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Abstract

This paper deals with gradient methods for minimizing n-dimensional strictly convex
quadratic functions. Two new adaptive stepsize selectionules are presented and some
key properties are proved. Practical insights on the e ectiveness of the proposed tech-
nigues are given by a numerical comparison with the BarzilaiBorwein (BB) method, the
cyclic/adaptive BB methods and two recent monotone gradiert methods.

Keywords: unconstrained optimization, strictly convex quadratics, gradient meth-
ods, adaptive stepsize selections.

1 Introduction

We consider some recent gradient methods to minimize the qudratic function
. 1
min f (x) = ExTAx b" x (1)
where A is a real symmetric positive de nite (SPD) n n matrix and b;x 2 R". Given a

starting point xg and using the notation g« = g(xx) = r f (Xx), the gradient methods for (1)
are de ned by the iteration

Xk+1 = Xk kOk; k=0;1;:::; (2

where the stepsize ¢ > 0 is determined through an appropriate selection rule. Clasical
examples of stepsize selections are the line searches usgdhe Steepest Descent (SD) [4] and
the Minimal Gradient (MG) [11, 19] methods, which minimize f (xx g ) and kg(xx g k)k,
respectively:

.
°P = argmin f (x = S
K ng Xk g« o Agx
S
MG _ : _ O« Ak .
= argmin kg(x k= :
K gmi gXk  9«) ol A%



Many other rules for the stepsize selection have been proped to accelerate the slow conver-
gence exhibited in most cases by SD and MG (refer to [1] for anx@lanation of the zigzagging
phenomenon associated to the SD method). The literature shas that very promising perfor-
mance can be obtained by using selection rules derived by thimgenious stepsizes proposed
by Barzilai and Borwein [2]:

T T
BBl _ Sk 15k 1 _ 9% 1% 1 _ gp . 3
k  — T T o LA - kD (3)
Sk 1Yk 1 O 1A0k 1
T T
BB2 _ Sk 1Yk 1 _ O 1AGk 1 _ pG . 4
K= = = ko1 4)

Yo Yk 1 o0 jA%0 1

wheresy 1= Xk Xk 1andyx 1= gk Ok 1. Starting from (3) and (4), special stepsize
selections have been developed, that allow the correspomii gradient methods to largely
improve the SD method. In some cases, they can even get comjitdte with the conjugate
gradient method, which is the method of choice for problem (). Furthermore, successful
extensions of these BB-like gradient methods to non-quadréc functions [10, 15] and to
constrained optimization problems [3, 7, 8, 9, 17] have beeproposed. Hence, the study of
new e ective stepsizes becomes an interesting research tigpfor a wide range of mathematical
programming problems.

Here we discuss some of the most recent stepsize selectioriBhe rst class of selection
rules we consider exploits the cyclic use of the same stepeizn some consecutive iterations.
This idea was rst proposed in [14] for the so called GradientMethod with Retards (GMR):

given a positive integerm and a set of real numbersy 1; j =1;:::;m, dene
T (k) 1
GMR = 9 oA 9 )
gT(k)A g (k)
where
(k)2 kik 1;:::;maxfO;k mg ; (k) 2fn; ;05 0mQ:

Special implementations of (5) that exploit the cyclic use d the SD step [5, 6, 16] or the BB1
step [5, 10] have been investigated, showing a meaningful weergence acceleration on ill-
conditioned problems. These cyclic methods are further impoved by introducing an adaptive
choice of the cycle lengthm (also known as \memory"), as it is the case for the Adaptive
Cyclic Barzilai-Borwein (ACBB) method [10]:

(
(k= BB, j=1 if k=lorj=100or , 0:95;
(k= k1, |j=1]j+1) otherwise;
where s
I A -
k kackkAgrK ED cos(0k; Agk) :

Another e ective strategy included in some recent technigues consists in alternating dif-
ferent stepsize rules: in this case too, an adaptively contilled switching criterion improves
the convergence performances. Promising approaches based the rules alternation are the
Adaptive Barzilai-Borwein (ABB) method [19], whose stepsize selection is

(
‘= EBZ if EBZ: EBl < .
— BBl ; (6)
K= K otherwise



(note that PB2= BBl = cos?(gx 1;Agk 1)), and the Adaptive Steepest Descent (ASD)
method [19], which updates the stepsize according to

- MG if MG_ SD -
k k ’ (7)
k= P 05 MS  otherwise

where is a pre xed threshold. Numerical experiments suggest to se 2 [0:1;0:2] in the
ABB method and slightly larger than 0:5 in the ASD method. Throughout this paper we
let = 0:15and = 0:55, respectively. The computational study reported in [19] shows
that ABB and ASD methods generally outperform BB1 method (we recall that ASD is a
monotone scheme) and also that they behave similarly, everf the ABB scheme seems to be
preferable on ill-conditioned problems and when high accuacy is required.

Finally, competitive results with respect to the BB1 method are also obtained with stepsize
selections derived by a new rule proposed by Yuan [18]:

2
Y _ 4 )
k = S :

(1= 5D, 1= SP)2+4kgck?=ks, K2+ (1= S0, +1= 5P)

(8)

The derivation of this stepsize is based on an analysis of (1) the two-dimensional case:
here, if a Yuan's step is taken after exactly one SD step, theronly one more SD step is
needed to get to the minimizer. In [12], a variant of (8) has ben suggested:

?((v = g 2 .
(1= Py 1= gP)2+4kgdk®=( {Prkac 1K)?+ (1= P, +1=P)

which coincides with (8) if xx is obtained by taking an SD step. Starting from the new
formula, Dai and Yuan [12] suggested a gradient method whosstepsize is given by

(
ov ko if mod (k;4)< 2;
“ YV otherwise

The numerical experiments in [12] show that this last monotae method performs better than
BB1 on problem (1): thus, it is interesting to evaluate its behaviour together with the above
BB1 improvements.

From a theoretical point of view, convergence results may beagiven for the considered
gradient methods. For instance, since the BB1, ACBB and ABB nethods belong to the
GMR class, their R-linear convergence can be obtained by preeding as in [5]; for the ASD
method, the Q-linear convergence of xxg is established in [19] and, in a very similar way,
the same result may be derived for the DY method. However, thee results don't explain the
great improvement of BB1 over SD and the further improvement of the most recent gradient
methods.

In this work, to better understand the behaviour of the considered methods, we focus
on the stepsizes sequences they generate. The analysis ob#e sequences emphasizes key
di erences in the stepsize distributions and it leads us to htroduce two improved selection
rules.

The paper is organized as follows. In Section 2 we consider ¢hbehaviour of BB1, ACBB,
ABB, ASD and DY schemes on a small test problem, to illustrate and discuss the di erent
stepsize distributions. In Section 3 we propose two new stegize selections and we prove some
useful properties to explain their behaviour. Numerical evdence of the improvements due to
the new selection rules are given in Section 4 on medium-tatge test problems. Finally, in
Section 5 we discuss some conclusions and future developnt&n
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2 Comparing recent gradient methods

To analyse the convergence of any gradient method for a quadtic function, we can assume
without loss of generality that A is diagonal with distinct eigenvalues [13]:

A =diag( 1; 2;:::5 n); 0< 1< ,<:::< 4 9)
It follows from (2) and the de nition of g that
gl =1 oo =120 (10)

Thus, we can also assume thaggi) 6 0forall i =1;2;:::;n, since if there is a component

of the gradient such that g{’ = 0, then 9|(<|) = 0 for all k, hence this component could be
disregarded.

To investigate the di erences between the gradient methodsdescribed in the previous
section, we have to inspect the stepsize distributions. Toltis end, let's consider a simple test
problem obtained by modifying the one given in [12]:

A =diag( 1; 2;::: 10) (11)

where
i =111i 110 i=1;:::;10 (12)
We test BB1, ACBB, ABB, ASD and DY on this problem by setting th e starting point Xo
such that gé') = = 1+1, the stopping condition askgck 10 8and o= §P when a starting
stepsize is needet
The results are summarized in Tables 1 and 2, where the data ithe last two columns
will be discussed later. In the second row of Table 1 we put theumber of iterations required
by each algorithm. Then, for each method, we classify the segence ¢ in 10 subsets
depending on which eigenvalue 1is nearest to.
Furthermore, we focus our attention on the role of the longes steps (that is to say
k 1f ~) and we study the e ect they have on each component of the gragnt. Table 2
reports for each method the numbers log,j (V] at the end of the run, where

M= o )@ g, D@ g, i)y 1=1;200010, h K

andj1;j2;:::;jn are those indices such that ;. %; *=1::::;h. Thevaluej @j, which
is clearly independent on the order of the indiceg-, quanti es how the i-th component of
the gradient is reduced or ampli ed due to the h longest stepsizes.

We may observe that the stepsizes larger thanﬁ are fewer in ACBB and ABB than
in the other methods; nevertheless, they induce a larger radttion of the rst gradient com-
ponent. Moreover, these improvements are obtained with a Ies remarkable increase in the
other components with respect to BB1, ASD and DY. This suggets that ACBB and ABB
distribute the longest stepsizes near to 11 in a more fruitful way than the other schemes.
Since this behaviour can be observed in many other test proleims where ACBB and ABB
outperform BB1, ASD and DY, it is worthwhile to investigate i f more e cient schemes could
be derived by improving the ability to approximate 11. Roughly speaking, we are looking
for stepsize rules that exploit the bene t arising from a fag reduction of the rst gradient
component. It is well known (see for example the discussiomi[13]) that in BB-like stepsize
selections, after a meaningful reduction of the rst gradient components (that is after the
largest stepsizes), an iteration occurs whergy 1 is likely to be dominated by large compo-
nents: then a small  will be generated, which in turn will force both a large decraase in
the large gradient components and a remarkable reduction ofhe objective function.
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BB1 | ACBB | ABB | ASD | DY | ABB ABB

minl min2
iterations 363 | 108 | 132 | 360 | 199 61 44
Z K 54 10 16 | 46 | 29 3 2
1 2
2 k< -2 | 43 8 11 | 39 | 22 7 4
2 K< —2 33 11 19 | 45 | 16 6 6
3t 4 2t 3
2 K< —2 24 13 10 | 26 | 14 5 3
4t 5 3t 4
2 (< —2_| 25| 4 8 | 26 | 16 4 4
Z2— k< - | 25 5 6 | 23 | 13 2 2
2 K< —2 28 11 12 | 29 | 18 4 5
7t 8 6t 7
2 ¢ < 33 9 16 | 25 | 19 11 3
gt o 7t 8
2 <2 39 24 11 | 54 | 25 2 8
9 10 8 9
k< =5 59 | 13 | 23 | 47 | 27| 17 7

Table 1. Total number of iterations and stepsize distribution with respect to the eigenvalues.

BBl [ACBB | ABB | ASD | DY [ABB,, | ABB >
h=54|h=10 |h=16 |h=46 |h=29| h=3 h=2
logg] @] 82| 109| 105 77 8.0 11.0 8:6
logo] @] 535| 155| 161| 522| 246 6:1 41
logg] @] 71:8| 186| 217| 676| 351 7:0 4:7
logo] @] 8L:9| 204| 248| 762| 407 7:6 5:0
logo] @] 890| 217| 269| 822| 446 7:9 5:3
logyoj ©] 944 | 227| 285| 868| 475 8:2 5:5
logoj ] 988 | 235| 298| 905| 499 85 5:6
log;oj ®j | 1025| 241| 309| 936| 519 87 5:8
logioj @j | 1056| 247| 319| 963| 536 8:8 5:9
log,oj ®9j| 1085| 252| 327| 987| 551 9:0 6:0

Table 2: E ects of the longest steps on the components of the i@gdient.

The importance of reducingjgﬁl)j may be easily illustrated also on the test problem (11){
(12): we solve this problem by the BB1 method with the starting point and the stopping rule
previously described, but with two di erent values for g, that are

0= 5> or 0=( 1+10 °) .
The values off (xx) obtained in these two experiments are plotted in Figure 1. or ¢ =
( 1+10 ° ! we have from (10)

19:7) 1% ") (13)
so the rst component of the gradient becomes negligible urit all the other components will
be signi cantly reduced. In this phase, in a sense the problm turns into a simpler one and a
more e ective behaviour of the method may be expected. In fat; after an increasing function

value in the rst iteration, a very fast convergence is obsered (the method requires only 45
iterations) and no other stepsizes near ; L are selected. In the next section, we will introduce

LAll the experiments presented in the paper are performed wit h Matlab 6.0 on a 2.0GHz AMD Sempron
3000+ with 512MB of RAM.
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Figure 1. Behaviour of the BB1 method started with di erent i nitial stepsizes.

two stepsize selections that are appropriately designed tdetter capture the inverse of the
smallest eigenvalues than the above rules.

3 Derivation of the new methods

The recent literature shows that ACBB and ABB can be consideled very e ective approaches
that often outperform other BB-like gradient methods. In our experience the two schemes
behave rather similarly, but in general ABB performs better when large and ill-conditioned
guadratic problems are faced. Thus, we develop new stepsizaelections starting from the ABB
rule. Following the considerations in the previous section we look for ABB-like algorithms
able to exploit BB1 steps close to ; 1. We point this goal by forcing stepsizes that reduce the

componentsjgl((i)j for large i, in such a way that a following BB1 step will likely depend on a
gradient dominated by small components. Our rst implementation of this idea, denoted by

ABB i,1, consists in substituting the BB2 step in (6) with the follow ing shorter step:
8
< k=min PPZjj=maxfLk mg::;k if pB2= PRl <
(14)
k= pBt otherwise

This method can be regarded as a particular member of the GMR lass, so it is R-linearly
convergent [5]. Furthermore, it could allow the same step tobe reused in some consecutive
iterations, as it is in the ACBB method.



To state our second variant of the ABB scheme we considegk+1 = Ok+1( k), SO that
P is a function of y as well. We then introduce the stepsize

o = argmax (i (15)
k2R

and discuss its main properties. The following result is neessary.

Lemma 1. Let A be a SPD matrix and letg, 6 0 be such thatcos’(gq; Agk) < 1. Let

G=gAg>0 [=0,123 (16)
and

R=occ G S=ocz GC; T=cc (17)

Then
R;S;T > 0; (18)
S=(cR+ cT)=c; (29)
S =c R+ T (20)

S2 4RT > 0:

Proof. By the de nition (16) and by applying the Cauchy-Schwartz in equality to ¢; =
gf (Agy) it follows that co=c; > c1=¢;, hence T > 0. Now, observe thatg = yTAl Dy,
j =1:;2,3, wherey = A™g,: then ¢;=¢ > c,=q follows in the same way, soR > 0. By
using these inequalities in sequence, we also ha®&= cyc3 c¢1C; > 0, which complete (18).
Then (19) and (20) easily follows by substitution. Finally,

GR?+ G3T?+2RTcoc, 4RTC2
ct

GR?+ T2+ 2RT(T &)
c%

GR%+ BT2+2RT(T )
ct

_ (R T)2+2RT?

B ct

S? 4RT =

> 0:

We may now give the explicit form of V. We consider

Galet _ Or(l WA kAo
OaAda g KAAL A
OGOk 2 kOrADkt  Fop A%ge

OrAgk 2 kOp A%gc+ 2ol ASgK

_C 2yCit Ec

o 2 G+ 203

EEl =F( k=

and look at Fq ). It is easy to see that the roots of F{ ) = 0 must satisfy

(@ 2 ke+ Ec)( i+ k&) (o 2 kG+ &) G+ kC)=0; (21)



that is
RZ S¢+T=0;

whereR;S and T are de ned in (17). From R> 0 and S? 4RT > 0 we have

P

S S2  4RT
New — = 22
K ki1 R (22)

and

=argmin PP = S+p82 4RT .
k;2 — ngR k+1 — 2R .

We report in the following theorem some interesting properies of *".

Theorem 1. Let A be a SPD matrix and let g 6 0 be such thatcos(gc;Agk) < 1. The
stepsize RV satis es the following properties:

kr=min F( )= F( k2); (23)
k2R
1 1
— = (24)
n 2
. 1
if n=2 then = —; (25)
2
e 2o e (26)
C3

Proof. From (21) we can write F ( .2) as follows:

2
Co 2 k;2C1 + k;ZCZ _C k2 C1.

F( k2= ;
' G 2 koGt {03 € k2 C

By observing that *¥ .» = T=R, we obtain

C k2 C C k2 G
—  new ; —  new ;
F( k;2)—

C3 k2 Eew C Eew 03% C Eew

To prove (23), we show that

T
—_ new .
C k2 C= Csﬁ C2 k

In fact, by substituting *" and ;> and by using (20) we have

s+ S aRT
C k2 C=0C R C1
_ S+ S?2 4RT  2Rc
- 2
_ T R+ o S2  4RT
- 2R
and
P =
G o MW= CSI C2S S 4RT
R R
_ 203T C28+ Co S?2  4RT
- 2R,
T cR+c S?2 4RT
N 2R '



The left inequality in (24) follows from the Rayleigh's quotient property
1
Y= F(k)
n

The right part in (24) follows from

Tl A A
Eew =min F( ) F i — ng( 11 ) 1 - )0k i;
k2R g, (I 1 TA)A( 1 7A) Ok 2

where the last inequality holds true because the vector I( 11A)gk is orthogonal to the
eigenvector corresponding to 1. When n = 2 the last result obviously yields (25).
Now, to show (26) we observe that

2 new — % S P S22 4RT _ 2Rc, S+ Cgp S2  4RT )
;¢ 2R 2GR :

If 2Rc, Sg) 0, then (=3 k) > 0; otherwise, we have
p___
cz S?2 4RT (2Rc; Si) >0

and
| |

& ew. 2RC; S+ S7 ART .57 4RT (2Rc, Sey)
g X 2c3R s 52 4RT (2Rc; Se)
3(S? 4RT) (4R?GG+ S?°C5  4RScc3)

2csR c3 S2 4RT (2Rc; Sa)

ABRT  4R2c} +4RScaC3
2csR c3 S2 4RT (2Rc; Sa)

It follows from (18) and (20) that

ABRT 4R%2G+4RScc3= 4BRT  4R%G +4R(ciR + c3T)cs
=  4R?%C +4R%cic3
=4R%*(cic3 ) =4R3> 0;

hence C;=  *") > 0 holds true, which gives the rst part of (26). Finally, the r ight part
of (26) follows from {}"G = 1= and the positivity of R. O

Remark 1. The properties (23) and (26) well emphasize the ability of the new selection rule
to produce short stepsizes, so that it should be useful withi adaptive alternation schemes
similar to (14). The inequalities (24) explain why a sequene of stepsizes computed by (22)

too much remarkable reduction in gf(l); thus, after this sequence of stepsizes, we most likely
end up with a gradient vector where the rst component dominates. Finally, in the special
casen = 2, from (25) we have that the gradient method where o= 3 and ;= $P will
nd the solution after two iterations.

The stepsize (22) considered with one iteration of retard stis es

new MG
k 1< k

BB2
1 k



and then it allows a shorter step than BB2. Thus, also }®] can be exploited within an

ABB-like scheme to achieve a better reduction of the compongs jgl((i)j for large i. The
corresponding selection rule, denoted by ABR,,, is the following:

8

< K = Eevi if EBZZ |I?Bl< :
(27)

k= BB otherwise

The computational cost per iteration is essentially the sane as the other methods, because
no additional matrix-vector multiplications are needed. In fact, if we keep into memory
w = Agy 1 and compute, at each iteration, the vectorz = Agy, then ¢®] can be obtained
by
-
: : . GZ C+2 k12,
CO=0Of 10k 1; C1=0f W; C=Ww; cg= X 5 ,
k 1

via (17) and (22). Of course, di erent ways to obtain cz without additional matrix-vector
products are also available.

Concerning the convergence properties of ABR;,, taking into account that we have

K BBl for all k, the R-linear convergence can be proved by proceeding as iB][

The behaviour of ABB,;,; and ABB ., on the test problem (11){(12) is described in
Tables 1 and 2. The starting point and (o are the same as in the other methods. The
parameters setting is the following:m =9 and =0:8in ABB,;, =0:91in ABB . In
our experience this setting gives satisfactory results in rany situations and it will be exploited
also in the numerical experiments of the next section. From &ble 1 we observe that both the
new methods generate much less stepsizes larger thaqf—z. These few stepsizes seem able
to reduce the rst gradient component to such an extent, that the other methods can only get
to after many large stepsizes (see Table 2). The e ect of thifaehaviour on the convergence
rate can be observed by looking at the iteration counts repated in Table 1.

The next section gives more insights into the e ectiveness bthe new methods, by showing
an additional numerical experience.

4 Numerical experiments

In this section we present the results of a numerical invesgation on di erent kinds of test
problems. A group of randomly generated test problems is anlgized rst, then another group
of tests is considered, which comes from a PDE-like prototyp problem.

Table 3 reports the results on the test problem (9) with four di erent Euclidean condition
numbers , = (A), ranging from 10? to 10°, and with the three di erent sizes n = 102,
10°, 10*. Welet ;=1and , = . Two subsets of experiments are carried out, depending
on the spectral distribution:

S1) i,i=2;:::;n 1, is randomly sampled from the uniform probability distrib ution in
1 2);

Sy) i =10P,i=2;:::;n 1, wherep; is randomly sampled from the uniform probability
distribution in (0 ;logo( 2)).

The entries of the starting points xo are randomly sampled in the interval ( 5;5), the
stopping condition is kgck 10 8 and, for all the methods, the parameter setting is as
described in the previous sections. For a given value ai and », 10 problems are randomly
generated and the number of iterations averaged over the 10uns of each algorithm is listed
in Table 3 (these numbers are meaningful, given the similar amputational cost per iteration

10



n | 2| BBl |[ACBB | ABB | ASD | DY |ABB,_.. |ABB
Spectral distribution S;

10° | 1424| 1354 1230| 1523| 1335 1189 1122
12 | 10°| 5308 | 3794 | 2880 | 4515 3763 2474 | 2153

10* | 15183 | 8734 | 4817 | 11970 | 11515 3977 | 303.3
10° | 51826 | 18603 | 10879 | 37658 | 43796 5259 | 342.6
10° | 1477 1491| 1380| 1625| 1476 1419 | 1336
18 | 10° | 5141 4444 4221 4753 | 4427 4038 | 390.2

10" | 15833 | 12934 | 9555 | 14762 | 14221 8183 | 7212
10° | 51797 | 33917 | 14670 | 47650 | 50947 | 12157 | 956.0
10° | 1549 | 1549 | 1445| 1661| 1499 1471 | 1409
10° | 5291 | 4764 | 4516| 4903 | 4648 4410 | 4409
10* | 19186 | 15672 | 12120 | 16003 | 14842 | 12161 | 1154.3
10° | 61423 | 48974 | 25329 | 46813 | 58661 | 23588 | 2050.9
Spectral distribution S,
10° | 1467 | 1498 | 1361| 1581 | 1353 1375| 1295
1 | 10°| 5081 4700| 4412 4845 4538 4239 | 4177

10* | 17353 | 15208 | 13897 | 15459 | 14936 | 1350.4 | 13765
10° | 57341 | 52743 | 44580 | 55142 | 58166 | 4175.3 | 44027
10° | 1561 | 1526 1478| 1733| 1520 1451 | 139.6
18 | 10°| 5389 | 5041| 4625| 5170 | 5039 4536 | 4483

10" | 18628 | 17526 | 15286 | 17975 | 16309 | 14676 | 1454.7
10° | 74007 | 53494 | 49033 | 58344 | 61828 | 4596.9 | 48828
10° | 1627 | 1628 | 1525| 1720 1519 1527 | 1464
10* | 10°| 5458 | 5416| 4755 | 5357 | 5056 4768 | 462.7

10* | 20040 | 17759 | 15688 | 19717 | 17635 | 1500.3 | 15143
10° | 75770 | 58924 | 50562 | 56454 | 67266 | 4784.8 | 49800

min2

10*

Table 3: Iteration counts of randomly generated test problans.

of the considered methods). For each value of ,, the winner method is marked in bold:
the new methods win in all cases. In particular, if the eigenalues are uniformly distributed
(distribution  S;) the algorithm ABB ., is clearly the better choice and can greatly improve
the e ciency of the ABB method (BB1, ACBB, ASD and DY seem less e ective than ABB).
For instance, in the casen = 102 and , = 10° the new scheme requires on average 342
iterations only, that is less than one third of the averaged ABB iterations. In most of the
other cases ABR,;,; is the second choice.

Looking at the second test subset, a dierent pattern appeas: the new methods still
outperform the others, but the iteration counts are less disimilar. Furthermore, the ABB |,
method is the winner scheme for large condition numbers. A pssible explanation is that the
eigenvalue density near 1 reduces the bene ts of our strategy.

In the second group of experiments we evaluate the algorith® in solving a large scale
real problem proposed in [13, problem Laplacel (L1)]: it regires the solution of an elliptic
system of linear equations, arising from a 3D Laplacian on tke unitary cube, discretized
using a standard 7-point nite di erence stencil. Here N interior nodes are taken in each
coordinate direction, so that the problem hasn = N3 variables. The solution is a Gaussian
function centered at the point (; ; )T multiplied by a quadratics, which vanishes on the
boundary. A parameter controls the decay rate of the Gaussian. We refer the readerd
[13] for additional details on this problem. In our experiments we set the parameters in two

11



n_|

| BB1 | ACBB | ABB | ASD | DY | ABB ;s | ABB

min2
Problem L1(a)
10 ° | 137 123| 100| 134| 96 118 95
60° |10 6| 374 334| 282| 238| 299 229 191
10 ° | 526 478| 408| 431| 421 357 347
10 ° | 161 173| 171| 170|125 167 172
80° |10 6| 471 328| 384| 322| 323 248 271
10 ° | 610 681| 557| 558| 560 425 346
10 ° | 325 260| 223| 147 | 163 208 226
100° | 10 ¢ | 610 414| 476| 416| 389 358 338
10 ° | 886 579| 582| 690| 675 495 423
Problem L1(b)

10 3 50 49 51 62| 44 62 53
60° | 10 ¢ | 337 257| 262| 264| 235 227 205
10 ° | 649 394| 370| 452\ 419 370 361
10 3 65 78 58 67| 63 87 82
80° | 10 6| 274 371| 342| 325| 306 303 309
10 ° | 527 673| 482| 553| 568 490 444
10 °| 101 122 82| 75| 77 86 85
100° | 10 ¢ | 499 381| 393| 402|375 384 380
10 °| 875 789| 567 | 764| 790 631 591

Table 4: Iteration counts for the 3D Laplacian problem.

BB1 | ACBB | ABB | ASD | DY | ABB i1 | ABB in2

10 °| 839 | 805 685 | 655 | 568 728 713

10 6| 2565| 2085 | 2139|1967 | 1927| 1749 1694

10 ° | 4073| 3594 | 2966 | 3448 | 3433| 2768 2512

Table 5: Total number of iterations.
di erent ways:
@ = 20; = = =05;
(b) =50; =0:4; =0:7; =05

The null vector is the starting point and we stop the iteratio ns when kggk
di erent values of . Table 4 reports the iteration counts.

We summarize the algorithms performances in Table 5, wherefor each accuracy level,
the total number of iterations accumulated by each method inall problems is reported.

The numbers show clearly that the new stepsize selections arpreferable when high ac-
curacy is required.

From both the groups of test problems one can observe how therpposed stepsize se-
lections make the new methods perform often better than othe recent successful gradient
schemes. Furthermore, even if the ABB, ., method seems preferable, the performances of
the ABB ,;,; method are very similar, but the latter uses a simpler adaptve selection involv-
ing BB1 and BB2 stepsizes only. This means the new ABRB,;; method is well suited to be
extended to general nonlinear optimization problems, as itis the standard ABB method.

kgok, with

12



5 Conclusions and developments

In this work we analyzed convergence properties of recent ases of gradient methods that
have shown to be e ective in minimizing strictly convex quadratic functions. To better
understand the improvements exhibited by the adaptive-stgsize gradient methods over the
standard Barzilai-Borwein approaches, the sequences ofegbsizes generated by these schemes
are studied with respect to the Hessian's eigenvalues. Badeon this analysis, new adaptive
stepsize selection rules are proposed, which are approptéy designed to better capture the
inverse of the minimum eigenvalue. For one of the new stepsis some theoretical properties
and meaningful bounds are proved. Numerical results carrig out on randomly generated test
problems as well as on a classical large-scale problem sholat the schemes based on the new
proposals often outperform other modern gradient methods.Future works will concern with
the possible application of the new rules to non-quadratic ptimization and to constrained
optimization. In particular, one of the proposed selectionrule seems promising also for these
settings, given that it simply exploits the two Barzilai-Bo rwein stepsizes, that are successfully
used in many gradient methods for general optimization prolbems.
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