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1. In tro duction. Multicriteria optimization problemsare a classof di�cult op-
timization problems in which several di�eren t objective functions have to be taken
care of at the sametime. It will usually be the casethat no single point will mini-
mize all of the several objective functions given at once. Therefore, we are in search
for so-called e�cient points, i. e. feasible points for which there does not exist a
di�eren t feasiblepoint with the sameor smaller objective function values such that
there is a strict decreasein at least one objective function value. Since two di�eren t
e�cien t points will usually be not only quite di�eren t from each other in terms of
objective function values,but also incomparable with each other, we have to gain as
much information aspossibleabout the solution set of a given problem, preferably by
constructing a well-de�ned approximation to it. This is the subject of this paper.

Applications of multicriteria optimization can be found in various areas,e. g. in
engineering design [9, 8, 27], spaceexploration [32], antenna design [26, 25], man-
agement science[10, 3, 20, 30, 34, 1], environmental analysis [29, 11, 12], cancer
treatment planning [23], bilevel programming [16], location science[4], statistics [5],
etc. A further application, power plant optimization, is described in Subsection5.2.

The rest of this paper is as follows. In Section 2, we review in short the problem
of solving one single-criteria convex-quadratic optimization problem by an interior-
point method, namely by an infeasiblepoint method. Sections3 and 4, containing the
main theoretical results of this paper, considerperturb ed optimization problems and
a strategy to compute a warm-start point , i. e. a starting point for the new, perturb ed
problem, computed out of an iteration point for the unperturb ed problem. Armed
with this technique, we are ready to tackle our main problem. After explaining in
short what multicriteria optimization is and wherethe main di�culties lie (Section 5),
we cometo the main part of the paper, Section 6. There, we describe a new e�cien t
adaptive interior-p oint technique for solving convex quadratic multicriteria problems
and show how it can be applied to a real-world multicriteria optimization problem
from power plant control.

2. The In terior-P oin t Algorithm.

� Corresponding author.
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2 An Adaptiv e Warm-Start Technique for Quadratic Multiob jectiv e Optimization

2.1. The Problem. Let there be givena primal quadratic optimization problem
(PQP) of the form

min 1
2 xT Qx + cT x

s. t. Ax = b;
x � 0;

(2.1)

with c 2
� n , b 2

� m , A 2
� m � n and a symmetric matrix Q 2

� n � n . The vector
x 2

� n represents the primal variables.
A dual problem (DQP) to (PQP) is

max � 1
2 xT Qx + bT �

s. t. � Qx + AT � + s = c;
s � 0;

(2.2)

with the dual variables s 2
� n and � 2

� m . The set of primal-dual feasible3-tuple
w = (x; �; s) is given by


 := f w = (x; �; s) 2
� n �

� m �
� n j Ax = b; � Qx + AT � + s = c; (x; s) � 0g:

For a primal-dual feasible point w 2 
, the di�erence between the primal and the
dual objective function values is given by

sT x = cT x + xT Qx � bT � � 0

and is called duality gap. Denote by


 0 := f w = (x; �; s) 2 
 j (x; s) > 0g

the set of strictly feasible points.
In the rest of the paper, we make the following three assumptions.
1. The set of primal-dual feasiblepoints is nonempty: 
 6= ; .
2. The constraint matrix A has full row rank.
3. The matrix Q is positive semide�nite.

Clearly, under theseassumptions,a primal-dual point w = (x; �; s) is optimal for
(PQP) aswell as (DQP) (i. e. x is optimal for (PQP) and (�; s) is optimal for (DQP))
if the KKT-conditions hold:

F (x; �; s) :=

2

4
� Qx + AT � + s � c

Ax � b
SX e

3

5 = 0; (x; s) � 0: (2.3)

Here, as usual, e := (1; 1; :::; 1)T 2
� n , S := diag(s) 2

� n � n and X := diag(x) 2
� n � n .

2.2. The Algorithm. We now perturb the right hand side of the system of
equations F (x; �; s) = 0 in the usual way by consideringa parameter � > 0 and the
perturb ed system

F� (x; �; s) :=

2

4
� Qx + AT � + s � c

Ax � b
SX e� � e

3

5 =

2

4
0
0
0

3

5 ; (x; s) > 0: (2.4)
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A Newton step for the nonlinear system of equations F� (x; �; s) = 0 amounts in
solving the linear system

2

4
� Q AT I
A 0 0
S 0 X

3

5

2

4
� x
� �
� s

3

5 =

2

4
� r c

� rb

� (SX e� � �e )

3

5 : (2.5)

Here, we have used the abbreviations r b := Ax � b and r c := � Qx + AT � + s � c.
(Note that for theseabbreviations, r b aswell as r c depend on (x; �; s).) Moreover, we
used� = � � with the dualit y measure

� =
xT s
n

(2.6)

and the centering parameter � 2] 0; 1[. This parameter weights the competing aims
of convergenceof � to zero and closenessto the central path. Denote by � w =
(� x; � �; � s) the solution of the linear system (2.5).

Basically, we want to execute Newton steps for F� with the parameter � > 0
converging to 0. For prespeci�ed parameters 
 2 ] 0; 1 [, � � 1, and a starting point
(x0; � 0; s0) de�ning residuals r 0

b and r 0
c and a dualit y measure� 0, all iterates of the

algorithm presented below will lie in the set

N �1 (
 ; � ) :=
�

(x; �; s)

�
�
�
� k(rb; r c)k2 �

k(rb
0; r c

0)k2

� 0
� �; (x; s) > 0;

x i si � 
 � 8 i = 1; 2; : : : ; n

)

:
(2.7)

Here, the inequality x i si � 
 � servesthe purposeof hindering someproducts x i si to
convergefaster to zerothan other ones. Moreover, due to � � 1, we have(x0; � 0; s0) 2
N �1 (
 ; � ).

In order to stay within the set N �1 (
 ; � ) with all iterates we will intro duce a
step length � > 0. (Indeed, full Newton steps for F� might lead outside of the set.)
We will choose� in such a way that with wk 2 N �1 (
 ; � ) and wk+1 = wk + � � w
we still have wk+1 2 N �1 (
 ; � ). For this, de�ne

(x(� ); � (� ); s(� )) := (x; �; s) + � (� x; � �; � s)

as well as

� (� ) := x(� )T s(� )=n:

Now we are ready to describe the primal-dual infeasible-point long-stepalgorithm for
quadratic problems, seeAlgorithm 1, p. 4.

Remark 1. In caseof r b = 0 as well as r c = 0, i. e. if the starting point ful�lls
already the primal-dual equality constraints, we have a feasible point algorithm. In
this case,all iterates generatedare strictly feasible. Such an algorithm for the problem
consideredhere is discussedin [15]. However, �nding such a starting point turns out
to be rather di�cult. Indeed, there exist problems with 
 6= ; but 
 0 = ; . In the
algorithm above, we do not need such a feasible starting point, just a point with
(x; s) > 0.

With respect to convergence,we just note that wecanusethe convergenceproof of
Wright [35, p. 110�] for algorithm IPF (stated there for linear optimization problems)
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Input : Problem data for problem (PQP): A; b;c;Q.
Choose" > 0, � � 1, 
 2 ] 0; 1 [, � min and � max with 0 < � min < � max < 1=21

and (x0; � 0; s0) 2 N �1 (
 ; � )
k := 02

while3

� k :=
(xk )T sk

n
> " (2.8)

do
Choose� k 2]� min ; � max ] and compute r k

c , r k
b as well as r k

xs by4

r k
c := � Qxk + AT � k + sk � c

r k
b := Ax k � b

r k
xs := Sk X k e � � k � k e:

(2.9)

Compute (� xk ; � � k ; � sk ) by solving5

2

4
� Q AT I
A 0 0
Sk 0 X k

3

5

2

4
� xk

� � k

� sk

3

5 =

2

4
� r k

c
� r k

b
� r k

xs

3

5 : (2.10)

Choose� k as the largest � 2 [ 0; 1 ] such that6

(xk (� ); � k (� ); sk (� )) 2 N �1 (
 ; � ) (2.11)

as well as the Armijo condition

� k (� ) � (1 � 0:01� )� k (2.12)

holds.
De�ne7

(xk+1 ; � k+1 ; sk+1 ) := (xk (� k ); � k (� k ); sk (� k )) :

k := k + 18

endw9

Output : (xk ; � k ; sk )
Algorithm 1: Algorithm QIP for solving a convex-quadratic optimization problem
subject to linear equality and inequality constraints in standard form.

almost verbatim. The only di�erence of any interest is that for the pair (x; s) de�ned
in Lemma 6.3 of [35] the equality xT s = 0 doesnot hold. Instead, we have xT s � 0.
This, however, is su�cien t for the rest of the reasoning to work. We summarize
the main results in the following two theorems, noting again that all iterates can be
infeasible.

Theorem 1 (Convergence). Let f (xk ; � k ; sk )g be a sequence constructed by Al-
gorithm QIP. Then,

1. the sequence f � k g of duality measures convergesQ-linearly to zero, and
2. the sequence fk (r k

b ; r k
c )k2g of residualsconvergesQ-linearly to zero.
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Theorem 2 (Complexity). Let " > 0 be given. Suppose that for the starting
point (x0; � 0; s0) we have that

(x0; � 0; s0) = � (e;0; e) and � � k(x � ; s� )k1

holdsfor a solution (x � ; � � ; s� ) of (PQP) and (DQP). Moreover, let constantsC; � > 0
be given such that

� 2 �
C
" � :

Then, there exists an index K with

K = O(n2j log" j);

such that for the iterates (xk ; � k ; sk ) constructed by algorithm QIP we have that

� k � " for all k � K

holds.

3. W arm-start Poin ts. Let usconsiderthe primal and the dual problem (PQP)
and (DQP) from Subsection2.1. Both problems, (PQP) as well as (DQP), can be
described in a unique way by the 4-tuple

d := (A; b;Q; c): (3.1)

We de�ne the norm of such a data instance d by the maximum of the 2-norm of the
components,

kdk2 := maxfk Ak2; kbk2; kQk2; kck2g: (3.2)

(Of course, the matrix norms are matrix norms induced by the Euclidean norms in
the corresponding vector spaces.)

Let us now consider the data instance d = (A; b;Q; c) as well as the perturb ed
instance ~d := d + � d with the perturbation � d = (0; 0; � Q; � c). (We will seelater,
in Section5, that we are in exactly such a situation if we want to solve a multicriteria
optimization problem.) If we solve the problem described by d with algorithm QIP, all
iterates will lie in N �1 (
 ; � ). If we want to solve the problem represented by d + � d
with algorithm QIP, too, we have to usea similar set for the corresponding sequence
of iterates.

Remark 2. To di�eren tiate between variables and parameters for the original
problem with data instanced from variablesand parametersfor the perturb edproblem
with data instance ~d := d+ � d, we will usea tilde (~) on all variablesand parameters
for the latter to signify the perturbation of the data.

Now let w = (x; �; s) be a primal-dual strictly feasiblepoint of the original prob-
lem. We want to construct a warm-start point

~w := w + � w = (x + � x; � + � �; s + � s)

of the perturb ed problem. This warm start point should have the same residuals
(~rb; ~r c) as those given by w, i. e. (r b; r c), the residuals of w for the original problem.
For the problem instance d + � d and the residuals(~r b; ~r c), we consider the sets

~
 := f (x; �; s) j Ax � b = ~r b; � (Q + � Q)x + AT � + s � (c + � c) = ~r c;

(x; s) � 0g;
~
 0 := f (x; �; s) 2 ~
 j (x; s) > 0g
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as well as

~N �1 (
 ; � ) :=
�

(x; �; s) 2 ~
 0

�
�
�
� k(~rb; ~r c)k2 �

k(r 0
b ; r 0

c )k2

� 0
� ~� ;

x i si � 
 ~�; i = 1; 2; : : : ; n

)

:
(3.3)

Note that the residualsr 0
b and r 0

c and the dualit y gap � 0 stem from the starting point
of the original problem represented by d. Now we are in search of a corrector step
� w = (� x; � �; � s) such that the warm start point ~w de�ned by ~w = w + � w is in
the set ~N �1 (
 ; � ).

With the assumptionsfrom above, we can make the following observations. Due
to ~rb = rb, we have

~rb = A ~x � b = A(x + � x) � b = Ax � b| {z }
= rb

+ A� x

( ) A� x = 0: (3.4)

Moreover, with ~r c = r c, it follows that

~r c = � (Q + � Q)~x + AT ~� + ~s � (c + � c)

= � (Q + � Q)(x + � x) + AT (� + � � ) + (s + � s) � (c + � c)

= � Qx + AT � + s � c
| {z }

= r c

� (Q + � Q)� x + AT � � + � s � � c � � Qx

( ) � (Q + � Q)� x + AT � � + � s = � c + � Qx: (3.5)

In addition, we want that the dualit y gap of ~w is at most as large asw. We will show
in the proof of Theorem 3 (p. 7) that this can be achieved by

S� x + X � s = 0: (3.6)

Taking (3.4), (3.5), and (3.6) together, we seethat we need to consider the fol-
lowing system of linear equations:

2

4
� ~Q AT I
A 0 0
S 0 X

3

5

2

4
� x
� �
� s

3

5 =

2

4
� c + � Qx

0
0

3

5 : (3.7)

Here,

~Q := Q + � Q:

Solving (3.7) for � w = (� x; � �; � s), we get

� � = (AM � 1AT )� 1AM � 1(� c + � Qx); (3.8)

� s = D � 2M � 1(� c + � Qx � AT � � ); (3.9)

� x = � D 2� s: (3.10)

Here, we have usedthe abbreviations

D 2 := S� 1X
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and

M := ~Q + D � 2:

Note, however, that in order for the inclusion

~w 2 ~N �1 (
 ; � ) (3.11)

to hold, we needstrict positivit y of all components of ~x as well as ~s. Unfortunately ,
this is not necessarily true for ~w = w + � w. Using a step length � 6= 1 like in
algorithm QIP doesnot help, either, sinceonly full stepscan assurethat the residuals
stay the same. We are therefore in search for su�cien t conditions for (3.11). This is
the subject of the next section.

4. W armstart Criteria. We follow the strategy outlined before in Nunez &
Freund [33], Y�ld�r�m & Wright [36], Fliege & Heseler[15], and Heermann, Weyers,
and Fliege [7].

4.1. Necessary and Su�cien t Conditions. A necessaryand su�cien t con-
dition for strict positivit y of ~x and ~s can be found by taking a closer look at (3.10).
Indeed, decomposing this equation in its actual components, we get

si � x i + x i � si = 0; i = 1; 2; :::; n;

and using (x; s) > 0, we seethat this is equivalent to

� x i

x i
+

� si

si
= 0; i = 1; 2; :::; n: (4.1)

Therefore, ~x and ~s are strictly positive componentwise if and only if

j� x i j
x i

< 1 and
j� si j

si
< 1; i = 1; 2; :::; n: (4.2)

Combining (4.1) and (4.2) we arrive at
�
�
�
�
� x i

x i

�
�
�
� =

�
�
�
�
� si

si

�
�
�
� < 1; i = 1; 2; :::; n;

i. e.



 X � 1� x






1 =



 S� 1� s






1 < 1: (4.3)

This, now, is a necessaryand su�cien t condition that a feasiblewarm-start point has
to ful�ll.

4.2. Su�cien t Conditions. Unfortunately , beforewe can check (4:3), we have
to compute � � as well as � s, and it might be argued that this is slightly ine�cien t:
in such a scheme,we �rst compute a warm-start point, then we check for feasibility.
The next theorem is a step further on in our search for simple su�cien t conditions
for feasibility of a warm-start point.

Theorem 3. Let d be a probleminstance and w be a point for this instance with
(x; s) > 0 and residuals(r b; r c) 6= 0. Let a perturbation � d = (0; 0; � Q; � c) be given,
let � w = (� x; � �; � s) be a solution to (3.7) and set ~w = (~x; ~�; ~s) = w + � w. With

T := I � AT (AM � 1AT )� 1AM � 1;
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supposethat









�
� c

� Qx

� 








1
<

1
kX � 1M � 1(T; T)k1

; (4.4)

holds. Then,

~w 2 ~
 0

as well as

~xT ~s � xT s (4.5)

follows.
Proof. (Cmp. Y�ld�r�m & Wright [37], Proposition 5.1, p. 797f.) Using (3.8)

and (3.9) we arrive at the following chain of equalities and inequalities.



 S� 1� s






1

=



 S� 1D � 2M � 1[� c + � Qx � AT � � ]






1

=



 X � 1M � 1 �

� c + � Qx � AT �
(AM � 1AT )� 1AM � 1(� c + � Qx)

� � 


1

=



 X � 1M � 1 ��

� c � AT (AM � 1AT )� 1AM � 1� c
�

+
�
� Qx � AT (AM � 1AT )� 1AM � 1� Qx

� � 


1

�



 X � 1M � 1 �

I � AT (AM � 1AT )� 1AM � 1�
[I ; I ]






1










�
� c

� Qx

� 








1

=



 X � 1M � 1 (T; T)






1










�
� c

� Qx

� 








1
:

Therefore, as long as









�
� c

� Qx

� 








1
<




 X � 1M � 1 (T; T)




 � 1

1 (4.6)

holds, we have



 S� 1� s






1 < 1 and therefore ~w 2 ~
 0.
It remains to show (4.5). We have

xT � s + sT � x = 0:

Due to (4.1), we know that � x i and � si have di�eren t signs for all i = 1; 2; : : : ; n.
This results in (� x)T � s � 0, which in turn leadsto

~xT ~s = (x + � x)T (s + � s) = xT s + xT � s + sT � x + (� x)T � s � xT s:

Of course,weneedthat the warm-start point generatedby (3.7) is not only strictly
feasible, but also in ~N �1 (
 ; � ) for some
 2 ] 0; 1 [ and a � � 1. More precisely, we
needthat

~x i ~si � 
 ~�; i = 1; 2; : : : ; n;

and

k(~rb; ~r c)k2 � k(r 0
b ; r 0

c )k2
� ~�
� 0
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holds. Before taking a closer look at these inequalities, we consider the following
lemma.

Lemma 4. Under the assumptionsof Theorem 3, de�ne

� := 1 �



 S� 1� s






1 : (4.7)

Then,

~� � � �: (4.8)

Proof. Due to (4.3) and (4.7), we have � > 0. Moreover, (4.7) can be written as

~x i := x i + � x i � � x i and ~si := si + � si � � si ; i = 1; 2; : : : ; n:

According to the proof of Theorem 3, we have that

� x i � si � 0 for all i = 1; 2; : : : ; n:

On the one hand, assuming� x i � 0 leads immediately to ~x i � x i . With (4.7), we
get

~x i ~si � x i ~si � � x i si :

On the other hand, assuming� si � 0 we get in an analogousway

~x i ~si � ~x i si � � x i si :

Taking both casestogether, we arrive at

~� � � �:

Cor ollar y 5. Let all assumptions of Theorem 3 hold and let a � 2 ] 0; 1 [ be
given with

� � 1 �



 S� 1� s






1
: (4.9)

Supposenow that









�
� c

� Qx

� 








1
�

1 � �
kX � 1M � 1(T; T)k1

holds. Then,

~w 2 ~
 0

as well as ~� � � . Moreover, if for some parameters 
 0 2 ] 0; 1 [ and � 0 � 1 we have
w 2 N �1 (
 0; � 0), then

~w 2 ~N �1 (� 
 0; � 0=� ):
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Proof. The decreaseof the dualit y gap aswell as ~w 2 ~
 0 follows with Theorem 3.
Now let w 2 N �1 (
 0; � 0). Using (4.9) and (4.5), we get

~x i ~si � � x i si � � 
 0� � � 
 0 ~�:

Moreover, due to (4.8), we have

k(~rb; ~r c)k2 = k(rb; r c)k2 � k(r 0
b ; r 0

c )k2
� 0�
� 0

� k(r 0
b ; r 0

c )k2

� 0
� ~�
� 0

:

As a consequence,~w 2 ~N �1 (� 
 0; � 0=� ).
Up to now, we have just found criteria which make it possibleto check if, start-

ing with a prespeci�ed perturbation, a given point (i. e. an iterate) can be used to
construct a warm-start point. For the complexity analysis still to follow (seeSubsec-
tion 4.3), we want to couplethe sizeof a possibleperturbation with the dualit y gap of
a given point. We prepare the road with someconceptsand somepreliminary results.

The set of data instancesfor which there exists a strictly feasiblepoint is denoted
by

L = f (A; b;Q; c) j 9 x; �; s : (x; s) > 0; Ax = b;� Qx + AT � + s = cg:

Let the complement of L be denoted by L C. The set L C contains all those data
instances for which either (PQP) or (DQP) or both do not have a strictly feasible
point. Denote the boundary betweenL and L C by

B := cl(L ) \ cl(L C):

Due to (0; 0; 0; 0) 2 B we have B 6= ; . A data instance d 2 B is called il l-posed: an
arbitrary small perturbation � d can result in d + � d 2 L or d + � d 2 L C. The
distance to il l-posedness is de�ned by

� (d) := inf fk � dk2 j d + � d 2 Bg:

At last, the condition number of a data instance d is de�ned by

C(d) :=
kdk2

� (d)

(resp. C(d) = 1 in caseof � (d) = 0).
Remark 3. Since for � d = � d we haved+ � d 2 B, we alwayshave� (d) � kdk2

and C(d) � 1.
A su�cien t condition for the infeasibility of a convex-quadratic problem is given

in the following lemma. As usual, all inequalities there between vectors are to be
understood componentwise.

Lemma 6. Let there be given matrices Q 2
� n � n and A 2

� m � n as well as a
vector c 2

� n .Then, the systems

AT � < c + Qx (4.10)

and

Ax = 0;
x � 0;

cT x + xT Qx � 0;
x 6= 0

(4.11)
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cannot be solved simultaneously by vectors x 2
� n and � 2

� m .
Proof. Supposethat both systemscan be solved. Then (4.10) is equivalent to

c > AT � � Qx:

Substituting this in the third block of (4.11), we get

0 � cT x + xT Qx > � T Ax|{z}
= 0

� xT QT x + xT Qx = 0;

which is a contradiction. Therefore, the conclusionholds.
Lemma 7. Let there be given a data instance d = (A; b;Q; c) 2 L and a point w =

(x; �; s) with residuals(r b; r c). De�ne the data instance d̂ by d̂ := (A; b+ r b; Q; c+ r c).
Then, it follows that

kxk2 �
max

n
kb̂k2; jĉT x + xT Qxj; kPk2

o

� (d̂)
: (4.12)

holds for all positive semide�nite matrices P 2
� n � n .

Proof. We will modify the idea of Nunez & Freund [33, p. 11f]. Let there be
given the data instance d and the point w = (x; �; s) with x 6= 0. The residuals are
given by rb = Ax � b and r c = � Qx + AT � + s � c . De�ne

b̂ := b+ rb and ĉ := c + r c:

Then, w is feasiblefor the data instance d̂ = (A; b̂;Q; ĉ). Now consider the perturba-
tion � d = (� A; 0; � Q; � c) de�ned by

� A := � b̂xT 1
kxk2

2
;

� c :=
�j ĉT x + xT Qxj

kxk2
2

x;

� Q := �
1

kxk2
P

for somepositive semide�nite matrix P. Then,

(A + � A)x = Ax � b̂
xT x
kxk2

2
= Ax � b̂ = 0

and

(ĉ + � c)T x + xT (Q + � Q)x

= ĉT x + � cT x + xT Qx + xT � Qx

= ĉT x + xT Qx � jĉT x + xT Qxj �
1

kxk2
xT Px

� 0:

Using Lemma 6, we seethat there doesnot exist a � with

(A + � A)T � < ĉ + � c + (Q + � Q)x
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and the dual problem to the data instance d̂ + � d is infeasible. Therefore,

� (d̂) � k� dk2 = maxfk � Ak2; k� ck2; k� Qk2g

=
maxfk b̂k2; jĉT x + xT Qxj; kPk2g

kxk2
;

and the conclusionfollows with

kxk2 �
maxfk b̂k2; jĉT x + xT Qxj; kPk2g

� (d̂)
: (4.13)

Cor ollar y 8. Let there be given a data instance d = (A; b;Q; c) 2 L and
a point w = (x; �; s) with residuals (r b; r c). De�ne the data instance d̂ by d̂ :=
(A; b+ rb; Q; c + r c). Then, it follows that

kxk2 � C(d̂) +
jĉT x + xT Qxj

� (d̂)
:

Proof. Use P = 0 in the last lemma. Then � Q = 0. With (4.13) it follows that

kxk2 �
kb̂k2 + jĉT x + xT Qxj

� (d̂)

�
kd̂k2

� (d̂)
+

jĉT x + xT Qxj

� (d̂)

= C(d̂) +
jĉT x + xT Qxj

� (d̂)
:

Cor ollar y 9. Let there be given a data instance d = (A; b;Q; c) 2 L and a point
w = (x; �; s) strictly feasible for d. Then,

kxk2 �
max

�
kbk2; jcT x + xT Qxj

	

� (d)
� C(d) +

jcT x + xT Qxj
� (d)

:

Now we are almost ready to couple the sizeof a given perturbation with a given
dualit y gap. We just needone more technical result.

Lemma 10. Let there be given symmetric and positive semide�nite matrices
M j 2

� n � n (j = 1; : : : ; p). For � 2
� p, � � 0, de�ne M (� ) :=

P p
j =1 � j M j . If A

has ful l row rank, then

� (A) := sup
� � 0:

M ( � ) p: d:

k(A(M (� )) � 1AT )� 1A(M (� )) � 1k1 < 1

holds. Here, "p. d." stands for positive de�nite.
Proof. This followsdirectly with inequality (5.6) from the proof of Corollary 5.2 in

Forsgrenand Sporre [17]. Note that this Corollary 5.2 is baseddirectly on Theorem5.1
in the samepaper.

To use the result above, we assumein what follows that we have given a data
instance d = (A; b;Q; c) and a perturbation of the primal objective function, i. e.
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a data perturbation of the form � d = (0; 0; � Q; � c). Furthermore, let us assume
that we have given symmetric positive de�nite matrices Q1; Q2; : : : ; Qp and a vector
� 2

� p, � � 0 such that

Q + � Q =
pX

i =1

� i Qi :

We will seein Section5 that theseadditional assumptions�t perfectly into the frame-
work of multicriteria optimization.

Theorem 11. Let there be given a data instance d = (A; b;Q; c) 2 L and a
perturbation � d = (0; 0; � Q; � c). Let w = (x; �; s) be a point with (x; s) > 0 and
residuals(r b; r c) (with respect to d). De�ne the data instance d̂ by d̂ := (A; b+ r b; Q; c+
r c). Let A have ful l row rank and de�ne

 (A) := 1 + kAT k1 � (A):

Supposethat w 2 N �1 (
 ; � ) for some� ; 
 > 0. Then,

1
kX � 1M � 1(T; T)k1

�

 �

2n1=2
�

C(d̂) + j ĉT x + x T Qx j
� ( d̂)

�
 (A)

: (4.14)

Proof. The proof follows exactly the lines of a similar result in Fliege & Heseler
[15, p. 14f] and is therefore omitted here.

We are now ready to state the main result, connecting the sizeof the dualit y gap
with the sizeof a perturbation and vice versa.

De�ne

k� dk1 := maxfk � ck1 ; k� Qk1 g (4.15)

as well as

� := 1 +
jĉT x + xT Qxj

kd̂k2
� 1:

Then,

kxk2 � � C(d̂) = C(d̂) + C(d̂)
jĉT x + xT Qxj

kd̂k2
= C(d̂) +

jĉT x + xT Qxj

� (d̂)
: (4.16)

Theorem 12. Let there be given parameters 
 and 
 0 with 0 < 
 < 
 0 < 1 and
de�ne � := 
 =
 0. De�ne � as above. Let w and ~w as well as � be as in Corollary 5.
If

� �
2k� dk1


 0(1 � � )
� n1=2C(d̂)

 

C(d̂) +
jĉT x + xT Qxj

� (d̂)

!

 (A)

holds, then ~w 2 ~N �1 (
 ; � ).
Proof. SeeFliege & Heseler[15, p. 15f].
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4.3. Complexit y. Let there be given a problem in form of a data instance d as
well as a primal-dual starting point (x0; � 0; s0), possibly infeasible for d. Denote, as
usual, the residualsby (r 0

b ; r 0
c ) and let � 0 be the dualit y measureat the starting point.

Moreover, let " > 0 be given. Supposefurthermore that we have already solved that
problem with algorithm QIP by computing iterates wk = (xk ; � k ; sk ), k = 1; 2; 3; : : : .
Our complexity analysis has shown that

� k � kdk2"

holds for

k � K = O
�

n2 log
� 0

kdk2"

�
:

Now supposethat we perturb our problem d to d + � d and construct a warm-start
point by our warm-start strategy out of the iterate wj . This warm-start point is then
usedby algorithm QIP to solve the perturb ed problem. Clearly, after

k � K warm = O
�

n2 log
� j

kd + � dk2"

�

iterations we have that

~� k � kd + � dk2"

holds. Here, ~� k are the dualit y measuresfor the perturb ed problem, as computed by
algorithm QIP. Furthermore, if k� dk2 � kdk2=2 holds, we can usethe estimate

1
kd + � dk2

�
1

kdk2 � k� dk2
�

2
kdk2

to conclude

K warm = O
�

n2 log
� j

kdk2"

�
:

5. Multicriteria Optimization. In this section, we give a short intro duction
to multicriteria optimization. We follow roughly the chain of arguments presented
in [15] and repeat the main points for the sake of completenesshere.

5.1. The Problem. Let there be given p > 1 convex quadratic objective func-
tions of the form

f i (x) =
1
2

xT Qi x + cT
i x; i = 1; : : : ; p; (5.1)

with positivesemide�nite matricesQi 2
� n � n and vectorsci 2

� n for all i . Moreover,
let

G := f x 2
� n j Ax = b; x � 0g (5.2)

be the set of feasible points. We are interested in minimizing simultaneously the
functions

f 1; : : : ; f p : G � !
�

(5.3)
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on the set G in a sensespeci�ed as follows. De�ne the function f : G � !
� p by

f = (f 1; : : : ; f p)T . The element y� 2 f (G) is called e�cient , if and only if there is no
other y 2 f (G) with

yi � y�
i 8 i 2 f 1; 2; : : : ; pg

and

yk < y�
k for at least one k 2 f 1; 2; : : : ; pg:

The set of all e�cien t points of the set f (G) is called the e�cient set, E (f (G)). With
the de�nition of e�ciency asabove, it becomesclear that in multicriteria optimization
we are in search for the whole set E(f (G)) and, obviously, for the corresponding set
of optimal decision variables f � 1(E (f (G))). For typical examples for this type of
problem we refer to, e. g., [15]. Note that two e�cien t points f (x (1) ); f (x(2) ) 2
E(f (G)) (x (1) ; x(2) 2 G) with f (x (1) ) 6= f (x(2) ) are incomparable to each other with
respect to the order de�ned above. By their very nature of being e�cien t, there exist
two indices i; j 2 f 1; : : : ; pg such that f i (x(1) ) < f i (x(2) ) and f j (x(2) ) < f j (x(1) ).
Therefore, just one e�cien t point cannot capture the possible optimal alternativ es
we face when solving a multicriteria optimization problem. This clearly shows that
human decisionmakers needinformation about the whole set E(f (G)).

5.2. An Application: Power Plan t Optimization. Supposean energypro-
ducer is operating a number of power plants. Subject to various technical constraints,
the producer would certainly like to

1. minimize the total cost for producing electricity,
2. minimize the wear and tear of the power plants,
3. minimize the error in meeting the forecast demand.

This is clearly a three-criteria optimization problem, currently only studied as a one-
or two-criteria optimization problem [2, 7, 21]. We will model this problem asfollows,
following closely[2]. Let K be the number of power plants, numberedby i = 1; : : : ; K .
Index by t = 1; : : : ; T the future time stepsfor which a demand forecast is given. We
assumethat betweentime stepsdemandand production varieslinearly, an assumption
usually well met in practice for appropriately chosentime steps[2, 28]. With this, we
can use as decision variables x i;t the production (in megawatt) of power plant no. i
at time t (i = 1; : : : ; K , t = 1; : : : ; T ). According to [2, 28], the �rst objective can be
well approximated by

f 1((x i;t ) i;t ) :=
KX

i =1

TX

t =1

pi;t x i;t + qi;t x2
i;t ;

where pi;t ; qi;t � 0 are known constants (i = 1; : : : ; k, t = 1; : : : ; T ). Using the vectors
x t := (x1;t ; : : : xK;t )> 2

� K (t = 1; : : : ; T ) as well as the vector x0 2
� K of current

power production, total wear and tear is given by

f 2((x i;t ) i;t ) :=
T � 1X

t =0

kx t +1 � x t k2
2:

Finally, if yt 2
�

+ (t = 1; : : : ; T ) denotes the demand forecast for the time t, the
third criterion to be minimized can be written as

f 3((x i;t ) i;t ) :=
TX

t =1

 
KX

i =1

x i;t � yt

! 2

:
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Clearly, all three objectivesare convex-quadratic. Constraints are of the form

xmin
i;t � x i;t � xmax

i;t

for prespeci�ed plant-speci�c constants xmin
i;t ; xmax

i;t � 0 (i = 1; : : : ; K , t = 1; : : : ; T ) as
well as

_xmin
i;t � x i;t � x i;t � 1 � _xmax

i;t

for prespeci�ed plant-speci�c constants _xmin
i;t ; _xmax

i;t 2
�

(i = 1; : : : ; K , t = 1; : : : ; T ).
Usually, neither K nor T are large, i. e. the problems consideredare not large-scale.
Nevertheless, these problems are challenging for two reasons. First, as it will be
explained in Subsection5.3 below, solving a multicriteria problem amounts to solving
many classicalsingle-criteria optimization problems, typically hundreds or thousands
of them. Second,for the application consideredhere,demandforecastsare constantly
updated, sowe facea real-time optimization problem. Problems of this type must be
solved in no more than a few minutes [2], and decisionmakers needgood knowledge
of the set of e�cien t points to make a meaningful and well-informed decision.

5.3. Scalarization. It is well-known that we can �nd a point closeto E(f (G))
of the problem speci�ed by (5.3) by solving the single-objective optimization problem

min ! T f (x)

s. t. x 2 G; (5.4)

with ! an arbitrary weight vector from the set

Z :=

(

! 2
� p

�
�
�
�
�

pX

i =1

! i = 1; ! i > 0 8 i 2 f 1; 2; : : : ; pg

)

: (5.5)

This approach is often called scalarization. (For a discussionof this and other scalar-
ization techniques see e. g. [19, 24, 22, 13].) Indeed, de�ning the set of properly
e�cient points P by

P(f (G)) :=
�

f (x � )

�
�
�
� ! 2 Z; x � 2 G; ! T f (x � ) = min

x 2 G
! T f (x)

�
;

it can be shown [18, 31] that

P(f (G)) � E (f (G)) � cl(P(f (G))) (5.6)

holds. Here, cl(�) is the closure operator. In fact, this result holds for arbitrary
functions f : G � !

� p as long as the set f (G) +
� p

+ is closed and convex. Since
we can not distinguish numerically between a set and its closure, we can, therefore,
replaceE by P in all applications involving convex functions. Turning our attention
to (5.3), (5.2), and (5.1), we seethat we have to consider several scalar problems of
the form

min
1
2

xT Qx + cT x

s. t. Ax = b; (5.7)

x � 0;
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where Q =
P p

i =1 ! i Qi , c =
P p

i =1 ! i ci , and ! = (! 1; : : : ; ! p)T 2 Z is a given pa-
rameter or weight vector. As a consequenceof the discussion above, we are able
to approximate the set E(f (G)) as well as f � 1(E (f (G))) by solving optimization
problems of the form (5.7). These ersatz problems are de�ned by choosing di�eren t
weights ! , see(5.4).

The basic idea is now asfollows. Our aim is to compute a discreteapproximation
of the set of e�cien t points. We have to solve a standard scalaroptimization problem
for each e�cien t point we want to compute. The di�eren t optimization problems
we have to consider can be viewed as perturbations of each other, with vectors of
weights ! 2 Z serving as parameters de�ning the perturbations. We proposeto use
an adaptivediscretization technique for the set of weights Z . Basically, we want to use
more parameters in those regionsof the parameter spacewhere weight vectors which
are closetogether result in e�cien t points whoseimagesin the imagespace

� p are far
apart from each other. But in contrast to [15], where e�cien t points were calculated
�rst and then a new weight was chosenadaptively by using information about the
last optimal function valuescomputed, we will now intro ducemore parameters! 2 Z
(i. e. more scalar problems) during the solution processof other scalar problems,
before theseother problems are completely solved.

Furthermore, to save work when computing the new e�cien t points (i. e. when
solving the new optimization problems), we propose to use a warm-start strategy.
With such a strategy, points from the iteration history of scalar problems already
solved are usedas starting points for the optimization problems currently under con-
sideration.

6. The E�Set -Algorithm.

6.1. The Basic Idea. When solving a multicriteria optimization problem, we
have to solve many standard scalar problems, each of them a perturbation of each
other one. Of course,we can solve onescalarizedproblem �rst, useoneof the iterates
computed to generatea warm-start point for the next scalarizedproblem considered,
etc. This is basically the idea outlined in Fliege & Heseler [15]. However, in the
algorithm presented below we want to do warm-starts as early as possible, thereby
considering many scalarized problems simultaneously. In this way, we will be able
to generatean approximation of the set of e�cien t points even if none of the scalar
problems considered is solved up to a prespeci�ed accuracy, yet. (I. e. even if all
dualit y gaps of all scalar problems consideredare still rather large.) A similar idea,
albeit in a purely primal framework, has beenpursued in [14].

Figure 6.1 (p. 18), taken from [7] illustrates the idea for bicriteria problems. The
basic idea for bicriteria problems is explained below.

Supposewestart with a prespeci�ed scalarizationparameter ! , de�ning a problem
with data instancedenotedby d(! ). Choosea starting point (x0(! ); � 0(! ); s0(! )) for
algorithm QIP. In Figure 6.1, the image of this point under two real-valued objective
functions is shown in the upper right hand corner. Executing onestep with algorithm
QIP results in the point (x1; � 1; s1)( ! ). Next, we choosetwo new scalarization param-
eters ! l and ! r and de�ne the corresponding data instancesd(! l ) and d(! r ). These
two data instances can be seenas perturbations of d(! ) simply by noting d(! l ) =
d(! ) + (d(! l ) � d(! )) resp. d(! r ) = d(! ) + (d(! r ) � d( ! )). Accordingly, we can try to
construct warm-start points basedon the information given by (x1(! ); � 1(! ); s1(! )).
One additional step from each of thesewarm-start points with algorithm QIP leadsto
(x2(! l ); � 2(! l ); s2(! l )) and (x2(! l ); � 2(! l ); s2(! l )), whose imagesunder the two ob-
jectivesare depicted in seeFigure 6.1. Moreover, one additional step with algorithm
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f 1

f 2

(x2(! r ); � 2(! r ); s2(! r ))

(x1(! ); � 1(! ); s1(! ))

(x0(! ); � 0(! ); s0(! ))

(x2(! ); � 2(! ); s2(! ))

k-th approximation of e�cien t set

(x2(! l ); � 2(! l ); s2(! l ))

(xk(~! ); � k(~! ); sk(~! ))

0

0

Fig. 6.1. Appr oximation of the image of the set of e�cient points by early warm-starts. An
explanation is given in the text.

QIP for the problem with parameter ! from (x1(! ); � 1(! ); s1(! )) leads to the point
(x2(! ); � 2(! ); s2(! )). This schemecannow be applied recursively for each of the three
points (x2(! l ); � 2(! l ); s2(! l )), (x2(! ); � 2(! ); s2(! )), (x2(! r ); � 2(! r ); s2(! r )), until the
imagesof neighboring iterates are closer to each other than a prespeci�ed distance.
A precisestatement of the algorithm can be found in the next subsection.

In what follows, we will consider multicriteria optimization problems with three
criteria of the form

min f (x) =

2

4
(1=2)xT Q1x + cT

1 x
(1=2)xT Q2x + cT

2 x
(1=2)xT Q3x + cT

3 x

3

5

subject to x 2 G

with G = f x 2
� n j Ax = b; x � 0g. An e�cien t point to this problem will be

approximated by solving a scalarizedproblem of the form

minx 2 G ! 1f 1(x) + ! 2f 2(x) + ! 3f 3(x); (6.1)

parameterized with ! 1; ! 2; ! 3 > 0. In contrast to the rather simple twocriteria case
that has been outlined above, we have to consider a triangulation of the parameter
spacegiven by the set Z �

� 3, see(5.5). This is the subject of the next subsection.

6.2. A Triangularization Strategy . For a given parameter ! 2 Z , let xk (! )
be the primal iterate no. k of the algorithm described below. We will then use the
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notation
2

4
f 1(xk (! ))
f 2(xk (! ))
f 3(xk (! ))

3

5 = f (xk (! )) =: f k (! )

as well as wk (! ) := (xk (! ); � k (! ); sk (! )) for the corresponding primal-dual iterate.
With this, a triangle described by its vertices (! 1; ! 2; ! 3) 2 Z inducescorresponding
triangles in the image spaceof the multicriteria problem given by its three vertices
(f k (! 1); f k (! 2); f k (! 3)).

We now have two quality measuresfor the approximation to the set of e�cien t
points to be constructed: the dualit y gapsof the primal-dual pairs found up to now
(or, more precisely, the maximum of all dualit y gaps for the current iterate) and the
sizesof the triangles in the imagespace(or, more precisely, the maximum sizeof these
triangle sizesfor the current iterate).

We will make useof the following notation. At iteration k, we denote the set of
scalarized problems consideredby P(k), and we identify these problems with their
weight vectors, i. e. P(k) � Z . Moreover, we will identify the triangulation of the set
of weights Z consideredat iteration no. k with a �nite set T(k) � Z 3 of verticesof the
corresponding triangles. This set induces a corresponding set of vertices of triangles
F (k) � (

� 3)3 in the image spaceof f , i. e. for (! 1; ! 2; ! 3) 2 T(k) we have, with the
notation as above, (f k (! 1); f k (! 2); f k (! 3)) 2 F (k).

Algorithm E�Set is depicted on p. 21. Someremarks on its workings are in order.
At each iteration, the algorithm proceedsas follows. If the area of a triangle

in F (k) is found to be larger than a prespeci�ed accuracy � , this triangle (and the
corresponding one in the parameter space)has to be subdivided. For this, we chose
the following strategy. Let ` be the length of the longestedgeof such a triangle. Then
we will split all edgesof the triangle whose lengths are longer than `=4. The basic
strategy for doing this is as follows.

Let such a triangle edgethat has to be split be given. Denote the corresponding
endpoints by f k (! 1) and f k (! 2). De�ne ~! := (! 1+ ! 2)=2. Chooseoneof the problems
with parameter ! 1 or ! 2 and do a warm-start for the problem with parameter ~! ,
making use of either wk (! 1) or wk (! 2). If such a warm-start is successful,i. e. if,
say, wk (! 1) + � w 2 ~N �1 (
 ; � ) for the � w computed, denote by wk (~! ) the warm-
start point computed. In casea warm-start is not successful,i. e. if wk (! 1) + � w =2
~N �1 (
 ; � ), a simple backtracking strategy is used to compute parameters of the

form qj ~! + (1 � qj )! (q 2 ] 0; 1[ prespeci�ed, j 2 � ) from which further warm-start
attempts were made. Only if this is unsuccessful,too, a point wk (~! ) is computed
by k iterations with algorithm QIP from the standard starting point, i. e. by a cold-
start for the corresponding problem. This warm-start strategy is depicted in the
subroutine 2, seep. 20.

Finally, the original triangle in the parameter spaceis subdivided into two, three,
or four smaller triangles, depending on the number of edgesthat have beendivided.
All bordering triangles are also subdivided to keep the whole triangulation regular.
The samehappensin the image space.

In an actual implementation of this algorithm, a lower bound on the size of tri-
anglesin the parameter spaceshould also be considered,i. e. if the area of a triangle
represented by (! 1; ! 2; ! 3) 2 Z 3 is below a certain strictly positive bound, such a tri-
angleshould not be subdivided any more, even if area(convf f k (! 1); f k (! 2); f k (! 3)g)
is still consideredas too large. In that way, the �niteness of the algorithm follows
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Input : ! ; �! 2 Z , d! = (A; b;Q; c), w = (x; �; s).
Chooseq 2 ] 0; 1[ and %> 0.1

j := 02

rep eat3

De�ne4

~! := qj �! + (1 � qj )! ;

~Q :=
3X

i =1

~! i Qi ;

� Q := ~Q � Q;

� c :=
3X

i =1

(~! i � ! i )ci :

Solve5

2

4
� ~Q AT I

A 0 0
S 0 X

3

5

2

4
� x
� �
� s

3

5 =

2

4
� c + � Qx

0
0

3

5 :

Set6

w(~! ) := w(! ) + (� x; � �; � s):

j := j + 17

un til w(~! ) 2 ~N �1 (
 ; � ) or qj k! k < %8

if w(~! ) =2 ~N �1 (
 ; � ) then9

De�ne the problem data ~d for the weight ~! := �! and executek stepsof10

algorithm QIP to generatew(~! ).
endif11

Output : w(~! ), ~! , ~d = (A; b; ~Q; c + � c).
Algorithm 2: Warmstart

directly from the standard convergenceproperties of algorithm QIP and [13, Theo-
rem 4.8], as long as at least one of the criteria functions is strictly convex.

7. Numerical Results. The implementation of algorithm E�Set was carried
out in Ma tlab , Version 7.0 (R14). We tested the algorithm on the problems de-
scribed in Subsection5.2. We have beenprovided 1201problems from a power plant
optimization scenario with K = 14 and tmax = 4 [28]. Table 7.1 (p. 21) contains
the most important parameter values chosen. Our update rule for the parameter �
follows the strategy of Wright [35].

Figures 7.1 and 7.2 show a typical computed approximation of the image of the
set of e�cien t points and the corresponding discretization of the parameter space,
respectively. Note that in Figure 7.1,each axis is scaledin such a way that 0 represents
the smallest function value occurring in an e�cien t point and 1 represents the largest
function value occurring in an e�cien t point. The discretization in the parameter
spacealsoprovidesan excellent visual clueon the sensitivity of the scalarizedproblems
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Choose"; � > 0, 
 2 ] 0; 1[ and � � 1. Choosek; kmax 2 � .1

With p1 := (1; 0; 0)T , p2 := (0; 1; 0)T , p3 := (0; 0; 1)T , p4 := (1=3; 1=3; 1=3)T ,2

P(k) := f p1; p2; p3; p4g, set T(k) := f (p1; p2; p4); (p1; p3; p4); (p2; p3; p4)g.
foreac h problem represented by ! 2 P(k) do3

Execute k stepsof algorithm QIP from the standard starting point (cold4

start).
endfc h5

while (maxf � k (! ) j ! 2 P(k)g � " and maxf area(t) j t 2 F (k)g � � ) or6

k � kmax do
foreac h t 2 F (k) do7

if area(t) > � then8

forall the edgese of t do9

if length(e) > maxe length(e)=4 then10

Denote the parameterscorresponding to one of the11

endpoints of e by ! 2 Z and let �! 2 Z be the midpoint of e.
(wk (~! ), ~! , ~d) := WarmStart (! ; �! ; d! ; wk (! ))12

De�ne13

P(k) := P(k) [ f ~! g:

endif14

endfall15

Subdivide t and update T(k) accordingly.16

endif17

endfc h18

foreac h problem represented by ! 2 P(k) do19

Execute one step of algorithm QIP from wk (! ) to generatewk+1 (! )20

and new dual gaps � k+1 (! ).
endfc h21

foreac h t 2 F (k) do22

update information on t according to the subdivision of the parameter23

space.
endfc h24

k := k + 125

endw26

Algorithm 3: E�Set

parameter value parameter value
� 1.2 � 400
�� 12 % 2

p
eps


 10� 4 � max 0.1
�
 10� 5 � min 0.06

� P 5 � 10� 16 k 5
"

p
eps q 0.8
Table 7.1

Parameter values for algorithm E�Set and QIP
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Fig. 7.1. Computed approximation to the image of the set of e�cient points, seen from three
di�er ent view points, for a typic al power plant optimization problem. Axes have been scaled.

with respect to the scalarization parameter ! 2 Z .
For comparison purposes,we replaced line 12 of Algorithm E�Set with a corre-

sponding cold start strategy, namely line 10 of Algorithm WarmStart, i. e. we assume
for comparisonpurposesthat the warm start strategy always fails.

The corresponding results can be seen in Table 7.2, p. 23. The most striking
di�erence betweenthe two strategies is the number of linear systemsthat had to be
solved per e�cien t point (line 4 of Table 7.2). As it can be seen,this number increases
by ca. 250% if only cold-starts are used instead of the warm-start strategy. While
the number of iterations for both approaches is about the same, the total number
of linear systemsthat have to be solved increasesby ca. 24% when only cold-starts
are used. Moreover, the warm-start strategy produces,on average,more than twice
as many e�cien t points, resulting in an approximation of the e�cien t set of much
higher quality than the cold start approach. It can also be seenthat the warm-start
strategy failed for only about 6% of all e�cien t points computed, and only then the
corresponding cold-start from line 10of Algorithm 2 had to be executed. Theseresults
clearly illustrate the e�ciency of the method proposed.
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Fig. 7.2. Discr etization of the parameter space for the problem whose solution is depicted in
Figur e 7.1. Since ! 3 = 1 � ! 1 � ! 2 , only the (! 1 ; ! 2 )-plane is depicted.

average max min average max min
# iterations 39 133 24 40 122 28
# e�cien t points 967 6259 157 435 2987 88
# linear systemsconsidered 8574 66410 1711 10586 72617 2236
# linear systems/ # points 9.71 22.05 5.79 24.81 27.11 22.61
# cold starts / # e�. pts 0.06 0.75 0.0 1.0 1.0 1.0
running time [s] 171.9 1255.1 32.6 189.3 1361.9 39

Table 7.2
Results for algorithm E�Set as well as for a cold start approach for the power plant optimization

problems considered. Reported are average, maximal, and minimal values over al l problems.
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