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Abstract

It is known that the Karush-Kuhn-Tucker (KKT) conditions of semidefinite pro-
gramming can be reformulated as a nonsmooth system via the metric projector over
the cone of symmetric and positive semidefinite matrices. We show in this paper that the
primal and dual constraint nondegeneracies, the strong regularity, the nonsingularity
of the B-subdifferential of this nonsmooth system, and the nonsingularity of the corre-
sponding Clarke’s generalized Jacobian, which is the convex hull of the B-subdifferential,
at a KKT point are all equivalent. Moreover, we prove the equivalence between each
of these conditions and the nonsingularity of the B-subdifferential (or Clarke’s general-
ized Jacobian) of the smoothed counterpart of this nonsmooth system used in several
smoothing Newton methods. In particular, we establish the quadratic convergence of
these methods under the primal and dual constraint nondegeneracies, but without the
strict complementarity.

Key words: Semidefinite programming, constraint nondegeneracy, strong regular-
ity, nonsingularity, variational analysis, quadratic convergence.

1 Introduction

The standard semidefinite programming (SDP) problem takes the following form

min 〈C,X〉
s.t. AX = b ,

X ∈ Sn
+ ,

(1)

where C ∈ Sn, the linear space of all n × n real symmetric matrices, 〈·, ·〉 is the usual
Frobenius inner product in Sn, A is a linear operator from Sn to <m, b ∈ <m, and Sn

+ is
∗This research was partially supported by Grant R146-000-061-112 of the National University of Singa-

pore.
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the cone of all n×n positive semidefinite matrices in Sn. Let A∗ : <m → Sn be the adjoint
of A. The dual form of the SDP problem (1) is

max bT y

s.t. A∗y + S = C ,

S ∈ Sn
+ .

(2)

The Karush-Kuhn-Tucker (KKT) conditions, i.e., the first order optimality conditions, for
the SDP problem (1) and its dual (2), are

A∗y + S = C ,

AX = b ,

Sn
+ 3 X ⊥ S ∈ Sn

+ ,

(3)

where “X ⊥ S” means that X and S are perpendicular to each other, i.e., 〈X,S〉 = 0. Any
point (X, ȳ, S) ∈ Sn ×<m × Sn satisfying (3) is called a KKT point.

Due to its mathematical elegance and wide applications, the research on SDP has been
extremely active after the discovery of polynomial time interior point algorithms [1, 25]
for solving this problem. For an excellent survey on this, see [45]. Our research in this
paper is motivated by [40] on various characterizations of strong regularity, one of the most
important concepts in sensitivity and perturbation analysis, introduced by Robinson in his
seminal paper [30], for a local optimal solution of the general nonlinear SDP problem. The
basic question we want to ask here is:

What does the strong regularity mean for the SDP problem (1) and its dual (2)?

Certainly, all conditions equivalent to the strong regularity presented in [40] for the gen-
eral nonlinear SDP problem apply to the SDP problem (1) too. However, due to the special
structure of the SDP problem (1) and its dual, one may be able to obtain more insightful
characterizations about the strong regularity. This is exactly the primary objective of this
paper.

For the purpose of achieving this objective, we study the B-subdifferential and Clarke’s
generalized Jacobian of the nonsmooth system reformulated from (3). We show that the
primal and dual constraint nondegeneracies, the strong regularity, the nonsingularity of the
B-subdifferential of this nonsmooth system, and the nonsingularity of the corresponding
Clarke’s generalized Jacobian, at a KKT point (X, ȳ, S) ∈ Sn × <m × Sn are all equiva-
lent. The equivalence of the nonsingularity of the B-subdifferential and the nonsingularity
of Clarke’s generalized Jacobian comes as a surprise, at least to the authors, as we know
that the nonsingularity of the B-subdifferential is only a necessary condition for the strong
regularity while the nonsingularity of Clarke’s generalized Jacobian is a sufficient condition
for the strong regularity (for more discussions, see [14, 26]). It is true, by [40, Theorem
4.1], that the nonsingularity of Clarke’s generalized Jacobian is also necessary for the strong
regularity in the context of SDP problems. However, it is never known if the the nonsin-
gularity of the B-subdifferential is sufficient too. Here, the unique structure exhibited in
SDP problems (1) and (2) plays a key role for us to prove these conditions equivalent. Con-
sequently, the quadratic convergence of some nonsmooth Newton type methods studied in
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[17, 13] follows from any one of these equivalent conditions. In fact, by combining the two
papers [17, 13], we know that the primal and dual constraint nondegeneracies are sufficient
for the nonsingularity of the B-subdifferential. On the other hand, our equivalent results
imply that they are also necessary for the nonsingularity of the B-subdifferential.

The second objective of this paper is to study under what conditions the smoothing
Newton methods studied in [8, 9, 18, 44] for solving SDP problems (1) and (2) possess
quadratic convergence, without assuming the strict complementary condition. We achieve
this objective by showing that the nonsingularity of the B-subdifferential of one smoothed
system used in [8, 9, 18, 44] and the nonsingularity of Clarke’s generalized Jacobian of this
smoothed system are both equivalent to any of the above stated equivalent conditions, in
particular, the primal and dual constraint nondegeneracies.

The organization of this paper is as follows. In Section 2, we study some useful properties
of the B-subdifferential and Clarke’s generalized Jacobian for Lipschitz functions, in particu-
lar for the metric projector over Sn

+ and its smoothed counterpart. The promised equivalent
conditions are given in Section 3. In Section 4, we prove the quadratic convergence of some
smoothing Newton methods under the primal and dual constraint nondegenerate condi-
tions, but without the strict complementarity condition. We give our conclusions in Section
5.

2 Generalized Jacobians

Assume that X , Y, and Z are three finite dimensional real vector spaces each equipped with
a scalar product 〈·, ·〉 and its induced norm ‖·‖, O is an open set in Y, and Ξ : O ⊆ Y → Z is
a locally Lipschitz continuous function on the open set O. By the well known Rademacher’s
theorem [35, Section 9.J], we know that Ξ is almost everywhere F(réchet)-differentiable in
O. Denote by DΞ the set of all points in O where Ξ is F-differentiable. Then Clarke’s
generalized Jacobian of Ξ at y ∈ O is defined as follows [11]:

∂Ξ(y) := conv{ ∂BΞ(y) },

where “conv” denotes the convex hull and the B-subdifferential ∂BΞ(y), a name coined by
Qi in [27], of Ξ at y takes the form

∂BΞ(y) := {V : V = lim
k→∞

Ξ′(yk) , yk → y , yk ∈ DΞ}.

The next lemma, which is originally proven in [40, Lemma 2.1] under the assumption of
directional diffrentiability, is a useful property about characterizing the B-subdifferential of
composite functions. Here we drop the condition of directional differentiability and provide
a self-contained proof as it may have applications in other places where the directional
differentiability is not readily available.

Lemma 1 Let Ψ : X → Y be a continuously differentiable function on an open neighborhood
N̂ of x̄ and Ξ : O ⊆ Y → Z be a locally Lipschitz continuous function on an open set O
containing ȳ := Ψ(x̄). Suppose that Ψ′(x̄) : X → Y is onto. Then there exists an open
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neighborhood of x̄ such that that Φ is F-differentiable at x in this neighborhood if and only
if Ξ is F-differentiable at Ψ(x) and

∂BΦ(x̄) = ∂BΞ(ȳ)Ψ′(x̄), (4)

where Φ : N̂ → Z is defined by Φ(x) := Ξ(Ψ(x)), x ∈ N̂ .

Proof. Shrink N̂ , if necessary, assume that Ψ(N̂) ⊆ O and for each x ∈ N̂ , Ψ′(x) is onto.
Then Φ is Lipschitz continuous on N̂ .

We shall first show that Φ is F-differentiable at x ∈ N̂ if and only if Ξ is F-differentiable
at Ψ(x), which, by the definition of the B-subdifferential, implies

∂BΦ(x̄) ⊆ ∂BΞ(ȳ)Ψ′(x̄).

By the definition of Φ, we know that if Ξ is F-differentiable at Ψ(x), then Φ is F-differentiable
at x ∈ N̂ . Now, assume that Φ is F-differentiable at x ∈ N̂ . Since A := Ψ′(x) is onto, AA∗

is invertible, where A∗ : Y → X is the adjoint of A. For any ∆y ∈ Y, let

∆x := A∗(AA∗)−1∆y .

Then, for any Y 3 ∆y → 0, we have

‖Ξ(Ψ(x) + ∆y) − Ξ(Ψ(x)) − Φ′(x)(A∗(AA∗)−1∆y)‖

= ‖Ξ(Ψ(x) + A∆x) − Φ(x) − Φ′(x)(∆x)‖

≤ ‖Φ(x + ∆x) − Φ(x) − Φ′(x)(∆x)‖ + O(‖Ξ(Ψ(x + ∆x)) − Ξ(Ψ(x) + A∆x)‖)

= o(‖∆x‖) + O(‖Ψ(x + ∆x) − (Ψ(x) + A∆x)‖)

= o(‖∆x‖) + O(‖Ψ(x + ∆x) − (Ψ(x) + ∆y)‖)

= o(‖∆x‖) + O(‖Ψ(x) + Ψ′(x)(∆x) + o(‖∆x‖) − (Ψ(x) + ∆y)‖)

= o(‖∆x‖) + O(‖A∆x − ∆y‖)

= o(‖∆x‖) + O(‖∆y − ∆y‖) = o(‖∆x‖)

= o(‖∆y‖)

which, implies that Ξ is F-differentiable at Ψ(x). This proves the first part of our conclusion.
Next, we show that the following inclusion holds:

∂BΦ(x̄) ⊇ ∂BΞ(ȳ)Ψ′(x̄).

This part’s proof follows exactly the proof of the second part of Lemma 2.1 in [40]. Let
W ∈ ∂BΞ(ȳ) be an arbitrary element. Then there exists a sequence {yk} in O converging to
ȳ such that Ξ is F-differentiable at yk and W = lim

k→∞
Ξ′(yk). Let A := Ψ′(x̄). By applying

the classical Inverse Function Theorem to

Ψ
(
x̄ + A

∗(y − ȳ)
)
− Ψ(x̄) = 0,
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we obtain that there exists a sequence {ỹk} in O converging to ȳ such that

Ψ
(
x̄ + A

∗(ỹk − ȳ)
)
− Ψ(x̄) = yk − Ψ(x̄)

for all k sufficiently large. Let x̃k := x̄ + A
∗(ỹk − ȳ). Then yk = Ψ(x̃k) and Φ is F-

differentiable at x̃k with
Φ′(x̃k) = Ξ′(yk)Ψ′(x̃k).

By using the fact that ỹk → ȳ implies x̃k → x̄, we know that there exists a V ∈ ∂BΦ(x̄)
such that

WΨ′(x̄) = lim
k→∞

Ξ′(yk) lim
k→∞

Ψ′(x̃k) = lim
k→∞

Φ′(x̃k) = V ∈ ∂BΦ(x̄).

The proof is completed. ¤

For any nonempty closed convex set K ⊆ Z, let ΠK : Z → Z denote the metric
projector over K. That is, for any y ∈ Z, ΠK(y) is the unique optimal solution to the
convex programming problem:

min
1
2
〈z − y, z − y〉

s.t. z ∈ K.
(5)

Since the metric projector ΠK(·) is globally Lipschitz continuous with modulus 1 [47], ΠK(·)
is F-differentiable almost everywhere in Z. Thus, for any y ∈ Z, ∂ΠK(y) is well defined. In
particular, it is shown in [23, Proposition 1] that for any y ∈ Z, V ∈ ∂ΠK(y) is self-adjoint
and satisfies

〈V d, d − V d〉 ≥ 0 ∀ d ∈ Z . (6)

In our subsequent analysis, we need a finer characterization about the B-subdifferential
and Clarke’s generalized Jacobian of ΠSn

+
(·) and its smoothed counterpart. We write A º 0

and A Â 0 to mean that A is a symmetric positive semidefinite matrix and a symmetric
positive definite matrix, respectively. For any A ∈ Sn, let A+ := ΠSn

+
(A) be the metric

projection of A onto Sn
+ under the usual Frobenius inner product in Sn. Assume that A

has the following spectral decomposition

A = PΛP T , (7)

where Λ is the diagonal matrix of eigenvalues λ1 ≥ · · · ≥ λn of A and P is a corresponding
orthogonal matrix of orthonormal eigenvectors. Then

A+ = PΛ+P T ,

where Λ+ is the diagonal matrix whose diagonal entries are the nonnegative parts of the
respective diagonal entries of Λ. The formula for A+ has been used by statisticians for
several decades, e.g., [36, Theorem 1]. Higham [15] and Tseng [46] brought it to the attention
of the optimization community. Define three index sets of positive, zero, and negative
eigenvalues of A, respectively, as

α := {i : λi > 0}, β := {i : λi = 0}, γ := {i : λi < 0}.
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Write

Λ =


Λα 0 0

0 0 0

0 0 Λγ

 and P = [ Pα Pβ Pγ ]

with Pα ∈ <n×|α|, Pβ ∈ <n×|β|, and Pγ ∈ <n×|γ|. For this eigenvalue vector λ ∈ <n, define
the corresponding symmetric matrix U ∈ Sn with entries

Uij :=
max{λi, 0} + max{λj , 0}

|λi | + |λj |
, i, j = 1, . . . , n, (8)

where 0/0 is defined to be 1.
We know from Bonnans, Cominetti, and Shapiro [5, 6] that ΠSn

+
is directionally differen-

tiable everywhere in Sn, and from Sun and Sun [41], ΠSn
+

is strongly semismooth everywhere
in Sn and the directional derivative Π′

Sn
+
(A; H) of ΠSn

+
at A with direction H ∈ Sn is given

by

Π′
Sn

+
(A; H) = P


H̃αα H̃αβ Uαγ ◦ H̃αγ

H̃T
αβ ΠS|β|

+
(H̃ββ) 0

H̃T
αγ ◦ UT

αγ 0 0

P T , (9)

where H̃ := P T HP and “ ◦ ” denotes the Hadamard product. For a general discussion on
(strongly) semismooth functions, see [24, 27, 29]. The tangent cone of Sn

+ at A+, in the
sense of convex analysis [34], can be characterized as

TSn
+
(A+) = {B ∈ Sn : B = Π′

Sn
+
(A+; B)} = {B ∈ Sn : [Pβ Pγ ]T B [ Pβ Pγ ] º 0} . (10)

Note, however, that the characterization of TSn
+
(A+) was first obtained by Arnold [3] without

using the directional derivative Π′
Sn

+
(A+; H). The lineality space of TSn

+
(A+), i.e., the largest

linear space in TSn
+
(A+), denoted by lin

(
TSn

+
(A+)

)
, then takes the following form:

lin
(
TSn

+
(A+)

)
= {B ∈ Sn : P T

β BPβ = 0, P T
β BPγ = 0, P T

γ BPγ = 0} . (11)

The critical cone of Sn
+ at A ∈ Sn, associated with the convex optimization problem (5)

with K = Sn
+, is defined as

C(A;Sn
+) : = TSn

+
(A+) ∩ (A+ − A)⊥

= {B ∈ Sn : P T
β BPβ º 0, P T

β BPγ = 0, P T
γ BPγ = 0}.

(12)

Therefore, the affine hull of C(A;Sn
+), which we denote aff(C(A;Sn

+)), can be written as

aff
(
C(A;Sn

+)
)

=
{
B ∈ Sn : P T

β BPγ = 0, P T
γ BPγ = 0

}
. (13)

In the case that β = ∅ holds, i.e., the case that A is nonsingular, ΠSn
+
(·) is F-differentiable

at A and (9) reduces to the famous result of Löwner [20]:

Π′
Sn

+
(A)H = P

 H̃αα Uαγ ◦ H̃αγ

H̃T
αγ ◦ UT

αγ 0

P T ∀H ∈ Sn . (14)
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From (14), one may compute the B-subdifferential and Clarke’s generalized Jacobian of
ΠSn

+
(·) by their definitions. This has been done by a number of authors [8, 18, 21, 22, 26].

One difficulty in obtaining good formulas for ∂BΠSn
+
(A) and ∂ΠSn

+
(A) is that they both

depend on the orthogonal matrices P in the spectral decomposition of A. This difficulty
can be overcome by employing the following link developed by Pang et al. [26] on ∂BΠSn

+
(A)

and the B-subdifferential of Θ(·) := Π′
Sn

+
(A; ·) at the origin

∂BΠSn
+
(A) = ∂BΘ(0) . (15)

This link leads to the following useful result on ∂BΠSn
+
(A) and ∂ΠSn

+
(A). See Sun [40,

Proposition 2.2] for a short proof.

Proposition 2 Suppose that A ∈ Sn has the spectral decomposition as in (7). Then for
any V ∈ ∂BΠSn

+
(A) (respectively, ∂ΠSn

+
(A)), there exists a V|β| ∈ ∂BΠS|β|

+

(0) (respectively,

∂ΠS|β|
+

(0)) such that

V (H) = P


H̃αα H̃αβ Uαγ ◦ H̃αγ

H̃T
αβ V|β|(H̃ββ) 0

H̃T
αγ ◦ UT

αγ 0 0

P T ∀H ∈ Sn, (16)

where H̃ := P T HP . Conversely, for any V|β| ∈ ∂BΠS|β|
+

(0) (respectively, ∂ΠS|β|
+

(0)) , there

exists a V ∈ ∂BΠSn
+
(A) (respectively, ∂ΠSn

+
(A)) such that (16) holds.

Proposition 2 simply says that in order to compute ∂BΠSn
+
(A) and ∂ΠSn

+
(A), one only

needs to fix an arbitrary orthogonal matrix P satisfying (7) and compute the corresponding
“caged” part ∂BΠS|β|

+
(0) (hence ∂ΠS|β|

+
(0)), which is much easier to handle. To see this, let

Q|β| be the set of all orthogonal matrices of order |β| × |β| and

<|β|
> :=

{
z ∈ <|β| : z1 ≥ · · · ≥ z|β| and zi 6= 0 ∀ i

}
.

Let p : < → < be the “plus” function defined by p(t) ≡ max(0, t), t ∈ <. For any z ∈ <|β|
> ,

let p[1](z) represent the first divided difference matrix used in matrix analysis for p(·) at z

[4] [
p[1](z)

]
ij

=


p(zi) − p(zj)

zi − zj
∈ [0, 1] if zi 6= zj

p′(zi) ∈ {0, 1} if zi = zj

, i, j = 1, . . . , n . (17)

Then, by (9) and (14), one can readily draw the conclusion that V|β| ∈ ∂BΠS|β|
+

(0) if and

only if there exist Q ∈ Q|β| and Ω ∈ U|β| such that

V|β|(Z) = Q [ Ω ◦ (QT ZQ) ] QT ∀Z ∈ S |β| , (18)

where
U|β| :=

{
Ω : Ω = lim

k→∞
p[1](zk), zk → 0, zk ∈ <|β|

>

}
.
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In [21], Malick and Sendov gave a detailed account on the structure of U|β|. In this paper,
we do not need the exact structure of U|β| except the following fact that for any Ω ∈ U|β|,

Ωij ∈ [0, 1], i, j = 1, . . . , |β| .

Note that both the zero mapping V 0
|β| ≡ 0 and the identity mapping V I

|β| = I from S |β| →
S |β| are elements in ∂BΠS|β|

+

(0). Let V 0 and V I be defined by (16) with V|β| being replaced

by V 0
|β| and V I

|β|, respectively. Define

ex (∂BΠSn
+
(A)) :=

{
V 0, V I }

. (19)

Using the fact that both V 0 and V I are elements in ∂BΠSn
+
(A), we have

ex (∂BΠSn
+
(A)) ⊆ ∂BΠSn

+
(A) .

Since ΠSn
+
(·) is not differentiable everywhere, several papers [8, 9, 18, 44] on smoothing

Newton methods, for solving the SDP problem and beyond, consider the following smoothed
counterpart of ΠSn

+
(·):

Φ(ε,A) :=
[
A +

√
ε2I + A2

]
/2, (ε,A) ∈ < × Sn , (20)

where we use I to represent the identity matrix of appropriate dimension. Note that the
function Φ(·, ·) is continuously differentiable around any (ε,A) ∈ < × Sn if ε2I + A2 is
nonsingular and when ε = 0, Φ(0, A) = ΠSn

+
(A). Further more, Φ(·, ·) is globally Lipschitz

continuous and strongly semismooth at any (0, A) ∈ < × Sn [44]. For some extensions on
these properties, see [42].

Let φ : <2 → < be defined by

φ(ε, t) =
[
t +

√
ε2 + t2

]
/2, (ε, t) ∈ < × < .

Let A have the spectral decomposition as in (7). Then, by matrix analysis [4, 16], we have

Φ(ε,A) = P

 φ(ε, λ1)
. . .

φ(ε, λn)

P T .

For any (ε, x) ∈ <×<n such that ε2 +x2
i > 0 for all i, we use Û(ε, x) ∈ Sn to represent the

first divided difference matrix for φ(ε, ·) at x given by

[
Û(ε, x)

]
ij

=


φ(ε, xi) − φ(ε, xj)

xi − xj
∈ [0, 1] if xi 6= xj

φ′
xi

(ε, xi) ∈ [0, 1] if xi = xj

, i, j = 1, . . . , n . (21)

Then, according to Lemma 2.3 in [44], we know that for any ε ∈ < such that ε2 + λ2
i > 0

for all i (i.e., ε2I + A2 is nonsingular), and any (τ,H) ∈ < × Sn, we have
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Φ′(ε,A)(τ,H) = P [ Û(ε, λ) ◦ (P T HP ) + τD(ε, λ) ] P T (22)

and

Φ′((0, A); (τ,H)) = P


H̃αα H̃αβ Uαγ ◦ H̃αγ

H̃T
αβ Φ|β|(τ, H̃ββ) 0

H̃T
αγ ◦ UT

αγ 0 0

P T , (23)

where H̃ = P T HP , D(ε, λ) ∈ Sn is the diagonal matrix given by

D(ε, λ) =

 φ′
ε(ε, λ1)

. . .
φ′

ε(ε, λn)

 , (24)

U ∈ Sn is defined by (8), and for any (t, Z) ∈ < × S |β|,

Φ|β|(t, Z) :=
[
Z +

√
t2I + Z2

]
/2 . (25)

Define Ψ : <× Sn → <× Sn by

Ψ(τ,H) := (τ, P T HP ), (τ,H) ∈ < × Sn

and Ξ : <× Sn → Sn by

Ξ(t,M) := P


Mαα Mαβ Uαγ ◦ Mαγ

MT
αβ Φ|β|(t,Mββ) 0

MT
αγ ◦ UT

αγ 0 0

P T , (t,M) ∈ < × Sn. (26)

Write Γ(·, ·) ≡ Φ′((0, A); (·, ·)). Then, we have

Γ(τ,H) = Ξ(Ψ(τ,H)), (τ,H) ∈ < × Sn. (27)

Since for any (τ,H) ∈ < × Sn, Ψ′(τ,H) : < × Sn → < × Sn is onto, we know from the
first part of Lemma 1 that Γ is F-differentiable at (τ,H) ∈ < × Sn if and only if Ξ is F-
differentiable at Ψ(τ,H), which is equivalent to the nonsingularity of τ2I + (H̃ββ)2, where
H̃ = P T HP . Thus, we have

Lemma 3 For any (τ,H) ∈ < × Sn, let H̃ = P T HP . Then Γ(·, ·) ≡ Φ′((0, A); (·, ·)) is
F-differentiable at (τ,H) ∈ < × Sn if and only if τ2I + (H̃ββ)2 is nonsingular.

The following lemma establishes the equivalence between ∂BΦ(0, A) and ∂BΓ(0, 0),
which is analogous to (15) for operators ΠSn

+
and Θ. Its proof largely follows that given in

[26, Lemma 11], but with new difficulties to overcome.

Lemma 4 Suppose that A ∈ Sn has the spectral decomposition as in (7). For Γ(·, ·) ≡
Φ′((0, A); (·, ·)), it holds that

∂BΦ(0, A) = ∂BΓ(0, 0) . (28)
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Proof. Let V ∈ ∂BΦ(0, A). Then, by (22), (23), and the definition of ∂BΦ(0, A), there exists
a sequence {(εk, A

k)} in <×Sn converging to (0, A) with ε2
kI+(Ak)2 being nonsingular such

that V = lim
k→∞

Φ′(εk, A
k). Let Ak ≡ P kΛk(P k)T be the orthogonal decomposition of Ak,

where Λk is the diagonal matrix whose diagonal entries are the eigenvalues λk
1 ≥ · · · ≥ λk

n

of Ak and P k is a corresponding matrix of orthonormal eigenvectors. Writing each Λk in
the same form as Λ:

Λk =


Λk

α 0 0

0 Λk
β 0

0 0 Λk
γ

 ,

we have Λ = lim
k→∞

Λk, which implies that Λk
α and Λk

γ are nonsingular matrices for all k

sufficiently large and lim
k→∞

Λk
β = 0. For each k, let Uk ≡ Û(εk, λ

k) be defined by (21)

and Dk ≡ D(εk, λ
k) be defined by (24), respectively. Then, for an arbitrarily chosen

(τ,H) ∈ < × Sn with H̃k = (P k)T HP k, we obtain from (22) that

Φ′(εk, A
k)(τ,H) = P k

[
Uk ◦ (P k)T HP k + τDk

]
(P k)T . (29)

By taking a subsequence if necessary, we may assume that {P k} is a convergent sequence
with limit P∞ ≡ lim

k→∞
P k. This matrix P∞ will play the role of the matrix P in the

spectral decomposition (7). Without causing any confusion, we will simply use P , rather
than P∞, in our subsequent analysis. Since both {Uk} and {Dk} are uniformly bounded,
by further taking subsequences if necessary, we may assume that both sequences {Uk} and
{Dk} converge. Taking limits on both sides of (29), we obtain

P T V (τ,H)P =


H̃αα H̃αβ Uαγ ◦ H̃αγ

H̃T
αβ lim

k→∞
Uk

ββ ◦ H̃ββ 0

H̃T
αγ ◦ UT

αγ 0 0

 + τ

 0 0 0
0 lim

k→∞
Dk

β 0

0 0 0

 ,

where

Dk
β =

 φ′
ε(εk, λ

k
|α|+1)

. . .
φ′

ε(εk, λ
k
|α|+|β|)

 .

For each k, define

Mk := P


0 0 0

0 Λk
β 0

0 0 0

P T .

Let M̃k := P T MkP . Because ε2
kI+(M̃k

ββ)2 = ε2
kI+(Λk

β)2 is nonsingular, Γ is F-differentiable
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at (εk,M
k) with

Γ′(εk,M
k)(τ,H)

= lim
t↓0

{
Γ(εk + tτ,Mk + tH) − Γ(εk,M

k)
t

}

= P


H̃αα H̃αβ Uαγ ◦ H̃αγ

H̃T
αβ lim

t↓0

Φ|β|(εk + tτ,Λk
β + tH̃ββ) − Φ|β|(εk,Λk

β)
t

0

H̃T
αγ ◦ UT

αγ 0 0

 P T

= P


H̃αα H̃αβ Uαγ ◦ H̃αγ

H̃T
αβ Uk

ββ ◦ H̃ββ + τDk
β 0

H̃T
αγ ◦ UT

αγ 0 0

 P T ,

where we have applied (22) to Φ|β| defined by (25) at (εk, Λk
β). Thus,

V (τ,H) = lim
k→∞

Γ′(εk,M
k)(τ,H) .

Since (τ,H) ∈ < × Sn is arbitrary, it follows that V ∈ ∂BΓ(0, 0).

Conversely, let V ∈ ∂BΓ(0, 0). Since, from Lemma 3, Γ is F-differentiable at (ε,M) ∈
<×Sn if and only if ε2I +(M̃ββ)2 is nonsingular with M̃ = P T MP , there exists a sequence
{(εk, M

k)} ∈ < × Sn converging to (0, 0) such that ε2
kI + (M̃k

ββ)2 is nonsingular for each k

and V = lim
k→∞

Γ′(εk, M
k), where M̃k = P T MkP .

Let M̃k
ββ have the following spectral decomposition

M̃k
ββ = QkΛ̃k

β(Qk)T ,

where Qk ∈ Q|β| is an orthogonal matrix in S |β| and Λ̃k
β is the diagonal matrix whose

diagonal entries are the eigenvalues z̃k
1 ≥ · · · ≥ z̃k

|β| of M̃k
ββ . Let λ̃k ∈ <n be such that if

i ∈ α ∪ γ, then λ̃k
i = λi and if i ∈ β, λ̃k

i is the (i − |α|)-th eigenvalue of M̃k
ββ , i.e., z̃k

(i−|α|).
Then, by (23), for any (τ,H) ∈ < × Sn we have

Γ′(εk,M
k)(τ,H)

= lim
t↓0

{
Γ(εk + tτ,Mk + tH) − Γ(εk,M

k)
t

}

= P


H̃αα H̃αβ Uαγ ◦ H̃αγ

H̃T
αβ lim

t↓0

Φ|β|(εk + tτ, M̃k
ββ + tH̃ββ) − Φ|β|(εk, M̃

k
ββ)

t
0

H̃T
αγ ◦ UT

αγ 0 0

 P T

(30)

11



with H̃ = P T HP and

lim
t↓0

Φ|β|(εk + tτ, M̃k
ββ + tH̃ββ) − Φ|β|(εk, M̃

k
ββ)

t

= Qk
(

lim
t↓0

Φ|β|(εk + tτ, Λ̃k
β + t(Qk)T H̃ββQk) − Φ|β|(εk, Λ̃k

β)

t

)
(Qk)T

= Qk
[
Ω̃k ◦ ( (Qk)T H̃ββQk ) + τ S̃k

]
(Qk)T , (31)

where we have used (22) for Φ|β| and the fact that Φ|β| is F-differentiable at (εk, Λ̃k
β) because

ε2
kI + (Λ̃k

β)2 is nonsingular,

(Ω̃k)ij =


φ(εk, z̃

k
i ) − φ(εk, z̃

k
j )

z̃k
i − z̃k

j

if z̃k
i 6= z̃k

j

φ′
z̃k
i
(ε, z̃k

i ) if z̃k
i = z̃k

j

, i, j = 1, . . . , |β| ,

and

S̃k =

 φ′
ε(εk, z̃

k
1 )

. . .
φ′

ε(εk, z̃
k
|β|)

 .

Define

Ak = A + P


0 0 0

0 M̃k
ββ 0

0 0 0

P T

and Ãk = P T AkP . Since

Ãk =


Λα 0 0

0 M̃k
ββ 0

0 0 Λγ


for each k, the matrix ε2

kI + (Ak)2 = P [ε2
kI + (Ãk)2]P T is nonsingular. Thus, Φ is F-

differentiable at (εk, A
k). Let

P k ≡ [ P k
α P k

β P k
γ ] = [ Pα PβQk Pγ ]

and Λ̃k be the diagonal matrix whose diagonal entries are components of λ̃k. Then

Ak = P kΛ̃k(P k)T ,

which, together with (22), implies that for any (τ,H) ∈ < × Sn, we have

Φ′(εk, A
k)(τ,H) = P k [ Ũk ◦ ((P k)T HP k) + τD̃k ] (P k)T , (32)
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where Ũk ≡ Û(εk, λ̃
k) and D̃k ≡ D(εk, λ̃

k). Since {Qk}, {Ũk}, and {D̃k} are all uniformly
bounded, by taking subsequences if necessary, we may assume all these three sequences
converge. By simple computations, we obtain

lim
k→∞

Ũk
ij =



1 if i ∈ α, j ∈ α ∪ β

Uij if i ∈ α, j ∈ γ

lim
k→∞

(Ω̃k)(i−|α|)(j−|α|) if i ∈ β, j ∈ β

0 if i ∈ β ∪ γ, j ∈ γ

, i, j = 1, . . . , n

and

lim
k→∞

D̃k =


0 0 0

0 lim
k→∞

S̃k 0

0 0 0

 ,

which, together with (32), (30), and (31), imply that for any (τ,H) ∈ < × Sn,

lim
k→∞

(P k)T
[
Γ′(εk,M

k)(τ,H) − Φ′(εk, A
k)(τ,H)

]
P k = 0 .

Consequently, we can conclude V (τ,H) = lim
k→∞

Φ′(εk, A
k)(τ,H) for all (τ,H) ∈ < × Sn,

which implies V ∈ ∂BΦ(0, A). Hence, (28) holds. ¤

Lemma 4 allows us to completely characterize ∂BΦ(0, A) (hence, ∂Φ(0, A)).

Proposition 5 Suppose that A ∈ Sn has the spectral decomposition as in (7). Then for
any V ∈ ∂BΦ(0, A) (respectively, ∂Φ(0, A)), there exists a V|β| ∈ ∂BΦ|β|(0, 0) (respectively,
∂Φ|β|(0, 0)) such that

V (τ,H) = P


H̃αα H̃αβ Uαγ ◦ H̃αγ

H̃T
αβ V|β|(τ, H̃ββ) 0

H̃T
αγ ◦ UT

αγ 0 0

P T ∀ (τ,H) ∈ < × Sn, (33)

where H̃ = P T HP . Conversely, for any V|β| ∈ ∂BΦ|β|(0, 0) (respectively, ∂Φ|β|(0, 0)) , there
exists a V ∈ ∂BΦ(0, A) (respectively, ∂Φ(0, A)) such that (33) holds.

Proof. We only need to prove that (33) holds for V ∈ ∂BΦ(0, A) and V|β| ∈ ∂BΦ|β|(0, 0) as
the case for Clarke’s generalized Jacobian can be done similarly.

Let Ψ(τ,H) := (τ, P T HP ) for any (τ,H) ∈ <×Sn and Ξ : <×Sn → Sn be defined by
(26). Then, since Ψ′(τ,H) : <× Sn → <× Sn is onto, we know from Lemma 1 that

∂BΓ(0, 0) = ∂BΞ(0, 0)Ψ′(0, 0) ,

which, together with (28) in Lemma 4, completes the proof. ¤
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Just as in the case for the metric projector ΠSn
+
, Proposition 5 says that in order to

compute ∂BΦ(0, A) and ∂Φ(0, A), one only needs to fix P and compute the corresponding
easy part ∂BΦ|β|(0, 0) (hence, ∂Φ|β|(0, 0)). For any (ε, z) ∈ < × <|β| with ε2 + z2

i > 0 ∀ i,
let Ω̂(ε, z) be defined by (21) with n and x being replaced by |β| and z, respectively. Then,
by (23) and (22), one can readily draw the conclusion that V|β| ∈ ∂BΦ|β|(0, 0) if and only if
there exist Q ∈ Q|β| and Ω ∈ Û|β| such

V|β|(0, Z) = Q [ Ω ◦ (QT ZQ) ] QT ∀Z ∈ S |β| , (34)

where

Û|β| :=
{
Ω : Ω = lim

k→∞
Ω̂(εk, z

k), (εk, z
k) → (0, 0), (zk)1 ≥ · · · ≥ (zk)|β|, ε2

k +(zk
i )2 > 0 ∀ i

}
.

Note that for any Ω ∈ Ûβ ,
Ωij ∈ [0, 1], i, j = 1, . . . , |β| .

The next proposition establishes a link between ∂BΠSn
+
(A) and ∂BΦ(0, A), and so a link

between ∂ΠSn
+
(A) and ∂Φ(0, A).

Proposition 6 For any V0 ∈ ∂BΠSn
+
(A), there exists V ∈ ∂BΦ(0, A) such that

V0(H) = V (0,H) ∀H ∈ Sn . (35)

Proof. By comparing Proposition 2, together with (18), with Proposition 5, together with
(34), we can derive the conclusion directly. ¤.

We conclude this section by presenting a useful inequality for elements in ∂Φ(0, A),
which is analogous to (6) for the metric projector ΠK with K = Sn

+.

Proposition 7 For any V ∈ ∂Φ(0, A), it holds that

〈H − V (0,H), V (0,H)〉 ≥ 0 ∀H ∈ Sn . (36)

Proof. Let V ∈ ∂Φ(0, A). Then, by Carathéodory’s theorem, there exist a positive integer
κ and V i ∈ ∂BΦ(0, A), i = 1, . . . , κ such that V is the convex combination of V 1, . . . , V κ.

Let t1, . . . , tκ be such that V =
κ∑

i=1

tiV
i, where ti ≥ 0, i = 1, . . . , κ and

κ∑
i=1

ti = 1.

From Sun et al [44, Proposition 3.1], we know that for each i ∈ {1, . . . , κ},

〈H − V i(0,H), V i(0,H)〉 ≥ 0 ∀H ∈ Sn . (37)

In order to prove that (36) holds for V , let θ(X) := 〈X,X〉, X ∈ Sn. By the convexity of
θ, we have for any H ∈ Sn that

θ(V (0,H)) = θ
( κ∑

i=1

tiV
i(0,H)

)
≤

κ∑
i=1

ti θ(V i(0,H)) =
κ∑

i=1

ti〈V i(0,H), V i(0,H)〉 ,

which, together with (37) and the definition of θ, implies

〈V (0,H), V (0,H)〉 ≤
κ∑

i=1

ti〈H,V i(0,H)〉 =
〈
H,

κ∑
i=1

tiV
i(0,H)

〉
= 〈H,V (0,H)〉 .

Thus, (36) holds. ¤
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3 Equivalent Conditions

Let X and Y be two finite dimensional real vector spaces each equipped with a scalar
product 〈·, ·〉 and its induced norm ‖ · ‖. Let g : X → Y be a continuously differentiable
function and K be a nonempty and closed convex set in Y. Consider the following feasible
problem

g(x) ∈ K , x ∈ X . (38)

Assume that x̄ ∈ X is a feasible solution to (38). Let TK(g(x̄)) be the tangent cone of K

and NK(g(x̄)) be the normal cone of K at g(x̄), respectively. We write lin(TK(g(x̄))) for
the lineality space of TK(g(x̄)). Then we can define the following nondegeneracy condition
for problem (38).

Definition 8 We say that a feasible point x̄ to problem (38) is constraint nondegenerate if

g′(x̄)X + lin
(
TK(g(x̄))

)
= Y . (39)

The concept of nondegeneracy for the abstract problem (38) first appeared in Robinson
[31]. The definition adopted here is somewhat slightly different from Robinson’s original
definition, but is consistent with the version given in [32]. The name “constraint nonde-
generacy” was coined by Robinson in [33]. The nondegenerate constraint condition (39)
has been extensively used in [7, 38] for sensitivity and stability analysis in optimization
and variational inequalities. For various equivalent forms, see [7, 38]. Here we shall apply
Definition 8 to both the SDP problem (1) and its dual (2) to define the primal constraint
nondegeneracy and the dual constraint nondegeneracy, respectively.

Definition 9 We say that the primal constraint nondegeneracy holds at a feasible solution
X ∈ Sn

+ to the SDP problem (1) if[
A
I

]
Sn +

[
{0}

lin
(
TSn

+
(X)

) ]
=

[
<m

Sn

]
(40)

or equivalently
A lin

(
TSn

+
(X)

)
= <m , (41)

where I is the identity mapping from Sn to Sn. Similarly, we say that the dual constraint
nondegeneracy holds at a feasible solution (ȳ, S) ∈ <m × Sn

+ to the dual problem (2) if[
A∗ I
0 I

](
<m

Sn

)
+

[
{0}

lin
(
TSn

+
(S)

) ]
=

[
Sn

Sn

]
(42)

or equivalently
A∗<m + lin

(
TSn

+
(S)

)
= Sn . (43)
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Note that in the literature constraint nondegeneracy is called differently. Shapiro and Fan
[39] and Shapiro [37] termed it transversality. Primal constraint nondegeneracy and dual
constraint nondegeneracy are better known as primal nondegeneracy and dual nondegen-
eracy, respectively in the interior point methods community. See, for example, Alizadeth
et al. [2]. To avoid potential confusions, we will stick to Robinson’s terminology here and
interpret different usages of constraint nondegeneracy in terms of Definition 9.

Let Z ≡ (X, ȳ, S) ∈ Sn ×<m × Sn be a KKT point satisfying the KKT conditions (3).
Since Sn

+ is a self-dual cone, from [12] we know that

Sn
+ 3 X ⊥ S ∈ Sn

+ ⇐⇒ −X ∈ NSn
+
(S) ⇐⇒ S−ΠSn

+
[ S−X ] = X−ΠSn

+
[ X−S ] = 0 . (44)

Therefore, (X, ȳ, S) ∈ Sn ×<m ×Sn satisfies (3) if and only if (X, ȳ, S) is a solution to the
following nonsmooth system of equations

F (X, y, S) ≡

 C −A∗y − S

AX − b

S − ΠSn
+
[ S − X ]

 =

 C −A∗y − S

AX − b

X − ΠSn
+
[ X − S ]

 = 0 , (45)

where (X, y, S) ∈ Sn ×<m × Sn.
Note that both the KKT conditions (3) and the nonsmooth system (45) can be written

as the following special generalized equation

0 ∈

 C −A∗y − S

AX − b

X

 +

 NSn(X)
N<m(y)
NSn

+
(S)

 . (46)

In [30], Robinson introduced an important concept called strong regularity for a solution
of generalized equations. Here we only define the strong regularity for (46) rather than for
the general problems.

Definition 10 Let Z ≡ Sn × <m × Sn. We say that a KKT point Z ≡ (X, ȳ, S) ∈ Z is
a strongly regular solution of the generalized equation (46) if there exist neighborhoods B of
the origin 0 ∈ Z and V of Z such that for every δ ∈ B, the following generalized equation

δ ∈

 C −A∗y − S

AX − b

X

 +

 NSn(X)
N<m(y)
NSn

+
(S)

 (47)

has a unique solution in V, denoted by ZV(δ), and the mapping ZV : B → V is Lipschitz
continuous.

Recall that F is said to be a locally Lipschitz homeomorphism near Z if there exists an
open neighborhood V of Z such that the restricted mapping F |V : V → F (V) is Lipschitz
continuous and bijective, and its inverse is also Lipschitz continuous. The following result,
which holds in a more general framework, shows that F is locally Lipschitz homeomorphism
near Z if and only if Z is a strongly regular solution of the generalized equation (46). This
is almost intuitively true. For the sake of completeness, however, we include a short proof.
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Lemma 11 Let Z ≡ Sn × <m × Sn. Let F : Z → Z be defined by (45) and Z be a KKT
point of the SDP problem. Then, it holds that F is locally Lipschitz homeomorphism near
Z if and only if Z is a strongly regular solution of the generalized equation (46).

Proof. “ =⇒ ” Assume that F is locally Lipschitz homeomorphism near Z. Then, there
exists an open neighborhood V of Z such that F (V) is an open neighborhood of the origin
0 ∈ Z and for any δ̂ ∈ F (V), the equation F (Z) = δ̂ has a unique solution ẐV(δ̂) in V and
ẐV : F (V) → V is Lipschitz continuous.

For any δ = (δ1, δ2, δ3) ∈ B ≡ 1
2F (V), let Z(δ) = (X(δ), y(δ), S(δ)) be a solution, if

exists, to (47). Write δ ≡ (δ1, δ2, δ3) ∈ Sn ×<m × Sn. Then we have C −A∗y(δ) − S(δ)
AX(δ) − b

(S(δ) + δ3) − ΠSn
+
[ (S(δ) + δ3) − X(δ) ]

 =

 δ1

δ2

δ3

 ,

i.e.,

F (X(δ), y(δ), S(δ) + δ3) =

 δ1 − δ3

δ2

δ3

 .

Then Z(δ) uniquely exists in V and Z(δ) = ẐV(δ1 − δ3, δ2, δ3) −

 0
0
δ3

 . Hence, Z(·) is

Lipschitz coninuous on B.
“ ⇐= ” Assume that Z is a strongly regular solution of the generalized equation (46).

Then, there exist neighborhoods B of the origin 0 ∈ Z and V of Z, and a locally Lipschitz
function ZV : B → V such that for any δ ∈ B, ZV(δ) is the unique solution in V to (47).
By reversing the arguments in the first part of the proof, we can conclude that for any
δ̂ ≡ (δ̂1, δ̂2, δ̂3) ∈ (1

2B) ∩ (Sn × <m × Sn ), F (Z) = δ̂ has a unique solution Ẑ(δ̂) ∈ V given

by Ẑ(δ̂) = ZV(δ̂1 + δ̂3, δ̂2, δ̂3) +

 0
0
δ̂3

 , which implies that Ẑ(·) is Lipschitz continuous on

1
2B. Thus, F is Lipschitz homeomorphism near Z. ¤

The concept of strong regularity for general nonlinear semidefinite programming is
closely related to another concept called the strong second order sufficient condition as
shown by Sun in [40]. Here we will only present the strong second order sufficient condi-
tion in terms of the SDP problem (1). First, for any B ∈ Sn, we define a linear-quadratic
function ΥB : Sn × Sn → <.

Definition 12 [40, Definition 2.1] For any given B ∈ Sn, define the linear-quadratic func-
tion ΥB : Sn × Sn → <, which is linear in the first argument and quadratic in the second
argument, by

ΥB(S,H) := 2
〈
S,HB†H

〉
, (S,H) ∈ Sn × Sn,

where B† is the Moore-Penrose pseudo-inverse of B.
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Let X ∈ Sn
+ be an optimal solution to the SDP problem (1). Denote M(X) by the set

of points (y, S) ∈ <m ×Sn such that (X, y, S) is a KKT point, i.e., for any (y, S) ∈ M(X),
(X, y, S) satisfies the KKT conditions (3). Let (ȳ, S) ∈ M(X). Write A ≡ X −S. By using
the fact Sn

+ 3 X ⊥ S ∈ Sn
+, we may assume that A has the spectral decomposition as in

(7) by replacing A with A and

A = P

 Λα 0 0
0 0 0
0 0 Λγ

P T , X = P

 Λα 0 0
0 0 0
0 0 0

P T , S = P

 0 0 0
0 0 0
0 0 −Λγ

P T . (48)

Write P = [ Pα Pβ Pγ ] . Then, according to (11) and (13), we have

lin
(
TSn

+
(X)

)
= {B ∈ Sn : P T

β BPβ = 0, P T
β BPγ = 0, P T

γ BPγ = 0} , (49)

lin
(
TSn

+
(S)

)
= {B ∈ Sn : P T

α BPα = 0, P T
α BPβ = 0, P T

β BPβ = 0} , (50)

and
aff

(
C(A;Sn

+)
)

=
{
B ∈ Sn : P T

β BPγ = 0, P T
γ BPγ = 0

}
.

Define
app(ȳ, S) :=

{
B ∈ Sn : AB = 0, B ∈ aff

(
C(A;Sn

+)
)}

= {B ∈ Sn : AB = 0, P T
β BPγ = 0, P T

γ BPγ = 0} . (51)

Then we can state the strong second order sufficient condition for the SDP problem tailored
from Sun [40] for the general nonlinear SDP problem.

Definition 13 Let X ∈ Sn
+ be an optimal solution to the SDP problem (1). We say that

the strong second order sufficient condition holds at X if

sup
(y,S)∈M(X)

{
−ΥX(−S,H)

}
> 0 ∀ 0 6= H ∈

{ ⋂
(y,S)∈M(X)

app(y, S)
}

. (52)

The strong second order sufficient condition (52) may look very complicated. When
M(X) is a singleton, the following result gives a very simple characterization.

Lemma 14 Let X ∈ Sn
+ be an optimal solution to the SDP problem (1). Assume that

M(X) = {(ȳ, S)}. Let X and S have the spectral decompositions as in (48). Then the
strong second order sufficient condition (52) holds at X if and only if the following condition
holds

AH = 0, P T
β HPγ = 0, P T

γ HPγ = 0, and P T
α HPγ = 0 =⇒ H = 0 ∀H ∈ Sn . (53)

Proof. For any H ∈ Sn, write H̃ = P T HP . Since M(X) = {(ȳ, S)}, the strong second
order sufficient condition (52) becomes

−ΥX(−S,H) > 0 ∀H ∈ app(ȳ, S)\{0} ,
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which, by the definition of ΥX(−S,H) and (48), is equivalent to

2
∑

i∈α,j∈γ

−λj

λi
(H̃ij)2 > 0 ∀H ∈ app(ȳ, S)\{0} .

Then, by (51), the strong second order sufficient condition (52) holds at X if and only if

AH = 0, H̃βγ = 0, H̃γγ = 0, and H 6= 0 =⇒ H̃αγ 6= 0 ∀H ∈ Sn ,

which is equivalent to (53). This completes the proof. ¤
Next, we shall establish a link between the strong second order sufficient condition and

the dual constraint nondegeneracy.

Proposition 15 Let X ∈ Sn
+ be an optimal solution to the SDP problem (1). Under the

assumption M(X) = {(ȳ, S)}, the following are equivalent:

(i) The strong second order sufficient condition (52) holds at X.

(ii) The dual constraint nondegenerate condition (43) holds at (ȳ, S).

Proof. Let X and S have the spectral decompositions as in (48). For any H ∈ Sn, let
H̃ = P T HP . We prove “(i) =⇒ (ii)” first. By Lemma 14, (i) holds if and only if we have
the following implication:

AH = 0, H̃βγ = 0, H̃γγ = 0, and H̃αγ = 0 =⇒ H = 0 ∀H ∈ Sn . (54)

Suppose, for the sake of contradiction, that the dual constraint nondegenerate condition
(43) does not holds at (ȳ, S). Then, we have

[A∗<m ]⊥ ∩
[
lin

(
TSn

+
(S)

)]⊥ 6= {0} (55)

Take an arbitrary 0 6= H ∈ [A∗<m ]⊥ ∩
[
lin

(
TSn

+
(S)

) ]⊥. We obtain from H ∈ [A∗<m ]⊥

that
〈H,A∗y〉 = 0 ∀ y ∈ <m =⇒ 〈AH, y〉 = 0 ∀ y ∈ <m =⇒ AH = 0 (56)

and from H ∈
[
lin

(
TSn

+
(S)

) ]⊥ that

〈P T HP,P T BP 〉 = 〈H,B〉 = 0 ∀B ∈ lin
(
TSn

+
(S)

)
,

which, together with (50), implies

P T
α HPγ = 0, P T

β HPγ = 0, and P T
γ HPγ = 0 . (57)

By making use of (54), (56), and (57), we obtain H = 0, which contradicts the choice of H.
This contradiction shows that (ii) holds.
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Next, we show “(ii) =⇒ (i)”. Since the dual constraint nondegenerate condition (43)
holds at (ȳ, S), for any H ∈ Sn such that AH = 0, H̃βγ = 0, H̃γγ = 0, and H̃αγ = 0, there
exist y ∈ <m and S ∈ lin

(
TSn

+
(S)

)
such that

H = A∗y + S ,

which, together with (50), implies

〈H,H〉 = 〈H,A∗y + S〉

= 〈AH, y〉 + 〈H,S〉

= 0 + 〈P T HP,P T SP 〉

=

〈 H̃αα H̃αβ 0
H̃T

αβ H̃ββ 0
0 0 0

 ,

 0 0 P T
α SPγ

0 0 P T
β SPγ

P T
γ SPα P T

γ SPβ P T
γ SPγ

〉
= 0 .

Therefore, by Lemma 14, it follows that (i) holds. ¤

Let (X, ȳ, S) ∈ Sn × <m × Sn be a KKT point satisfying the KKT conditions (3) and
F be defined by (45). As we menioned in the introduction, by combining the two papers
[13] and [17], we know that if the primal constraint nondegeneracy holds at X and the dual
constraint nondegeneracy holds at (ȳ, S), then every element in ∂BF (X, ȳ, S) is nonsingular.
Actually, Proposition 15 and [40, Proposition 3.2] allow us to prove even the nonsingularity
of Clarke’s generalized Jacobian ∂F (X, ȳ, S) under the same primal and dual constraint
nondegenerate conditions.

Proposition 16 Let (X, ȳ, S) ∈ Sn × <m × Sn be a KKT point. Assume that the primal
constraint nondegenerate condition (41) holds at X and the dual constraint nondegenerate
condition (43) holds at (ȳ, S), respectively. Then, every element in ∂F (X, ȳ, S) is nonsin-
gular.

Proof. Since the primal constraint nondegenerate condition (41) implies that M(X) =
{(ȳ, S)}, we know from Proposition 15 that the strong second order sufficient condition
(52) holds at X. Consequently, by [40, Proposition 3.2], every element in ∂F (X, ȳ, S) is
nonsingular. ¤

Proposition 16 says that the primal and dual constraint nondegenerate conditions are
sufficient for the nonsingularity of all elements in ∂F (X, ȳ, S). Next, we shall show that the
nonsingularity of only two elements in ∂BF (X, ȳ, S) will imply both the primal and dual
constraint nondegenerate conditions.

From Lemma 1, we know that W ∈ ∂BF (X, ȳ, S) if and only if there exists a V ∈
∂BΠSn

+
(A) such that

W (∆X, ∆y, ∆S) =

 −A∗ (∆y) − ∆S

A (∆X)
∆X − V (∆X − ∆S)

 ∀ (∆X, ∆y,∆S) ∈ Sn ×<m × Sn , (58)
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where A ≡ X −S. Let ex (∂BΠSn
+
(A)) be defined by (19). For V 0, V I ∈ ex (∂BΠSn

+
(A)), let

W 0 and W I be defined by (58), respectively. Denote

ex (∂BF (X, ȳ, S)) :=
{

W 0, W I }
⊆ ∂BF (X, ȳ, S) . (59)

Proposition 17 Let (X, ȳ, S) ∈ Sn × <m × Sn be a KKT point. If both W 0 and W I in
ex (∂BF (X, ȳ, S)) are nonsingular, then the primal constraint nondegenerate condition (41)
holds at X and the dual constraint nondegenerate condition (43) holds at (ȳ, S), respectively.

Proof. First we show that the nonsingularity of W 0 implies the primal constraint nondegen-
erate condition (41). Assume on the contrary that (41) does not hold. Since, equivalently,
(40) fails to hold too, we have

{[
A
I

]
Sn

}⊥

∩

[
0

lin
(
TSn

+
(X)

) ]⊥

6=
[

0
0

]
∈

[
<m

Sn

]
,

which implies that there exists 0 6= (∆y, ∆S) ∈
{[

A
I

]
Sn

}⊥

∩

[
0

lin
(
TSn

+
(X)

) ]⊥

. We

obtain from (∆y, ∆S) ∈
{[

A
I

]
Sn

}⊥

that

〈
(∆y,∆S), (AH,H)

〉
= 0 ∀H ∈ Sn =⇒ A∗(∆y) + ∆S = 0 (60)

and from (∆y,∆S) ∈

[
0

lin
(
TSn

+
(X)

) ]⊥

we obtain that

〈
P T (∆S)P, P T HP

〉
=

〈
∆S,H

〉
= 0 ∀H ∈ lin

(
TSn

+
(X)

)
,

which, together with (49), implies

P T
α (∆S)Pα = 0, P T

α (∆S)Pβ = 0, and P T
α (∆S)Pγ = 0 . (61)

Let U ∈ Sn be defined by (8). Recall from Proposition 2 that for V 0 ∈ ex (∂BΠSn
+
(A)), it

holds that

V 0(∆S) = P

 P T
α (∆S)Pα P T

α (∆S)Pβ Uαγ ◦ (P T
α (∆S)Pγ)(

P T
α (∆S)Pβ

)T 0 0(
P T

α (∆S)Pγ

)T ◦ UT
αγ 0 0

P T , (62)

which, together with (61), implies V 0(∆S) = 0 ∈ Sn. Therefore, by (58) and (60), we have
for ∆X ≡ 0 that

W 0(∆X, ∆y, ∆S) =

 −A∗(∆y) − ∆S

A (∆X)
∆X − V 0(∆X − ∆S)

 =

 0
0

V 0(∆S)

 = 0 ,

21



which, implies that W 0 is singular. This contradiction shows that the primal constraint
nondegenerate condition (41) holds at X.

Next, we show that the nonsingularity of W I implies the dual constraint nondegenerate
condition (43). Suppose not. Then,

[A∗<m]⊥ ∩
[
lin

(
TSn

+
(S)

) ]⊥ 6= {0} .

Let 0 6= ∆X ∈ [A∗<m]⊥ ∩
[
lin

(
TSn

+
(S)

) ]⊥. We obtain from ∆X ∈ [A∗<m]⊥ that

〈∆X,A∗y〉 = 0 ∀ y ∈ <m =⇒ A(∆X) = 0 (63)

and from ∆X ∈
[
lin

(
TSn

+
(S)

) ]⊥ that〈
P T (∆X)P, P T SP

〉
=

〈
∆X,S

〉
= 0 ∀S ∈ lin

(
TSn

+
(S)

)
,

which, together with (50), implies

P T
α (∆X)Pγ = 0, P T

β (∆X)Pγ = 0, and P T
γ (∆X)Pγ = 0 . (64)

From Proposition 2 that for V I ∈ ex (∂BΠSn
+
(A)), it holds that

V I(∆X) = P

 P T
α (∆X)Pα P T

α (∆X)Pβ Uαγ ◦ (P T
α (∆X)Pγ)(

P T
α (∆X)Pβ

)T
P T

β (∆X)Pβ 0(
P T

α (∆X)Pγ

)T ◦ UT
αγ 0 0

P T , (65)

which, together with (64), implies V I(∆X) = ∆X. Therefore, by (58) and (63), we have
for (∆y, ∆S) ≡ (0, 0) ∈ <m × Sn that

W I(∆X, ∆y,∆S) =

 −A∗(∆y) − ∆S

A(∆X)
∆X − V I(∆X − ∆S)

 =

 0
0

∆X − V I(∆X)

 = 0 ,

which, implies that W I is singular. This contradiction shows that the dual constraint
nondegenerate condition (43) holds at (ȳ, S). This completes the proof. ¤.

Now, we are ready to state our main result of this paper.

Theorem 18 Let (X, ȳ, S) ∈ Sn×<m×Sn be a KKT point satisfying the KKT conditions
(3) and F be defined by (45). Then, the following are all equivalent:

(i) The KKT point (X, ȳ, S) is a strongly regular solution of the generalized equation (46).

(ii) The function F is locally Lipschitz homeomorphism near (X, ȳ, S).

(iii) The primal constraint nondegenerate condition (41) holds at X and the dual constraint
nondegenerate condition (43) holds at (ȳ, S).
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(iv) Every element in ∂F (X, ȳ, S) is nonsingular.

(v) Every element in ∂BF (X, ȳ, S) is nonsingular.

(vi) The two elements in ex
(
∂BF (X, ȳ, S)

)
are nonsingular.

Proof. We have already known from Lemma 11 that (i) ⇐⇒ (ii) and from Propositions
16 and 17 that (iii) ⇐⇒ (iv) ⇐⇒ (v) ⇐⇒ (vi). Furthermore, Clarke’s inverse function
theorem for Lipschitz functions [10, 11] implies that (iv) =⇒ (ii). The proof of this theorem
will be complete if one can show (ii) =⇒ (v). However, the latter has been known to be
true since [19] (Gowda [14] even obtained a stronger conclusion than this by employing the
degree theory). ¤

Remark 19 Note that the relations (i) ⇐⇒ (ii) ⇐⇒ (iv) even hold for the general nonlinear
semidefinite programming case [40, Theorem 4.1], whose proof further relies on a number
of important results achieved by Bonnans and Shapiro in their excellent monograph [7]
on sensitivity analysis in optimization and variational inequalities. Here, the structure
displayed uniquely by the SDP problem (1) allows us to derive them directly by avoiding the
detour employed in [40] for the nonlinear SDP problem.

4 Quadratic Convergence of Smoothing Newton Methods

In this section, we shall apply the theoretical results obtained in Sections 2 and 3 to provide
a quadratic convergence analysis on smoothing Newton methods for solving the nonsmooth
equation F (X, y, S) = 0, where F is defined by (45). Let Φ : < × Sn → Sn be defined by
(20). We then introduce the following smoothing function for F :

G(ε,X, y, S) ≡

 C −A∗y − S

AX − b

S − Φ(ε, S − X)

 =

 C −A∗y − S

AX − b

X − Φ(ε,X − S)

 , (66)

where (ε,X, y, S) ∈ <×Sn ×<m ×Sn. The above function G is continuously differentiable
around any (ε,X, y, S) ∈ < × Sn × <m × Sn when ε 6= 0 and has been used by several
authors [8, 9, 18, 44] to design smoothing Newton methods for solving SDP problems (1)
and (2).

Define E : <× Sn ×<m × Sn → <× Sn ×<m × Sn by

E(ε,X, y, S) ≡
[

ε

G(ε,X, y, S)

]
, (ε,X, y, S) ∈ < × Sn ×<m × Sn . (67)

Then we have

F (X, y, S) = 0 ⇐⇒ E(ε,X, y, S) = 0 ∀ (ε,X, y, S) ∈ < × Sn ×<m × Sn .

Let (X, ȳ, S) ∈ Sn ×<m × Sn be a KKT point satisfying the KKT conditions (3). Then

E(0, X, ȳ, S) = 0 .
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Write A ≡ X − S. Let A, X, and S have the spectral decompositions as in (48). Let
the linear-quadratic function ΥX(·, ·) be defined as in Definition 12. Then, we have the
following result, which will play a key role in our analysis on quadratic convergence of
smoothing Newton methods.

Proposition 20 Let V ∈ ∂Φ(0, A). Then, for any ∆X and ∆S in Sn such that ∆X =
V (0, ∆X − ∆S), it holds that

〈∆X, ∆S〉 ≤ ΥX(−S, ∆X) . (68)

Proof. Let ∆X and ∆S be in Sn such that ∆X = V (0, ∆X−∆S). Write ∆X̃ ≡ P T (∆X)P
and ∆S̃ ≡ P T (∆S)P . Let Φ|β| be defined by (25). Then, by Proposition 5, there exists
V|β| ∈ ∂Φ|β|(0, 0) such that

V (0, ∆X − ∆S) = P


∆H̃αα ∆H̃αβ Uαγ ◦ ∆H̃αγ

(∆H̃αβ)T V|β|(0, ∆H̃ββ) 0

(∆H̃αγ)T ◦ UT
αγ 0 0

P T ,

where ∆H̃ ≡ ∆X̃−∆S̃ and U ∈ Sn is defined by (8). Thus, by using ∆X = V (0, ∆X−∆S),
we obtain

∆S̃αα = 0, ∆S̃αβ = 0, ∆X̃βγ = 0, ∆X̃γγ = 0, (69)

∆X̃ββ = V|β|(0, ∆X̃ββ − ∆S̃ββ) , (70)

and
∆X̃αγ − Uαγ ◦ ∆X̃αγ = −Uαγ ◦ ∆S̃αγ . (71)

By applying Proposition 7 to Φ|β| and using (70), we obtain

〈∆X̃ββ ,−∆S̃ββ〉

=
〈
V|β|(0, ∆X̃ββ − ∆S̃ββ), (∆X̃ββ − ∆S̃ββ) − V|β|(0,∆X̃ββ − ∆S̃ββ)

〉
≥ 0 , (72)

Therefore, from (69), (71), and (72), we have

〈∆X, ∆S〉 = 〈∆X̃, ∆S̃〉

= 〈∆X̃ββ , ∆S̃ββ〉 + 2〈∆X̃αγ , ∆S̃αγ〉

≤ 2〈∆X̃αγ , ∆S̃αγ〉

= 2
∑

i∈α,j∈γ

λj

λi
((∆X̃)ij)2 ,

which, together with the fact that

ΥX(−S,∆X) = 2
∑

i∈α,j∈γ

λj

λi
((∆X̃)ij)2 ,
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shows that (68) holds. ¤

The following result relates the nonsingularity of ∂BE(0, X, ȳ, S) and ∂E(0, X, ȳ, S) to
both the primal constraint nondegeneracy and the dual constraint nondegeneracy.

Proposition 21 Let (X, ȳ, S) ∈ Sn ×<m ×Sn be a KKT point satisfying the KKT condi-
tions (3) and E be defined by (67). Then the following are equivalent

(i) The primal constraint nondegenerate condition (41) holds at X and the dual constraint
nondegenerate condition (43) holds at (ȳ, S).

(ii) Every element in ∂BE(0, X, ȳ, S) is nonsingular.

(iii) Every element in ∂E(0, X, ȳ, S) is nonsingular.

Proof. Since “(iii) =⇒ (ii)” holds trivially and “(ii) =⇒ (i)” follows from Proposition 6
and Theorem 18 directly, we only need to show “(i) =⇒ (iii)”. So in the remaining part of
our proof we always assume that part (i) holds.

Let W be an arbitrary element in ∂E(0, X, ȳ, S). We need to show that W is nonsingular.
Let (∆ε,∆X, ∆y,∆S) ∈ < × Sn ×<m ×<n be such that

W (∆ε,∆X, ∆y, ∆S) = 0.

Then, by Lemma 1, there exists V ∈ ∂Φ(0, A) such that

W (∆ε,∆X, ∆y, ∆S) =


∆ε

−A∗ (∆y) − ∆S

A (∆X)
∆X − V (∆ε,∆X − ∆S)

 = 0 ,

which, implies that ∆ε = 0. Thus, we have

W (0, ∆X, ∆y, ∆S) =


0

−A∗ (∆y) − ∆S

A (∆X)
∆X − V (0, ∆X − ∆S)

 = 0 . (73)

Since the primal constraint nondegenerate condition (41) implies M(X) = {(ȳ, S)}, we
know from Proposition 15 that the strong second order sufficient condition (52) holds at X

and takes the following form

−ΥX(−S,H) > 0 ∀ 0 6= H ∈ app(ȳ, S) , (74)

where the set app(ȳ, S) is defined by (51). From Proposition 5, (73), and (51), we know
that

∆X ∈ app(ȳ, S) . (75)
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By the second and the third equations of (73), we obtain that

0 = 〈∆X,−A∗(∆y) − ∆S〉 + 〈∆y,A (∆X)〉 = 〈∆X,−∆S〉 ,

which, together with Proposition 20 and the last equation of (73), implies that

ΥX(−S, ∆X) ≥ 0 .

Hence, from (74) and (75), we can conclude that

∆X = 0 .

Thus, from (73), we get [
A∗ (∆y) + ∆S

V (0,−∆S)

]
= 0 , (76)

which, by Proposition 5, gives rise to

P T
α (∆S)Pα = 0, P T

α (∆S)Pβ = 0, and P T
α (∆S)Pγ = 0 . (77)

From (40), which is equivalent to the primal constraint nondegenerate condition (41), we
know that there exist X ∈ Sn and S ∈ lin

(
TSn

+
(X)

)
such that

AX = ∆y and X + S = ∆S ,

which, together with (77), (50), and the first equation of (76), imply

〈∆y, ∆y〉 + 〈∆S, ∆S〉 = 〈AX, ∆y〉 + 〈X + S, ∆S〉

= 〈AX, ∆y〉 + 〈X,−A∗(∆y)〉 + 〈S, ∆S〉

= 〈S, ∆S〉 = 〈P T SP, P T (∆S)P 〉 = 0 .

Thus, ∆y = 0 and ∆S = 0, which together with ∆ε = 0 and ∆X = 0, imply the following

W (∆ε,∆X, ∆y, ∆S) = 0 =⇒ (∆ε,∆X, ∆y, ∆S) = 0 .

This shows that W is nonsingular. So, the proof is completed. ¤

The significance of Proposition 21 is that it allows us to offer a quadratic convergence
analysis on several smoothing Newton methods presented in [8, 9, 18, 44] for solving the
SDP problem even when the strict complementarity condition is not satisfied, i.e., when the
condition X + S Â 0 fails to hold. Instead of working on these different smoothing Newton
methods one by one (with some necessary modifications), for simplicity we only use the
smoothing Newton method presented in [44] as an example to show how this objective can
be achieved.

For any (ε,X, y, S) ∈ < × Sn × <m × Sn, write Z ≡ (X, y, S) and define f(ε, Z) :=
‖E(ε, Z)‖2 and θ(ε, Z) := r min{1, f(ε, Z)}. Let ε̄ ∈ (0,∞) and r ∈ (0, 1) be such that
rε̄ < 1. The smoothing Newton method presented in [44] can then be stated as follows.
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Algorithm I (A Squared Smoothing Newton Method)

Step 0. Select constants δ ∈ (0, 1) and σ ∈ (0, 1/2). Let ε0 := ε̄, Z0 ∈ Sn × <m × Sn be
an arbitrary point, and k := 0.

Step 1. If E(εk, Z
k) = 0, then stop. Otherwise, let θk := θ(εk, Z

k).

Step 2. Compute (∆εk, ∆Zk) by

E(εk, Z
k) + E′(εk, Z

k)(∆εk, ∆Zk) = θk

[
ε̄

0

]
. (78)

Step 3. Let lk be the smallest nonnegative integer l satisfying

f(εk + δl∆εk, Z
k + δl∆Zk) ≤ [ 1 − 2σ(1 − rε̄)δl ]f(εk, Z

k) . (79)

Define (εk+1, Z
k+1) := (εk + δlk∆εk, Z

k + δlk∆Zk).

Step 4. Replace k by k + 1 and go to Step 1.

The well posedness of Algorithm I hinges on the nonsingularity of E′(ε, Z) for any ε > 0,
which is equivalent to the surjectivity of the linear operator A : Sn → <m [44]. The two
conditions required for quadratic convergence of Algorithm I are: (i) the strong semis-
moothness of the smoothing function E and (ii) the nonsingularity of all W ∈ ∂BE(0, Z∗)
(or all W ∈ ∂E(0, Z∗)). However, (i) has been proven in [44] and (ii) can be derived from
Proposition 21 under both the primal constraint nondegeneracy and the dual constraint
nondegeneracy. Thus, by employing the standard convergence analysis laid out in [28]
for the vector version of the squared smoothing Newton method, we have the following
convergence theorem. For more explanations on this, see [44].

Theorem 22 Assume that A : Sn → <m is onto. Then an infinite sequence {(εk, Z
k)} is

generated by Algorithm I and each accumulation point (0, Z) of {(εk, Z
k)} is a solution of

E(ε, Z) = 0. Let Z = (X, ȳ, S) ∈ Sn × <m × Sn. If the primal constraint nondegenerate
condition (41) holds at X and the dual constraint nondegenerate condition (43) holds at
(ȳ, S), then the whole sequence {(εk, Z

k)} converges to (0, Z),

‖ (εk+1, Z
k+1) − (0, Z) ‖ = O(‖ (εk, Z

k) − (0, Z) ‖2) (80)

and
εk+1 = O(ε2

k) . (81)

Note that in Theorem 22, the quadratic convergence does not rely on the strict com-
plementarity, one common condition that was assumed in all known smoothing Newton
methods for solving the SDP problem (1) and its dual, as far as we know. The smoothing
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function G can certainly take other forms. For example, in order to improve the global con-
vergence of Algorithm I, one may consider Tikhonov-type regularized smoothing functions
such as

G(ε,X, y, S) :=

 C −A∗y − S + εX

AX − b + εy

S − Φ
(
ε, S − (X + εS)

)
 =

 C −A∗y − S + εX

AX − b + εy

X − Φ
(
(X + εS) − S

)
+ εS

 . (82)

The quadratic convergence of Algorithm I will not be affected because, by Lemma 1, the
set ∂BE(0, X, S, Y ) is still kept the same for any (X, y, S) ∈ Sn × <m × Sn if one replaces
the smoothing function G in (67) by the one given in (82).

5 Conclusions

In this paper, we presented several equivalent links among the primal and dual constraint
nondegenerate conditions, the strong regularity, and the nonsingularity of both the B-
subdifferential and Clarke’s generalized Jacobian of a nonsmooth system at a KKT point
in the context of linear semidefinite programming. These links were further used to derive
quadratic convergence of smoothing Newton methods without assuming the strict comple-
mentarity. Variational analysis on the metric projector over the cone of positive semidefinite
matrices and its smoothed counterpart plays a fundamental role in achieving these. Given
the fact that the metric projector over the more general symmetric cone behaves quite
similar to the metric projector over the cone of positive semidefinite matrices [43], one is
tempted to wonder if the results obtained in this paper can be extended to linear symmetric
cone programming. We leave this interesting question as our future research topic.

Acknowledgment. Defeng Sun would like to thank Jong-Shi Pang and Alexander
Shapiro for discussions on the constraint nondegeneracy when they visited National Uni-
versity of Singapore during 2002-2005.

References

[1] F. Alizadeh. Interior point methods in semidefinite programming with applications
to combinatorial optimization. SIAM Journal on Optimization 5 (1995) 13–51.

[2] F. Alizadeh, J.-P.A. Haeberly, and O.L. Overton. Complementarity and non-
degeneracy in semidefinite programming. Mathematical Programming 77 (1997) 111–
128.

[3] V.I. Arnold. On matrices depending on parameters. Russian Mathematical Surveys

26 (1971) 29–43.

[4] R. Bhatia. Matrix Analysis. Springer-Verlag (New York, 1997).

28



[5] J.F. Bonnans, R. Cominetti, and A. Shapiro. Sensitivity analysis of optimiza-
tion problems under second order regularity constraints. Mathematics of Operations

Research 23 (1998) 803–832.

[6] J.F. Bonnans, R. Cominetti, and A. Shapiro. Second order optimality condi-
tions based on parabolic second order tangent sets. SIAM Journal on Optimization 9
(1999) 466–493.

[7] J.F. Bonnans and A. Shapiro. Perturbation Analysis of Optimization Problems,
Springer (New York, 2000).

[8] X. Chen, H.-D. Qi, and P. Tseng. Analysis of nonsmooth symmetric matrix valued
functions with applications to semidefinite complementarity problems. SIAM Journal

on Optimization 13 (2003) 960–985.

[9] X. Chen and P. Tseng. Non-interior continuation methods for solving semidefinite
complementarity problems. Mathematical Programming 95 (2003) 431–474.

[10] F.H. Clarke. On the inverse function theorem. Pacific Journal of Mathematics 64
(1976) 97–102.

[11] F.H. Clarke. Optimization and Nonsmooth Analysis, John Wiley and Sons (New
York, 1983).

[12] B.C. Eaves. On the basic theorem of complementarity. Mathematical Programming

1 (1971) 68–75.

[13] M.L. Flegel and C. Kanzow. A comparison of three nondegeracy conditions in
semidefinite programs. Preprint 258, Institute of Applied Mathematics and Statistics,
University of Würzburg, Germany, April 2005.

[14] M.S. Gowda. Inverse and implicit function theorems for H-differentiable and semis-
mooth functions. Optimization Methods and Software 19 (2004) 443-461.

[15] N.J. Higham. Computing a nearest symmetric positive semidefinite matrix. Linear

Algebra and Its Applications 103 (1988) 103–118.

[16] R.A. Horn and C.R. Johnson. Matrix Analysis. Cambridge University Press
(Cambridge, UK, 1985).

[17] C. Kanzow and C. Nagel. Semidefinite programs: new search directions,
smoothing-type methods, and numerical results. SIAM Journal on Optimization

13 (2002) 1–23. (Corrigendum in SIAM Journal on Optimization 14 (2003) 936–
937).

[18] C. Kanzow and C. Nagel. Quadratic convergence of a nonsmooth Newton-type
method for semidefinite programs without strict complementarity. SIAM Jurnal on

Optimization 15 (2005) 654–672.

29



[19] B. Kummer. Lipschitzian inverse functions, directional derivatives, and applications
in C1,1-optimization. Journal of Optimization Theory and Applications 70 (1991)
559–580.
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