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Abstract. We present an algorithm for large-scale equality constrained optimization. The
method is based on a characterization of inexact sequertial quadratic programming (SQP) steps
that can ensure global convergence. Inexact SQP methods are needed for large-scale applications
for which the iteration matrix cannot be explicitly formed or factored and the arising linear systems
must be solved using iterativ e linear algebra techniques. We address how to determine when a given
inexact step makes su cien t progress toward a solution of the nonlinear program, as measured by
an exact penalty function. The method is stabilized by a line search. An analysis of the global
convergence prop erties of the algorithm and numerical results are presented.
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1. Intro duction. In this paper we discussan algorithm for equality constrained
optimization problems of the form

min f (x)
X2 RN (11)
s.t. ¢(x) = 0;

wheref :R"! Randc:R"! R! aresmooth nonlinear functions. Our interest is
in methods for very large problems with t n for which the exact computation of
stepsin contemporary methods can be prohibitiv ely expensive. One classof problems
of this type that demandsalgorithmic improvemerts are those where the constraint
functions are de ned by systemsof partial di erential equations (PDES).

One of the leading methods for solving constrained optimization problemsis se-
quertial quadratic programming (SQP). (In fact, modern interior point methods re-
duceto SQP when inequality constraints are not presert in the problem formulation
[18].) Algorithms in this classenjoy global corvergenceguaranteesand typically re-
quire few iterations and function evaluations to locate a solution point. A drawbad
of many contemporary SQP algorithms, however, is that they require explicit rep-
reseriations of exact derivative information and the solution of one or more linear
systems during ewvery iteration. The acquisition of these quartities is particularly
cumbersomein large-scalesettings and the factorization of large iteration matrices is
often impractical.

One way to overcomethesedi culties is to solve the SQP subproblemsapproxi-
mately using iterativ e linear algebratechniques. The main purposeof this paper is to
determine the accuracywith which the SQP subproblemsmust be solved in order to
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ensure global corvergencein the context of a practical algorithm for problem (1.1).
We both proposesuch a method and analyzeits global behavior.

Our method resenbles those in the classof inexact Newton methods for solving
nonlinear systemsof equations. There are, however, important di erences between
the two approadies. Inexact Newton methods for systemsof equationsare cortrolled
by forcing parametersthat ensurethat the norm of the ertire residual of the Newton
equations decreasesat every iteration [8]. Our approac, on the other hand, is based
on a requiremert that the step decreasesa local approximation of a merit function,
while also satisfying bounds on the primal and dual componerts of the residual. We
presern sets of easily calculable conditions that handle thesetwo componerts of the
residual as separatequartities when determining if a given inexact solution is appro-
priate for the algorithm to follow. Suc a solution may, for example, allow for an
increasein the residual corresponding to primal feasibility provided it yields a sub-
stantial decreasen dual feasibility, or vice versa. The behavior of these componerts
also helps determine when it is appropriate to increasethe penalty parameter in the
merit function.

A variety of methods for constrained optimization with inexactnessin step com-
putations have been proposedrecertly. Jager and Sads [14] describe an inexact
reduced SQP method in Hilbert space. Lalee, Nocedal, and Plantenga [16], Byrd,
Hribar, and Nocedal [5], and Heinkensdlossand Vicente [13] proposecomposite step
trust region approaches where the step is computed as an approximate solution to
an SQP subproblem. Similarly, Walther [22] provides a composite step method that
allows incomplete constraint Jacobian information. Leibfritz and Sads [17] analyze
an interior point method that bene ts from a reformulation of the quadratic program-
ming subproblemsasmixed linear complemenarit y problems. Our approach hassome
featuresin common with the algorithms of Biros and Ghattas [1, 2], Haber and As-
cher [11], and Prudencio, Byrd and Cai [20] as we follow a full spaceSQP method
and perform a line seart to promote corvergence.Unlik e these papers, howewver, we
presen conditions that guarantee the global convergenceof inexact SQP steps.

This paper is organizedas follows. In x2 we provide an overview of our approact
and globalization strategy. Section 3 contains details about the most crucial aspect
of our algorithm, namely, the setsof conditions usedto determine if a given inexact
SQP solution is consideredan acceptablestep. The well-posednesf our approac
is also discussed the accourtabilit y of which allows us to presen global cornvergence
guarartees under common conditions in x4. Section 5 provides numerical results to
illustrate the robustnessof our method. We focus on problemsfor which overall algo-
rithm performancehasbeenseento be sensitive to the quality of inexact subproblem
solutions. Closing remarks and issuesrelated to extensionsof this work are preseried
in x6.

2. Outline of the Algorithm. Let us formalize a basic SQP approac before
clarifying the novelties of our algorithm. The Lagrangian function corresponding to
problem (1.1) is

Lo ), f)+ Tex); (2.1)
where 2 R! areLagrangemultipliers. If f and c are cortin uously di eren tiable, then

the rst-order optimality conditions for x to be an optimal solution to problem (1.1)
state that there exist multipliers such that (x ; ) is a solution to the nonlinear
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system of equations

g(x) + A(x)"

reix )= o(x)

=0 (2.2)
where g(x) is the gradient of the objective function and A(x) is the Jacobian of c(x).
The componerts in (x; ) arereferredto asthe primal and dual variables, respectively.

An SQP algorithm de nes an appropriate displacemen dx in the primal space
from the kth iterate x asthe minimizer of a quadratic model of the objective subject
to a linearization of the constraints. The quadratic program can be de ned as

min f (xx) + g(xk)"d+ 3d"W(xx; «)d
d2R? (2.3)
s.t. ¢(xk) + A(xx)d= 0;

where

W ) rals )=rgf)+ 't % (X)
i=1

is equalto, or is a symmetric approximation for, the Hessianof the Lagrangian. Here,
d(x) and ' denotethe ith constraint function and its corresponding dual variable,
respectively. If the constraint Jacobian A(xx) has full row rank and W (xx; «) is
positive de nite on the null spaceof A(xy), then a solution to (2.3) is well de ned in
this context. An alternativ e characterization of the SQP step di is given by the fact
that it canequivalertly be obtained under similar assumptionsas part of the solution
to the primal-dual system (see[18])

W(x; k) Ai)T de _ gk) + ATk (2.4)
A(Xk) 0 k c(Xk) '
constructed by applying Newton's method to (2.2).
An explicit represettation of the primal-dual matrix
W(Xk; k) A(Xk)T (2.5)

A(Xk) 0

and an exact solution of (2.4) can be expensiwe to obtain, particularly when the
factors of (2.5) are not very sparse.We are interested, therefore, in identifying inexact
solutions of (2.4) that can also be consideredappropriate stepsfor the algorithm to
acceptduring a giveniteration. Sud inexact solutions can be obtained in a variety of
ways, such asby applying an iterativ e linear systemsolver to the primal-dual system.
Regardlesof the method chosen,for an inexact solution (dg; k) we de ne the residual
vectors( ;rg) by the equation

W(xi; &) AGa)T  de _ glx) + AGa)T K.
A(Xk) 0 Ko c(Xk) o (2.6)

The step can then be appraised basedon properties of the residual vector and other
guartities related to the SQP subproblem formulation (2.3). For corvex problems,
an inexact Newton method intended for nonlinear equations will su ce, provided
that W(xx; «) is the exact Hessian of the Lagrangian [8]. That is, the norm of
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the right-hand-side vector in (2.4) can serwe as a merit function, and corvergence
can be guaranteed by systematically decreasingthis value. For noncorvex problems,
howewer, a step that decreaseshe rst order optimality error may move away from a
minimizer, or may be trapp ed near a stationary point of the Lagrangian. Thus, merit

functions more appropriate to constrained optimization should be considered.

We now outline the algorithm and globalization strategy that will be developed
in detail in the following sections. An integral part of the approadc is the medanism
usedto determine if a trial primal-dual solution (d; ) to (2.4) is acceptableduring a
given iteration. For this purpose,we make use of the merit function

(x; ), FT(xX)+ Kkc(x)k; (2.7)

where > 0 is known asthe penalty parameter and k k denotesa norm on R!. We
obsenethat (x; ) isnot dierentiable, but it is exactin the sensethat if is greater
than a certain threshold, then a rst order optimal point of (1.1) is a stationary point
of (x; ). That is, the directional derivative of (x; ) in a direction d, denoted by
D (d; ), is nonnegative at x for all d 2 R". The challengeis to compute inexact
SQP stepsand a value for  that ensureprogressin the merit function (x; ) during
every iteration.

Upon the calculation and acceptanceof the seard direction di for a particular
value  of the penalty parameter, we perform a badtracking line seard to compute
a steplength coe cient ¢ satisfying the Armijo condition

Xk + «de; «) (xx; k)+ kD (dk; «) (2.8)

for some0< < 1. Accordingly, a primal-dual stepwill only be acceptedif its primal
componert is a descen direction for the merit function.

In summary, our approacd follows a standard line seard SQP framework. During
ead iteration, a step is computed as an inexact solution to the primal-dual system
(2.6) satisfying appropriate conditions that deem the step acceptable. The penalty
parameter is then set basedon properties of the computed step, after which a badk-
tracking line seard is performed to compute a steplength coe cient | satisfying
the Armijo condition (2.8). Finally, the iterate is updated along with function and
derivative information at the new point. The novelty of our approad, i.e., the precise
de nition of what constitutes an acceptablestep, and the corvergenceproperties of
this algorithm are consideredin the remainder of this paper.

Notation. We drop functional notation throughout the rest of the paper when
values are clear from the context and delimit iteration number information for func-
tions as with variables;i.e., we denote gx , g(xx) and similarly for other quartities.
All norms are consideredEuclidean (or |,) norms unlessotherwise indicated, though
much of our analysiswill apply for any norm.

3. Step Computation and Selection. An intuitiv e condition that one may
imposeon an inexact SQP stepis that the directional derivative of the merit function
along the primal componert dx must be su cien tly negative. Such a condition could
be usedin the dewvelopmert of a globally convergert SQP approad, but quantifying
an appropriate steepnesf the directional derivative is a di cult task in practice.

As an alternativ e, let us borrow from an approach commonly employed in trust
region methods that beginsby consideringa local model of the merit function (x; )
around the current iterate xx and the changesin the merit function it predicts for
stepsin the primal space.The model hasthe form

mi(d; ), fi+ gi d+ maxf3d" Wyd;0g+ ke + Agdk;
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wherethe max term yields a quadratic model of the objective or alinear onedepending
on the curvature of Wy along d. With this approximation, we can estimate the
reduction in the merit function given by a step dx by evaluating

Mg (de; &), Mk(0; k)  my(de; «)
= g;dk maxf%dIWkdk;Og+ k(kak ka+Akdkk)
o dc  maxf 2dg Wicdi; 09+ i (kegk  kryk); (3.1)

where the residual ry = ¢ + Agdk asin (2.6).
At the heart of our approad is the claim that a given primal-dual step is often
bene cial for the algorithm to follow provided the following condition is satis ed.

Model Reduction Condition. A step (dy; x) computed in an inexact SQP
algorithm must satisfy

my (dk; «) k maxfk ¢ k; krik  kegkg (3.2)

for some0O< < 1 and appropriate ¢ > 0.

We will seethe e ects of this condition below and in x4. In particular, (3.2)
will indeed ensurethat the directional derivative of the merit function is su cien tly
negative along the primal step componert dx while also providing a mecanism for
determining appropriate values of the penalty parameter. We note that conditions
similar to the Model Reduction Condition (3.2) are preserted in the cortext of the
inexact composite-step SQP algorithm proposedby Heinkenshlossand Vicente [13].
Howewer, their conditions are only applicable to a step that hasbeendecomposedinto
basicand nonbasiccomponerts, asaccuracyis imposedon the componerts separately
Their approac alsodi ers from the onetreated herein that they usea trust region
and assumethat an approximate reduced Hessianis available.

3.1. Step Acceptance Conditions. An acceptable step will be required to
satisfy one of two setsof conditions. We refer to the conditions as termination tests
in referenceto algorithms that apply an iterativ e solver to the primal-dual system
(2.4), asin this framework the conditions are usedto determine whento terminate the
iteration. Each termination test requiresthat the step satis es (3.2) for an appropriate
value of the penalty parameter and enforcesrequiremerts on the residuals ( g;rg)
to ensure corvergenceto a local solution of (1.1). In addition, the tests impose
restrictions on when the algorithm is allowed to increasethe penalty parameter in
order to satisfy the Model Reduction Condition (3.2).

The rst termination test addresseghose stepsproviding a su cien tly large re-
duction in the model of the merit function for the most recert value of the penalty
parameter. We assumethat an initial value 1> 0is given.

Termina tion Test |. Let 0 < ; < 1 be given constants. A step (dk; «)
computal in an inexact SQP algorithm is acceptableif the Model Reduction Condition
(3.2) holdsfor = § 1 and

K O+ AL« 3.3)
4% Ck
for the residuals( g;rg) de ned by (2.6).

We claim that Termination Test | allows for productive stepsto be taken that
may have beencomputed in a relatively cheap manner, say after only a few iterations
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of an iterativ e solver applied to the primal-dual system (2.4). For steps satisfying
this test, giventhat a su cien t reduction in the model of the merit function hasbeen
obtained we needonly enforcea generallyloosebound on the residual vector. For even
greater exibilit y onecanin fact choose 1in Termination Test | if the additional
condition

k kk  maxf jkge + Al kk; okoekg, 0< 1< 1, 0< o (3.4)

is enforced. This may be useful, say, when applying our step acceptancecriteria when
steps are not computed directly via (2.4) or when the use of a left preconditioner
for (2.4) produces steps corresponding to residuals larger in norm than the right-
hand-side vector (g« + A{ «;c). All of the results in the following sectionshold if
Termination Testl has < 1 or if (3.4) is included when 1.

The secondtermination test addressesthose steps providing a su cien tly large
reduction in the linear model of the constraints.

Termina tion Test Il. Let0< < land 0 < be given constants. A step
(d; k) computed in an inexact SQP algorithm is acceptableif

krk ke k (3.53)

and k gk kegk; (3.5b)

whet the residuals( ;rg) are de ned by (2.6).

A step satisfying Termination Test Il may not satisfy the Model Reduction Con-
dition (3.2) for ¢ = « 1. Thus,for such stepswe require that the penalty parameter
be increasedto satisfy

g; dy + maxf %d-lg Wicdy; Og tr ial
- (3.6)
(1 )(keek  krgk)

k

foragiven0< < 1. Notice from (3.5a) and 0< < 1 that the denominator in the
above expressionis positive and along with (3.1) the rule (3.6) implies

Mk (dk; &) k(keck  krgk) (1) kkeck: (3.7)

Therefore, when (3.5a) is satis ed, the Model Reduction Condition (3.2) holds with
= @ ).

In summary, a step (dx; k) will be required to satisfy Termination Test | or Il
In eadh case,the Model Reduction Condition (3.2) will hold; Termination Test I
demandsit explicitly and the rule (3.6) is usedto enforceit when Termination Test|I|
is satis ed. For consistencybetweenTermination Test| and Il and (3.6), one should
set = (1 ) for Termination Test|I.

The completealgorithm is the following, and can be characterizedby our Su cien t
Merit function Approximation Reduction Termination Tests (SMART Tests).

Algorithm  A: Inexa ct SQP with SMART Tests

Given parametersO< ; ; ; ; <land >0
Initialize Xg; 9, and 1> 0
for k= 0;1;2;:::, until a convergencetest for (1.1) is satis ed

Compute fi;0k;C; Wk; and A and set ¢ k 1and 1
Compute a step (dg; «) satisfying Termination Test| or Il '
if Termination Test! is satis ed and (3.6) doesnot hold, set ¢ frial 4+ 10 4
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Perform a badktracking line seart to obtain | satisfying (2.8)

Set (Xk+1; k+1) Xk k) +  w(de; «)
endfor

In practice, the step can be computed by producing a sequenceof candidate steps
f(d; )gvia the application of an iterativ e solver to (2.4). The corresponding residuals
f(; r)g canthen be computed and Termination Testsl and |1 canbe evaluated during
ead iteration or after a few steps of the iterative solver. The constarts (; ; )
should be tuned for a speci ¢ application and can signi cantly in uence the practical
performanceof the algorithm. In particular, the valuefor should be chosento re ect
the relationship betweenthe scalesof the primal and dual feasibility measures.The
scaledependenceof such a parameteris not ideal, but a bound similar to (3.5b) is used
to ensurethe boundednessof the penalty parameter  (aswe shov in Lemma4.7) if
the rule (3.6) is enforced. Sincesuct a method for setting the penalty parameter has
proved to work well in practice [23], we employ this update rule in the algorithms in
this paperand de ne and (3.5b) asgiven. The constarts ( ; ; ) cangenerallybeset
to default values, or, in the caseof , to promote consistencybetween Termination
Tests | and Il. Further discussionof appropriate values for the constarts and an
exampleimplementation of Algorithm A are givenin x5.

3.2. Well-p osedness of the Algorithm. It is important to verify that the
iterates speci ed by Algorithm A can be always be computed in practice.

Supposethat (Xg; k) is an iterate that doesnot satisfy the optimalit y conditions
(2.2). We argue here that whenewer Ay has full rank and Wy is positive de nite
on the null spaceof Ai, any su cien tly accurate solution to (2.4) will satisfy either
Termination Testl or 1. If ¢(xx) 6 0, then (3.5) of Termination Test!| will be satis ed
by any step with ( ;rg) sucien tly small, and (3.6) will give a value of ¢ such that
the Model Reduction Condition (3.2) is satised. If c(xx) = 0, then (3.3) will be
sats ed for ( k;rg) sucien tly small. In addition, sinceWy is positive de nite on the
null spaceof A, the solution of (2.4) is the solution to problem (2.3). Therefore, by
computing a step with ( g;rk) su cien tly small, (3.2), and thus Termination Test|,
will be satis ed.

Once an acceptablestep is obtained, we must ensurethat a positive steplength
parameter  can be calculated to satisfy the Armijo condition (2.8). We consider
this issueby rst presering the following result.

Lemma 3.1. The directional derivative of the merit function (x; ) alonga step
d satis es

D (d; ) g'd (kck krk):
Proof. Applying Taylor's theorem, we nd for someconstart ;> 0

(x+ d ) (x; )= f(x+ d) fx)+ (ke(x+ dk ke(x)k)
g'd+ 1 2kdk®+ (ke(x)+ Adk ke(x)k)
= g'd+ 1 Zkdk®+ (k@I )c(x)+ rk  ke(x)k)
(g'd  (ke(x)k krk)) + 1 2kdk?;

wherer = ¢(x) + Ad asin (2.6). Dividing both sidesby and taking the limit as
I 0yields the result. O
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Given this result, we presert the following consequencenf our Model Reduction
Condition. (A stronger result will be given asLemma 4.6.)

Lemma 3.2. If the Model Reduction Condition (3.2) holdsfor a step (dx; «) and
penalty parameter |, then the directional derivative of the merit function satis es
D (dk; k) 0.

Proof. Obserwe from (3.1) that the inequality (3.2) can be rewritten as

of Ok k(kock  krik) maxf 2df Wi dy; Og « maxtk ok; krick  kokg;
so, by Lemma 3.1, a step (dk; «) satisfying (3.2) yields

D (d; «)  gede  lkeck krik)
maxf $dy Wi di; Og k maxfk ck; krik — keekg; (3.8)

which yields the result. |

We have showvn under common conditions that an acceptableinexact SQP step
(dg; k) canalways be computed by Algorithm A and that stepssatisfying the Model
Reduction Condition (3.2) correspond to directions of nonincreasefor the merit func-
tion (x; k). Theseresultsallow usto show that the Armijo condition (2.8) is satis ed
by somepositive ¢ (seeLemma 4.8), and so Algorithm A is well-posed.

We mertion in passingthat, as a corollary to Lemma 3.1, we may avoid the
exact computation of the directional derivative of the merit function along a step d
by de ning the estimate

D (d; ), g°d (kck krk): (3.9)
As sudh, the Armijo condition (2.8) can be substituted by
(X + Kkde; k) Xk )+ kD (de; «): (3.10)

All of the analysisin this paper holds when either (2.8) or (3.10) is obsened in the
line seart procedure of Algorithm A. For corvenience,we chooseto use(3.10).

4. Global Analysis. Let us begin our investigation of the global behavior of
Algorithm A by making the following assumptionsabout the problem and the set of
computed iterates.

Assumptions 4.1. The sequen@ fXx; «g generted by Algorithm A is contained
in a convexset and the following properties hold:
(@) The functions f and c and their rst and second derivatives are bounded on

(b) The sequen@ f g is bounded.

(c) The constraint Jacobians Ax have full row rank and their smallest singular
valuesare boundal below by a positive constant.

(d) The sequene fWy(g is bounded.

(e) There exists a positive constant > 0 suchthat for any u 2 R" with u6 0
and Agu = 0 we haveu” W, u kuk?.

These assumptions are fairly standard for a line searc method [12, 19]. As-
sumption 4.1(a) is a little weaker than the common assumption that the iterates are
contained in a compact set. Assumptions 4.1(b) and (c) are strong; we usethem to
simplify the analysisin order to focus on the issuesrelated to inexactness. It would
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be of interest in future studies of inexact SQP methods to relax these assumptions.
Assuming that Wy is positive de nite on the null spaceof the constraints is natural
for line seard algorithms, for otherwise there would be no guarantee of descen. We
commert further on the validity of Assumption 4.1(b) in x6.

We now assumethat during iteration k we have obtained an acceptable step
(dk; k) with residuals( ;rx) de ned by (2.6). We considerthe decomposition

di = ug + vk; (4.1)

where ug lies in the null space of the constraint Jacobian Ax and v lies in the
range spaceof Al. We do not intend to compute the componerts explicitly; the
decomposition is only for analytical purposed4, 6]. Wereferto uy, which by de nition
satis es Agug = 0, asthe tangertial componert and vi asthe normal componert of
the step.

Our analysishingeson our ability to classifythe e ects of two typesof steps: those
lying su cien tly in the null spaceof the constraints and those su cien tly orthogonal
to the linearized feasible region. We show that such a distinction can be made by
observing the relative magnitudes of the normal and tangential componerts of the
primal componert dy.

We rst presern a result related to the magnitude of the normal step.

Lemma 4.2. For all k, the normal component vy is bounded in norm and for
some , > 0 satis es

kvik? > maxfk gck; krikg: (4.2)

Furthermore, for all k suchthat Termination Test Il is satis ed, there exists 3 > 0
suchthat

kvi k s(keck  krik): (4.3)

Proof. From Axvi = ¢ + r¢ and the fact that vy liesin the range spaceof A ,
it follows that

Vi = AL (AKAL) T o+ ry);
and so
kv k kAI (AKAI) Yk(kak + krik): (4.4)

This, alongwith (3.3), the fact that Assumptions4.1(a) and (b) imply that kcck and
kg« + Al k are bounded, and the fact that Assumptions 4.1(a) and (c) imply that
KA} (AkAL) 1k is bounded, implies v is boundedin norm for all k. The inequality
(4.4) alsoyields

kvik2  KAT (AKAT) Lk(kock + krik) 2
2KAT (AAT) kmaxfk oek; krickg 2
= 4KA] (AKAT) k? maxtk ock; krckg maxtk ock; krikg; (4.5)

where (3.3) and Assumptions 4.1(a), (b), and (c) alsoimply that the bracketed ex-
pressionin (4.5) is bounded. Thus, (4.2) holds. Finally, if Termination Test Il is
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satis ed, then from (3.5a) and (4.4) we have
kvik KA (AKAL) k(@ + )keek
KAL(AKAL) 'k = (kack  krik);

and so (4.3) holds. O
A similar result can be proved for the tangertial componer.

Lemma 4.3. The tangential components f u, g are bounded in norm.
Proof. Assumption 4.1(e), the fact that ug liesin the null spaceof the constraint
Jacobian Ay, and the rst block equation of (2.6) yield

kugk?  ul Wik
= GrUk+ gUc  Ug Wiy
(kokk + k k+ kW v k) kugk;
and so
kugk  (kgck + k k+ kKW vck) =:

The result follows from the facts that Assumptions 4.1, Lemma 4.2, and the bounds
(3.3) and (3.5b) imply that all terms in the right-hand-side of this inequality are
bounded. O

We now turn to the following result addressingthe relative magnitudes of the
normal and tangential componerts of a given step.

Lemma 4.4. There exists 4> 0 suchthat kugk?  4kvik? implies 2d} W dy
—kukkz.
4

Proof. Assumption 4.1(e) implies that for any 4 sud that kuyk? skvik? we
have

%dIWkdk = %UIWkUk + UIWka + %VIWka
5 kUk k2 kUk kka kak k %ka kak k2

B kWLk kKW, k KUy k2:
2 4 4
Thus, Assumption 4.1(d) implies the result holds for a su cien tly large 4> 0. O

With the above results, we can now formalize a distinction betweentwo types of
steps. Let 4 > 0 be chosenlarge enoughasdescribed in Lemma 4.4 and considerthe
setsof indices

Ky, fk:kuck?®  skvik?g
and Ky, fk:kuck?®< skvek?g:

Most of the remainder of our analysiswill be dependert on these setsand the corre-
sponding quartit y

kukk? + kock; k2 Ky;
maxfk cek; krgkg, k2 Ko:
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The relevanceof  will be seenin the following three lemmasasa quartit y that can
be usedfor bounding the length of the primal step and the directional derivative of the
merit function, which will then provide a lower bound for the sequenceof steplength
coecientsf gg.

Lemma 4.5. There exists 5 > 1 suchthat, for all k,
kdek* 5 i;
and hene
kdik? + kack 2 5 k: (4.6)
Proof. For k 2 K4, we nd
kdek? = kuck? + kvik?
1+ L kuk?
1+ % (kuk? + keek):
Similarly, Lemma 4.2 implies that for k 2 K,

kdy k2 = kukk2 + kak2
< ( 4+ 1kvek?
( 4+ 1) 2 maxtk cck; kr¢kg:

To establish (4.6) we note that ¢ + kegkk 2  for all k. 0

The directional derivative of the merit function can be bounded in a similar
manner.

Lemma 4.6. There exists ¢ > 0 suchthat, for all k,
D (dk; «) 6 k'
Proof. Recalling (3.8) and (3.9) we have
D (dk; «) maxf %d{ W, dk; Og k maxfk ¢ k; krgk  kegkg: 4.7)
By Lemma 4.4, we have that df Widx  zkuik? for k 2 K and thus
D (dk; «) ZKuk? kkegk:
Similarly, for k 2 K, we have from (4.7) that

D (d; «) « maxtk o k; krick  kockg
I maxfk ock; krickg:
The result holds for s = minf z; % k0, which is bounded away from zeroasf (gis
nondecreasing. 0O

Another important property of Algorithm A is that under Assumptions 4.1 the
penalty parameter remains bounded. We prove this result in the following lemma,
illustrating the importance of the bound (3.5b).
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Lemma 4.7. The seguene of penalty parametersf g is bounded alove and
k=  forall k kfor somek O.

Proof. Recall that the penalty parameter is increasedduring iteration k of Algo-
rithm A only if Termination Test Il is satis ed. Therefore, for the remainder of this
proof let us assumethat Termination Test |1 is satis ed and so the inequalities in
(3.5) hold. By (3.6) the parameter | is chosento satisfy the rst inequality in (3.7),
namely

Mic(di; &) k(kack  krik); (4.8)

where, accordingto the rst block equation of (2.6), we can rewrite the model reduc-
tion as

k(kock  krgk) gide  maxf 3di Widy;Og

k(kekk  krk)

g;Vk %V;kak Iuk + %UIWkUk if %dIWkdk 0
g;l(— Vik («k Wka)T Uy + UI W ug otherwise.

my (dk; «)

+

The result follows from our ability to bound the terms in the secondline of this
expressionwith respect to the constraint reduction.

If %d{ Wydi 0, then under Assumptions 4.1 we have that Lemmas4.2 and 4.3
and the bounds (3.5) on the residuals( ;rg) imply that there exists 7; 9> 0 sudh
that

gng %VIWka Iuk + %UIWKUK k gkkkvkk %kakakkz k «kkugk
7(kvik + k «K)
7 3t 7— (kok  krik)
= Okeck  krik):

Similarly, if %d{ Wy dk < 0,then under Assumptions4.1weagain nd that Lemmas4.2
and 4.3and the bounds(3.5) on the residuals( ;ry) imply that there exists g; §> 0
such that

g-krVk ( K Wka)T Uk + UIWkUk k gkkkvkk k kkugk kv kkW kkuyk
g(kvkk + k «K)

g 3+ 71— (kock krik)
= o(kekk  kryk):
Theseresults together imply
me(de; ) (« maxf 5 Jo)(kack  krik);
and so (4.8) is always satis ed for
Kk maxt % Sg=(1 ):

Therefore,if , maxf 9; 99=(1 ) for somek 0,then = , fork k. This,
along with the fact that whenewer Algorithm A increasesthe penalty parameter it
doessoby at least a positive nite amourt, provesthe result. O
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The previous three lemmas can be used to bound the sequenceof steplength
coe cien ts.

Lemma 4.8. The sequene f g is bounded below and away from zero.
Proof. Recallthat the line seard requires(3.10), which we rewrite for corvenience
as

Xk + ks k) (X ) kD (dk; k)
Supposethat the line seard fails for some > 0, so
X+ de; k) Xk k) > D (d k)
From the proof of Lemma 3.1 and (3.9) we have
(Xk+ d; k) (ks k) D (dk; W)+ 21 kkdek?;
o)
( 1D (d; «) 1"kdi k?:

Here, ~ is a nite upper bound for the sequencef (g whose existencefollows from
Lemma 4.7. Lemmas4.5 and 4.6 then yield

1 e k< 15" W
o)
>l ) e=( 15"
Thus,  neednewver besetbelow (1 ) ¢=( 1 5") for (3.10) to be satis ed. O

We can now present the following result related to the lengths of the primal
componerts of the stepscomputedin Algorithm A and the convergenceof the iterates
toward the feasibleregion of problem (1.1).

Lemma 4.9. Algorithm A yields
kI!|1r’n kekk= 0 and kI!|1rn kdgk = O:
Proof. For all k, it can easily be seenthat

(X k) (Xt ks k) 9 k

for some ¢ > O follows from (3.10) and Lemmas 4.6 and 4.8. By Lemma 4.7 the
algorithm evertually computes,during iteration k 0, a nite value , beyond which
the penalty parameter will never be increased. Therefore, the penalty parameter
remains unchangedfor k  k and for all k > k (4.6) implies

1
Xk «) (Xks «) = ( X5 (Xj+13 «))
i=k

1
2—9 (kd; K2 + kg k):
5j:k
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The result follows from the above and the fact that Assumption 4.1(a) implies (x; )
is bounded below. d

We are now ready to presen the main result of this section.

Theorem 4.10. Algorithm A yields

o+ Al «
ki1 Ck

=0:

Proof. Recall that 1 for all k and from Lemma 4.8 we have that f g is
boundedbelowv and away from zero. An expansionof the rst block of the optimality
conditions (2.2) yields

kg + Ak ket K Koot AR K k(S Lkde + AR k+ FE(dk; «);
where
E(dc; ) = O(kdk? + kd  k):
This, along with the rst block equation in (2.6) and Assumptions 4.1, implies

KOk+1 + Agyy ke K
koo + Af K+ k(Wi + AL )+ (r 3L Widkk+  ZE(di; «)
ko + Ap k+ k(k G AL Ok+ kk(r 2L W )dik+ ZE(dk; «)
(1 kg + Af kk+ k kk+ (EAde k) (4.9)

where
E%dy; «) = O(kdgk + kdck? + kdi  «K): (4.10)
The bounds (3.3) and (3.5b) and the triangle inequality imply
k kk  maxf (kgq + AY (k+ kaek); keckg

which, along with (4.9) and the boundednesff g, implies that for someO< 14 <
land ;> Owehave

Kgks1 + Afy keak maxf(1 1o)kge + Al kk; 11kackg+ (EYdk; «): (4.11)

The boundednessof f g, Lemma 4.9, and the fact that Assumption 4.1(b) implies
k is boundedin norm imply, along with (4.10), that

kllilm kEO(dk; k) =0 (4.12)

Consider an arbitrary ~ > 0. Lemma 4.9 and the limit (4.12) imply that there
existsk® 0 such that for all k  k°we have

ukek< (1 10)" and  EXd; «) < 3 107 (4.13)
Supposek  k®and kg + A}l kk> ~. We nd from (4.11) that

kdkor + Agsr ket k(1 10)kae + Ag kk+ 1 107

kae + Af kk 1 0™
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Therefore, fk gk + A kg decreasesnonotonically by at least a constart amourt for
k  k®while fk gk + A}l kkg > 7, sowe evertually nd kg + Al kk ~ for some
k= k% KO Then, fork k%we nd from (4.11) and (4.13) that

I(gk+1 + AI+1 k+1 k (1 10)A+ % 10/\

@ 3 )%
sokge + Al k ~forallk k% Sincethe above holds for any A > 0, we have
: T .
k|!I:{”f'l kgk + Ak k= 0;

and so the result follows with the above and the result of Lemma 4.9. a

5. An Implemen tation. This section contains a description of a particular
implemenrtation of Algorithm A and corresponding numerical results to illustrate the
robustnessof our approach. Note that, for the greatestlevel of generality within our
framework, we implemerted Termination Test | with 1 and (3.4) included. A
study of the e ciency of the new algorithm in realistic applications is dewoted to a
separatestudy [7].

We deweloped a Matlab implementation of Algorithm A in which the generalized
minimum residual (GMRES) method [21] was used for the step computation, for
which we adapted the implementation by Kelley [15]. The GMRES method doesnot
exploit the symmetry of the matrix (2.5) in the primal-dual system (2.6), but the
stability of the approad is ideal for illustrating the robustnessof Algorithm A.

In terms of the input parameters de ned throughout the paper, we make the
following general commerts on their practical e ects. First, the values( 1; 2) and
(; ) should receiwe special attention asthey may greatly a ect the easewith which
Termination Tests| and I, and therefore the Model Reduction Condition (3.2), are
satis ed; larger valuesfor these constarts allow for more stepsto satisfy at least one
of the tests at a given point. In general,looserboundsin Termination Tests| and |1
will result in cheaper step computations, but these savings must be balancedagainst
possibleincreasesin the number of outer iterations required to nd a solution. The
parametersmay alsoin uence the magnitude of the penalty parameter computed in
the algorithm; larger values may yield larger valuesfor . A similar e ect on the
penalty parameter will be seenfor smaller values of the input in (3.6) and larger
valuesof , and sotogether all of the parametersmay a ect the number of iterations
required until the penalty parameter stabilizes, an important phenomenonin the
analysisof x4. In general,however, we claim that the parameters( ; ) canbe setto
default valuesor to promote consistencybetweenthe two termination tests, aswe do
in (5.3) below.

The stopping condition for the overall nonlinear program is given by

ko + Ag kki  maxtk gk ;19 opt; (5.1)
koky  maxfk coky ;19 f eas; (5.2)

where0< qp; feas < 1 and xq is the starting point (e.g., see[23)).

The following algorithm was implemented in Matlab and will be referred to as
isgp . The termination variable is usedto indicate the successfulor unsuccessful
termination of the solver near a local solution of problem (1.1).
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Algorithm  B: Inexa ct SQP with  GMRES and SMART Tests

Given parametersO< feas; opt; 153 5 5 5 mn < 1and0< Kmax; ;; 2
Initialize xg; g,and 1> 0
Set termination success

for j = 0;1;2;:::;n+ t, or until Termination Test!| or |l is satis ed
Set (dk; k) asthe jth GMRES solution
endfor
if D (dk; ) > O for all k, Settermination failure and break
if Termination Test |1 is satis ed and (3.6) doesnot hold, set rial 4+ 10 4
while (3.10) is not satised and min, Set g k=2
if < min, Settermination failure and break
Set(Xk+1: k1) (Xk; k) + k(dk; «)
endfor
if (5.1) or (5.2) is not satis ed, settermination failure

return termination

We recognizethree types of failures in the above approac. First, due to the
iteration limit (n + t) imposedon the inner for loop, or if the positive de niteness
of Assumption 4.1(e) is violated, GMRES may not provide a solution satisfying Ter-
mination Test | or Il. In this case,we will try to usethe step dx anyway, and, if
necessarywe will try increasing  to yield a positive value for the directional deriva-
tive D (dk; «). Howewer, if the directional derivative is nonnegative for any value

k 1 of the penalty parameter, then the step is an ascen direction for the merit
function and the algorithm terminates. Second,if the steplength coe cien t must be
cut below a given nj, in order to obtain a step satisfying the Armijo condition,
then the seard direction is deemedunsuitable and the algorithm fails. Sincewe have
a descen direction this failure can only occur due to nite precision arithmetic er-
rors, or if min is too large relative to the curvature of the functions. Finally, if the
algorithm terminates without satisfying the nonlinear program stopping conditions
(5.1) and (5.2), then the maximum number of iterations has beenreadced. Though
there exist techniquesfor continuing a stagnated run of the algorithm when an ascen
direction for the merit function or a short steplength coe cien t is computed, we im-
plemert nasve failure tests in Algorithm B to aggressiely challengethe robustnessof
our approac.

Table 5.1 cortains a listing of the input parametersimplemented in our code. For

Parameter | Value Parameter | Value

f eas 10 © 10 ®

opt 10 6 min 10 8

1 0:1 Kmax 1000
0:1 1
0:1 1 1
Table 5.1

Input parameter values used for Algorithm B
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the remaining parameters, we set, asis generally appropriate,
@ ) (5.3)

+ AT
and max W; 1
As previously mertioned, this value for promotes consistencybetween Termination
Testsl and Il and (3.6). Such avalue for , and aimsto re ect the relationship in
scalebetweenthe primal and dual feasibility measures.
We compare Algorithm B with an inexact method that only enforcesa reduction
in the entire primal-dual residual. Our implementation of this approacd, alsodonein
Matlab, is identical to Algorithm B exceptthat the GMRES stopping test

where0 < < 1 for (3.3) is a given constart. We performed multiple runs of this
algorithm, which we call ires , for eac problem in the test set and will refer to eat
run by the particular value of used.

The algorithms described above were run for 44 equality constrained problems
from the CUTEr [3, 10] and COPS [9] collections. Problems from the CUTEr set
for which AMPL models were available were selected based on size { fewer than
10,000variables { and two moderately sized COPS problems were chosen. We note
that Wy was set to the exact Hessianof the Lagrangian and that a multiple of the
identit y matrix wasaddedto Wy, when necessaryto satisfy the positive de niteness
of Assumption 4.1(e). Also, as the results provided in this section are intended only
as a simple illustration of the robustnessof our approac, we did not implement a
preconditioner for the primal-dual systemfor our numerical experiments and, in fact,
this was not an issueas many of the problems are relatively small in size. We stress,
howevwer, that preconditioning is an essetial part of any implementation for many
large-scaleproblems.

Table 5.2 provides the percertage of problems successfullysolved for ead of the
solvers. All of the failures for the ires algorithm occurred due to the fact that

Algorithm ires isqp
21 22 2.3 24 25 2(3 27 28 29 210 _
% Solved 45% | 66% | 68% | 80% | 80% | 77% | 82% | 82% | 86% | 86% | 100%
Table 5.2
Algorithm successrates; comparison between an inexact SQP method based on the entir e resid-
ual of the Newton equations and isgp, the algorithm proposed in this paper

either the directional derivative D (dx; ) of the merit function was nonnegative for
all allowable values of the penalty parameter k 1 or the badktracking line
searh reduced the steplength coe cient ¢ below the given tolerance in. Thus,
we nd that even for relatively small valuesof the tolerance parameter , the primal
componernt dx provided by GMRES can yield a value for the directional derivative
D (dk; ) of the merit function that is not su cien tly negative for any k 1. 1In
other words, ires runs the risk of computing nearly-exact solutions of the primal-
dual system (2.4) that correspond to directions of insu cien t decreasefor the merit
function (x; k).
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6. Final Remarks. In this paper we have developed an inexact SQP algorithm
for equality constrained optimization that is globally corvergert under common con-
ditions. We closewith someremarks about the assumptionsusedin the paper, the
rate of corvergenceof our approad, and possibleextensionsof this work.

First, let usrecall the boundednesof the multipliers stated in Assumption 4.1(b).
Our analysis does not guarantee that the multipliers remain bounded in general;in
fact, Algorithm A doesnot exert direct cortrol over them. We can ensurethat f g
remainsbounded, however, by adding to Termination Test| arequiremert of the form

k «k  °maxfk g k; kA kg

for a constart °> 0. Such a condition ensuresthat | is bounded independertly
of the multipliers , so then (2.6) and Assumptions 4.1 will imply that f g is
bounded. An alternative would be to include a safeguardin the algorithm by which
the multiplier estimate | is setto a nominal value, sy « = O, if kgg + AI kK is
larger than a given constarn.

Second,the rate of convergenceof Algorithm A may be slow for a given prob-
lem. One can ensurea fast convergencerate, howewer, by imposing at ead step a
requiremert of the form

k o+ AL «
e K o (6.1)
where 0 < f g < 1[8]. Then, tightening the values of  during any point of a
run of Algorithm A will in uence the convergencerate if unit steplengthsare taken.
For example,if ¢ ~ < 1 for all large k, then the rate of convergenceis linear
with rate ~. If, in addition, ! O, then the rate of corvergenceis superlinear [8].
In practice, the exact penalty function (2.7) can reject unit steps even closeto the
solution, but this di cult y can be overcomeby the use of a secondorder correction
or non-monotone techniques [18]. In this manner, we can be sure that the rate of
corvergenceof Algorithm A will be fast oncethe penalty parameter is stabilized.
Incidentally, by implemerting sudh an approad, where we require the step pro-
vided by the iterativ e linear systemsolwver to satisfy both (6.1) and Termination Test|
or |1, one can directly obsene the extra cost assaiated with ewlving the ires al-
gorithm described in the previous sectioninto a robust method. In our experimerts
we found this extra cost to be minimal for the problemsin our test set. For exam-
ple, let us de ne a third algorithm, call it isgp-ires , that imposesinequality (6.1)
along with our termination tests within the step computation of Algorithm B, where
= = 2 ° for all k. Note that the key di erences betweenisqp-ires  and isqp
are that we have now implemented < 1 for (3.3) and that an inequality of the form
(3.3)/(6.1) is also enforcedin Termination Test Il. Now, if we compare isqp-ires
with ires (with = 2 %), we canobsene the extra costrequired to satisfy our termi-
nation tests beyond simply attaining an accurate solution to the primal-dual system
(2.4). 1t turns out that for the 35 problems solved by both of these algorithms, an
averageof only 0.5 extra total GMRES iterations over the ertire run of the algorithm
were required by isqgp-ires . Moreover, by observing the termination tests for the
iterativ e solver, the 9 problemsleft unsolved by ires (approximately 20% of the total
number of 44 problems) were all solved successfullyby isqp-ires . Indeed, the extra
costis minimal with respect to the added robustness.
In addition it is worth noting that imposingcondition (6.1) with su cien tly small
k implies that the bound (3.4) would automatically be satis ed, and the bounds
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(3.5) of Termination Test |l are satis ed in the casewhere kcik is greater than some
constart times kgq + Al kK.

Finally, it would be of interest to analyze the behavior of inexact SQP methods
in the presenceof Jacobian singularities and when Wy = r 2, Ly for somek with W
not positive de nite in the null spaceof the constraint Jacobian Ax. However, suc
an analysiscan be complex and would have brought the focusaway from the intended
scope of this paper. Therefore, we choseto discussthe designof inexact SQP methods
in the benign context of Assumptions 4.1.
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