the development of practical exact algorithms
for solving particular NP-hard problems.
Complexity theory proved that universality and effectiveness are contradictory requirements
to algorithm complexity. But the complexity of some class of problems decreases if this
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class may be divided into subsets and the special structure of these subsets can be used in
algorithm construction. In recent years there has been emerging interest in the design and
analysis of algorithms that are significantly faster than exhaustive search, though still not
polynomial time (so called super-polynomial time algorithms that solve NP-complete problems
to optimality), see the recent survey by Woeginger [25]. One of the promising approaches to
cope with NP-hardness in solving DP problems is the construction of decomposition methods.
The development of the decomposition methods in DP ([18], [24], [23], [17]) is very urgent
due to the above-stated facts. Decomposition techniques usually determine subproblems
which solutions can be combined to create a solution of the initial DP problem. Usually,
DP problems from applications have a special structure, and the matrices of constraints for
large-scale problems have a lot of zero elements (sparse matrices). The nonzero elements of
the matrix often fall into a limited number of blocks. The block form of many DP problems
is usually caused by the weak connectedness of subsystems of real-world systems. One of
the promising ways to exploit sparsity in the dependency graph of an optimization problem
is nonserial dynamic programming (NSDP) (Bertele, Brioschi [3], Hooker [12]), which
allows to compute a solution in stages such that each of them uses results from previous
stages.
The search for graph structures appropriate for the application of dynamic programming
caused a series of papers dedicated to tree decomposition research ([19], [1], [2], [14], [6],
[4], [5], [10], [11]). Tree decomposition and the related notion of a treewidth (Robertson,
Seymour [19]) play a very important role in algorithms, for many NP-complete problems
on graphs that are otherwise intractable become polynomial time solvable when these graphs
have a tree decomposition with restricted maximal size of cliques (or have a bounded treewidth
[4], [5]).
But only few papers on applications of this powerful tool in the area of DP exist [15].
In this paper, the class of discrete optimization problems with a tree-like structure is considered and based on NSDP, algorithms are proposed for solving this class of problems.

2

Nonserial dynamic programming

A nonserial dynamic programming (NSDP) algorithm [3] consists of the elimination of variables according to a given ordering in such a way that after a variable v has been eliminated
all the variables connected to it are joined together (making the neighborhood of v into a
clique in the remaining graph, before deleting v), modifying the structure of the interaction
graph.
2.1 Example. For example, consider the ILP problem:
2x1 + 3x2 + x3 + 5x4 + 4x5 + 6x6 + x7
3x1 + 4x2 + x3
2x2 + 3x3 + 3x4
2x2
+ 3x5
2x3
+ 3x6 + 2x7
xj = 0, 1, j = 1, . . . , 7.
2

→ max
≤ 6,
≤ 5,
≤ 4,
≤ 5,

An interaction graph G = (V, E) (or augmented constraint graph [6]) of this optimization
problem contains a vertex for each variable and an edge connecting any two variables that
appear either in the same constraint or in the same component of the objective function. The
interaction graph is shown in Fig 1a).
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e) after elimination x6 and x7 .

Figure 1: Interaction graph

To eliminate variable x1 first, we consider with which variables x1 interacts: x2 and x3 . For
every assignment to x2 and x3 , compute the value of x1 for which:
h1 (x2 , x3 ) = maxx1 {2x1 | 3x1 +4x2 +x3 ≤ 6, xj ∈ {0, 1}} (note that x1 is in the first constraint
only); see table 1.
Table 1: Calculation of h1 (x2 , x3 )
x2
0
0
1
1

x3
0
1
0
1

h1
2
2
0
0

x∗1
1
1
0
0

Bellman’s Principle of Optimality holds because, once the optimal values for x2 and x3 have
been determined, the optimal value for x1 is x∗1 . Therefore, we can consider a new problem,
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in which x1 has been eliminated:
h1 (x2 , x3 ) + 3x2 + x3 + 5x4 + 4x5 + 6x6 + x7
2x2 + 3x3 + 3x4
2x2
+ 3x5
2x3
+ 3x6 + 2x7
xj = 0, 1, j = 2, . . . , 7.

→ max
≤ 5,
≤ 4,
≤ 5,

The interaction graph for the new problem is shown in Fig 1 b).
Eliminate variable x5 . The neighbor of x5 is x2 : N b(x5 ) = {x2 }. Solve the following problem
containing x5 in the objective and the constraints:
h2 (x2 ) = maxx5 {4x5 | 2x2 + 3x5 ≤ 4, xj ∈ {0, 1}}
and build the table:
Table 2: Calculation of h2 (x2 )
x2
0
1

h2
4
0

x∗5
1
0

The interaction graph after elimination of x5 is shown in Fig 1c).
This leaves a new problem, in which x5 does not appear (the constraint containing x5 also
has been eliminated):
h1 (x2 , x3 ) + h2 (x2 ) + x3 + 5x4 + 4x5 + 6x6 + x7
2x2 + 3x3 + 3x4
2x3
+ 3x6 + 2x7
xj = 0, 1, j = 2, 3, 4, 6, 7.

→ max
≤ 5,
≤ 5,

Note that x2 and x4 interact only with x3 (in the second constraint and the objective), so
we can eliminate them together (in block) by solving h3 (x3 ) = maxx2 ,x4 {h1 (x2 , x3 ) + h2 (x2 ) +
3x2 + 5x4 | 2x2 + 3x3 + 3x4 ≤ 5, xj ∈ {0, 1}} and build the following table
Table 3: Calculation of h3 (x3 )
x3
0
1

h3 x∗2
11 0
6 0

4

x∗4
1
0

The new problem left to be solved is
h3 (x3 ) + x3
+ 6x6 + x7
2x3
+ 3x6 + 2x7
xj = 0, 1, j = 3, 6, 7.

→ max
≤ 5,

The corresponding interaction graph is in Fig 1d).
Eliminate x6 and x7 in block. Now the problem to be solved is h4 (x3 ) = maxx6 ,x7 {6x6 + x7 |
2x3 + 3x6 + 2x7 ≤ 5, xj ∈ {0, 1}}. Build the corresponding table:
Table 4: Calculation of h4 (x3 )
x3
0
1

x∗6
1
1

h4
7
6

x∗7
1
0

The corresponding interaction graph is in Fig. 1e). The new problem is: maxx3 {h3 + x3 +
h4 |xj ∈ {0, 1}} = 18, and the solution is x∗3 =0 and the maximal objective value is 18.
The order of elimination is α = {x1 , x5 , (x2 , x4 ), (x6 , x7 ), x3 }. To find the optimal values of the
variables, it is necessary to do backward step of the dynamic programming procedure: from
the last table we have x∗3 =0. Considering the tables before we have for x∗3 =0: x∗6 = 1, x∗7 = 1,
x∗2 = 0, x∗4 = 1, x∗5 = 1, x∗1 = 1. The solution is (1, 0, 0, 1, 1, 1, 1).
It is expedient to apply the NSDP procedure for elimination not only to separate variables
but to sets of variables. Considering the quasiblock problem of integer optimization it is easy
to see that application of the NSDP procedure leads to a local algorithm (defined in a section
below) using a path for elimination blocks.

3

Local decomposition algorithms for discrete programming

The possibility of applying NSDP for the solution specific problems of discrete programming is
caused by the weak connectedness of the subsets of real life complex systems being simulated.
During the study of complex objects it is not always possible (and expedient) to obtain (or
to calculate) complete information about the object as a whole; therefore it is of interest to
obtain information about the object, to examine it in parts, i.e., locally.
Yu.I. Zhuravlev [26] introduced and investigated local algorithms for calculation of the
information about properties of objects. The local algorithm is characterized by two parameters: the volume of the neighborhood studied in each step of the algorithm, and the number
5

of stored characteristics of each element of the studied set (the last parameter is called a
memory of the local algorithm).
Local decomposition algorithms (LA) [27],[7], [22] for the solution of DP problems use a concept of a neighborhood of the variables of the DP problem and finding an optimal solution of
the DP problem is achieved with the aid of the study of neighborhoods and the decomposition
of the initial DP problem on this basis.
Note. A special case of block-tree structure is a quasiblock structure [7] , for which the graph
of the intersections of neighborhoods (or blocks) is a path (Fig 2).
Vr1

 r1

Vr2

 r2

...

...
V rp

 rp

Figure 2: Quasi-block matrix and the corresponding path of blocks.

Consider the integer linear programming problem Z with binary variables:
z = cT x → max

(1)

Ax ≤ b,
xj = 0, 1, j = 1, . . . , n,

(2)
(3)

subject to the constraints

where c = (cj )n , b = (bi )m , A = kaij kmn ·
3.1 Definition. A set S1 (j, Z) = {xk | aik 6= 0, i ∈ U1 } is called the first order neighborhood
of an index j; here U1 = {i | ai1 6= 0, i = 1, . . . , m}.
3.2 Definition. Row-neighborhood of an index set J:
U (J) = {i | aik 6= 0, k ∈ J};
Column-neighborhood of a set I:
S(I) = {k | alk 6= 0, l ∈ I}, where J ⊆ N = {1, . . . , n}, I ⊆ M = {1, . . . , m}.
The arbitrary order neighborhood of the index j is determined by induction. Let the pth
order neighborhood Sp (j, Z) be known. Let us determine the neighborhood of order p + 1 as
follows:
6

Sp+1 (j, Z) = S(U (Sp (j, Z))).
Introduce the so-called external ring Q(j, p, Z), i.e., the following set of indices:
Q(j, p, Z) = S(U (Sp (j, Z))) \ Sp (j, Z).
Each step of the LA consists in the change of neighborhoods and in replacing the index p
with p + 1 (although it is possible to pass, also, from Sp to Sp+ρ ); for each fixed collection of
the variables of external ring the values of the variables of the corresponding neighborhood
are stored. if S = {j1 , . . . , jq }, then we shall use the following notation: XS = {xj1 , . . . , xjq };
Let XQ(r) be a set of variables with indices in the external ring Q(r) . Then the LA at the
rth step is solving the optimization problem whose set of variables is determined by the
neighborhood Sr , the set of constraints by the neighborhood Ur . The objective function is
obtained from the objective function of the problem Z by the removal of all variables whose
indices do not enter in S r , and values XQ(r) are fixed.
Let us note that upon transfer from Sr to S r+1 it is possible to use the information obtained
during the solution of the ILP problem, which corresponds to the neighborhood S r .
Let Q(r−1) be the external ring from the previous step of the LA, then passage from one
neighborhood to the next one may be described using the relationship
¡
¢
©
¡
¢
¡
¢
ª
fr XQ(r) = maxQ(r−1) fr−1 XQ(r−1) + z XQ(r−1) | XQ(r) + CQ(r−1) XQ(r−1) ,
where
¢
¡
• z XQ(r−1) | XQ(r) is an optimum value of the objective function of the ILP problem
obtained from the initial problem by fixing the variables in the external rings Q(r−1)
and Q(r) ;
¡
¢
• fr XQ(r) is an optimum value of the objective function of the ILP problem which
corresponds to neighborhood Sr with the fixed values of variables in the external ring
Q(r) .
The critical place of the LA is an enumeration over the external ring, since if the external
rings of the neighborhoods are large, then the volume of the full enumeration over the rings
will be exponentially large (”curse of dimensionality”).

4

Local decomposition algorithm for solution of DP
problems with a tree-like structure

Consider a LA for solution of DP problems with a tree-like structure, i.e., problems in which
it is possible to find the set of the neighborhoods of different variables so that one variable
7

can belong to two neighborhoods only and the graph of intersections of these neighborhoods
is a tree. It is clear that such a structure is a tree-decomposition and can be obtained with
the aid of known tree decomposition algorithms ([6], [4], [5], [10], [11]). The LA solves this
DP problem, moving bottom-up, i.e., from the neighborhoods corresponding to leaves of the
tree, to the neighborhood corresponding to the root of the tree.
Let us introduce the necessary notions. Let Ω1 = (S1 , U1 ) , Ω2 = (S2 , U2 ) , . . . , Ωk =
(Sk , Uk ) be a set of the neighborhoods of some indices j1 , . . . , jk of some variables, where Sr , Ur
are, respectively, the sets of the indices of variables and constraints for the rth neighborhood,
r = 1, . . . , k , and
k
[

Ur = M = {1, . . . , m} ,

(4)

r=1
k
[

Sr = N = {1, . . . , n} ,

(5)

r=1

Ur1 ∩ Ur2 = ∅, r1 6= r2 ,

(6)

Sr1 ∩ Sr2 ∩ Sr3 = ∅ for any triple of different indices r1 , r2 , r3 .

(7)

Consider a vertex r of the tree D and introduce a tree Dr which consists of the vertex r and
all its descendants.
Introduce the necessary notation:
Sr is the set of indices of variables which belong to block Br ;
Srr0 is the set of indices of variables which belong simultaneously to blocks Br and Br0 ;
pr is the vertex-ancestor for the vertex r;
Jr is the set of descendants of vertex r (see Fig. 3 ).

p
r

r

D
r

Figure 3: Tree Dr of descendants
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In this notation XSpr r is the vector of the variables, common to the blocks Bpr and Br .
Let us designate as ZDr the following problem: for each vector XSpr r to find XSr and XSrr0
so that
X
fDr (XSpr r ) = max{CSr XSr +
[fDr0 (XSrr0 ) + CSrr0 XSrr0 ]}
r0 ∈Jr

subject to the constraints

ASr XSr ≤ br −

X
0

ASrr0 XSrr0 − ASpr r XSpr r .

r ∈Jr

Here fDr (XSpr r ) is an objective function value of the problem corresponding to the tree Dr .
The solution of the problem ZDr for the vertex r of the graph D with the fixed vector XSrr0
will be designated as:
XDr (XSpr r ) =

[
0

[XDr0 (XSrr0 )

[

XSrr0 ]

[

XSr .

r ∈Jr

It is clear that
fDr0 (XSrr0 ) = CDr0 XDr0 .
It is easy to see that if we fix a vector XSpr r , then the problem is decomposed into two
problems: the first one corresponds to the tree Dr ; and the second one to D \ Dr . An
application of LA ABT for solving DP problems with a tree-like structure is based on this
property.

5

Estimates of the efficiency of the local decomposition
algorithm

An estimate of the efficiency of the LA when solving DP problems with a tree-like structure
which is characterized by the tree D with weights of the vertices nr and weights of the edges
nrr0 , with binary variables and k blocks has the form
X
E(n, k, D) =
2Nr ϕ(nr ),
r

where ϕ(nr ) is the estimate of the efficiency of the DP algorithm which solves DP problems
corresponding to the blocks Br ; here
X
Nr = npr r +
nrr0 .
r0 ∈Jr

9

When using a complete enumeration algorithm to solve the DP problems corresponding to
the blocks, ϕ(nr ) = 2nr . Using this estimate it is possible to show that a transfer from a
tree-like structure to a quasiblock one obtained by joining blocks is not expedient.
1 P
E(n, k, D))
| {D} | {D}
of the estimate of efficiency of the LA for the specified structure D and parameters n, k. Proofs
of these propositions are in [22].

It is interesting to obtain the extremal and average values (hE(n, k)i =

5.1 Proposition. Writing dr∗ = max dr , dr̄(r∗ ) = maxr∈Jr∗ ∪pr∗ dr we have
X
max E(n, k, D) = 2n−2k+2 (2dr∗ + 2dr̄(r∗ ) ) +
2dr +1 ,
nr ,nrr0

r6=r∗ ,r̄(r∗ )

5.2 Proposition. If n > k max dr − k + 1, then
min E ≥ k2(n+k−1)/k
.
5.3 Proposition. If ϕ(nr ) = 2nr , then
hE(n, k)i ∼ C1 (k)2n /n2k−2−max dr , n → ∞, k > 2
.
5.4 Proposition. (necessary condition for the existence of a tree-like structure).
If H is an m × n matrix with N0 zero elements, then for it to have a tree-like structure with
k blocks it is necessary that n ≥ 2k − 1, m ≥ k and
N0 ≥ (k − 2)(2m + n − 2k + d∗ + 2) − m(d∗ − 2) − 3k + 2d∗ + 4, k > 2.

6

Conclusion and future work

In this paper the class of discrete optimization problems with a tree-like structure is considered
and based on nonserial dynamic programming (NSDP), and algorithms are proposed for
solving this class of problems. Due to the fact that an NSDP algorithm is exact it has the
known drawback of worst case exponential time performance. To cope with this difficulty,
we plan to consider in the future questions of application of a postoptimality analysis in
the NSDP (each step of the proposed algorithm consists of solving a series related integer
programming problems), design of approximate versions of NSDP algorithms, and the use of
relaxations and fathoming in the algorithmic scheme of NSDP.
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