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Abstract

We considerthe problemof computingthe outerradii of point sets. In
this problem,we are given integersn; d; k wherek d, anda setP of
n pointsin RY. The goalis to computethe outer k-radius of P, denoted
by Rk (P), whichis theminimum,overall (d k)-dimensionalats F, of
maxp2 p d(p; F), whered(p; F) is the Euclideandistancebetweerthe point
p and at F. Computingthe radii of point setsis a fundamentaproblem
in computationatorvexity with mary signi cant applicationsTheproblem
admitsa polynomialtime algorithmwhenthe dimensiond is constan{16].
Herewe areinterestedn the generalkcasewhenthe dimensiond is not x ed
andcanbeaslargeasn, wheretheproblembecome§P-hardevenfor k = 1.

It is known that R¢ (P) canbe approximatedn polynomialtime by a
factorof (1 + "), forary " > 0, whend Kk isa x edconstan{8, 23]. A
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polynomialtime algorithmthat guarantees factor of O(p logn) approxi-
mationfor R1(P), the width of the point setP, is implied by the resultsof
Nemirovskietal. [29] andNestere [28].

n this paper we shav that R (P) canbe approximatedy a ratio of
O( Togn) forary 1 k  d, thusmatchingthe previously bestknown
ratio for approximatingthe specialcaseR;(P), the width of point setP.
Our algorithmis basedon semide nite programmingelaxationwith a new
mixeddeterministicandrandomizedoundingprocedure.

We also prove an inapproximability resultthat gives evidencethat our
approximatioralgorithmis doing well for alargerangeof k. We shaw that
thereexistsa constant > 0 suchthatthefollowing holdsforary 0 < " <
1: thereis no polynomialtime algorithmthat approximatesRy (P) within

(logn) for all k suchthatk d d unlessNP  DTIME [20cg m°® ],
Ourinapproximabilityresultfor Ry (P) extendsapreviouslyknown hardness
resultof Brieden[15], andis proved by modifying Briedens construction
usingbasicideasfrom PCPtheory

1 Intr oduction

Computingthe outerk-radiusof a point setis a fundamentaproblemin compu-
tationalcorvexity with applicationsin global optimization,datamining, statistics
andclustering andhasrecevved considerablattentionin thecomputationageom-
etry literature [21, 22, 23]. In this problem,we aregivenintegersn; d; k where
k d,andasetP of n pointsin R9. A at orafne subspac& in RY is speci ed
by apointq 2 RY andalinearsubspacé ; it isde nedasF = fq+ hjh 2 Hg.
Thedimensionof the at F is de ned to be the dimensionof the linear subspace
H. Forary at F,letR(P;F) = maxp2p d(p;F) denotetheradiusof the at F
with respecto P, whered(p; F) is the Euclideardistancebetweerthepointp and
at F. Thegoalis to computethe outerk-radiusof P, denotedby Ry (P), which
is theminimumof R(P;F) overall (d k)-dimensionalats F. A (d k)-at
is simplya at of dimensiond k. Roughlyspeakingthe outerk-radiusRy(P)
measurefion well the pointsetP canbe approximatedy anaf ne subspacef
dimensiond k. A few specialcase®f Ry (P) which have received particularat-
tentionincludes:R1(P), half of thewidthof P ; Rq4(P), theradiusof theminimum
enclosingball of P; andRy4 1(P), the radiusof the minimum enclosingcylinder
of P.

Whenthedimensiond is a x edconstantRy(P) canbe computedexactly in
polynomialtime[16]. It is alsoknown thatRy(P) canbeapproximatedby afactor
of 1+ "), forary " > 0,in O(n + f4(%)) time [7, 2], wheref 4 is a polynomial
for every x edd. In this paperwe areinterestedn the generalscenariovhenthe
dimensionk andd arenot x edandd canbeaslargeasn.



Whenthe dimensionsk andd are part of the input, the compleity of com-
puting/approximatig Ry (P) dependn the parameted k. It is well-knovn
thatthe problemis polynomialtime solvablewhend k = 0, i.e.,theminimum
enclosingball of a setof pointscanbe computedn polynomialtime (Gritzmann
andKlee[21]). Megiddo[27] shavsthatthe problemof determiningvhetherthere
is a line thatintersectsa setof ballsis NP-hard. In his reduction,the balls have
the sameradius, which implies that computingthe radiusRy 1(P) of the min-
enclosingcylinder of a setof pointsP is NP-hard. Badoiu et al. [8] shawv that
Rgq 1(P) canbeapproximatedn polynomialtime by a factorof (1 + "), for ary
" > 0. Har-PeledandVaradarajari23, 24] generalizethe resultand shav that
Rk (P) canbeapproximatedy afactorof (1 + ") forary " > Owhend Kk is
constant.

More hardnessesultsareknovn whend k becomesarge or whenk becomes
small. Bodlaendeetal. [11] shav thatthe problemis NP-hardwhenk = 1. This
is trueevenfor thecasen = d+ 1 ([21]). GritzmannandKlee [21] alsoshov
thatit is NP-hardto computeRy(P) if k ¢ d,forary xed0< c< 1. These
negative resultsarefurtherimproved by Briedenet al. [12] andBrieden[15], the
latter of which hasshavn thatit is NP-hardto approximateR 1(P), thewidth of a
point set,to within anyconstanfactor

Onthepositive side,thealgorithmsof Nemirovski etal. [28] andNestere [29]
imply thatR1(P), orlgqui/alentlythewidth of thepointsetP, canbeapproximated
within afactorof O(" logn). Anotheralgorithmfor approximatinghewidth of a
point setis.given by Briedenetal. [13, 14] andtheir algorithmhasa performance
guarantee d=logd thatis measuredn the dimensiond. Theiralgorithmin fact
works for ary corvex body given in termsof appropriaté‘oracles”; the number
of callsto the oracleis polynomialin the dimensiond. They alsoshawv thatthis
is the bestpossibleresultin the oraclemodel evenif randomizations allowed.
(For the caseof a setwith n points, their algorithmactuallygivesa  d=logn
approximationwith poly(n) callsto the oracle.) It is not clearif their algorithm
canbeextendedo computingRg (P).

Theproblemof ef ciently computinglow-rankapproximatiorof matriceshas
receved considerablattentionrecently;see[1, 6, 18] andthe referencegitedin
thesepapersThis problemcorrespondso computingthebest(d k)-dimensional
subspacehat ts a point set, wherethe quality of a subspacas the sumof the
squareof thedistanceof eachpointfrom the at. Theproblemis thereforerelated
to theonewe studyin this papeywherethequalityof a at isthemaximumoverthe
point- at distancesHowever, thelow-rankapproximatiorproblemcanbe solved
in polynomialtimeforary 1 k d.

'NotethatR™ in [24] is thesameasRq  in this paper



Our Resultsand an Overview

We_ shav that R (P) canbe approximatedn polynomialtime by the factor of
O( logn) foralll k d, therebygeneralizingthe resultof Nemirovski et
al. [28] to all valuesof k. Our algorithmis basedon semide nite programming
relaxationwith a mixeddeterministicandrandomizedoundingprocedurein con-
trastto all otherpurelyrandomizedoundingproceduresisedfor semide nitepro-
grammingapproximation.

Generallyspeakingthe problemof computingRy (P) canbe formulatedas
a quadraticminimization problem. Semide nite programming(SDP) problems
(wherethe unknavns arerepresentedby positive semide nite matrices)have re-
cently beendevelopedfor approximatingsuchproblems;see,for example,Goe-
mansandWilliamson[19]. In thecaseof k = 1, computingR1(P) corresponds
to a SDP problemplus an additionalrequirementhat the rank of the unknavn
matrix equalsl. Remaoring therankrequirementthe SDPproblembecomesare-
laxationof theoriginal problemandpolynomiallysolvablefor ary givenaccurag.
Onceobtaininganoptimal solution,sayX , of the SDPrelaxation,onewould like
to generatea rank-L matrix, sayX = yy', from X , wherey is a columnvector
and senes as a solutionto the original problem. Suchrank reductionis called
“rounding”, and mary roundingproceduresare proposedandalmostall of them
arerandomizedsee for example,[10].

Oneparticularprocedurehasbeenproposedoy Nemirovski et al. [28] which
canbe usedfor approximatingR1(P). Their procedurds a simple randomized
roundingthatcanbedescribedsfollows: anoptimalsolutionX of the SDPrelax-
ation,whoserankcouldbeaslargeasd, canberepresenteds(e.g.,by eigevector
decomposition)

X = qvivi + oVovg + + gvgvy:

Thenonec%ﬁg_ene@tiasinglevlgtlory by takingarandomlinear combinationof
thevectors 1vi; oVvo; . gVq Wherethe coefcients of the combination
takesvaluesof 1 or 1 uniformly andindependently

For the casek 2, the SDP relaxationthat we describeis bestviewed as
a direct relaxationof the problemof computingR¢(P), ratherthanonethatis
obtainedvia a quadratigprogramformulationof R (P). We thenneedto generate
k rank-L matricesrom X , the optimalsolutionof the SDPrelaxation,suchthat

X
X=" vyl

i=1

wherey; s areorthogonato eachother Our roundingprocedurevorksasfollows.
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Having obtainedanoptimal solutionfor the SDPrelaxationwith
X = qvivi + 2VoV3 + + gvavg;

we deterministicallypartitionthevectorsvy; vo;  ;vq into k groupswheregroup
j maycontainn; vectorsandeachgroupcanbeseenasasinglesemide nitematrix
with rankn; . We thengenerat@nevectorfrom eachgroupusingtherandomized
roundingproceduresimilar to that of Nemirovski et al. [28]. The k vectorsgen-
eratedby this roundingprocedurewill automaticallysatisfythe conditionthatarny
pair of themmustbe orthogonatlto eachother We thenmanageo shay_thatthe
quality of thesevectorsyieldsanapproximatiorratio of no morethanO(" logn).

We alsoprove aninapproximabilityresultthatgivesevidencethatour approx-
imationalgorithmis doingwell for alarge rangeof k. We shav thatthereexistsa
constant > 0 suchthatthefollowing holdsfor any 0 < " < 1: thereis no poly-
nomialtime algorithmthatapproximate®R (P) within (logn) for all k suchthat
k d d unlessNP P. P denoteshecompleity classDTIME[2009 m°® |,
which is sometimeseferredto asdeterministiocquasi-polynomiatime. Thatis, P
containsthe setof all problemsfor which thereis an algorithmthatrunsin time
2009 m°® g1 inputsof sizem.

To prove thelower boundresult,we startwith atwo-prover protocolfor 3SAT
in whichtheveri er hasverylow errorprobability Sucha protocolis obtainedas
aconsequencef thePCPTheorenof Aroraetal. [4, 5] andthe parallelrepetition
theoremof Raz[30]. The constructionof Brieden[15] thenimplies a reduction
from Max-3SAT to Width Computationsuchthat the ratio of the width of point
setsthatcorrespondo satis ableinstanceso thosethatcorrespondo unsatis able
instancess large. This separatiorgives us the inapproximabilityresult for the
width. This resultcanthenbe extendedto aninapproximabilityresultfor Ry (P)
for alargerangeof k.

The remainderof the paperis organizedasfollows. In Section2, we present
our algorithmfor approximatingthe outerk-radiusRy(P) of a point setP. In
Section3, we describeour inapproximabilityresults. We make someconcluding
remarksn Sectior4.

2 Approximating the Radius

We now presenthe quadraticprogramformulationof the outerk-radiusproblem
andits semide nite programmingrelaxation. It will be helpfulto rst introduce
somenotationsthatwill be usedlater The traceof a given squarematrix A, de-
notedby Tr(A), is the sum of the entrieson the main diagonalof A. We usel

to denotethe identity matrix whosedimensionwill be clearin the contet. The
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inner productof two vectorsp anq)q is denotedby hp; qi. The2-normof avector
X, denotedby kxk, isde ned by  hx; xi. For a matrix X, we usethe notation
X OtomeanthatX is apositive semide nitematrix. For simplicity, we assume
that P is symmetricin the sensethatif p 2 P then p 2 P. Thisis without
loss of generalityfor the following reason:We may, by performinga translation
if necessaryassumeghatO 2 P. Denotethesetf pjp 2 Pghby P andlet
Q=P[ P.ltisclearthatRx(P) Rk(Q) 2Rg(P). Thereforejf wefound
a good approximationfor Ry (Q) thenit mustalsobe a good approximationfor
Rk(P).

SinceP is asymmetricpointset,thebest(d k)- at for P containgheorigin
sothatit is a subspaceThus,the squareof R (P) canbede ned by the optimal
valueof thefollowing quadrationinimizationproblem:

Rk(P)2 := Minimize
Subjectto ik=1 hp:xii? ; 8p2 P;

. 1
kxik? = 1; i = 1,:5k; @
i;x;i = 0; 8i 6 j:
Assumethat x1;Xo; Xk 2 RY is the optimal solutionof (1). Thenonecan

easilyverify thatthematrixX = x1x{ + Xox3 +  + XX} is afeasiblesolution
for thefollowing semide niteprogram:

K -= Minimize
Subjectto Tr(pp'X) (= p'Xp) ; 8p2 P; 5
Tr(X) = k; 2)
I X O X O

It followsthat | Rk (P)2. Thefollowing lemmafollows from the above obser
vations.

Lemmal Thee exists an integer r k sud that we can compute in poly-
nomial time r nonn@ativereals 1; 2; ;  andr orthogonal unit vectos
V1;V2; ;V, sud that

. P r

. o1 i =k

@ii). maxy i r i L

e Pr .2 2

(ii). 4 ihpsvii Rk (P)<, foranyp 2 P.

Proof. We solve the semide niteprogram(2), andlet X beanoptimalsolu-
tion of (2). We claimthattherankof X , sayr, is atleastk. Thisfollows from the
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factthatTr(X ) = kandl X 0. In otherwords, Tr(X ) = k impliesthat
the sumof the eigevaluesof X isequalto k, andl X 0 impliesthatthe
all eigewvaluesarelessthanor equalto 1. Therefore X hasatleastk non-zero
eigewvalues,whichimpliesthattherankof X is atleastk. Let 1; »; ; [ be
ther nonngatie eigewvaluesandvy;vy; v, bethecorrespondingigemwectors
(see[28] paged66 onlgomputingthe eigemvaluesandeigervectorsin polynomial
time). Thenwe have {zl i = kandmaxy i ¢ | 1. Furthermorefor ary

p2 P:

X
ip;vii2 = Tr(pp' ivivi)=Tr(pp'X )  Rk(P)%
i=1 i=1

2.1 Deterministic First Rounding

In this section,we prove alemmaconcerninghow to deterministicallygroupthe
eigewvaluesandtheir eigewectors. The proof of the lemmais elementarybut it
playsanimportantrole for proving our mainresult.

Lemma?2 Theindex setf 1; 2; pirg canbepartitionedinto k setsl 1;12; ;g
suc thatfor anyi : 1 I:)i K. 21, 1 3

Proof: Recallthat jr:1 j = kandO j  1forallj. Withoutlossof
generalitywe canassumehat 1 2 r . Our partitioningalgorithmis

the sameasthe Longest-Processingiie heuristicalgorithmfor parallelmachine
schedulingproblem.Thealgorithmworksasfollows:
STEP1.Fori = 1;2; ;k,setl; = ; andletL; = 0. Letl = 1,2, ;rg.
STEP2. Whilel 6 ;
choosg from | with thesmallesindex;
chooseseti with thesmallestaluel i;
Letli == Ii[ fjg,Li ==L+ jandl =1 fjg
It is clearthatwhenthealgorithmstopsthesetsl 1;1,; ;1 areapartitionof
f1,2, ;ro. Now we prove thelemmaby contradlctlonAssumahatthereemsts
somet suchthat ;,, j < 3:

2°P . P

Wenow claimthat,foralli, 5, ; 1:Otherwisesuppose j, , j > 1
for somet® Note that i 1 for everyj andthusthereareat leasttwo eigen-
@Iuesareas&gned‘glto DenotetheIgstelememwnhm I 10 by s It follows that
200 ] 9T j21,ofs% 21, i since, otBelwlsewewouId have
notaES|gned soto loin E;ealgorlthm However since ipe | < ,We must
15 1.

hae = 5, | T jarenfsg < ZETHhUS, 0> o 5> 3



This is impossiblesince < is the last eigevalue assignedo | o, which implies
<0 j foreveryj 2 lo, andwe have alreadyprwedthatthe'{,emust@(ist anl
suchthats®8 | 2 1o and | j21,0nfs%y § < %:Therech))re, j21, i Lfor

alli, andin particular ;,, j < 3 It follows that :(:1 j21, i < kiHow-
prer v know thatﬁincel 1;12; 005 1 is apartitionof theindex setf 1;2;:::;rg,
!‘:1 21 i = jr:1 j = k: Thisresultsin acontradiction.Therefore sucht
doesnot existsandthe proofis completed. [
Noticethatthe runningtime of the partitioningalgorithmis boundedoy O(r
k).2

2.2 RandomizedSecondRounding

Assumenow thatwe have foundl 1;12;  ;lx. Thenour next randomizedound-
ing proceduravorksasfollows.

STEP1. Generatanr dimensionatandomvector suchthateachentryof
takesvalue,independently 1 or 1 with probability% eachway.

STEP2. Fori = 1;2; ;Kk,let

P p —
_ ngi j j VJ
X| -_ | 1'3—
i21 i
The following Lemmasshav thatxq;X»;  ; Xk form afeasiblesolutionfor

theoriginal problem.In otherwords,they arek orthogonalunit vectors.

Lemma3 Fori = 1;2; ;k,kxik= 1.

Proof: Recallthathv,;vji = Oforary | 8 j andkv;k = 1. By de nition,

*P p_— P p_ +
ok = 2 Vil gen i iV
Xi = S pp——— S
i21 i AT
1 X p__ p—
= P—— hj gvii g gyl
j21; Jj2|i
1 X 2 2
= B—— () jkvk
j21; Jj2|i

2An alternatie way of partitioning the eigevaluesis the following: First, put the eigervalues
thataregreaterthanor equalto 1=2 into distinctsubsetsIf the numberof sucheigervalues,sayl,
is notlessthank, thenwe aredone.Otherwise arbitrarily put theremainingeigervaluesintok |
subsetsuchthatthe sumof eigevaluesin eachsubseis greaterthanor equalto 1=2. This method
wassuggestedtby ananorymousrefereeof a preliminaryversionof this paper



]
Lemma4 If s 6 t thenhxg; xti = O.
Proof: Sinceforary j 2 Isandl 2 Iy, hvj;vi = 0,
: Xt
PExl 5 p p_ +
_ i2ls iV 2l | ivi
= 9P P/
j2ls ] j21¢ i
* +
_ 1 X p— X p_
= &p P iV iV
j2ls | j21y 1 j2ls j21t
= 0O
]

Now we establisha boundon the performanceof our algorithm. First, let us
introduceBernsteins Theorem(see,e.g.,[28]), which is a form of the Chernof
Bound.

Lemma5 Let bearandomvectorwhoseentriesare independenand either 1
or 1with probability% ead way Then,for anyvectoreand > 0,

probfh ; €i? > kek’g< 2 exp( E):
LetCip = i i21, iMp;vji2. Thenwe have
Lemma6 Foreadi = 1;2; ;kandeadp2 P,wehave
prokfhp; xi% > 12log(n) Cipg < %:
Bro_of: Giveni andp, de ne ajlij dimensionalvectore suchthatits entriesare

jhpivii; j 2 1, respectrely. Furthermorewe de ne the jlj dimensional
vector j;; whoseentriesarethoseof with indicesin |;. Firstnoticethat

2 X P— a2 X 2
kek® = ( jhovi)e= i hpyvjic= Cp:

j2l j2li



P
Ontheotherhand,since ),

* +2
.X p
2 p; iVij
j21;
1,
- @ P A
= 2 AL
j21;

= 2hj;ei?

Thus
prolfhp;xiiZ > 12log(n)Cipg  probih ji,;€i? > 6log(n)kek?g:
Therefore the conclusionof the lemmafollows by usingLemma5b andby letting
= 6log(n). [

Theorem1 We can computein polynomialtime a (d  k)- at sud that, with
Brobabilityat leastl % thedistancebetweeranypointp 2 P andF is at most

12log(n) Rk(P):
Proof: Forgiveni = 1;2; ;k andp 2 P, considetheevent
Bip = f jhp;xii? > 12log(n) Cipg
andB = Si;p Bip. TheprobabilitythattheeventB happenss boundedoy

X
prolfhp; x;iZ > 12log(n) Cipg < 2kn -2,

) nd n
ip
If B doesnothappenthenfor ary i andp,
hp;xii?  12log(n) Cip:

Thereforefor eachp 2 P,

XK X
hp;xii?  12log(n)  Cip  12log(n) Ry (P)?:
i=1 i=1
Thelastinequalityfollows from Lemmal. This completeghe proof by taking F
asthesubspacevhichis orthogonako thevectorsx; Xo;  ; Xk. [ ]
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3 The Inapproximability Results

We startwith formal de nitions of the problemsthatwill be usedin the sequence
of reductionsfrom 3-SAT to computingthe outerk-radiusRg(P) of a setP of
points. Our startingpoint will be the classic3-SAT problem,wherewe aregiven
a 3-CNFformulaandwe wantto know if thereis anassignmento its variables
that simultaneouslsatis esall its clauses.The next problemwe consideris the
resrictedquadratigorogrammingoroblemasde ned by Brieden[15].

De nition 3.1( -Restricted Quadratic Programming) Weare givennon-ngative
integers ; ;; and non-ngative rational numbes Cp.qapn forp 2 [ ], q 2
[La2 []landb 2 [ ]. (For a non-ngative integer n, [n] denotesthe set
f1;2;:::;ng.) Ourgoalis to maximize

f(x)= Cp;q;a;pXp;aYab
p;o;a;b

overthepolytopeP IR * describedoy

X

Xpa= 1forp2 [ ],
a2[ ]
X

Ygb= 1forq2 [ |;
b2[ ]

0 Xpa 1forp2[ J;a2[];
0 ygp 1forg2[Lb2[
We denoteinstancesn which ; and ; by -restrictedQP[] .

De nition 3.2 (Symmetric Full-Dimensional Norm Maximization) Wearegiven
astring(n; m; A), whele n andm are natural numbes, A isarationalm n ma-
trix. Our goalis to maximize

f(x) = Jixii2
over all vectos x that belongto the polytopeP = fxj 1 Ax 1g. We
denoteaninstancein which the numberof rowsof A is at mostm andthenumber
of columngs at mostn by N M [m; n].

We rst prove aninapproximabilityresultfor the casek = 1 andlaterextend
it to a large rangeof k using a simple reduction. The crux of the proof is the
following lemma.
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Lemma 3.1 Theeis a constantc > 1 sud that for any sufciently large integer
parametert 1, theris areductionT from3-SA formulasof sizem to comput-
ing R for a pointsetof sizen = 20(t2* logm) j g = 20(tlogm) gimensionsud
that:

1. If issatisable thenR1(T( )) w for somew.
2. If isunsatis able thenR{(T( )) wPfor somew®
3.4
Thisreductionjncludingthe computatiorof w andw?, runsin time 20(t2* legm)
Proof:

Theproofinvolvesa sequencef threereductions.

From 3SAT to Quadratic Programming. Bellareand Rogavay [9, Section4]

give areductionfrom 3-SAT to quadratigorogrammingvia a two-prover protocol
for 3-SAT. We usetheir reduction,but in orderto gettheright parametersn the
hardnes®f approximatiorresultfor quadraticporogrammingwe needto replace
thetwo prover protocolthatthey startoff with by a differentone.We now describe
thistwo prover protocolfor 3-SAT.

The two-prover protocol: Feige[l17, Proposition2.1.2] shaws there exists a
polynomialtime reductionT from 3-CNFformulasto 3-CNF formulassuchthat
eachclauseof T( ) hasexactlythreeliterals(correspondingo threedifferentvari-
ables)andeachvariableappearsn exactly ve clausesandfurthermore

1. If issatis able,thenT( ) is satis able.

2. If isnotsatis able,thenT( )isatmost(l )-satis ablefor somecon-
stant0 < < 1. Thatis, ary assignmensgatis esatmosta fraction(1 ")
of all clausesn T( ).

Withouttherequirementhateachvariableappeain exactly veclausessucha
reductionis known to bea consequencef the PCPTheorem4]. We now describe
the stepstakenby theveri er in thetwo-prover protocol.

Stepl: Convert toT( ).

Step2: Chooset clausesuniformly at random(with replacementjrom T( ).
Ask prover P4 for anassignmento the variablesn eachclausechosen.
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Step3: Fromeachchoserclausechooseoneof thethreevariablesn thatclause
uniformly at random. We gett distinguishedvariables possiblywith repititions.
Ask theprover P, for anassignmento eachof theset variables.

Step4: Acceptif for eachchoserclauseijt is satis edby theassignmenteceved
from prover P1, andthe assignmentsnadeby thetwo proversto thedistinguished
variablefrom the clauseare consistent. (Acceptancemeansthat the veri er de-
clares to besatis able.)

By Razs parallelrepetitiontheorem[30], the error probabibility of this pro-
tocol, which is the probability that the veri er acceptsa 3SCNFformula thatis
unsatis able,is boundedabore by st for somes < 1. Wereferthereadeito Feige
[17, Section2.2] for adiscussiorof this andto the paperby Hastad25] for more
detailson the useof two-prover protocolsin inapproximabilityresults.Also, note
thatin this protocol,the questiondo the two proversareat mostO(t logm) bits
longwherem is theinputsize,sinceO(log m) bits sufce to identify a clauseor
variablein T( ). Theanswerdrom the two proversP; andP, are3t andt bits
long.

We now plug this two-prover protocolinto the reductionof Bellareand Rog-
away [9, Sectiond] from SAT to restrictedquadratigprogrammingvia two-prover
protocols. Their descriptionassumegor simplicity that the questionand answer
lengthsof the two-prover protocolarethe same but their reductionworks even if
thesesizesare different. Using the fact thatthe answerengthis at most3t, we
obtair?:

Lemma 3.2 (Bellare and Rogaway[9]) Ther is a constantf > 1 sud that for
any sufciently large integer t 1, there is a reductionT; that maps3-CNF
formulasof sizem to 23t -restrictedQP [2°(11°9 ™)] sudh that:

1. If issatis able thenOPT(T1( )) = wj for somews.
2. If isunsatis able thenOPT (T2o( ))  w, for somew,.
3. w—; ft.

Moreover, this reduction,including the computationof w; and w,, runsin time
20(t log m)_

%In Bellareand Rogavay's reduction the connectiorbetweerthe parametersf the two-prover

protocolfor 3-SAT andthe parametersf the resulting -restrictedQP[] instanceis asfollows:

is exponentialin the answerength, is exponentialin the questionlength,andthe“gap” f  in
Lemma3.2is thereciprocalof the errorprobability of the protocol.
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From Quadratic Programming to Norm Maximization. Brieden([15], Theo-
rem3.4)describeg sequencef interestingreductionghatcorvertsaninstanceof
gquadraticprogrammingo aninstanceof the norm maximizationproblem. Using
this reductionwe obtain:

Lemma 3.3(Brieden [15]) Forany > 0, therisareductionT, fromrestricted
Quadmtic Programmingto Symmetrid-ull-dimensionalNorm Maximizationthat
maps23 -restrictedQP [2°(t109™)] jnto N M [20(t2* logm) . 20(tlog m)] wyith thefol-

lowing property: for anyinputL of QPto To,

OPT(L)

i+ ) OPT(To(L)) @+ )OPT(L):

Moreover, thereductionT, runsin time 20(t2* logm)

From Norm Maximization to Width Computation. The reductionfrom Sym-
metric Full-DimensionaNorm Maximizationto Width computatioris simple[20]
andis in factusedby Brieden[15]. Leta; 2 IR" bethe vectorthatcorresponds
to thei'th row of matrix A which is input to the norm-maximatiorproblem,for

1 i m. Thusthenorm-maximizatiorproblemis
= Maximize  jjXjj2 3)
Subjecto hai;xi? 1;forl i m:

ThereductionT3 simply constructsa setB of pointsby adding,for eachl
i m,thepointsa; and a to B. SinceB is a symmetricpointset,Ry(B)? is
givenby the program

Minimize
Subjectto hai;xi? ; forl i m; (4)
kxk? = 1
It is easyto verify that = 1=Ry(B).
ThereductionT claimedin Lemma3.1 is obtainedby composingthe reduc-
tionsTy, T, andTs. In particular choose suchthat(1 + )2 < f,andlet

1
c= mf > 1:
It cannow bechecledthatLemma3.1 holdswith this choiceof c. [ ]

Theorem3.4 1. Ther existsa constant > 0 sud that the following holds:
thereis noquasi-polynomialimealgorithmthatapproximatesR 1 (P) within
(logn) unlessNP P

14



2. Fix anyconstanto 1. Thenther is no quasi-polynomiatime algorithm
thatappoximatesR1(P) within (log d)? unlessNP P,

Proof: To prove partl, weapplythereductionof Lemma3.1witht = loglogm
to obtain an instanceof computingR; for a setof n = 2002 logm) iy g =
20(tlogm) dimensionsChoose °< %€, Then

ct ct
223 ° (@24 °

(50)' > @) (ogm) "

Thusc' > (t23 logm) °. Sincen = 20(t2* logm) \ye canchoose < Osuch
thatfor n large enough,
¢ > (logn) :

To prove part2, we applythereductionof Lemma3.1with t = % for
somesufciently largeconstanp. Then,

t 2plog log m
C 27p9’og 2ploglogm

2p|0g logm
tP tP tP

logm

p
- 2plog logm > P loglogm.

sincelogm > t for sufciently largem.
Thus,ct > tP2rloglogm = (t|ogm)P. Sincethedimensiond is 2°(tl0am) 'jt
follows thatfor every constanb 1, we canchoosep large enoughsuchthat

c > (log d)®:

Obsenrethatthereductionrunsin quasi-polynomiatime for our choiceof t in both
thecasesandhencehetheoremfollows. [

We now give the easyreductionfrom width to the outerk-radiusthat proves
themainresultof this section.

Theorem3.5 1. Ther existsa constant > 0 sud that the following holds
forany0 < " < 1: ther is no quasi-polynomiatime algorithmthat ap-
proximatesR (P) within (logn) forall k sucthatk d d unlessNP

P.

2. Fixany" > 0. Fix anyconstantc 1. Thenther is no quasi-polynomial
time algorithmthat approximatesR (P) within (log d)€ for all k suc that
k d d unlessN\P DTIMEP.

Proof: Let P bea setof n pointsin IRY. We mapP to asetP?of n points
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follows from this reductionandsomesimplecalculations:Obsenre thatthereduc-
tion runsin polynomialtime evenif we setk tobed*™"  d+ 1. With this choice,
thetargetdimensiond®:= d+ k 1lequald™. Thusk = d©¥° d+1 d° d°.
Theorem3.5 (1) now follows by applyingTheorem3.4 (1). For part(2), we apply
Theorem3.4 (2) with b= 2c. Since

(logd)?®* ("logd)? = (logd=epg)c(logd)® (logd)®

for sufciently larged®, Theorem3.5(2) alsofollows. [

4 Conclusions

Findingef cient roundingmethoddor semide niteprogrammingelaxationplays
a key role in constructingbetterapproximationalgorithmsfor various hard op-
timization problems. All of them developedto date are randomizedin nature.
Thereforethe mixeddeterministiandrandomizedoundingproceduraleveloped
in this papermay have its own independentalue. We expectto seemoreapplica-
tionsof theproceduren approximatingzariouscomputationafjeometryandspace
embeddingproblems.
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