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Abstract

We considerthe problemof computingthe outer-radii of point sets. In
this problem,we are given integersn; d;k wherek � d, and a set P of
n points in Rd. The goal is to computethe outer k-radiusof P, denoted
by Rk (P), which is theminimum,over all (d � k)-dimensional�ats F , of
maxp2 P d(p;F ), whered(p;F ) is theEuclideandistancebetweenthepoint
p and �at F . Computingthe radii of point setsis a fundamentalproblem
in computationalconvexity with many signi�cant applications.Theproblem
admitsa polynomialtime algorithmwhenthedimensiond is constant[16].
Herewe areinterestedin thegeneralcasewhenthedimensiond is not �x ed
andcanbeaslargeasn, wheretheproblembecomesNP-hardevenfor k = 1.

It is known that Rk (P) canbe approximatedin polynomial time by a
factorof (1 + "), for any " > 0, whend � k is a �x edconstant[8, 23]. A
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polynomial time algorithmthat guaranteesa factorof O(
p

logn) approxi-
mationfor R1(P), thewidth of thepoint setP, is implied by theresultsof
Nemirovski et al. [29] andNesterov [28].

In this paper, we show that Rk (P) can be approximatedby a ratio of
O(

p
logn) for any 1 � k � d, thusmatchingthe previously bestknown

ratio for approximatingthe specialcaseR1(P), the width of point setP.
Our algorithmis basedon semide�niteprogrammingrelaxationwith a new
mixeddeterministicandrandomizedroundingprocedure.

We alsoprove an inapproximabilityresult that givesevidencethat our
approximationalgorithmis doingwell for a largerangeof k. We show that
thereexistsa constant� > 0 suchthat thefollowing holdsfor any 0 < " <
1: thereis no polynomial time algorithmthat approximatesRk (P) within
(log n) � for all k suchthat k � d � d" unlessNP � DTIME [2(log m )O (1)

].
Ourinapproximabilityresultfor Rk (P) extendsapreviouslyknownhardness
resultof Brieden[15], and is proved by modifying Brieden's construction
usingbasicideasfrom PCPtheory.

1 Intr oduction

Computingtheouterk-radiusof a point set is a fundamentalproblemin compu-
tationalconvexity with applicationsin globaloptimization,datamining, statistics
andclustering,andhasreceivedconsiderableattentionin thecomputationalgeom-
etry literature [21, 22, 23]. In this problem,we aregiven integersn; d;k where
k � d, andasetP of n pointsin Rd. A �at or af�ne subspaceF in Rd is speci�ed
by a point q 2 Rd anda linearsubspaceH ; it is de�ned asF = f q + hjh 2 H g.
Thedimensionof the �at F is de�ned to be thedimensionof the linearsubspace
H . For any �at F , let R(P; F ) = maxp2 P d(p;F ) denotetheradiusof the�at F
with respectto P, whered(p;F ) is theEuclideandistancebetweenthepointp and
�at F . Thegoal is to computetheouterk-radiusof P, denotedby Rk (P), which
is theminimum of R(P; F ) over all (d � k)-dimensional�ats F . A (d � k)-�at
is simply a �at of dimensiond � k. Roughlyspeaking,theouterk-radiusRk(P)
measureshow well thepoint setP canbeapproximatedby anaf�ne subspaceof
dimensiond � k. A few specialcasesof Rk (P) whichhave receivedparticularat-
tentionincludes:R1(P), half of thewidthof P; Rd(P), theradiusof theminimum
enclosingball of P; andRd� 1(P), theradiusof theminimumenclosingcylinder
of P.

Whenthedimensiond is a �x edconstant,Rk (P) canbecomputedexactly in
polynomialtime[16]. It is alsoknown thatRk(P) canbeapproximatedby afactor
of (1 + "), for any " > 0, in O(n + f d( 1

" )) time [7, 2], wheref d is a polynomial
for every �x edd. In this paper, we areinterestedin thegeneralscenariowhenthe
dimensionsk andd arenot �x edandd canbeaslargeasn.
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Whenthe dimensionsk andd arepart of the input, the complexity of com-
puting/approximating Rk(P) dependson the parameterd � k. It is well-known
that theproblemis polynomialtime solvablewhend � k = 0, i.e., theminimum
enclosingball of a setof pointscanbecomputedin polynomialtime (Gritzmann
andKlee[21]). Megiddo[27] showsthattheproblemof determiningwhetherthere
is a line that intersectsa setof balls is NP-hard. In his reduction,the balls have
the sameradius,which implies that computingthe radiusRd� 1(P) of the min-
enclosingcylinder of a setof pointsP is NP-hard. B�adoiuet al. [8] show that
Rd� 1(P) canbeapproximatedin polynomialtime by a factorof (1 + "), for any
" > 0. Har-PeledandVaradarajan[23, 24] generalizethe resultandshow that
Rk (P) canbeapproximatedby a factorof (1 + ") for any " > 0 whend � k is
constant1.

Morehardnessresultsareknown whend� k becomeslargeor whenk becomes
small. Bodlaenderet al. [11] show thattheproblemis NP-hardwhenk = 1. This
is true even for the casen = d + 1 ( [21]). GritzmannandKlee [21] alsoshow
that it is NP-hardto computeRk (P) if k � c � d, for any �x ed0 < c < 1. These
negative resultsarefurther improved by Briedenet al. [12] andBrieden[15], the
latterof which hasshown that it is NP-hardto approximateR1(P), thewidth of a
point set,to within anyconstantfactor.

Onthepositiveside,thealgorithmsof Nemirovski etal. [28] andNesterov [29]
imply thatR1(P), orequivalentlythewidthof thepointsetP, canbeapproximated
within a factorof O(

p
logn). Anotheralgorithmfor approximatingthewidth of a

point setis givenby Briedenet al. [13, 14] andtheir algorithmhasa performance
guarantee

p
d=logd that is measuredin thedimensiond. Their algorithmin fact

works for any convex body given in termsof appropriate“oracles”; the number
of calls to the oracleis polynomialin thedimensiond. They alsoshow that this
is the bestpossibleresult in the oraclemodeleven if randomizationis allowed.
(For the caseof a setwith n points, their algorithmactuallygives a

p
d=logn

approximationwith poly(n) calls to the oracle.) It is not clearif their algorithm
canbeextendedto computingRk (P).

Theproblemof ef�ciently computinglow-rankapproximationof matriceshas
received considerableattentionrecently;see[1, 6, 18] andthereferencescited in
thesepapers.Thisproblemcorrespondsto computingthebest(d� k)-dimensional
subspacethat �ts a point set,wherethe quality of a subspaceis the sumof the
squareof thedistanceof eachpoint from the�at. Theproblemis thereforerelated
to theonewestudyin thispaper, wherethequalityof a�at is themaximumoverthe
point-�at distances.However, thelow-rankapproximationproblemcanbesolved
in polynomialtime for any 1 � k � d.

1NotethatRopt
k in [24] is thesameasRd� k in thispaper
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Our Resultsand an Overview

We show that Rk(P) can be approximatedin polynomial time by the factor of
O(

p
logn) for all 1 � k � d, therebygeneralizingthe resultof Nemirovski et

al. [28] to all valuesof k. Our algorithmis basedon semide�niteprogramming
relaxationwith amixeddeterministicandrandomizedroundingprocedure,in con-
trastto all otherpurelyrandomizedroundingproceduresusedfor semide�nitepro-
grammingapproximation.

Generallyspeaking,the problemof computingRk (P) canbe formulatedas
a quadraticminimization problem. Semide�nite programming(SDP) problems
(wherethe unknowns arerepresentedby positive semide�nitematrices)have re-
cently beendevelopedfor approximatingsuchproblems;see,for example,Goe-
mansandWilliamson [19]. In thecaseof k = 1, computingR1(P) corresponds
to a SDP problemplus an additionalrequirementthat the rank of the unknown
matrix equals1. Removing therankrequirement,theSDPproblembecomesa re-
laxationof theoriginalproblemandpolynomiallysolvablefor any givenaccuracy.
Onceobtaininganoptimalsolution,sayX , of theSDPrelaxation,onewould like
to generatea rank-1 matrix, sayX̂ = yyT , from X , wherey is a columnvector
and serves as a solution to the original problem. Suchrank reductionis called
“rounding”, andmany roundingproceduresareproposedandalmostall of them
arerandomized,see,for example,[10].

Oneparticularprocedurehasbeenproposedby Nemirovski et al. [28] which
canbe usedfor approximatingR1(P). Their procedureis a simplerandomized
roundingthatcanbedescribedasfollows: anoptimalsolutionX of theSDPrelax-
ation,whoserankcouldbeaslargeasd, canberepresentedas(e.g.,by eigenvector
decomposition)

X = � 1v1vT
1 + � 2v2vT

2 + � � � + � dvdvT
d :

Thenonecangeneratea singlevectory by takinga randomlinearcombinationof
the vectors

p
� 1v1;

p
� 2v2; � � � ;

p
� dvd wherethecoef�cients of the combination

takesvaluesof � 1 or 1 uniformly andindependently.
For the casek � 2, the SDP relaxationthat we describeis bestviewed as

a direct relaxationof the problemof computingRk (P), ratherthan one that is
obtainedvia aquadraticprogramformulationof Rk (P). Wethenneedto generate
k rank-1 matricesfrom X , theoptimalsolutionof theSDPrelaxation,suchthat

X̂ =
kX

i =1

yi yT
i

whereyi sareorthogonalto eachother. Our roundingprocedureworksasfollows.
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Having obtainedanoptimalsolutionfor theSDPrelaxationwith

X = � 1v1vT
1 + � 2v2vT

2 + � � � + � dvdvT
d ;

we deterministicallypartitionthevectorsv1; v2; � � � ; vd into k groupswheregroup
j maycontainn j vectorsandeachgroupcanbeseenasasinglesemide�nitematrix
with rankn j . We thengenerateonevectorfrom eachgroupusingtherandomized
roundingproceduresimilar to that of Nemirovski et al. [28]. The k vectorsgen-
eratedby this roundingprocedurewill automaticallysatisfytheconditionthatany
pair of themmustbeorthogonalto eachother. We thenmanageto show that the
qualityof thesevectorsyieldsanapproximationratioof nomorethanO(

p
logn).

Wealsoprove aninapproximabilityresultthatgivesevidencethatourapprox-
imationalgorithmis doingwell for a largerangeof k. Weshow thatthereexistsa
constant� > 0 suchthatthefollowing holdsfor any 0 < " < 1: thereis no poly-
nomialtimealgorithmthatapproximatesRk (P) within (log n) � for all k suchthat
k � d � d" unlessNP � ~P. ~P denotesthecomplexity classDTIME[2(log m)O (1)

],
which is sometimesreferredto asdeterministicquasi-polynomialtime. Thatis, ~P
containsthe setof all problemsfor which thereis an algorithmthat runsin time
2(log m)O (1)

on inputsof sizem.
To prove thelower boundresult,westartwith a two-prover protocolfor 3SAT

in which theveri�er hasvery low errorprobability. Sucha protocolis obtainedas
aconsequenceof thePCPTheoremof Aroraetal. [4, 5] andtheparallelrepetition
theoremof Raz[30]. The constructionof Brieden[15] thenimplies a reduction
from Max-3SAT to Width Computationsuchthat the ratio of the width of point
setsthatcorrespondto satis�ableinstancesto thosethatcorrespondto unsatis�able
instancesis large. This separationgives us the inapproximabilityresult for the
width. This resultcanthenbeextendedto an inapproximabilityresultfor Rk(P)
for a largerangeof k.

The remainderof thepaperis organizedasfollows. In Section2, we present
our algorithmfor approximatingthe outerk-radiusRk(P) of a point setP. In
Section3, we describeour inapproximabilityresults.We make someconcluding
remarksin Section4.

2 Approximating the Radius

We now presentthequadraticprogramformulationof theouterk-radiusproblem
andits semide�niteprogrammingrelaxation. It will be helpful to �rst introduce
somenotationsthatwill be usedlater. The traceof a given squarematrix A, de-
notedby Tr(A), is the sumof the entrieson the main diagonalof A. We useI
to denotethe identity matrix whosedimensionwill be clear in the context. The
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innerproductof two vectorsp andq is denotedby hp;qi . The2-normof a vector
x, denotedby kxk, is de�ned by

p
hx; xi . For a matrix X , we usethe notation

X � 0 to meanthatX is apositive semide�nitematrix. For simplicity, weassume
that P is symmetricin the sensethat if p 2 P then � p 2 P. This is without
lossof generalityfor the following reason:We may, by performinga translation
if necessary, assumethat 0 2 P. Denotethe set f� pjp 2 Pg by � P and let
Q = P [ � P. It is clearthatRk (P) � Rk (Q) � 2Rk (P). Therefore,if we found
a goodapproximationfor Rk (Q) then it mustalsobe a goodapproximationfor
Rk (P).

SinceP is asymmetricpointset,thebest(d � k)-�at for P containstheorigin
so that it is a subspace.Thus,thesquareof Rk(P) canbede�ned by theoptimal
valueof thefollowing quadraticminimizationproblem:

Rk (P)2 := Minimize �
Subjectto

P k
i=1 hp;x i i 2 � �; 8p 2 P;

kx i k2 = 1; i = 1; :::; k;
hx i ; x j i = 0; 8i 6= j:

(1)

Assumethat x1; x2; � � � ; xk 2 Rd is the optimal solutionof (1). Thenonecan
easilyverify thatthematrixX = x1xT

1 + x2xT
2 + � � � + xkxT

k is a feasiblesolution
for thefollowing semide�niteprogram:

� �
k := Minimize �

Subjectto Tr(ppT X ) (= pT X p) � �; 8p 2 P;
Tr(X ) = k;
I � X � 0; X � 0:

(2)

It follows that� �
k � Rk(P)2. Thefollowing lemmafollows from theabove obser-

vations.

Lemma 1 There exists an integer r � k such that we can compute, in poly-
nomial time, r nonnegative reals � 1; � 2; � � � ; � r and r orthogonal unit vectors
v1; v2; � � � ; vr such that

(i).
P r

i =1 � i = k:

(ii). max1� i � r � i � 1:

(iii).
P r

i =1 � i hp;vi i 2 � Rk (P)2, for anyp 2 P.

Proof: We solve thesemide�niteprogram(2), andlet X � beanoptimalsolu-
tion of (2). Weclaimthattherankof X � , sayr , is at leastk. This follows from the
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fact thatTr(X � ) = k andI � X � � 0. In otherwords,Tr(X � ) = k implies that
thesumof theeigenvaluesof X � is equalto k, andI � X � � 0 implies that the
all eigenvaluesarelessthanor equalto 1. Therefore,X � hasat leastk non-zero
eigenvalues,which impliesthattherankof X � is at leastk. Let � 1; � 2; � � � ; � r be
ther nonnegativeeigenvaluesandv1; v2; � � � ; vr bethecorrespondingeigenvectors
(see[28] page466on computingtheeigenvaluesandeigenvectorsin polynomial
time). Thenwe have

P r
i =1 � i = k andmax1� i � r � i � 1: Furthermore,for any

p 2 P,

rX

i =1

� i hp;vi i 2 = Tr(ppT
rX

i =1

� i vi vT
i ) = Tr(ppT X � ) � � �

k � Rk (P)2:

2.1 Deterministic First Rounding

In this section,we prove a lemmaconcerninghow to deterministicallygroupthe
eigenvaluesandtheir eigenvectors. The proof of the lemmais elementarybut it
playsanimportantrole for proving ourmainresult.

Lemma 2 Theindex setf 1; 2; � � � ; r g canbepartitionedinto k setsI 1; I 2; � � � ; I k

such that for anyi : 1 � i � k,
P

j 2 I i
� j � 1

2 :

Proof: Recall that
P r

j =1 � j = k and0 � � j � 1 for all j . Without lossof
generality, we canassumethat� 1 � � 2 � � � � � � r . Our partitioningalgorithmis
thesameastheLongest-Processing-Time heuristicalgorithmfor parallelmachine
schedulingproblem.Thealgorithmworksasfollows:

STEP1. For i = 1; 2; � � � ; k, setI i = ; andlet L i = 0. Let I = f 1; 2; � � � ; r g.
STEP2. While I 6= ;

choosej from I with thesmallestindex;
chooseseti with thesmallestvalueL i ;
Let I i := I i [ f j g, L i := L i + � j andI := I � f j g:

It is clearthatwhenthealgorithmstops,thesetsI 1; I 2; � � � ; I k areapartitionof
f 1; 2; � � � ; r g. Now weprove thelemmaby contradiction.Assumethatthereexists
somet suchthat

P
j 2 I t

� j < 1
2 :

Wenow claimthat,for all i ,
P

j 2 I i
� j � 1: Otherwise,suppose

P
j 2 I t 0

� j > 1
for somet0. Note that � j � 1 for every j andthusthereareat leasttwo eigen-
valuesareassignedto I t0. Denotethelastelementwithin I t0 by s0. It follows thatP

j 2 I t 0
� j � � s0 =

P
j 2 I t 0nf s0g � j �

P
j 2 I t

� j since,otherwise,we would have

not assigned� s0 to I t0 in thealgorithm. However, since
P

j 2 I t
� j < 1

2 , we must
have

P
j 2 I t 0

� j � � s0 =
P

j 2 I t 0nf s0g � j < 1
2 : Thus,� s0 >

P
j 2 I t 0

� j � 1
2 > 1

2 :
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This is impossiblesince� s0 is the last eigenvalue assignedto I t0, which implies
� s0 � � j for every j 2 I t0, andwe have alreadyproved that theremustexist an l
suchthats0 6= l 2 I t0 and� l �

P
j 2 I t 0nf s0g � j < 1

2 : Therefore,
P

j 2 I i
� j � 1 for

all i , andin particular
P

j 2 I t
� j < 1

2 : It follows that
P k

i=1
P

j 2 I i
� j < k: How-

ever, we know thatsinceI 1; I 2; : : : ; I k is a partitionof theindex setf 1; 2; : : : ; r g,P k
i=1

P
j 2 I i

� j =
P r

j =1 � j = k: This resultsin acontradiction.Therefore,sucht
doesnotexistsandtheproof is completed.

Noticethattherunningtime of thepartitioningalgorithmis boundedby O(r �
k).2

2.2 RandomizedSecondRounding

Assumenow thatwe have foundI 1; I 2; � � � ; I k . Thenour next randomizedround-
ing procedureworksasfollows.

STEP1. Generateanr dimensionalrandomvector� suchthateachentryof �
takesvalue,independently, � 1 or 1 with probability 1

2 eachway.
STEP2. For i = 1; 2; � � � ; k, let

x i =

P
j 2 I i

� j
p

� j � vj
q P

j 2 I i
� j

:

The following Lemmasshow that x1; x2; � � � ; xk form a feasiblesolutionfor
theoriginalproblem.In otherwords,they arek orthogonalunit vectors.

Lemma 3 For i = 1; 2; � � � ; k, kx i k = 1.

Proof: Recallthathvl ; vj i = 0 for any l 6= j andkvj k = 1. By de�nition,

kx i k2 =

* P
j 2 I i

� j
p

� j vj
q P

j 2 I i
� j

;

P
j 2 I i

� j
p

� j vj
q P

j 2 I i
� j

+

=
1

P
j 2 I i

� j

X

j 2 I i

h� j
p

� j vj ; � j
p

� j vj i

=
1

P
j 2 I i

� j

X

j 2 I i

(� j )2� j kvj k2

2An alternative way of partitioningthe eigenvaluesis the following: First, put the eigenvalues
thataregreaterthanor equalto 1=2 into distinctsubsets.If thenumberof sucheigenvalues,sayl ,
is not lessthank, thenwe aredone.Otherwise,arbitrarily put theremainingeigenvaluesinto k � l
subsetssuchthatthesumof eigenvaluesin eachsubsetis greaterthanor equalto 1=2. This method
wassuggestedby ananonymousrefereeof a preliminaryversionof this paper.
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= 1

Lemma 4 If s 6= t thenhxs; x t i = 0.

Proof: Sincefor any j 2 I s andl 2 I t , hvj ; vl i = 0,

hxs; x t i

=

* P
j 2 I s

� j
p

� j vj
q P

j 2 I s
� j

;

P
j 2 I t

� j
p

� j vj
q P

j 2 I t
� j

+

=
1

q P
j 2 I s

� j �
P

j 2 I t
� j

*
X

j 2 I s

� j
p

� j vj ;
X

j 2 I t

� j
p

� j vj

+

= 0:

Now we establisha boundon the performanceof our algorithm. First, let us
introduceBernstein's Theorem(see,e.g., [28]), which is a form of the Chernoff
Bound.

Lemma 5 Let � be a randomvectorwhoseentriesare independentand either1
or � 1 with probability 1

2 each way. Then,for anyvectore and� > 0,

probfh�; ei 2 > � kek2g < 2 � exp(�
�
2

):

Let Cip =
P

j 2 I i
� j hp;vj i 2. Thenwehave

Lemma 6 For each i = 1; 2; � � � ; k andeach p 2 P, wehave

probfhp;x i i 2 > 12log(n) � Cip g <
2
n3 :

Proof: Given i andp, de�ne a jI i j dimensionalvectore suchthat its entriesarep
� j hp;vj i ; j 2 I i , respectively. Furthermore,we de�ne the jI i j dimensional

vector� jI i whoseentriesarethoseof � with indicesin I i . Firstnoticethat

kek2 =
X

j 2 I i

(
p

� j hp;vj i )2 =
X

j 2 I i

� j � hp;vj i 2 = Cip :
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Ontheotherhand,since
P

j 2 I i
� j � 1

2 ,

hp;x i i 2

=

*

p;

P
j 2 I i

p
� j vj � j

q P
j 2 I i

� j

+ 2

� 2

*

p;
X

j 2 I i

p
� j vj � j

+ 2

= 2

0

@
X

j 2 I i

p
� j � j hp;vj i

1

A

2

= 2h� jI i ; ei 2 :

Thus

probfhp;x i i 2 > 12log(n)Cip g � probfh� j I i ; ei 2 > 6log(n)kek2g:

Therefore,theconclusionof thelemmafollows by usingLemma5 andby letting
� = 6log(n).

Theorem 1 We can computein polynomialtime, a (d � k)-�at such that, with
probability at least1 � 2

n , thedistancebetweenanypointp 2 P andF is at mostp
12log(n) � Rk(P):

Proof: For giveni = 1; 2; � � � ; k andp 2 P, considertheevent

B ip = f � jhp;x i i 2 > 12log(n) � Cip g

andB =
S

i;p B ip . TheprobabilitythattheeventB happensis boundedby

X

i;p

probfhp;x i i 2 > 12log(n) � Cip g <
2kn
n3 �

2
n

:

If B doesnothappen,thenfor any i andp,

hp;x i i 2 � 12log(n) � Cip :

Therefore,for eachp 2 P,
kX

i =1

hp;x i i 2 � 12log(n)
kX

i =1

Cip � 12log(n) � Rk (P)2:

Thelast inequalityfollows from Lemma1. This completestheproof by takingF
asthesubspacewhich is orthogonalto thevectorsx1; x2; � � � ; xk .
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3 The Inappr oximability Results

We startwith formal de�nitions of theproblemsthatwill beusedin thesequence
of reductionsfrom 3-SAT to computingthe outerk-radiusRk(P) of a setP of
points. Our startingpoint will be theclassic3-SAT problem,wherewe aregiven
a 3-CNF formula andwe want to know if thereis an assignmentto its variables
that simultaneouslysatis�esall its clauses.The next problemwe consideris the
resrictedquadraticprogrammingproblemasde�ned by Brieden[15].

De�nition 3.1(� -RestrictedQuadratic Programming) Wearegivennon-negative
integers �; � ; �; � and non-negative rational numbers cp;q;a;b for p 2 [� ], q 2
[� ], a 2 [� ] and b 2 [� ]. (For a non-negative integer n, [n] denotesthe set
f 1; 2; : : : ; ng.) Our goal is to maximize

f (x) =
X

p;q;a;b

cp;q;a;bxp;ayq;b

over thepolytopeP � IR�� + � � describedby
X

a2 [� ]

xp;a = 1 for p 2 [� ];

X

b2 [� ]

yq;b = 1 for q 2 [� ];

0 � xp;a � 1 for p 2 [� ]; a 2 [� ];

0 � yq;b � 1 for q 2 [� ]; b 2 [� ]:

Wedenoteinstancesin which �; � � � and�; � � � by � -restrictedQP[�] .

De�nition 3.2(Symmetric Full-Dimensional Norm Maximization) Wearegiven
a string(n; m; A), wheren andm arenatural numbers,A is a rationalm � n ma-
trix. Our goal is to maximize

f (x) = jjxjj2

over all vectors x that belongto the polytopeP = f xj � 1 � Ax � 1g. We
denotean instancein which thenumberof rowsof A is at mostm andthenumber
of columnsis at mostn by N M [m; n].

We �rst prove an inapproximabilityresultfor thecasek = 1 andlaterextend
it to a large rangeof k using a simple reduction. The crux of the proof is the
following lemma.
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Lemma 3.1 There is a constantc > 1 such that for anysuf�ciently large integer
parametert � 1, there is a reductionT from3-SAT formulasof sizem to comput-
ing R1 for a point setof sizen = 2O(t23t log m) in d = 2O(t log m) dimensionssuch
that:

1. If  is satis�able, thenR1(T( )) � w for somew.

2. If  is unsatis�able, thenR1(T( )) � w0 for somew0.

3. w
w0 � ct .

Thisreduction,includingthecomputationof w andw0, runsin time2O(t23t log m) .

Proof:
Theproof involvesasequenceof threereductions.

From 3SAT to Quadratic Programming. BellareandRogaway [9, Section4]
give a reductionfrom 3-SAT to quadraticprogrammingvia a two-prover protocol
for 3-SAT. We usetheir reduction,but in orderto get the right parametersin the
hardnessof approximationresultfor quadraticprogramming,we needto replace
thetwo proverprotocolthatthey startoff with by adifferentone.Wenow describe
this two prover protocolfor 3-SAT.

The two-prover protocol: Feige [17, Proposition2.1.2] shows thereexists a
polynomialtime reductionT from 3-CNFformulasto 3-CNFformulassuchthat
eachclauseof T( ) hasexactlythreeliterals(correspondingto threedifferentvari-
ables)andeachvariableappearsin exactly � veclausesandfurthermore

1. If  is satis�able,thenT( ) is satis�able.

2. If  is not satis�able,thenT( ) is atmost(1 � � )-satis�ablefor somecon-
stant0 < � < 1. That is, any assignmentsatis�esat mosta fraction(1 � " )
of all clausesin T( ).

Withouttherequirementthateachvariableappearin exactly� veclauses,sucha
reductionis known to beaconsequenceof thePCPTheorem[4]. Wenow describe
thestepstakenby theveri�er in thetwo-prover protocol.

Step1: Convert  to T( ).

Step 2: Chooset clausesuniformly at random(with replacement)from T( ).
Ask prover P1 for anassignmentto thevariablesin eachclausechosen.

12



Step3: Fromeachchosenclause,chooseoneof thethreevariablesin thatclause
uniformly at random. We get t distinguishedvariables,possiblywith repititions.
Ask theprover P2 for anassignmentto eachof theset variables.

Step4: Acceptif for eachchosenclause,it is satis�edby theassignmentreceived
from prover P1, andtheassignmentsmadeby thetwo proversto thedistinguished
variablefrom the clauseareconsistent.(Acceptancemeansthat the veri�er de-
clares to besatis�able.)

By Raz's parallel repetitiontheorem[30], the error probabibility of this pro-
tocol, which is the probability that the veri�er acceptsa 3CNF formula  that is
unsatis�able,is boundedabove by st for somes < 1. Wereferthereaderto Feige
[17, Section2.2] for a discussionof this andto thepaperby H	astad[25] for more
detailson theuseof two-prover protocolsin inapproximabilityresults.Also, note
that in this protocol,the questionsto the two proversareat mostO(t logm) bits
long wherem is the input size,sinceO(log m) bits suf�ce to identify a clauseor
variablein T( ). The answersfrom the two proversP1 andP2 are3t andt bits
long.

We now plug this two-prover protocolinto the reductionof BellareandRog-
away [9, Section4] from SAT to restrictedquadraticprogrammingvia two-prover
protocols. Their descriptionassumesfor simplicity that the questionandanswer
lengthsof thetwo-prover protocolarethesame,but their reductionworkseven if
thesesizesaredifferent. Using the fact that the answerlengthis at most3t, we
obtain3:

Lemma 3.2(Bellare and Rogaway[9]) There is a constantf > 1 such that for
any suf�ciently large integer t � 1, there is a reductionT1 that maps3-CNF
formulasof sizem to 23t -restrictedQP[2O(t log m) ] such that:

1. If  is satis�able, thenOPT(T1( )) = w1 for somew1.

2. If  is unsatis�able, thenOPT(T2( )) � w2 for somew2.

3. w1
w2

� f t .

Moreover, this reduction,including the computationof w1 and w2, runs in time
2O(t log m) .

3In BellareandRogaway's reduction,theconnectionbetweentheparametersof the two-prover
protocol for 3-SAT andthe parametersof the resulting� -restrictedQP [�] instanceis asfollows:
� is exponentialin theanswerlength,� is exponentialin thequestionlength,andthe “gap” f t in
Lemma3.2 is thereciprocalof theerrorprobabilityof theprotocol.
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From Quadratic Programming to Norm Maximization. Brieden([15], Theo-
rem3.4)describesasequenceof interestingreductionsthatconvertsaninstanceof
quadraticprogrammingto an instanceof thenormmaximizationproblem.Using
this reduction,we obtain:

Lemma 3.3(Brieden [15]) For any� > 0, there is a reductionT2 fromrestricted
Quadratic Programmingto SymmetricFull-dimensionalNormMaximizationthat
maps23t -restrictedQP[2O(t log m) ] into N M [2O(t23t log m) ; 2O(t log m) ] with thefol-
lowing property: for anyinputL of QPto T2,

OPT(L)
(1 + � )

� OPT(T2(L )) � (1 + � )OPT(L):

Moreover, thereductionT2 runsin time2O(t23t log m) .

From Norm Maximization to Width Computation. The reductionfrom Sym-
metricFull-DimensionalNormMaximizationto Width computationis simple[20]
andis in fact usedby Brieden[15]. Let ai 2 IRn be the vectorthat corresponds
to the i ' th row of matrix A which is input to the norm-maximationproblem,for
1 � i � m. Thusthenorm-maximizationproblemis


 := Maximize jjxjj2

Subjectto hai ; xi 2 � 1; for 1 � i � m:
(3)

ThereductionT3 simply constructsa setB of pointsby adding,for each1 �
i � m, thepointsai and� ai to B . SinceB is a symmetricpoint set,Rk(B )2 is
givenby theprogram

Minimize �
Subjectto hai ; xi 2 � �; for 1 � i � m;

kxk2 = 1
(4)

It is easyto verify that
 = 1=Rk (B ).
The reductionT claimedin Lemma3.1 is obtainedby composingthe reduc-

tionsT1, T2 andT3. In particular, choose� suchthat(1 + � )2 < f , andlet

c =
1

(1 + � )2 f > 1:

It cannow becheckedthatLemma3.1holdswith thischoiceof c.

Theorem 3.4 1. There existsa constant� > 0 such that the following holds:
thereis noquasi-polynomialtimealgorithmthatapproximatesR1(P) within
(log n) � unlessNP � ~P.
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2. Fix anyconstantb � 1. Thenthere is no quasi-polynomialtimealgorithm
thatapproximatesR1(P) within (log d)b unlessNP � ~P.

Proof: Toprovepart1,weapplythereductionof Lemma3.1with t = log logm
to obtain an instanceof computingR1 for a set of n = 2O(t23t log m) in d =
2O(t log m) dimensions.Choose� 0 < log c

5 . Then

ct

(t23t )� 0 �
ct

(24t )� 0 � (
c

24� 0 )t > (2� 0
)t � (log m) � 0

:

Thusct > (t23t logm) � 0
. Sincen = 2O(t23t log m) , we canchoose� < � 0 such

thatfor n largeenough,
ct > (log n) � :

To prove part2, we applythereductionof Lemma3.1with t = 2p log log m
log c for

somesuf�ciently largeconstantp. Then,

ct

tp �
22p log log m

tp � 2p log log m 2p log log m

tp = 2p log log m
�

logm
t

� p

> 2p log log m ;

sincelogm > t for suf�ciently largem.
Thus,ct > tp2p log log m = (t logm)p. Sincethedimensiond is 2O(t log m) , it

follows thatfor everyconstantb � 1, wecanchoosep largeenoughsuchthat

ct > (log d)b:

Observethatthereductionrunsin quasi-polynomialtimefor ourchoiceof t in both
thecasesandhencethetheoremfollows.

We now give the easyreductionfrom width to the outerk-radiusthat proves
themainresultof thissection.

Theorem 3.5 1. There existsa constant� > 0 such that the following holds
for any 0 < " < 1: there is no quasi-polynomialtime algorithm that ap-
proximatesRk (P) within (log n) � for all k such that k � d � d" unlessNP
� ~P.

2. Fix any" > 0. Fix anyconstantc � 1. Thenthere is no quasi-polynomial
timealgorithmthat approximatesRk (P) within (log d)c for all k such that
k � d � d" unlessNP � DTIME ~P.

Proof: Let P be a setof n pointsin IRd. We mapP to a setP 0 of n points
in IRd+ k� 1 usingthe function that takesa point (x1; : : : ; xd) 2 IRd to the point
(x1; : : : ; xd; 0; : : : ; 0). It is easilychecked that R1(P) = Rk (P0). Theorem3.5
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follows from this reductionandsomesimplecalculations:Observe thatthereduc-
tion runsin polynomialtimeevenif wesetk to bed1=" � d + 1. With thischoice,
thetargetdimensiond0 := d+ k � 1 equalsd1=" . Thusk = d1=" � d+ 1 � d0� d0" .
Theorem3.5(1) now follows by applyingTheorem3.4(1). For part(2), weapply
Theorem3.4(2) with b = 2c. Since

(log d)2c � (" logd0)2c = (log d0=eps2)c(log d0)c � (log d0)c

for suf�ciently larged0, Theorem3.5(2) alsofollows.

4 Conclusions

Findingef�cient roundingmethodsfor semide�niteprogrammingrelaxationplays
a key role in constructingbetterapproximationalgorithmsfor varioushard op-
timization problems. All of them developedto dateare randomizedin nature.
Therefore,themixeddeterministicandrandomizedroundingproceduredeveloped
in thispapermayhave its own independentvalue.We expectto seemoreapplica-
tionsof theprocedurein approximatingvariouscomputationalgeometryandspace
embeddingproblems.
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