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Abstract

Two-step MIR inequalities are valid inequalities derived from a facet of a simple mixed-
integer set with three variables and one constraint. In this paper we investigate how to
e ectiv ely use these inequalities as cutting planes for general mixed-integer problems. We
study the separation problem for single constraint sets and show that it can be solved in
polynomial time when the resulting inequality is required to be su cien tly dierent from the
assciated MIR inequality. We discuss computational issuesand presert numerical results
basedon a number of data sets.
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1 Intro duction

A useful technique in generating cutting planesfor mixed integer programsis to extract a single
implied constraint from the formulation of the problem and derive valid inequalities basedon this
constraint. More precisely let
n 0
P= v2RV:;x27Z' :cv+Ax=d; x;v O

where matrices C and A are of appropriate dimension. One can generatea relaxation of it
n . X X 0
W = v2RVi:x2z"; Gvi+ axi by xv 0 (1)
i23 i21
where the single equation de ning set W, called the baseinequality, is obtained by taking a linear

combination of the equationsde ning P and relaxing it. Valid inequalities for W can be usedas
cutting planesfor P.
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A well-known valid inequality for W is the mixed integer rounding (MIR) inequality
X

X
maxf ¢ ; Ogv; + Bba;c+ minfﬁ;a,-g xi  Dabe; 2)
j23 i21
whereb=b bbcand& = a bajc. The MIR inequality can be derived using the only non-trivial

facet of the set n 0
Q'= V2R;z2Z :v+z v 0

see[19].
The Gomory mixed integer cut (GMIC) can be viewed as a two-step procedure where the rst

stepis to obtain the baseinequality using the simplex tableau, and the secondstep is to write the
assaiated MIR inequality. This has beenobsened by Marchand and Wolsey[1§.

In arecert paper, Dash and Genlek [8] studied the following simple set
n 0

Q’= V2R;y;z2Z:v+y +z vy 0

and derived a parametric family of valid inequalities for W basedon a facet of Q2. More precisely
they shovedthat for any 0 that satis es 1= db= e> B=, the two-stepMIR inequality with

parameter
X X
maxf ¢ ; Ogv; + ba;c + minf ;K +8& kol g X doe; (3)
j23 j2l
where =db=e =B bb=c k =ba=candl, = da= e isvalid for W. In the rest of

the paper we will write inequality (3) without the superscript whene\er possible. We note that
Q? hasother non-trivial facets,see[2] and [4], which might alsolead to interesting inequalities for
W.

Our purposein this paper is to investigatethe computational e ectiv enesf two-stepMIR inequal-
ities. Our motivation is partly due to the practical importance of MIR inequalities (including the
GMIC), which is now routinely usedin MIP software and is consideredone of the most important
classesof cutting planes, see[5] and [7].

There are strong similarities betweenthe MIR inequality (2) and the two-step MIR inequality (3).
This is not only becausetheir derivation is basedon similar simple setswith a small number of
variables, but also becausethey have a very similar form when written in a certain way. In the
next section we discussthis in detail.

The rest of the paper is organizedasfollows: In Section2, we study the separation problem for the
two-stepMIR inequalities and shaow that it canbe solvede cien tly whenparameter is not allowed
to be very small. In Section 3, we describe how we construct the baseinequality for the two-step
MIR inequalities and discussother computational issues.In Section 4, we presernt computational
results using seweral data setsincluding MIPLIB problem library. Our computational results are
in general encouragingand suggestthat two-step MIR inequality can be useful in solving mixed
integer programs.

1.1 Comparing MIR and two-step MIR inequalities

To seethe similarities (and di erences) betweenthe two-stepMIR inequality and the MIR inequal-
ity, we normalize them sothat they both have a right-hand side of dbe. After this normalization,

2.
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inequality (2) hasthe form

1 X X
5 maxf ¢ ; Ogv; + (bajc+ f (&))x; dbe 4)
j23 i21
wheref (&) = (126) minf H; 8, g, and inequality (3) hasthe form
1 X X
——  maxfg;Ogy +  (bac+g (&)x doe (5)
j23 i21

d= e, =H b= c and

where
1 .
g (&)= —— minf ;K +a k ;i g
wherek; = b4= candl, = da= e

Functions f and g both take valuesin [0;1], they are subadditive and they are extreme in a
certain sens€[9]. Notice that, written in this form, MIR and two-step MIR inequalities di er from
ead other in (i) how they (linearly) increasethe coe cien ts of the continuous variables that have
a positive coe cien t in the original equation and (ii) how they changethe fractional part of the
coe cien ts of integral variables.

Note that =+ ( 1) and therefore b =( )( 1)> 0as > by denition and

2 for all admissible . In other words, the coe cien t of the continuous variables in the MIR
inequality (4) is smaller than that of the two-step MIR inequality (5) and the di erence between
the coe cien tsis largeif (i) islarge,and (ii) is signi cantly smallerthan . For the coe cien ts
of the integral variables, however, there is no dominancerelationship asboth inequalities are facet
de ning for the master cyclic group polyhedron [8].

We next give a numerical example,to demonstrate how functions f and g behave.

Example 1 LetB= 0:8and = 0:3, implying = 0:2and = 3. In this casethe function g
is piecewise linear with breakpints at ; ; +; 2 andb=2 + . The function f is also
piecewiselinear with a single break point at B In Figure 1 we plot g®3(s) and f (s) for s 2 [0; 1],
and in Figure 2, we plot the di er ence between the two functions, g®3(s) f (s) for s 2 [0;1].

1+ 1+

0 0

01234546 .7 8.9 1 01234546 .7 83291

Figure 1: Two-step MIR function g%3( ) and MIR function f ()

Notice that the slope of the two-step MIR function g%3(s) between 0 and is (1= ) which is
precisely equal to the cut coe cient of continuous variablesin inequality (5). Similarly, the slope
of the MIR function f (s) givesthe cut coe cient of continuous variablesin inequality (4).
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0.1+

0.0 . .

0:1-

Figure 2: Di erence betweenthe two-step MIR function g°3() and MIR function f ()

Also notice that the di er ence between the functions shownin Figure 2 is symmetric around 0:4 =
H=2. In other words g®3(s) f(s) = f(0:8 s) g»3(0:8 s) for s 2 (0:0;0:8). See [9] for a
geneal discussionon the properties of thesefunctions.

We next bound the di erence betweenthe cut coe cien ts of the two-step MIR inequality and the
MIR inequality .

Lemma 2 Letc?2 [0;1) be given. Then, 1=df= e jg (¢) f(0)j.

Proof. Lett= db= e Forall c2 (B;1), the claim is correctasg (c) = f (c) = 1. When c 2 [0; ],
we havef (c) = cHandg (c) 1. Hence,

9(9 f(© = —minbe=c +c t=c ;d=e g cb
which is a piecewiselinear function on [0; b] with breakpoints at c= (k 1) + andc= k for

k=1; ;t 1.Furthermoreg (0) f©) =g (B f® = 0. Therefore, it is su ces to consider
the remaining breakpoints. If cis a breakpoint, we have

d=e ¢ de=e c= dc=e c= 1
9@ T@ = = =% & Tt T r
Similarly,
dc=e c= dc=e dc=e dc= e 1
9@ T = t b= t t 1ttt 1) t
where the last inequality follows from the fact that dc= e t 1 for any breakpoint c < . "

We note that this bound is tight, in the sensethat, for eacht dl1=(1 bﬁ\e, it is possibleto nd
an > 0,andci;c, 2 (0;0) such that db= e=t andboth g (¢c;) f(c1) andf(c;) g (c) are
arbitrarily closeto 1=t. This is achieved by setting = (® )=(t 1)andc;= ,c,=H  for
somesmall > 0.

A simple obsenation basedon Lemma 2 is the following:
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Corollary 3 Letc?2 [0;1), thenlim | o+ g (¢) = f(c).

Therefore, if contin uousvariablesare presen, the two-stepMIR inequality is dominated by the MIR
inequality as becomesvery small. If there are no continuous variables, however, the inequalities
becomeindistinguishable.

We next obsenethat the two-stepMIR inequality becomesndistinguisable from the MIR inequal-

ity when = B b= cis almost as largeas . Weuse ! * to denotethat > as tends
to
Lemma 4 Letc 2 [0;1) and t be a positive integer. Then, (i) lim (B=t)” = B and (i)

lim (bpy* 9 (c) = f(c).

Pro of. Notice that when satises Dt 1)> > B=t wehavedb=e=tandbb=c=1t 1.
Therefore,

lim = Iim b @ 1 t=th &t 1)=0b:
to(b=t)” to(b=t)”
In addition, asobsened above, lim (B=ty” =b (f):t)(t 1) = B=t and therefore,
lim  (k; +c ki )=c+ Iim Kk ( )=c:
to(b=t)” 1o(b=t)”
Finally, lim b=y’ l; = lim | b=y’ dc= e c. Therefore, g (c) = minffcg = f (c). "

2 Separating two-step MIR inequalities

In this sectionwe discussthe separation problem for single constraint sets. Given a point (v;x) 2
RV we de ne the separationproblem to be the problem of identifying an admissibleparameter
that givesa most violated two-step MIR inequality (3).

For the set W, it is easyto show that parameter 2 R is an admissible parameter, that is,
() 0,(i) 1= db=e and (i ) b= e> = ,ifandonlyif 21 =[1,1 where

8 I m
2 (B=;1=] if2 < 1=1 B

[

| = m
2 = 1) if 1=1 B :

Notice that | is the set of valuesof such that o= e=

We start with showing that the coe cien ts of the integral variablesin inequality (3) change con-
tinuously as changes.Remenber that ¢ denotesc bcc for c2 R.

Lemma 5 Givena;b2 R and an integerd 2, the function
h2( )= dbac+minf d;ba=c +4 ba=c ;da=e g

whee =0 (d 1)> Ois continuousfor 21¢.
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Pro of. Note that a function obtained by taking minimums or linear combinations of contin uous
functions is still continuous. As the rst term of h?( ) is a cortiniuos (linear) function of
we only need to show that the secondterm is also cortinuous. In addition, the rst term in
the minimization is a linear function of as well. Therefore, it suces to show that v( ) =
minfoA= ¢ + & bA= c ;da= e (gis corntinuous.

As is cortinuous and the terms in the minimization have discortin uities only when 4= 2 Z,
we will only considerthe casewhen = &=t, for somet 2 Z. More precisely we needto show that
v(a=t) = lim |, ¢+ v(a=t+ ) =lim, o+ v(A=t ), First note that v(a=t) = t (&1,

In addition,
. a : . - -
im v(z+ ) = lim minf(t 1) @) ea (¢ Dasts )t @) g
= minf(t 1) (a=t) 4+ A=t it (a=t) g=t (a=t)
where the last equality follows form the fact that foral 219,
Finally,

_a o ]
lim v(z ) lim minf t (@t )y a  tast+ )(t+ 1) @ ) g

minft (&0 ;(t+ 1) @0 g = ¢ @0,

Therefore, the coe cien ts of the integral variables change without discortinuities as 2 | ¢
changes. Using this obsenation, we next shav that for given a point the violation of the two-
step MIR inequality with parameter is a cortinuous function of and it can be minimized
ecien tly.

Lemma 6 Given (v;x) 2 RVI*ili Jet () denotethe violation of the two-step MIR inequality
geneated by 2 1. Let1®°=fi21 : x; > 0g. Forsome 219 if ()= sup , «f ( )g, then
one of the following statementshold:

a. ()= ( &4-=t)for somei 21%andt 2 Z, or,

b. = 1=d, or,

c. ( )= ( )foral 2149

Pro of. Notice that for 219, db= e= d. Dene J°=fj 2J : v; > 0;¢ > Og. The violation of
the inequality generatedby is therefore
X

X
( )= ddoe GV ha ()X
j230 j210
where =9 (d 1)>Oforall 219
Let L be the set of numbersthat divide some#; for i 2 1% More precisely

L=f 2R: = &=tfor somei 2 1%and somet2 Z g:
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If 2L or = 1=d the claim is correct, sowe assumethat 62.[ f1=dg. Dene * = minf 2
L[ f+1g : > gand =maxf 2L[flg : < gsothat *> >
Notice that ki = b&= c and |; = da= e are constart for all i 2 1°when 2 ( ; *). By
Lemma5, ( ) is continuous,and therefore, the violation of the inequality generatedby is:
X X
()= ddbe GV dbajc minf d; k; +& k ;i ogx
j230 j210

forall 2[ ; *]\ 19

Next, de ne a lower bound on ( )

X X X X X
T )= ddbe G Vi d bajcx; d X (ki +& k)X i X
j230 i210 i2lg i21q i21,

wherelo=fi21°:84 Bgl1:=fi21%lg:4 k < gandl,=fi21%lg:8& ki g.
Notethat ( ) T )for 2[ ; *IN1%and{ )= ( ).

Notice that for 2 [ ; *]\ 19, the function { ) is a linear function of . Therefore for any
0 0021 : *]\ 19 suchthat °© %we have,

() maxdf( % %g madl 9T %g T )= ( )

As " islinear, maxf T 9;{ %g= ( )impliesthat T 9= T ° = ( ). In addition, by
assumption, givesthe largest violation, and therefore ( 9= ( 9= ( ).

If 219 wecantake °= ,or,if * 219 wecantake %= * implying ( )= ( &-=t)for
somei 2 1%andt 2 Z asclaimed. On the other hand, if *; 62%9wehave 2[ ; *]\19=
9 and ( )= ( )foral 219, .

Notice that Lemma 6 only analyzesthe casewhensup , «f ( )g= ( ) for some 2 19, If
this condition does not hold, the violation function doesnot attain its supremum in | 9. In this
case, rst obsene that

lim ( )= lim = im B th=c=o0;
b=t )" L=t 1)°" L=t 1)°
and therefore the violation function is not positive. Next, note that by Lemma 4
X X
lim ()= Bdoe G Vj Bbac minfb;ag x;
NGO j230 j21

which is the violation of the MIR inequality (2). Combining these obsenations, we concludethat
if (v;x), satis es the MIR inequality, then a violated two-step MIR inequality, if it exists, can be
obtained using Lemma 6.

Also notice that for a given| ¢ andi 2 I, there is at most onet 2 Z, sud that &=t2 | 9. Using
the factthat 19 (B=df=(d 1)), t hasto satisfy B=d> &=t > f=(d 1), implying (i) t > da;=Hand
(i) t< (d 1)&=D Clearly, only onet 2 Z, can satisfy this condition. Therefore, for a given| ¢,
and 4;, one hasto consideronly t = dd4; =e. It is also possiblethat the resulting = &;=dd4 e
would not be a valid parameter. Therefore, Lemma 6 leadsto a linear-time separation algorithm
for two-step MIR inequalities for 2 | ¢ and we have the following resuilt.
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Lemma 7 Given (v;x) 2 RIJI*ili that satis es the MIR inequality and a number k 2 Z*, a most
violated two-step MIR inequality can be sefrated in polynomial time for 2 [ '3:2 |d.

Pro of. Let LY denotethe set of valid parametersfor | ¢ that divide some#; fori 2 1°= fi 2 |

Xi > 0g. Then we have L9 = [f &=dd&=Pe : i 2 1%\ 1 9. To nd the most violated inequality for
2 [ K., 19 it suces to consider 2 [K., (L[ fl=dg), wherejL% jlI 9. Clearly, there are at

most O(k jlj) candidate parametersto consider. "

We would like to emphasizethat Lemma 7 doesnot give polynomial time separation algorithm
for 21 [}, 19. But basedon the Lemma2 and Corollary 3, in practice, it is not desirableto
usesmall 's, or, in other words, one would not considerl ¢ for large d.

3 Computational Framew ork

The purposeof our computational experimerts is to determine if two-step MIR cuts help tighten
the continuous relaxations of generalmixed-integer programs. As MIR cuts, which can be viewed
as a subclass of two-step MIR cuts, are already known to be computationally e ective, we are
mainly interestedin the additional gain due to two-step MIR cuts that are\su cien tly" dierent
from MIR cuts. Therefore, in our experiments we restrict the parameter in such a way that
the resulting two-step MIR cuts are su cien tly dierent from MIR cuts. In our experiments, we
compare the improvemert in the objective function at the root node due to MIR cuts with the
improvemert due to both MIR and two-step MIR cuts.

In the rest of this section we describe how to create baseinequalities from rows of the optimal
simplex tableau and from inequalities in the formulation. We also describe how we choose the
parameter for two-stepMIR cuts. Finally, we discussthe e ect of di erent basissequencesvhen
se\eral rounds of cuts are added.

3.1 Transforming base inequalities

Our main subroutine for generatingviolated MIR and two-stepMIR cuts takesasinput the current
fractional point (v ;x ) together with a valid baseinequality
X X
GV +  aixi b (6)
j23d i2l

and upper and lower bounds on the variablesv and x:
|j Vi Uj 8j 2 J; |i Xj Ui 8i2l:

If we start with an equality constraint, we simply relax it to obtain the inequality form in (6).
Recall that in our de nition of MIR (2) and two-step MIR cuts (3), we assumeall variables are
non-negative. Therefore, as a rst step, we perform variable transformations to obtain a base
inequality with non-negative variables. Thesetransformations are

Xi=X; li;or xi=u X 8i2l; ©)

vVi=vp lj;or vi=u v 8 2J:
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We do not generatecuts from a baseinequality with unbounded variables. After these transfor-

mations, our baseinequality becomes:
X X
v+ akx b} (8)
j23 i21

0 Vi Uj |j 8j2J;O Xj U]] Ii 8i2|;

where c‘-°; a? and P depend on the speci ¢ variable transformations performed. Dropping the upper
bounds on the variablesv; and x;, we have the setW in (1).

If a variable has just one bound, we usethe appropriate transformation in (7). If it hasboth an
upper bound and a lower bound, we transform the integral variables, basedon the value of (v ;x ):

( XiLoifx < (i + up)=2;
Xj =
' ui X ifx (i + up)=2

We usethe samerule for transforming the cortin uousvariablesv; for all j 2 J. Note that in option
(a) of the bound substitution heuristic of Marchand and Wolsey [18], they transform continuous
variables by the above rule, but not integer variables. The justi cation for this rule is relatively
intuitiv e: when deriving inequalities (2) and (3), one usesthe non-negativity of the variables to
relax inequality (8) to obtain an inequality with non-negative and/or integral coe cien ts. If v;

and x; are closeto 0, this relaxation step doesnot increasethe sladk of inequality (8) too much
and the relaxed inequality is more likely to yield violated inequalities.

After obtaining (8) and dropping the upper bounds on variables, we use(2) to get an MIR cut, as
long asb 10 5.

3.2 Choosing for two-step MIR cuts

After we obtain inequality (8), we try a number of di erent valuesfor the parameter to generate
violated cuts. From amongthose,weretain only two cuts (those with the highestvaluesof violation
divided by norm of cut coe cien ts) and add them to the formulation. We consider a candidate

acceptableif it satis es seweral numerical conditions. First, Lemma 2 suggeststhat B= should
not be too large; we restrict this number to be at most 20. (Equivalertly, we require 2 [ 32, | d)
Corollary 3 suggeststhat  should not be too small; we insist that :0005. Lemma 4 suggests
that  should not be too closeto fi=t from above; we insist that B=t+ :0005.

From Lemma 7, it suces to try all &4 =t as candidatesfor , wherei 2 1°{ the set of non-zero
integral variables,t 2 Z and f):(ai =t) 20, to get the most violated two-step MIR inequality. In
other words, we should take the fractional parts of the coe cien ts in inequality (8) and divide them
with small integersto obtain dierent . To reducecomputation time, we chooseat most one
for every i 2 19 namely & =t wheret is the smallestinteger such that &;=t is a valid choice for

In addition, we only generatecuts from su cien tly dierent . We considertwo values 1 and
suciently dierent if j 1 2j :001. Lemma 7 also suggeststhat one should use 1=d for small
integersd, but the resulting two-step MIR inequalities are the sameas scaledMIR inequalities [8]
and we choosenot to usethem astwo-step MIR inequalities.

If the starting inequality is actually an equality, we alsomultiply it by 1 to obtain a secondbase
inequality (8). This way, we can obtain two additional two-step MIR cuts from the samebase

-9-
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equality. Note that the MIR cuts from (8) are identical whether one rst multiplies it by 1 or
not. This is not true for two-step MIR cuts. For example, assumeb = 0:2 and & > 0:2 for all
i 2 1. Then we cannot derive a two-step MIR cut from (8) dierent from the MIR cut. However,
after multiplying by 1, B becomes0.8, and & < 0:8 for all i 2 I, and we can generatese\eral
two-step MIR cuts.

3.3 Formulation rows

One natural way to obtain baseinequalities is to use rows of the original problem formulation.

There are two main advantagesto using formulation rows as baseinequalities: (i) there is little

loss of precision when generating cuts from these inequalities, and (ii) they are usually sparser
than the rows of the simplex tableau. It is also possibleto aggregatese\eral rows to obtain base
inequalities (as proposedby Marchand and Wolsey[18]) but we did not implemert this.

Let the current fractional point be (v ;x ). To generate a baseinequality (6), we pick a row
of the problem formulation, and divide it by the coe cient of an integer variable from the set
19=fi21 : 1 < x; < uig. This way, from every row of the formulation, we obtain multiple base
inequalities from which we can generate MIR and two-step MIR cuts. We do not usecoe cien ts
of all variablesin 1°in one round as this may lead to a very large number of baseinequalities.
Instead, we randomly selecta small number (e.g., 20%) of them. We then transform variables as
describedin Section3.1. Basedon the resulting inequality, we then generateone MIR and multiple
two-step MIR cuts. Once we add the generated cuts and re-optimize, the new optimal solution
leadsto di erent baseinequalities due to the useof di erent coe cien ts for divisions and di erent
variable transformations. We call cuts generatedusing rows of the formulation \form ulation cuts".

Though the set of all formulation cuts is nite, it canstill be very large. In a pure integer problem
instance with m rows, n bounded variables and k nonzero coe cien ts per row, one can have mk
baseinequalities, eac of which can be transformed (via variable complemenation) in 2% possible
ways giving mk2¥ possiblebaseinequalities. For ead baseinequality there are also a number of
di erent choicesfor the parameter

3.4 Tableau rows

Rows of an optimal simplex tableau are also natural sourcesof baseinequalities of the form (6).
We usetableau rows in which the basic variable is an integer variable with a fractional value. For
such a row, let x; stand for the basic variable. Clearly, a; = 1, and the remaining variables are
at their upper or lower bounds. Therefore, after performing the variable transformation stepsin
Section 3.1, all variables other than x; have value 0. Let the right hand side of the baseinequality
be b= bhc+ B In this case, any admissible parameter  will give a violated two-step MIR
inequality (3) with a left-hand sideof b, and aright-hand sideof dbe. Therefore the violation
of any two-step MIR cut is simply (1 B). Obsenethat forall 21!, doeand are constart,
and =5 (1), adecreasingfunction of . Therefore, using Lemma 4, maximally violated
two-step MIR cuts (basedon tableau rows) are simply MIR cuts.

This does not mean that two-step MIR cuts based on tableau rows are useless. Suppose base
inequality (6) is derived from a row of the optimal tableau and let x° stand for the corresponding
optimal solution. After adding the MIR cut, we will obtain an optimal solution x° Clearly, x°°
satis es the MIR cut basedon inequality (6) but not necessarilyall two-step MIR cuts basedon

-10-
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inequality (6). Usually x%in fact violates sometwo-step MIR cuts. The above argumert suggests
that maximally violated two-step MIR cuts should be computed after adding violated MIR cuts
and solving the strengthenedLP, but without actually computing the new optimal tableau.

If the original formulation has inequalities, we implicitly append sladks before computing tableau
rows. A point to note is that computing the optimal tableau from an optimal basisis an expensive
operation.

3.5 Eect of basis sequences

A natural approach to measurethe e ectiv enessof tableau basedtwo-step MIR cuts would be to
comparethe e ect of k > 1 rounds of MIR cuts with the e ect of k rounds of MIR and two-step
MIR cuts combined. Here a round of cutting meansadding all cuts basedon the current tableau
rows and reoptimizing. One problem with this approadc is that the cuts added in one round
in uence the subsequeh tableau and resulting baseinequalities and therefore the subsequen cuts.
In particular, for two classesof cuts C; and C, with C; C;, (say C; = MIR, C; = MIR and
two-step MIR combined), k rounds of cuts from C; may yield a better bound than k rounds of C,.
This is somewhatunexpected behavior, but it doeshappen becausegeneratedcuts depend on the
basis sequen@s encourtered during the process.Even if the classof cuts C, givesa better bound
after the rst round of cutting, the next optimal tableau and solution do not necessarilylead to
good cuts and therefore, two rounds of cutting with the smaller classC; can indeed give a better
bound.

In Figure 3, we show the behavior of 5 rounds of MIR tableau cuts (denoted by the solid lines)
and MIR+t wo-step MIR tableau cuts (denoted by the dotted lines) on the problemsIseuand rout.
Theseare two instancesfrom the MIPLIB problem library [20]. For the rst instance, MIR+t wo-
step MIR cuts consistertly give better objective valuesthan MIR cuts, for eac round of cuts. This
is not true for the secondinstance where the gap closedby MIR cuts aloneis consisterily better
from the secondround onwards. In Figure 3, we shaw the number of rounds on the horizontal axis,
and the percertage of the integrality gap closedon the other axis.

10+
60 PR
e 8_
Ve
Ve
40| 6 /»“———*””*
4 /
20 /
2_
0 I I I I 1 O I I I [ 1
0 1 2 3 4 5 0 1 2 3 4 5

Figure 3: Gap closedby MIR and MIR + two-step MIR cuts for two (Iseu and rout) instances

A starker e ect of diering basis sequencess illustrated in Figure 4. We consider xnet6 from
the MIPLIB 3.0 problem set [6] and generate4 rounds of MIR tableau cuts. We then permute
the rows of this instance (we move the rst 10 rows to the end) and again generate4 rounds of
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MIR tableau cuts. In other words, we apply the sameprocedureto the same problem instance
after changing the text represenations slightly. As seenin Figure 4, the gap closedafter the rst
round is almost the samein both casesbut after this round, the di erence betweenthe gap closed
increasesto approximately 5% .

80~
70 -
60 P

50 p

40+ 7

30 -

20 -

10- -

0

0 1 2 3 4

Figure 4: E ect of di erent basissequencedor xnet6

This unexpected behavior occurs becausemost LP solversterminate with a near-optimal basis{ a
basisfor which the primal and dual solution valuesare feasiblewithin given feasibility tolerances.
Therefore, even if a problem has a unique optimal solution and basis, it usually has many near-
optimal basesand solutions. Di erent sequence®f numerical operations, in this casetriggered by
the row permutations, canthereforelead to di erent near-optimal basesand therefore to di erent
cuts.

We resolwe this problem by using delayed cut generation which we call list cuts.

3.6 List cuts

One possiblesolution to the undesirable behavior described in the previous sectionis to generate
MIR and two-step MIR cuts in sequence. More precisely we can delay the cut generation for
two-step MIR inequalities until after k rounds of MIR cuts are generated. While generating the
MIR cuts, we can save the assaiated tableau so that the samebaseinequalities can be used at
the end to generatethe two-step MIR cuts. Using this approad, the objective value can only
improve and the selectedtwo-step MIR cuts usethe samesequenceof basesas the MIR cuts. In
our computational experiments, we useda simpli cation of this approacd and did not actually save
all intermediate tableaus.

When generating the MIR cuts, we only consideredthe onesthat are violated by at least some
tolerance (10 ©). For these cuts, we save the cut and the baseinequality (tableau row) it is
generatedfrom. At the end of k rounds of MIR cuts, we look at the cuts in the list , and generate
two-step MIR cuts only from the baseinequalities of \almost tight" MIR cuts. Typically, a two-
step MIR cut is not violated if the assa@iated MIR cut is satis ed with a signi cant sladk (eg.,
0:7).

A well-known property of MIR cuts from the tableau is the following: even if many cuts are
generatedin the di erent rounds, after the nal round typically very few MIR cuts are active. The
number of \almost tight" cuts is more than the number of active cuts, but it is still smaller then
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the sizeof the list. This fact keepsour list cut computation cost relatively low.

Oneimportant implementation detail hereis that, MIR cuts are not deleted from the formulation
oncethey are added even if someof them have large sladks in later iterations. Oncea cut is added,
its sladk can be usedin the tableau cuts generatedin later rounds and therefore we might have
baseinequalities in the list that contain this slad variable. To write an assaiated two-step MIR
inequality in the original spaceof variables, we needto substitute out the slad variable later and
therefore we might needthe original cut.

4 Numerical results

In the next three sections,we presert humerical results obtained from seweral data sets. For the
problem instancesin these data sets, we presen tables which shaw the e ect of adding two-step
MIR tableau cuts, and two-step MIR formulation cuts. The rst group consistsof the instances
randomly generatedby Atamtuerk to test lifted knapsad inequalities described in [3]. The second
group consistsof 4 problem instances from a practical application that we encourtered in steel
production. The last group consistsof seweral publicly available mixed-integer test sets.

In the Appendix, we also show in detail the e ect of multiple rounds of cutting basedon tableau
rows. In ead round we solve the (strengthened) LP relaxation to optimality and obtain the base
inequalities for that round of cutting from the current simplex tableau. For eat problem instance
we display the gap closedby MIR cuts only, and MIR and two-step MIR cuts together for 1,...,5
rounds. The two-step MIR cuts are added as list cuts as described in Section 3.6 .

4.1 Atamturk instances

Theseinstancesare randomly generatedmixed integer programs, with between250 and 500 rows,
between50 and 100 integral variables, and between 1 and 20 cortin uous variables. The notation
ilj :jJ]j : JRj denotesa set of 5 instanceswith jlj integral variables, jJj cortinuous variables and
jRj rows. The above instancesare divided into two groups, one with upper bounds on variables
and the other without. All variables are non-negative. The problems have the form:

X
max thj + O Xi
j23 i21
X X
CrjVj + aiXi b;8r2R;
j23 i21

0 v w0 x ux2Zv2R
where, the upper boundsw and u are set to in nit y for unbounded instances.

Atamturk instancesare publicly available at [23]. Recerly Fischetti and Saturni[14] alsoperformed
computational tests using these instancesto test the computational e ectiv enessof group cuts,
or cuts basedon Gomory's master cyclic group polyhedra. In their paper, they presen results
with 1-50 scaledMIR cuts (based on the simplex tableau), and show that these simple cuts also
signi cantly reducethe integrality gap.

Tables 1 and 2 summarize our computational results with unbounded and bounded instances
respectively. In these tables, we display the percertage integrality gap closedby (i) MIR and
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two-step MIR cuts basedon the simplex tableau (ii) MIR and two-step MIR formulation cuts,
and (iii ) scaled MIR cuts basedon the simplex tableau. We also present the number of cuts
added during the process. The numbers for the scaledMIR cuts are taken from [14]. Cuts based
on the tableau are added in one single round using the optimal simplex tableau of the initial

LP-relaxation. Formulation cuts, on the other hand, are added in seeral rounds until no more
violated inequalities can be found. Each row represerts the averageover 5 instances. For example,
in Table 1, the integrality gap closedby oneround of MIR cuts for the 5 unboundedinstanceswith

jlj = 25GjJj = 1 and jRj = 50 is on the average50.08%. We note that results in [3] and [14] for
MIR cuts are consistert with our results.

Looking at the bounds obtained after oneround of tableau cuts, it is clear that MIR and two-step
MIR cuts together closethe integrality gap signi cantly more than MIR cuts alone. For example,
in Table 1, for jlj : jJj : jRj = 250:1:75,the corresponding numbers are 54.82% and 79.16%,
respectively for the tableau cuts. For the formulation cuts, note that MIR cuts are signi cantly
stronger and therefore the di erence between MIR and two-step MIR cuts is lessdramatic. To
generatebaseinequalities for MIR and two-step MIR cuts in this dataset, we scalethe rows of the
original formulation by every variable coe cien t to get baseinequalities.

Tableau cuts Formulation cuts Scaled MIRs
j1j:jdj 1 jRj MIR | +2MIR No. cuts || MIR | +2MIR | No. cuts || 1-50 MIR | No. cuts
250:1:50 50.08 | 83.38 136.0 78.52 | 83.26 162.00 78.52 2185.4
250:1:75 5482 | 79.16 203.8 76.12 | 79.14 228.40 76.14 3014.4
250:1:100 63.26 | 75.54 226.0 74.28 | 75.24 297.60 74.55 3187.2
500:1:50 50.68 | 80.40 136.0 76.66 | 80.26 176.40 76.67 2117.2
500:1:75 55.14 | 77.44 203.8 7492 | 77.32 245.60 74.92 2932.4
500:1:100 63.50 | 75.96 269.4 75.12 | 75.92 316.20 75.13 3293.2
Av erage 56.25 | 78.65 195.83 75.94 | 78.52 237.70 75.99 2788.30

Table 1: Atamturk's unbounded instances

Tableau cuts Formulation cuts Scaled MIRs
j1jjdj 1 jRj MIR | +2MIR | No. cut || MIR | +2MIR | No. cuts || 1-50 MIR | No. cuts
250:5:100 61.32 | 72.34 256.2 71.16 | 72.30 297.60 71.17 3196.0
250:10:50 50.88 | 80.02 136.0 76.32 | 79.90 161.60 76.34 2100.6
250:10:75 56.20 | 74.50 203.8 7212 | 74.04 227.40 72.54 2795.8
250:10:100 67.40 | 75.38 245.4 7470 | 75.38 295.20 74.69 2948.4
250:20:50 5158 | 77.86 136.0 7476 | 77.74 160.00 74.77 2049.6
250:20:75 61.26 | 75.62 202.8 74.36 | 75.60 225.20 74.37 2586.6
250:20:100 70.44 | 75.66 228.2 75.26 | 75.64 297.60 75.27 2689.8
Av erage 59.87 | 75.91 201.20 || 74.10 | 75.80 237.80 74.16 2623.83

Table 2: Atamturk's bounded instances

When compared with the scaled MIR cuts, the two-step MIR cuts also compare favorably. For
example,on 250:1:50,1 round of MIR cuts close50.08%of the integrality gap in our experiments
(the number reported in [14] is 50.07%). ScaledMIR cuts, asreported in [14], close78.52%o0f the
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integrality gap, whereasone round of MIR and two-step MIR cuts close83.38%of the integrality
gap, with much fewer cuts added. We note that, in our experiments we add at most four violated
two-step MIR cuts per tableau or formulation row, whereas,the number of cuts reported in these
tables are taken from [14], where the authors seemto add all violated 1-50 scaledMIR cuts.

We also note that the integrality gap closedby two-step MIR cuts is very similar for tableau and
formulation cuts. This is a quite surprising obsenation especially becausethe gap closedby MIR
cuts are very dierent for tableau and formulation cuts. As this behavior is not seenin other
datasets, it is clearly not due to the nature of two-step MIR cuts, but due to how these problem
instanceswere constructed. In addition, two-step MIR cuts basedon the tableau appear to be as
strong as as the lifted knapsad cuts for unbounded instances(as reported in [3]) and weaker for
the bounded instances.

We also performed experiments to seehow the integrality gap changed when seweral rounds of
tableau cuts are added. Our main obsenation in these experiments is that one round of MIR

and two-step MIR cuts closesthe same amourt of integrality gap that can be closed by many
rounds of MIR cuts. In Figure 5 we shav how the averageintegrality gap changesfor unbounded
Atamturk instances. The left axis denotesthe integrality gap closedand the horizontal axis gives
the number of rounds. The dashedline is for MIR and two-step MIR cuts together and the solid
line shaws the MIR cuts alone. Typically, at least v e rounds of MIR cuts are necessaryto exceed
the improvemen obtained after one round of MIR and two-step MIR cuts.

80+

60+

40

20

Figure 5: Multiple rounds of MIR and two-step MIR tableau cuts

4.2 Steel instances

These are real-life instancesfrom the steel industry, and are essetially two-dimensional cutting
stock problemswith additional constraints. The problem consistsof selectingthe minimum \cost"
set of two-dimensional patterns of rectangular plates such that the number of plates of a given
\order" (with a given dimension, and desired minimum and maximum number of plates) do not
exceedthe maximum for that order. There are additional constraints on usageof manufacturing
resourcedfor the selectedpatterns. There are additional variablesto count the number of completal
orders (the selectedpatterns cortain more than the minimum number of plates for the order).
Finally, the objective function combines the goals of maximizing completed orders and reducing
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waste on the selectedpatterns. We try out our two-step MIR code on four instanceshaving 3,000
to 7,000constraints and 4,000to 7,000variables.

Tableau cuts Formulation cuts

Instance MIR | +2MIR MIR +2MIR
Steel 1 69.3 70.1 0.8 50.0 50.9 0.9
Steel 2 55.9 58.8 2.9 38.9 47.0 8.1
Steel 3 54.3 55.7 1.4 46.5 48.1 1.6
Steel 4 58.0 60.7 2.7 67.2 68.1 0.9
Av erage 59.4 61.3 1.9 || 50.65 53.53 2.88

Table 3: Steelinstances

As seenin Table 3, in all four casestwo-stepMIR cuts closea relatively small but non-trivial part
of the remaining integrality gap. The averageremaining integrality gap closedby two-step MIR
cuts is about 5% for both tableau and formulation cuts.

4.3 General mixed-in teger test instances

We alsoinvestigatedthe performanceof two-stepMIR cuts on the following data sets: (i) MIPLIB
3.0 [6], (i) MIPLIB 2003[1], (i) MILPLIib, collected by Hans Mittelmann, and, (iv) a set of
instances collected by Fischetti and Lodi [12, 13]. All of these data sets are publicly available:
MIPLIB 3.0 and 2003at [20], MILPLib at [22], and, Fischetti/Lo di instancesat [21].

Tableau cuts Formulation cuts

Instance MIR +2MIR MIR +2MIR

arkio01 29.26 | 43.07 13.81 || 12.93 | 12.93 -
bell5 1453 | 14.86 0.33 - - -
cap6000 41.65 | 42.27 0.62 - 12.43 | 12.43
dcm ulti 47.65 | 48.45 0.80 - - -

b er 63.09 | 66.42 3.33 88.45 | 90.08 1.63
gen 60.69 | 61.32 0.63 90.55 | 93.77 3.22
gesa2 28.53 | 28.72 0.19 68.91 | 70.29 1.38
gesa3 4753 | 47.53 - 38.44 | 46.20 7.76
gt2 69.71| 70.63 0.92 89.71 | 89.68 -0.03
harp2 23.11| 26.74 3.63 51.38 | 57.62 6.24
1152la v 8.47 9.17 0.70 0.01 0.01 -
Iseu 4159 | 41.71 0.12 64.59 | 68.55 3.96
mas74 6.67 7.48 0.81 - - -
mas76 6.42 7.09 0.67 - - -
mitre 83.29 | 84.33 1.04 9495 | 97.65 2.70
mk ¢ 2.41 2.41 *0.00 4.35 11.87 7.52

mo d008 20.11| 20.35 0.24 || 47.38| 63.77 | 16.39
mo d010 93.24 | 93.72 0.48 18.34 | 18.34 -
p0033 56.82 | 57.08 0.26 56.86 | 57.65 0.79

p0282 3.70 3.70 *0.00 92.94 | 95.01 2.07
p0548 39.20 | 40.00 0.80 39.90| 40.01 0.11
p2756 0.54 0.61 0.07 0.21 0.21 -
gnetl 8.81 8.88 0.07 36.85| 45.96 9.11
gnetl-o 34.19| 34.19 | *0.00 76.58 | 77.24 0.66
swath 8.42 26.08 17.66 - - -

Average || 3359 3547 | 1.89 | 38.93] 4197 | 3.04 |

Table 4: 25 MIPLIB 3.0 instanceswhere two-step MIR cuts make a di erence
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Table 4 lists all the problems (25/65) in MIPLIB 3.0 where two-step MIR cuts make a di erence
(either astableau cuts after oneround of cuts, or asformulation cuts). To emphasizethe instances
where cuts do not make any di erence, we shaw \-" instead of 0.00. If the di erence is small but
non-zerowe indicate this by a "*0.00'.

In MIPLIB 3.0 instancestwo-step MIR cuts do not make as big a di erence asin the Atamturk
test set. When there is an improvemert, the averageadditional gap closedby two-step MIR cuts
is about 1.9% for tableau basedcuts and about 3.0% for formulation cuts. For seweral instances,
however, the improvemert is substartial: for example, for arki001 gap closedincreasesfrom 29%
to 43% with tableau cuts and for mitr e, even though formulation cuts closeonly 2.7% of the total
integrality gap, it is more than half of the remaining gap after MIR cuts are added.

Tableau cuts Formulation cuts
Instance MIR +2MIR Ratio MIR +2MIR Ratio
atlan ta-ip 0.11 - 1.00 *0.00 0.01 3.30
momen tum3 32.26 - 1.00 5.29 87.78 | 17.58
msc98-ip 160260.35 - 1.00 6597.72 2843.32| 1.43
mzzv1l 145.94 23.75 1.16 - - -
nsrand-ip x 790.28 173.79 | 1.22 1100.62 1.87 | 1.00
protfold 0.35 0.12| 1.35 - - -
rolI3000 101.74 104.27 | 2.02 896.59 202.15 1.23
sp97ar 842872.11 318.29 | 1.00 133617.85| 65386.22| 1.49
neos2 219.77 - 1.00 262.16 48.41 | 1.18
neos21 0.36 0.05 1.14 - - -
neos3 302.55 - 1.00 307.32 106.10 | 1.35
nug08 0.61 2.08 | 4.42 - - -
qap10 0.93 0.07 | 1.07 - - -
ran14x18-1 53.36 11.35 1.21 - - -
swathl 0.05 4,18 | 90.21 - - -
swath2 0.14 4.18 | 30.02 - - -
swath3 0.30 418 | 14.97 - - -
NSR8K * * * 53.39 948 1.18
blp-ic98 43.99 0.63 1.01 53.03 5.78 1.11
rail507 0.04 0.01| 1.16 - - -
sienal 241.23 - 1.00 2186.83 776.07 1.35
sp97ic 689746.71 171.82 | 1.00 91361.17 57344.11| 1.63
sp98ar 934305.62| 23128.51| 1.02 811453.58| 81201.76| 1.10
sp98ic 313420.27 305.46 | 1.00 150362.60 | 142333.21| 1.95

Table 5: MIPLIB 2003/MILPLIB/F-L instanceswhere two-step MIR cuts make a di erence

In Table 5 we report on the performanceof two-stepMIR cuts on the remaining problem instances
(MIPLIB 2003, MILPLib and Fischetti-Lo di instances) where they make a noticeable di erence
either as tableau or formulation cuts. The table is divided into three parts and the rst part
contains the problem instancesfrom MIPLIB 2003, the secondpart from MILPLIB and the last
one from the Fischetti/Lo di problem set. The format of this table is di erent from the previous
onesas the optimal valuesof most of the instanceslisted in this table are not known. Instead of
reporting integrality gap closedby MIR and two-step MIR cuts, we rst report the improvemert
in the objective function value due to MIR cuts and then we report the additional improvemert
after two-step MIR cuts are added. These numbers clearly depend on how the data is scaled. To
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show the relative impact of the two-stepMIR cuts, we next presen the ratio of total improvemert
dueto MIR and two-stepMIR cuts to the improvemert due to MIR cuts alone. We only report on
the instanceswherethis ratio is 1.1 which meansthat improvemert due to two-stepMIR cuts is at
least 10% of the improvemert due to MIR cuts. This is not necessarilya very good criterion (ex:
mitr e of MIPLIB 3.0 doesnot satisfy it even though two-step MIR cuts on this instance do well)
but in the absenceof optimal values,we decidedto useit. Table 4, we again report \-"* instead of
\0.00". We alsonote that when solving the LP relaxation of NSR8K strengthenedwith MIR cuts,
we exceededmemory limits (4 GB) and we do not report on tableau cuts for this instance.

5 Concluding remarks

In this paper we study how to e ectiv ely usetwo-stepMIR inequalities ascutting planesfor general
mixed-integer problems. Our results are in general encouraging as these cuts make a noticeable
di erence in many problem instances. We are however surprised to obsene that there are a
number of instancesfor which we can not nd any violated two-step MIR inequalities once the
MIR cuts are added. For theseinstancesMIR inequalities, in practical sense,dominate two-step
MIR inequalities. Motiv ated by this obsenation, in a follow-up paper [10] we investigate whether
this is due to the weaknessof the two-step MIR inequalities, or due to the strength of the MIR
inequalities for theseinstances. Both MIR cuts and two-step MIR cuts belong to a large family
of cuts called group cuts that are derived from single constraint relaxation of mixed integer sets.
Combining our obsenations in this paper and in [10], we concludethat for the 156 mixed-integer
programming instances(MIPLIB, MILPLib, and Fischetti-Lo di instances)consideredin this paper:

For 82 instances,there are violated tableau-basedtwo-step MIR cuts,
For 55 instancesthere are no violated tableau-basedgroup cuts [10],

For 19 instances,we can not show either case.

In other words, for most of the problem instances(74%) discussedn Section4.3 wherewe can not
nd violated two-step MIR cuts basedon the tableau rows, there are actually no violated group
cuts. On the other hand, if there might be a violated group cut, then for most of the instances
(82%), we can nd a violated two-step MIR cut. Therefore when MIR cuts do not (practically)

dominate all other group cuts, there usually is a violated two-step MIR cut. This obsenation also
strengthens the evidence[9] that two-step MIR cuts are quite important from among non-GMI

group cuts.
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App endix
Uil i -Rj | Round 1 [ Round 2 | Round 3 | Round 4 | Round 5 ]
250:1:100 MIR 63.06 72.2 72.66 74.78 75
+list 75.24 75.44 75.72 75.84 76
12.18 3.24 3.06 1.06 1
250:1:50 MIR 50.08 67.26 78.86 81.04 83.28
+list 83.38 83.38 83.44 83.7 83.86
33.3 16.12 4.58 2.66 0.58
250:1:75 MIR 54.82 69.44 73.42 77.46 79.24
+list 79.16 79.16 79.42 79.64 79.86
24.34 9.72 6 2.18 0.62
500:1:100 MIR 63.5 73.5 73.78 73.98 74.38
+list 75.96 75.96 76.16 76.28 76.56
12.46 2.46 2.38 2.3 2.18
500:1:50 MIR 50.68 67.74 77.04 77.6 81.04
+list 80.4 80.4 80.44 80.94 81.16
29.72 12.66 34 3.34 0.12
500:1:75 MIR 55.14 69.64 70.8 75.76 76.04
+list 77.44 77.44 77.58 77.68 77.9
22.3 7.8 6.78 1.92 1.86
Av erages MIR 56.21 69.96 74.43 76.77 78.16
+list 78.6 78.63 78.79 79.01 79.22
22.38 8.67 4.37 2.24 1.06

Table 6: Multiple rounds of Tableau Cuts on Atamterk's unbounded instances

Tableau Cuts

Instance Round 1 ‘ Round 2 ‘ Round 3 ‘ Round 4 ‘ Round 5
Steel 1 MIR 69.28 86.46 88.83 89.57 90.06
+list 70.11 87.08 88.96 89.63 90.12

0.83 0.62 0.13 0.06 0.06

Steel 2 MIR 55.86 68.66 70.41 71.22 71.57
+list 58.76 70.76 71.67 72.46 72.71

2.9 2.1 1.26 1.24 1.14

Steel 3 MIR 54.31 66.02 67.66 68.65 70.81
+list 55.71 67.44 69.99 70.61 72.02

1.4 1.42 2.33 1.96 1.21

Steel 4 MIR 57.99 70.18 74.66 76.47 78.23
+list 60.65 72.47 76.74 78.18 79.47

2.66 2.29 2.08 1.71 1.24

Av erage MIR 59.36 72.83 75.39 76.48 77.67
+list 61.31 74.44 76.84 77.72 78.58

1.95 1.61 1.45 1.24 0.91

Table 7: Multiple rounds of Tableau Cuts on Steelinstances
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ITBNELE | Round 1 [ Round 2 [ Round 3 | Round 4 [ Round 5 |
250:10:100 MIR 67.4 73.26 74.28 74.64 75.46
+list 75.38 75.4 75.88 76.02 76.68
7.98 2.14 1.6 1.38 1.22
250:10:50 MIR 50.88 68.16 74.18 77 79
+list 80.02 80.02 80.06 80.64 80.96
29.14 11.86 5.88 3.64 1.96
250:10:75 MIR 55.88 68.26 68.54 70.38 70.62
+list 74.06 74.06 74.18 74.54 74.66
18.18 5.8 5.64 4.16 4.04
250:20:100 MIR 70.44 74.18 74.9 75.16 75.42
+list 75.66 75.68 76.06 76.16 76.4
5.22 1.5 1.16 1 0.98
250:20:50 MIR 51.58 68.5 71.06 74.24 76.28
+list 77.86 77.86 78.16 78.42 78.68
26.28 9.36 7.1 4.18 2.4
250:20:75 MIR 61.26 71.68 72.66 73.26 74.06
+list 75.62 75.62 75.8 76.1 76.68
14.36 3.94 3.14 2.84 2.62
250:5:100 MIR 61.32 69.52 69.86 72.6 73.22
+list 72.34 72.36 72.44 73.92 74.38
11.02 2.84 2.58 1.32 1.16
250:5:50 MIR 50.4 67.68 76.84 81.56 82.16
+list 81.42 81.42 81.46 81.86 82.5
31.02 13.74 4.62 0.3 0.34
250:5:75 MIR 55.62 68.94 70.96 71.46 73.08
+list 75.5 75.5 76 76.16 76.24
19.88 6.56 5.04 4.7 3.16
500:10:100 MIR 66.42 72.64 73.62 75.02 75.34
+list 74.96 75 75.78 76.74 76.92
8.54 2.36 2.16 1.72 1.58
500:10:50 MIR 51.52 68.58 70.34 75.12 77.36
+list 77.56 77.56 7.7 77.8 78.22
26.04 8.98 7.36 2.68 0.86
500:10:75 MIR 56 67.9 71.88 73.2 74.28
+list 74.24 74.24 75.78 76.26 76.7
18.24 6.34 3.9 3.06 2.42
500:20:100 MIR 71.44 74.1 75.04 75.38 75.68
+list 75.4 75.4 75.92 76.22 76.5
3.96 1.3 0.88 0.84 0.82
500:20:50 MIR 51.74 68.46 70.34 73.7 75.56
+list 77 77 77.22 77.46 77.74
25.26 8.54 6.88 3.76 2.18
500:20:75 MIR 58.98 70.62 71.08 71.26 71.44
+list 74.42 74.42 74.6 74.7 74.78
15.44 3.8 3.52 3.44 3.34
500:5:100 MIR 62.02 69.02 72.58 73.68 73.96
+list 72.9 72.92 74.88 75.6 76
10.88 3.9 2.3 1.92 2.04
500:5:50 MIR 51.48 68.52 69.28 75.02 80.18
+list 78.14 78.14 78.28 78.38 80.54
26.66 9.62 9 3.36 0.36
500:5:75 MIR 55.36 67.74 71.34 72.1 72.36
+list 73.9 73.9 75.42 75.8 75.9
18.54 6.16 4.08 3.7 3.54
Av erages MIR 58.22 69.77 71.9 73.95 75.06 -21-
+list 75.69 75.69 76.23 76.63 77.05
17.47 5.92 4.33 2.69 1.99

Table 8: Multiple rounds of Tableau Cuts on Atamterk's bounded instance
S



Dash, Goycoolea, Geinlek

Tw o step MIR

inequalities

July 10, 2006

| Instance | Round 1 [ Round 2 | Round 3 | Round 4 [ Round 5 |

blend2.mps MIR 15.98 17.27 22.64 24.43 24.85
+list 16.07 17.27 22.64 25.13 25.53

0.09 0 0 0.7 0.68
mo d011.mps MIR 37.26 41.74 42.93 43.82 44.88
+list 37.28 41.74 42.96 43.84 44.89

0.02 0 0.03 0.02 0.01
dcm ulti.mps MIR 47.65 55.45 61.68 64.31 68.35
+list 48.5 56.08 62.22 64.58 68.82

0.85 0.63 0.54 0.27 0.47
setlch.mps MIR 39.16 75.08 87.78 92.96 93.94
+list 39.16 75.08 87.81 92.99 93.95

0 0 0.03 0.03 0.01
p0201.mps MIR 26.71 39.72 46.98 51.08 55.25
+list 26.71 40.64 47.3 52.04 57.16

0 0.92 0.32 0.96 191
gnetl-o.mps MIR 42.99 45.66 48.55 49.61 50.11
+list 43.1 45.68 48.92 49.84 50.16

0.11 0.02 0.37 0.23 0.05

vpm2.mps MIR 10.93 17.19 22.55 31.45 39.1
+list 10.93 17.21 22.57 31.53 39.1

0 0.02 0.02 0.08 0

gesa3.mps MIR 47.53 50.3 53.78 56.19 57.9
+list 47.53 50.3 53.78 56.19 57.92

0 0 0 0 0.02

harp2.mps MIR 24.07 30.16 31.11 31.9 31.9
+list 27.08 325 32.79 33.01 33.01

3.01 2.34 1.68 1.11 111
vpml.mps MIR 24.73 34.09 39.2 40.46 54.55
+list 24.73 34.09 39.2 40.47 54.88

0 0 0 0.01 0.33
mo dglob.mps MIR 17.28 42.38 52.93 58.75 60.25
+list 17.28 42.38 52.93 58.88 60.32

0 0 0 0.13 0.07
gesa2.mps MIR 28.53 59.98 69.31 74.48 77.38
+list 28.72 60.01 69.65 74.96 77.78

0.19 0.03 0.34 0.48 0.4
gen.mps MIR 60.69 64.61 65.53 67.64 68.63
+list 61.48 64.65 65.57 67.76 68.72

0.79 0.04 0.04 0.12 0.09
xnet6.mps MIR 12.88 24.85 56.4 67.98 75.73
+list 12.88 24.85 56.41 67.98 75.78

0 0 0.01 0 0.05

rgn.mps MIR 3.15 8.16 16 16 16
+list 3.15 8.16 16 16 16

0 0 0 0 0
cap6000.mps MIR 41.65 57.87 60.16 61.51 61.82
+list 42.27 59.02 61.65 62.05 62.27

0.62 1.15 1.49 0.54 0.45
pp08a.mps MIR 54.42 69.77 76.92 81.6 83.18
+list 54.42 69.77 76.92 81.6 83.18

0 0 0 0 0

Av erage MIR 3151 43.19 50.26 53.77 56.7
+list 31.84 43.5 50.55 54.05 57.03

0.33 0.3 0.29 0.28 0.33

Table 9: Multiple rounds of Tableau Cuts on MIPLIB instances
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