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Abstract

In this paper we develop a technique for constructing self-concordant barriers for con-
vex cones. We start from a simple proof for a variant of standard result [1] on transforma-
tion of a v-self-concordant barrier for a set into a self-concordant barrier for its conic hull
with parameter (3.08y/v +3.57)2. Further, we develop a convenient composition theorem
for constructing barriers directly for convex cones. In particular, we can construct now
good barriers for several interesting cones obtained as a conic hull of epigraph of a univari-
ate function. This technique works for power functions, entropy, logarithm and exponent
function, etc. It provides a background for development of polynomial-time methods for
separable optimization problems. Thus, our abilities in constructing good barriers for
convex sets and cones become now identical.

Keywords: primal-dual conic optimization problem, self-concordant barriers, interior-
point methods, barrier calculus.

*Center for Operations Research and Econometrics (CORE), Catholic University of Louvain (UCL),
34 voie du Roman Pays, 1348 Louvain-la-Neuve, Belgium; e-mail: nesterov@core.ucl.ac.be.

The research results presented in this paper have been supported by a grant “Action de recherche concerte
ARC 04/09-315” from the “Direction de la recherche scientifique - Communaute frangaise de Belgique”.
The scientific responsibility rests with its author.



1 Introduction

Motivation. In the last years, the theory of Interior-Point Methods was developing
mainly for symmetric cones. At some moment, one could think that for general convex
cones it may be too costly to implement the principles of symmetric duality up to the
level of particular applications (see [4] for discussion).

And indeed, some of existing results are quite pessimistic. The general barrier calculus
was developed in [8] only for convex sets. In Section 5.1.1 [8] there was analyzed a trans-
formation of convex set into a cone and corresponding transformation of self-concordant
barrier. It was shown that this transformation leads to multiplication of the parameter
of the barrier by an absolute factor x. However, the proposed value was x = 800. Later,
in [1] this factor was significantly reduced, especially for barriers with a large value of the
parameter. However, it seems that this improvement is not well known. At least, up to
now we can see publications dealing with the old version (see, for example, [13]).

The absence of acceptable barriers significantly decreased the research activity in the
development of numerical schemes. We can mention only few theoretical developments
related to this topic ([5], [10], [11], [12]). However, in all cases the proposed schemes are
based on an extensive usage of both primal and dual barriers. Since we have difficulties
even with the primal one, such level of demand may look excessive.

Recently, the situation started to change. In [7] there was developed a non-symmetric
approach to primal-dual conic problems. It was suggested to run the main (correction)
process in the primal space. When the point becomes close to the primal central path,
we stop and apply a special lifting procedure, which generates a strictly feasible primal-
dual pair linked by an exact scaling relation. Hence, it is possible to define a generalized
affine-scaling direction exactly in the same way as for self-scaled barriers. This direction
can be used for prediction step along the primal-dual central path. In order to compute
an appropriate step length, we need to use the dual barrier, etc. For self-scaled cones,
this approach leads to well known search directions. At the same time, for general cones
it looks quite promising since we can hope that for particular problem instances the local
structure of the central path may be not too bad. In this paper we are going to support
the progress in optimization technique by an improvement of our abilities of constructing
barriers for convex cones.

In [7] there was also proposed a simple 4n-self-concordant barrier for the epigraph of
n-dimensional p-norm, 1 < p < oco. In this paper we show that similar technique can be
applied in a much more general framework. As a result, we can get good barriers for conic
hulls of epigraphs of different functions of one variable arising in Separable Optimization.
Our approach can be seen as a modification of the technique developed in Section 5.1.2B,
[8], towards the needs of conic optimization. We also present a simple proof for a variant
of standard result [1] on automatic generation of self-concordant barrier for conic hull from
a self-concordant barrier for convex set. We argue that this operation must be applied
only to the barrier of full feasible set, when the value of the parameter is already big.

Contents. In Section 2 we estimate the parameter of a barrier for conic hull of convex
set obtained from a v-self-concordant barrier of the set. The value of new parameter does
not exceed (3.08,/v + 3.57)2. We show that under assumptions made, the asymptotic
growth of this estimate in v cannot be improved. In Section 3 we adapt the technique



of Section 5.1.2 [8] for developing self-concordant barrier for convex cones. In Section 4
we give examples of barriers for the epigraph of p-norm, entropy function, hypograph of
geometric mean, etc. In Section 5 we describe a general rule helping to construct a self-
concordant barrier for conic hull of epigraph of convex univariate function. The values of
corresponding parameters usually vary between three and four. In Section 6 we show how
to rewrite the Geometrical Programming problem in primal and dual conic forms, both
endowed with good self-concordant barriers.

Notation and generalities. Let E be a finite dimensional real vector space with dual
space E*. We denote the corresponding scalar product by (s, z), where z € E and s € E*.
If E = R", then E* = R"™ and we use the standard scalar product

(s,z) = is(i)x(i), || o (z,2)Y/?, s,z € R™

The actual meaning of the notation (-,-) can be always clarified by the space containing
the arguments.
For a linear operator A : E — Ei we define its adjoint operator A* : £} — E* in a
standard way:
(Az,y) = (A'y,x), z€FE,yeE.

If F4 = E, we can talk of self-adjoint operators: A = A*.
Recall that function F(z), x € int Q, is called self-concordant, if it is a barrier and

D3F(x)[h,h,h] < 2D%F(x)[h,h] = 2(F"(x)h,h), Yz €intQ, he E. (1.1)
If A is a recession direction of (), then at any = € int () we have
(F"(z)h,h)1/?2 < (=F'(z),h). (1.2)
We say that F' is a v-self-concordant barrier if, in addition to (1.1),
(F'(z),h)*> < v(F"(x)h,h), Vze€intQ, hc k. (1.3)
The value v > 1 is called the parameter of the barrier. If function f(z) satisfies inequality
D3F(x)[h, h,h] < 2M (F"(z)h, h),

then function F(z) = M2F () is self-concordant.
Let K C FE be a convex cone. We call it proper if it is a closed pointed cone with
nonempty interior. For a proper cone, its dual cone

K*={seFE": (s,z) >0Vzr € K}

is also proper. For interior-point methods (IPM), the cone K must be represented by a
self-concordant barrier F'(z), x € int K, with parameter v > 1 (see Chapter 4 in [6] for
main results). The important examples of convex cones are the positive orthant:

R} = {zeR": >0}, F(x) = —f:lnx(i), v = n,
i=1



the Lorentz cone
L, = {(r,x) e Rx R": 7> (z,2)'/?}, F(r,z) = —In(7®> — (z,2)), v = 2.
and the cone of positive semidefinite matrices
St ={XeS": X»0}, F(X) = —IndetX, v = n,

In all these examples, the cones are symmetric and the barriers are self-scaled [9].
The natural barriers for cones are logarithmically homogeneous barriers:

F(rz) = F(z) —vint, ze€intK, 7>0. (1.4)
Note that for convex F, identity (1.4) implies (1.3). It is important that the dual barrier
Fi(s) = max{—(s,z) — F(x): x €int K}, se€intK",
T

is a v-self-concordant logarithmically homogeneous barrier for K*.

2 Barrier for conic hull of convex set

Let @) C E be a closed convex set and F'(x) be a v-self-concordant barrier for ). Consider
the conic hull
K = Cl{(r,z): £eint@, 7>0} C Ry x E.

Theorem 1 For any k > %1/ function

o(r,z) = (v, k) [F (%) —kln7],

(2.1)
52 3/2\ 2
Vv k) = <<H'€y)3/2+\}ﬁ[1+nfv} ) ’
is a v-self-concordant barrier for K with v = k - y(v, k). For value k = 4v we have
po= (16T + T2 < (3.08y + 3.57) (2:2)
Proof:
Consider an arbitrary point (7,2z) € int K and direction I = (7/,2') € R x E. Denote
T+ def x
o =2, w=w(rz) =7, and
o Du(ra)l] = £-7F = £,
(2.3)
WL Dr(ralll) = T A R = 6 = 20,

Denote ®(7,z) = F (%) — kln7, and D}, = D*®(r,2)[l,...,1], k = 1,...,3. Let us
——
k times

compute these values.

Dy = (Fl(w),w') — Kdr.
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Dy = (F"w)w, W)+ (F'(w),w") + k6?2

(2.4)

(2;3) 11 I / / 2

= (F'(w,w') =26, (F'(w),w) + ko7

Dy = D3F(2)[w, o ]+ 2(F" (w)w", o)
+262(F'(w),w") — 26 (F"(w)w', W) — 26 (F'(w),w") — 2k6> (2.5)
@ D3R, W, W] — 66, (F" (W), ') + 662(F (w), ') — 2r65.
Denote 0 = (F"(w)w',w’). Then,
(1.3) 2

Dy > o0—26|\v o2+ k2 = (01/2 - ﬁ\(m) + (k — )02 (2.6)

Since v < %n, we have Dy > %53 Therefore

(1.3)
Dy < 20%2 60,0+ 602(F'(w),w) — 2603

D 9g8/2 _ 60,0 + 38, [0 + k62 — D] — 2k63
= 203236, [Dy+0— 562] < 20%2+43|6;| [Dy + 0 — £62]
= 202 3|6, [Dy + 0] — K|6:]> < 2032 + %[Dg + o]3/2.

2
On the other hand, in view of (2.6), we have Dy > & (|5T| — %01/2> + (1 — %) 0. Hence,

D3 < 2D§/2-71/2(V,/€),

def Y L 13/2\2
) (@ [ am)")

Thus, we have proved that ® is a self-concordant function. Since its degree of logarithmic
homogeneity is equal to I, we conclude that ® is a D-self-concordant barrier. Finally, for
k = 4v, we have

" (wis”*[”nffﬂf - (136£+(§)3/2)2

= L(16y7+ 732)% < (3.08\/v + 3.57)% O

Note that our estimate cannot be significantly improved under assumption made.
Indeed, we can expect that

D3 ~ 2032 —35.Dy — 36,0 + kd5.
On the other hand, it could happen that

6 (F!(w), ') % |87 ] - (F'(w), [F" ()] T F' ()2 (F" (W), )2 |60 - Vv - 02,
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Then )
Dy =~ & (|5T| — %0’1/2> +(1-%)o.

K

: Vv _1/2 : k)32
Therefore, choosing [d,| = ¥=0"/*, we obtain that D3 ~ 2D, - (ﬁ) . Thus, we cannot
expect better asymptotic dependence of ¥ in the parameter v than that of (2.2).
To conclude this section, let us obtain a representation of the barrier for the dual cone

K* = {(\s) e RxE*: M+ (s,x) >0Vz €7Q, 7 >0}
= {(\s)ERXE*: N+ (s,y) >0Vy € Q}

= {(\s) ERxXE*: A>¢&g(—s)},

where £g(s) = mag)c(s, y). Assume that the we can compute dual function
ye

F.(s) = mgx{—(s,@—F(:L‘)}.

Theorem 2 For U-self-concordant barrier ®(t,x) = vF(3) — vInT, with v > 1 and
U = 4vyv, the dual barrier can be represented as follows:

D, (N s) = max [—)\T + vFy (%S) + ﬁlnT} :
Univariate objective function in this maximization problem is concave and self-concordant.

Proof:
Let us choose A > £g(—s). Then

O, (\s) = rrlengX[—)\T —(s,2) —yF(%) +VInT]

)

= max[-A7 —7(s,y) —7F(y) + 0 In7]

= max [1/1(7') L VA VE(Zs) + IQIHT} .

Let us estimate the derivatives of function :
W(r) = —A+ (s, Fl(Zs))+ 2.

In view of Theorem 2.4.2 [8], we have

(s, F/(Zs)s) < % (2.7)
Therefore,
(2.7)
V() = s Fl(Cs)s)— & < 157 = -2
(1.1) )
V) = BDIF(Is)[s,s, s 425 < (s, FU(Zs)s)P? + 2%



Y (r) 3244 5
Thus,  segrimpe < @z <5 < .

We have seen that the generation of a barrier for conic hull results in a significant
increase of the barrier parameter, especially if the parameter is relatively small. Therefore
it is recommended to apply this operation only once, when the barrier for the whole feasible
set of optimization problem is already constructed, and the parameter is already big.

3 Composite barriers

In this section we adapt the general framework of Section 5.1.2 B in [8] for convenient
development of self-concordant barriers for convex cones.

Consider a function £(z) : 1 — Es defined on a closed convex set @)1 C Ej. Assume
that £ is three times continuously differentiable and concave with respect to a convex
closed cone K C FEs:

—D2%¢(z)[h,h] € K VreintQ, h€ Ej. (3.1)

It is convenient to write this inclusion as D2¢(x)[h, h] <k 0.
Let F'(z) be a v-self-concordant barrier for Q)1 and 5 > 1. We say that ¢ is S-compatible
with F', if for all x € int Q1 and h € E; we have

D3¢(z)[h,hh] =<k —38- D2E(z)[h, h] - (F"(z)h, h)/2. (3.2)

Note that the set of -compatible functions is a convex cone: if functions & and & are
B-compatible with F', then any sum a&; + (€2, with a, 8 > 0, is S-compatible with F also.
In this section we construct a self-concordant barrier for a composition of the set

S = {(z,y) € Qx Ey: &(x) >y},

and a convex set ()2 C Fo x Ej3, that is

Q = {(x,z) : §(x) K Y, (ya Z) € QQ}

For that we use a p-self-concordant barrier ®(y, z) for Q2. We assume that all directions

from the cone K dof 5w {0} C E» x E3 are the recession directions of the set Q.

Consider the barrier
U(z,z) = B(E(),2) + B F(a).

Let us fix a point (x,2) € int @ and choose an arbitrary direction d = (2/,2') € Ey x Es.
Denote

¢ =DE(x)[h), ¢ =D*(x)[h,h], &"=D%)h hh], 1=, 2.
Denote 9 (z, 2) = ®(£(x), z). Consider the following directional derivatives:

def

Ar = Di(z,2)ld] = (P,((x),2), &) + (PL(E(x), 2),2) = (P'(§(x),2),0).



Note that | = [(x). Therefore I’ & Di(z)[d] = (£",0) € =K. Thus, we can continue:

Ay D¥(w,2)[dd] = ("((x), )1 1) + (@'(E(), 2), 1)
(3.3)
= (9((@), D)L 1) + (P (E(2),2),€") E o1+ 0.
Since —I’ is a recession direction for Q, we have o > 0. Finally,
def 3
A3 = D u}(xaz)[dv da d]
(3.4)
= D3®(&(x), 2)[1 1,1 + 3(®"(E(x), 2)1, 1) + (P (E(x), 2),€").
Again, since —[" is a recession direction for Q,
(@"(E@), A)LY) < (@"(E(), )LD (@ (), )0 1)1
(1.2) 12
< (@), LYY~ (E(w), 2), 1) = ot 0y,
Further, denote o3 = (F”(x)h, h). Since & is 3-compatible with F', we have
(—®(&(@),2), —€") < 3B(=F,(E(x),2),—€") - 03/* = 380303/
Thus, substituting these inequalities to (3.4) and using (1.1), we obtain
Az < 205’/2 + 301/202 + 30609 Ué/z.
Consider now Dy, k =1...3, the directional derivatives of function W. Note that
Dy = Ag+ 3303 = 01+ 02+ o3 > o1+ 09+ Fos. (3.5)
Therefore,
313 (L) 3 .3/2
D3 = Az+p°D°F(x)lh,h,h] < Az+26°0;
< 20:13/2 + 301/202 +38-02- 0'?1)/2 + 25303/2
- 1/2 1/2 1/2 1/2 2
= (0" + Pog’ ") (201 — 280, 05’ + 26%03 + 302)
(B5) 19 1/2 1/2 1/2\9 3/2

Thus, we come to the following statement.

Theorem 3 Let function £(x) : E1 — Ej satisfies the following conditions.
e [t is concave with respect to a convex cone K C Es.

o [t is B-compatible with self-concordant barrier F(x) for a set @ C dom¢.



Assume in addition that the cone K x {0} C Ey x E3 contains only recession directions of
some closed conver set Qo C Eo x E3 endowed with a p-self-concordant barrier ®(y, z),
(y,2) € int Q2. Then function

U(z,z) = ®(&(x),2) + BPF(x).

is a self-concordant barrier for the set Q = {(z,z) : &(z) =k vy, (y,2) € Q2} with
parameter U = pu + B3v.

Proof:
We need only to justify the value . Indeed,

Dy = (¥(E(x).2). )+ B EF @), h) < Voo + BE oy

(

3.5)
< max {ﬁ-ai/2+ﬁ3-\/ﬁa§/2: o1+ 333 < Dy} = \/E-D%/2.

01,0320

Thus, in view of (1.3), © can be taken as a parameter of the barrier W. O

4 Examples of self-concordant barriers for cones

Despite to its complicated formulation, Theorem 3 is very convenient for constructing
good self-concordant barrier for convex cones. Let us confirm this claim by examples.
Note that the barriers below resemble very much the barriers proposed in Section 5.3.1
and Section 5.3.2 of [8]. However, the new barriers describe now the convex cones.

1. Self-dual power cone and epigraph of p-norm. Let us fix some « € (0,1).
Our goal is to find a barrier function for the following cone

Ka = {(33(1),58(2),2) E R?‘r X R : ($(1))Oé . (x(Q))lfoz Z |Z|}
Let us choose

Q1 =R%, F(z)=-InzM -nz® v=2

£la) = (M) (2@)=e, E, =R, K=R,,

Q2={(y,2): y=>lzl}, @(y,z)=—-In(y* - 2?), p=2

Thus, all conditions of Theorem 3 are clearly satisfied except (-compatibility. Let us
check it. Let us choose a direction h € R? and z € int R2+. Denote

oy =05 s =12 o=07+4
Let us compute the directional derivatives:
ah —a)h?
De@)[h] = [+ U] g(a) = [adi+ (1 - a)da] - &(a),



D(z)[h,h] = —[adf + (1 —a)d3] - &(z) + [ady + (1 — a)da] - DE(x)[R]

= —a(l —a)(81 — ) - &(x),
D3¢(z)[h,h,h] = 2a(l —a)(61 — 02) - (67 — 63) - &(z) — a(l — a)(61 — 62)* - DE(x)[h]

= §(a:) . a(l — a)(<51 — 52)2 . [2(51 + 209 — by — (1 — CM)(SQ]

= —D%*(z)[h,h] - [(2 — )01 + (1 + a)da).

Since (2 — a)d; + (1 +a)dy < [(2 - a)? + (1 + @)?]/?61/? < 36'/2, we conclude that ¢ is
1-compatible with F'. Therefore, in view of Theorem 3, function

O(z,z) =—In ((nv(l))Q‘l (x@)20=a) _ 22) —Inz® —Inz®

is a 4-self-concordant barrier for cone K,. This result was proved in [7] by a particular
version of Theorem 3. It is interesting that the barrier

¢(x,z) = —In ((x(l))a Az z) —Inz® —Inz®

was mentioned in [3] (without justification) as a 3-self-concordant barrier for corresponding
hypograph. Thus, ¢(z, z) + ¢(x, —z) becomes a 6-self-concordant barrier for K.

Note that the barrier ®(x, z) can be used for constructing 4n-self-concordant barrier
for the epigraph of a p-norm in R" (see [7]):

Kp = {(n2) e RxR": 7> |2llpy}, 1<p<oo,

n . 1/p
where ||z, = {Zl |z(’)\p} . Without loss of generality, let us assume « o % € (0,1).
i=

Then, it is easy to prove that the point (7,z) belongs to IC, if and only if there exist
x € R} satisfying conditions

(). pl=e > 20| §=1,...,n,
\ (4.1)
> z® = 7
i=1

Thus, a self-concordant barrier for the cone K, can be implemented by restricting the
(4n)-self-concordant barrier

o8

Op(1,2,2) = — [ln ((x(i))%‘ pl=a) _ (z(i))2) +Inz® 4 1In T} (4.2)

i=1

n .
onto the hyperplane >° z® = 7.

=1
2. Conic hull of the epigraph of entropy function. We need to describe the
conic hull of the following set:

{(:p(l), 2): z>aWng®, 2z > 0} .
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Introducing a projective variable 2(2) > 0, we obtain the cone
Q= {(x(l),:c(2),z) s z22W (g™ —nz® ], 2 23 > O}. (4.3)
Let us represent it in the format of Theorem 3.

Q1 =R%, F(z)= —Inz® —Inz®, v=2,
fz)=—z® . [Inz® —nz® ), Ey=R, K=R,,

Q2={(y,2): y+22>0}, ®@y,z)=-In(y+2), p=1
Let us show that £ is 1-compatible with . We use the notation of the previous example.
Dé()[h] = 61 -&(x) —aMW - [61 — 6o
D%(x)[h,h] = —6%-&(m) + 61 - DE(x)[h] — b - [6) — 03] + =) - [67 — 63]

= zM. [—201(01 — d2) + 6% — 5%] = —z(. (61 — 52)2.
D3¢(x)[h,h,h] = —hMW . (6; — 52)% + 221 - (6) — &) - (67 — 63)

= (8 —62)% - [=61 + 2(01 + 62)] = —D2€(x)[h, h] - [61 + 265].

Since d; + 20, < /5 -0l/2 < 301/2, we conclude that £ is 1-compatible with F'. Therefore,
in view of Theorem 3, function

®(z,z) = —In (z —zM . In ﬁ) —Inz® —Inz® (4.4)

z(2)

is a 3-self-concordant barrier for cone Q. It is interesting that the same barrier can
describe also the epigraph of logarithmic and exponent functions. Indeed,

ON{z:zMW =1} = {(@®,2): 2> —-Inz®} = {(z® 2): 2® > e 7}
Let us show how to use the 3-self-concordant barrier

Y(z,y,7) = —In(rln%—z)—-Iny—Inr,

(4.5)
(2,y,7) it {y > e/, T > 0} C R3,

in more complicated situations. Consider a conic hull of the epigraph of following function:

fn(x) ey (i e”““m) , x€R"
= (4.6)

Q def {(z,t,T) e R" x Rx R: t > 7fn (%), 7> 0}.
Clearly (z,t,7) € Q if and only if

fo(Rla—toe) < 1,

10



where e € R™ is the vector of all ones. Therefore, we can model ) as a projection of the
following cone:

Q = {(z,y,t,7) € R" X R"XRXR: y(i)>Te(‘”(i)_t)/T,izl,...,n,

n .
>y = 1}
i=1
This cone admits 3n-self-concordant barrier, obtained as a restriction of the function

O(z,y,t,7) = — i {ln (t +7lny® — 200 — TlnT) + Iny® + 1117'} , (4.7)
i=1

n .
onto the hyperplane > y@ = 7.
i=1

n .
3. Geometric mean. Let z € R} and a € A, def {y eRr": Yy = 1}. Without
i=1
loss of generality, we can consider z and a with positive component. Denote

n . i
f@) = a* = D),
i=1
Let us write down the directional derivatives of this function along some h € R™. Denote

sy = M2 i=1,...,n,

2()7

50y = (800,80 m)

F(z) = — i In2®.
i=1
Clearly, ||h|» o (F"(x)h, h)*/? = ||6,(h)|. Note that
D(ng(@))[n] = g DE@)[h] = (a,0:(h)).

Thus, DE(z)[h] = £(x) - (a,0.(h)). Denoting by [z]* € R™ a component-wise power of
vector x € R", we obtain:

D*(z)[h,h] = &(x)(a,0:(h))* = &(2) - {a, [0(R)]*)
= —&(@) - {a, [02(h) — (a,04(h)) - €]?).

Further, denoting by x *xy € R™ a component-wise product of two vectors x,y € R", and
d = d5(h), we obtain:

D¢(x)[h,h,h] = —&(x) - (a,6) - (a, [0 = (a,0) - e]?)
—£(@) - {a, (6 = {a,8) - €) x (= [0]” + (a, [0]%) - €))
= —&(2) - {a, (@, 6)[6]2 — 2(a,6)% + (a,6)3 - ¢)
—€(@) - {a, =[0] + {a, )[3]* + {a, [0]*)0 — (a,0) - (0, [9]?) - )
= £(x) - (a, [0 — 2(a,8)[8) + 2(a, )20 — (a,8)® - €)

11



Thus,
D3¢ (z)[h,h,h] = &(x)-(a,[0 —(a,0) - e’) +&(2) - (a,6) - (a, [0]* — (a,0)* - €)

= &(x) (a,[0 —{a,0) - €]’) +&(2) - {a,0) - (a, [0 — (a, ) - €]?)

IN

f(.’E) : <a7 [5 - <a7 6) : €]2> ' 112.3<X {6(Z) - <a7 6>} + <a75>
< —D*(x)[h, h] - (F"(2)8,6)"/>.
Thus, we prove that £ is 1-compatible with F'. This means that the function
U(z,t) = —In((z)—t)+ F(z), z>0¢€R", (4.8)

is an (n + 1)-self-concordant barrier for the hypograph of function ¢ (compare with [2]).
Moreover, since the set of S-compatible functions is a convex cone, we conclude that any
sum

{(z) = 5 agat, (4.9)
k=1

with a; > 0, and ap € A,, k = 1,...,m, is 1l-compatible with F'. Hence, for such {(z)
the formula (4.8) is also applicable. Moreover, the parameter of this barrier is still n + 1.

Note that the functions in the form (4.9) sometimes arise in optimization problems
related to polynomials. Indeed, assume we need to solve the problem

m
max {p(y) = 1;1 oy 2y >0, lylla) < 1},

. \11/d
where all b belong to d - A,. Then the transformation of variables y(® = [:c(l)} / ,
i=1,...,n, leads to a convex problem with a concave objective £(z) given by (4.9).

5 Conic hull of two-dimensional epigraph

We have seen that the most difficult part in applying Theorem 3 is the proof of (-
compatibility of function (z). Hence, any sufficient conditions for this property are
very useful. In this section, we give a condition for (-compatibility of function £(z),
T € Ri, which is obtained as a homogenization of a concave univariate function (compare
with Proposition 5.3.1 in [8]). This condition covers many problem arising in Separable
Optimization.

Lemma 1 Let {(7) be a C3 smooth concave function of T > 0. Assume that for some
constants v1 < vo and arbitrary T > 0 we have

“n¢'(7) < )T < —ml(r). (5.1)

Then function &(x) = 2 (%) is B-compatible with barrier F(z) = —Inz() —Inz®),
where
B = max{l,p(n),p(12)}, (5.2)

with p(y) = %\/9 — 67 + 292, For y1,72 € [0,3] we can take 5 = 1.
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Proof:
Let us fix arbitrary z € int B2 and direction i € R?. Denote w e w(x) = %, 5 = b

z(1)?
and 6o = % Then
o < Du(x)n] = % - ’C{;i;’})(? = (01 — 02) - w,
(5.3)
W' D) Rk = (02— 62) wH (61 — ) W = —205- .
Since &(z) = 2P ¢(w(x)), we have
Dg(@)[h] = hP((w) + 2P (W),
& € D%(@)hh) = 20 (@) + 2B (W) (W) + 2D (w)w”
(5.4)
(5;3) .ZU(Q)CH(W)(W,)Q-
Finally,
D¥(x)[h,h,h] = B (W) (W) + 2" (w)(@)? + 20 (w)o' "
(53) (2) 411 n2 (2) "3
= =3hE(w) (@) + 29" (W) (W)
3626 + 20" ()W)
(5:3) (2) 111 12
= =308 + 2" (w)w - (W)*(01 — 02).
Thus, in view of assumption (5.1), we get
D*¢(x)[h,h,h] < —& - max{y201 + (3 — 72)d2, 7161 + (3 —71)d2}.
Since (F"(z)h, h) = 0% + 02, we justify (5.2). O

Corollary 1 Let function ((7) satisfies conditions of Lemma 1. Then the convex cone
K = {(ac(l),:v(z),z> e R¥: (3¢ (%) >z, M, 2 > O}
admits a (1 + 233)-logarithmically homogeneous self-concordant barrier
FzW,2? 2) = —In (x(Q)C (%) - z) — 3 nz® — 33 nz?

with B given by (5.2).
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6 Conic formulation for Geometric Programming

As an application example, let us present now a Geometric Programming problem in a
conic form. The initial formulation of this problem looks as follows:

inf
a:lenR" po(x),

st pix) <1, j=1,...,m, (6.1)
z(® >0, i=1,...,n,

where all functional components are posinomials:

AR

my n .
pix) = LI (=) j=0,..,m,
k=1 i=1
with ¢; € int RTj, 7 =20,...,m. Denoting
bgk) = lncgk), k=1,...,m;, j=0,...,m,
y(i) = Inz®, i=1,...,n,
we obtain the following problem:
min fm (uo),
s.t. uj:Ajy—l—bjEij,j:O,...,m, (6.2)

fmj(uj) SO, j = 17"'7m7

where functions fy,,(-) are defined by (4.6).

For any function fy,;, the conic hull of its epigraph can be described by the barrier
(4.7). Imposing the equality constraints for the additional projective variables, we obtain
the primal conic reformulation of problem (6.1). Thus, the feasible cone of this problem

m
can be described by 3N-self-concordant barrier, where N = 3}~ m; is the number of
j=0
monomials in (6.1).
The dual variant of problem (6.1) can be obtained by representation

fm(u) = max {(s,u> - kg:l n(s(k)) (e, s) = 1} , (6.3)

seR™

where n(7) = 7ln7. Introducing the dual multipliers A € R for inequality constraints
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in (6.2), we can transform this problem as follows:

- S \0) b
yxg}??n I}\lgé( [me(Aoy + bp) + jz::l AV fons (Ajy + bj)}

—  mi > \() A by S () }
i s |50 e, L A0 = B (4)
A>0 -

- m A () m; s(vk)
= min max max s5, Ay +bj) — AV e .
YERm A(0) =1, jzz:o (37,6)=A) < 71 A5Y ]> k§177 AD
A>0 -

Exchanging now minimum and maximum, and eliminating variables y, we obtain the
following formulation:

>
3
N
.
Il
o
<
Il
o

(6.4)

(s A9 2y e 9 k=1,...,m;,j=0,...,m},
where Q is given by (4.3). Recall that Q admits a 3-self-concordant barrier
F(s,\,z) = —In(z—sln$)—InX—1Ins.

Thus, the parameter of the barrier for the feasible cone of problem (6.4) is equal to 3N.
It is interesting, that in both primal and dual variants of our problem we use the same
cone Q.

In order to apply to problem (6.4) nonsymmetric primal-dual IPM (see [7]), it is
necessary to compute also the value and the gradient of the dual barrier

F.(x,7,u) = 1)1:1?}2({—5$ — A —zu— F(s,\ 2)}. (6.5)

Unfortunately, there is no closed form solution for this problem. However, it can be
approximated by an efficient numerical procedure.

Denote A = z — sIn{. Then the first-order optimality conditions for (6.5) can be
written as follows:

—1-Ins 1
—a s T 5
1 s 1 _
A'xTx =0
1
AT W

, A= %(1 + su), and optimal value of s can be found from the equation

%—Fuln% = x+u,

15



where u > 0. Denoting t = % and a = x + u, we come to equation t + ulnt = a with
concave and increasing left-hand side. Thus, it can be easily solved by a quadratically
convergent procedure.
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