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Abstract. W e in v estigate hierarc hies of semide�nite appro ximations for the c hromatic n um b er

� ( G ) of a graph G . W e in tro duce an op erator 	 mapping an y graph parameter � ( G ), nested

b et w een the stabilit y n um b er � ( G ) and �

�

G

�

, to a new graph parameter 	

�

( G ), nested b et w een

� ( G ) and � ( G ); 	

�

( G ) is p olynomial time computable if � ( G ) is. As an application, there is

no p olynomial time computable graph parameter nested b et w een the fractional c hromatic n um b er

�

�

( � ) and � ( � ) unless P=NP . Moreo v er, based on Motzkin-Straus form ulation for � ( G ), w e giv e

(quadratically constrained) quadratic and cop ositiv e programming form ulations for � ( G ). Under

some mild assumption, n=� ( G ) � 	

�

( G ) but, while n=� ( G ) remains b elo w �

�

( G ), 	

�

( G ) can reac h

� ( G ) (e.g., for � ( � ) = � ( � )). W e also de�ne new p olynomial time computable lo w er b ounds for � ( G ),

impro ving the classic Lo v� asz theta n um b er (and its strengthenings obtained b y adding nonnegativit y

and triangle inequalities); exp erimen tal results on Hamming graphs, Kneser graphs and DIMA CS

b enc hmark graphs will b e giv en in the follo w-up pap er [14 ].

Key w ords. (fractional) c hromatic n um b er, stabilit y n um b er, Lo v� asz theta n um b er, semide�nite

programming

AMS sub ject classi�cations. 05C15, 90C27, 90C22

1. In tro duction. The c hromatic n um b er � ( G ) of a graph G = ( V ; E ) is the

minim um n um b er of colors needed to color the no des of G in suc h a w a y that adjacen t

no des receiv e distinct colors. Computing � ( G ) is an NP-hard problem [11 ] and it is

also hard to appro ximate � ( G ) within j V ( G ) j

1 = 14 � �

for an y � > 0 [1]. An ob vious lo w er

b ound for � ( G ) is the clique n um b er ! ( G ), de�ned as the maxim um size of a clique

(i.e., a set of pairwise adjacen t no des) in G ; computing ! ( G ) is also hard [11] as w ell

as appro ximating ! ( G ) within j V ( G ) j

1 = 6 � �

for an y � > 0 [1]. A w ell kno wn stronger

lo w er b ound for � ( G ) is # ( G ) := #

�

G

�

, the theta n um b er of the complemen tary

graph, in tro duced b y Lo v� asz [23] (see (2.3)). The theta n um b er satis�es the `sandwic h

inequalit y':

! ( G ) � # ( G ) � � ( G ) ;

and it can b e computed to an y arbitrary precision in p olynomial time since it can b e

form ulated via a semide�nite program. It can also b e used for appro ximately coloring

the graph (see [5],[8],[17 ]). In tensiv e researc h has b een done for strengthening the

b ound # ( G ) to w ards ! ( G ) or, equiv alen tly , # ( G ) to w ards the stabilit y n um b er � ( G );

see, e.g., [6 , 19, 20, 21, 24, 26, 30, 32, 34]. Here, � ( G ) = ! ( G ), the maxim um

size of a stable set (i.e., a set of pairwise nonadjacen t no des) in G . In particular,

hierarc hies of semide�nite (or linear) b ounds w ere constructed that �nd � ( G ) in � ( G )

steps [19, 20, 24, 34]. As � ( G ) can b e form ulated via a 0/1 linear program (see, e.g.,

[7]), the lift-and-pro ject metho ds of [19 ],[24],[34] can in principle b e applied to deriv e

hierarc hies of semide�nite appro ximations �nding � ( G ) in �nitely man y steps. T o the

b est of our kno wledge suc h hierarc hies ha v e not b een in v estigated in detail so far.

In this pap er w e prop ose a systematic in v estigation of semide�nite appro xima-

tions for � ( G ). One of our main con tributions is a simple construction p ermitting to

�
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deriv e from an y graph parameter � ( G ) nested b et w een � ( G ) and � ( G ) a new graph

parameter 	

�

( G ) nested b et w een ! ( G ) and � ( G ). F or this, giv en an in teger t � 0,

let K

t

� G denote the Cartesian pro duct of the t w o graphs G and K

t

, with no de set

V ( K

t

� G ) := V ( K

t

) � V ( G ) =

t

[

p =1

V

p

; where V

p

:= f pi j i 2 V ( G ) g (1.1)

and ha ving an edge ( pi; q j ) if ( p 6= q and i = j ) or if ( p = q and ij 2 E ( G )). Ch v� atal

[4] observ ed the follo wing useful reduction of the c hromatic n um b er to the stabilit y

n um b er:

� ( G ) � t ( ) � ( K

t

� G ) = j V ( G ) j : (1.2)

(Rev erse reductions, from the stabilit y n um b er to the c hromatic n um b er, can b e found

in P oljak [31], and in Sc hrijv er [33].) Giv en a graph parameter � ( � ) nested b et w een

� ( � ) and � ( � ), relation (1.2) motiv ates in tro ducing the new graph parameter 	

�

( � ),

de�ning 	

�

( G ) as the smallest in teger t � 0 for whic h � ( K

t

� G ) = j V ( G ) j . Among

other prop erties, 	

�

( G ) = � ( G ), 	

�

( G ) = 	

�

�

( G ) = ! ( G ), 	

#

( G ) =

l

# ( G )

m

,

	

#

0

( G ) =

l

#

+

( G )

m

. Here, �

�

is the fractional c hromatic n um b er and #

0

, #

+

are

v ariations of # obtained b y adding certain nonnegativit y conditions; see Section 2.1.

Moreo v er, the op erator 	 is monotone nonincreasing and, if � ( G ) is p olynomial time

computable (resp., giv en b y a semide�nite program), then the same holds for 	

�

( G ).

A somewhat surprising application is that there do es not exist a p olynomial time

computable graph parameter nested b et w een the fractional c hromatic n um b er and the

c hromatic n um b er unless P=NP (see Theorem 2.6). As another application w e can

giv e (quadratically constrained) quadratic and cop ositiv e programming form ulations

for � ( G ) based on the Motzkin-Straus form ulation for � ( G ) (see Section 2.5).

The op erator 	 p ermits to transform an y hierarc h y of upp er b ounds for � ( G ) in to

a hierarc h y of lo w er b ounds for � ( G ). In the pap er w e study in particular hierarc hies of

lo w er b ounds for � ( G ) related to the Lasserre hierarc h y las

( r )

( G ) ( r 2 N ) for � ( G ) [19],

whic h �nds � ( G ) at order r = � ( G ) and re�nes sev eral other kno wn hierarc hies for

� ( G ). More precisely , w e consider t w o hierarc hies  

( r )

( G ), 	

las

( r )

( G ) of lo w er b ounds

for the c hromatic n um b er � ( G ), whic h satisfy  

(1)

( G ) = # ( G ),  

(2)

( G ) � #

+ 4

( G )

(Meurdesoif ' strengthening - see Section 2.1), and

j V ( G ) j

las

( r )

( G )

�  

( r )

( G ) � 	

las

( r )

( G ) � � ( G ) :

The parameter  

( r )

( G ) has the same computational cost as las

( r )

( G ) but it cannot

go b ey ond the fractional c hromatic n um b er; in fact,  

( r )

( G ) = �

�

( G ) for r � � ( G ).

The parameter 	

las

( r )

( G ) has a higher computational cost than las

( r )

( G ) (one has to

ev aluate las

( r )

( K

t

� G ) for O (log n ) queries on t � n ), but it �nds � ( G ) at step r = n .

Duk ano vic and Rendl [9] in tro duced recen tly another hierarc h y for � ( G ), whic h is

related to the hierarc h y of De Klerk and P asec hnik [6] for � ( G ), b oth b eing based

on cop ositiv e programming. The hierarc h y of Duk ano vic and Rendl remains ho w ev er

b ounded b y the fractional c hromatic n um b er; see Section 3.5 for details.

Although p olynomial time computable for an y �xed r , the parameters  

( r )

( G ),

	

las

( r )

( G ) are y et to o costly to compute for large v alues of n already for order r = 2.
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W e prop ose some v ariations  ( G ), 	

`

( G ) of the order 2 b ounds, whic h are at least

as go o d as #

+

( G ). As will b e sho wn in the follo w-up pap er [14], for v ertex-transitiv e

graphs, the computation of  ( G ) in v olv es a semide�nite program with t w o matrices of

sizes n + 1 ; n , while the computation of 	

`

( G ) can b e reduced to O (log n ) semide�nite

programs with matrices of sizes 2 n + 1 ; 2 n; n; n ; these form ulations are obtained b y

exploiting symmetries in the structure of the semide�nite programs and symmetries

arising from the p erm utation group Sym ( t ) acting on the complete graph K

t

.

More details ab out the results of this pap er can also b e found in [12 ].

Con ten ts of the pap er. In Section 2 w e presen t the op erator 	 and its main

prop erties, w e discuss v arious w a ys for computing 	

�

( G ), and w e giv e (quadratically

constrained) quadratic and cop ositiv e programming form ulations for � ( G ). In Section

3 w e in v estigate t w o hierarc hies of lo w er b ounds for � ( G ) related to the hierarc h y of

Lasserre for � ( G ) and con v erging resp ectiv ely to �

�

( G ) and � ( G ). This leads to t w o

b ounds  ( G ), 	

`

( G ) form ulated via semide�nite programs in v olving matrices of size

O ( n ). Finally w e explore the link b et w een our b ounds and the cop ositiv e programming

based hierarc hies of de Klerk and P asec hnik [6] for � ( G ) and of Duk ano vic and Rendl

[9] for � ( G ).

Notation. Giv en a graph G = ( V ; E ), G denotes its complemen tary graph whose

edges are the pairs uv 62 E ( G ) ( u; v 2 V ( G ), u 6= v ). Throughout w e set V := V ( G ),

n = j V j , and to a v oid trivial tec hnicalities w e assume G 6= K

n

and G 6= K

n

, where

K

n

denotes the complete graph on n no des. F or t w o graphs G; G

0

, their Cartesian

pro duct G � G

0

has no de set V ( G ) � V ( G

0

), with t w o no des uu

0

; v v

0

2 V ( G ) � V ( G

0

)

b eing adjacen t in G � G

0

if and only if ( u = v and u

0

v

0

2 E ( G

0

)) or ( uv 2 E ( G ) and

u

0

= v

0

). F or an in teger t � 1, w e sometimes set G

t

= K

t

� G as a short-hand notation

for the Cartesian pro duct of G and K

t

, whose no de set is as in (1.1). Giv en a graph

parameter � ( � ), � ( � ) is the graph parameter de�ned b y � ( G ) := � ( G ) for an y graph

G .

Throughout, the letters I ; J ; e denote, resp ectiv ely , the iden tit y matrix, the all-

ones matrix, the all-ones v ector (of the suitable size); N is the set of nonnegativ e

in tegers. F or n � n matrices A; B , T r( A ) =

P

n

i =1

A

ii

and h A; B i = T r ( A

T

B ) =

P

n

i;j =1

A

ij

B

ij

. Moreo v er, the notation A � 0 means that A is a symmetric p ositiv e

semide�nite matrix.

Giv en a �nite set V , P ( V ) denotes the collection of all subsets of V . Giv en an

in teger r , set P

r

( V ) := f I 2 P ( V ) j j I j � r g . P

r

( V ) con tains the empt y subset

of V whic h w e will denote as 0 ; th us, for instance, P

1

( V ) = f 0 ; f i g ( i 2 V ) g . W e

sometimes iden tify P

1

( V ) n f 0 g with V , i.e., w e write f i g as i , f i; j g as ij and, giv en

a v ector x 2 R

P ( V )

w e also set x

i

:= x

f i g

, x

ij

:= x

f i;j g

, x

ij k

:= x

f i;j;k g

, etc.

Let V b e a �nite set and let G b e a subgroup of Sym( V ), the group of p erm utations

of V , also denoted as Sym( n ) if j V j = n . G acts on P ( V ) b y letting � ( I ) := f � ( i ) j

i 2 I g for I � V , � 2 G . Moreo v er, G acts on v ectors and matrices indexed b y V

(and th us on v ectors and matrices indexed b y P ( V )). Namely , for � 2 G , x 2 R

V

and

M 2 R

V � V

, set � ( x ) := ( x

� ( i )

)

i 2 V

and � ( M ) := ( M

� ( i ) ;� ( j )

)

i;j 2 V

. One sa ys that M

is in v arian t under action of G if � ( M ) = M for all � 2 G : the matrix

1

jG j !

P

� 2G

� ( M ),

the `symmetrization' of M obtained b y applying the Reynolds op erator, is in v arian t

under action of G . Analogously for v ectors. A semide�nite program is said to b e

in v arian t under action of G if, for an y feasible matrix X and an y � 2 G , the matrix

� ( X ) is again feasible with the same ob jectiv e v alue; then the optim um v alue of

3



the program remains unc hanged if w e restrict to in v arian t feasible solutions and, in

particular, there is an in v arian t optimal solution.

The automorphism group Aut ( G ) of a graph G = ( V ; E ) consists of all � 2

Sym( V ) preserving the set of edges. G is said to b e v ertex-transitiv e when, giv en an y

t w o no des i; j 2 V , there exists � 2 Aut ( G ) with � ( i ) = j .

2. New P arameters and F orm ulations.

2.1. Some kno wn graph parameters. W e review here some classic b ounds

for the stabilit y n um b er � ( G ) and the c hromatic n um b er � ( G ) of a graph G = ( V ; E ).

W e giv e some equiv alen t form ulations for the b ounds. Some w ork ma y b e required to

deriv e some of them; for details see e.g. [22], [33].

� The fr actional clique c over numb er , also kno wn as the fr actional chr omatic

numb er of G :

�

�

( G ) := max e

T

x = min e

T

�

s.t.

X

i 2 C

x

i

� 1 ( C clique ) s.t.

X

C clique

�

C

�

C

= e

x 2 R

V

+

� � 0 :

(2.1)

It is w ell-kno wn (and easy to v erify) that � ( G ) � �

�

( G ) � � ( G ) ; and

! ( G ) �

�

( G ) � j V ( G ) j ; with equalit y when G is v ertex-transitiv e. (2.2)

It is hard to compute the fractional c hromatic n um b er and, for some � > 0, there is no

p olynomial time algorithm to appro ximate �

�

( G ) within j V ( G ) j

�

unless P=NP [25].

� L ov� asz's theta numb er (in tro duced in [23]):

# ( G ) := max h J ; X i = min t

s.t. T r( X ) = 1 s.t. U

ii

= 1 ( i 2 V )

X

ij

= 0 ( ij 2 E ( G )) U

ij

= �

1

t � 1

( ij 2 E ( G ))

X � 0 U � 0 ; t � 2

(2.3)

where X ; U are symmetric matrices indexed b y V . The minimization program in the

ab o v e de�nition of # ( G ) is used, e.g., in [17 ] for constructing a v ector k -coloring. W e

will also use the follo wing equiv alen t form ulation:

# ( G ) = max

P

i 2 V

X

ii

s.t. X

00

= 1 ; X

ij

= 0 ( ij 2 E ) ;

X

ii

= X

0 i

( i 2 V ) ; X � 0

(2.4)

where the matrix v ariable X is indexed b y the set P

1

( V ). Lo v� asz [23] pro v ed the

follo wing analogue of (2.2) for the pair ( #; # ):

# ( G ) # ( G ) � j V ( G ) j ; with equalit y when G is v ertex-transitiv e. (2.5)

� The str engthening of the theta numb er of [26, 32]:

#

0

( G ) := max h J ; X i = min t

s.t. T r( X ) = 1 s.t. U

ii

= 1 ( i 2 V )

X

ij

= 0 ( ij 2 E ( G )) U

ij

� �

1

t � 1

�

ij 2 E

�

G

��

X � 0 ; X � 0 U � 0 ; t � 2 :

(2.6)
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� Sze ge dy's numb er [36 ]:

#

+

( G ) := max h J ; X i = min t

s.t. T r( X ) = 1 s.t. U

ii

= 1 ( i 2 V )

X

ij

� 0 ( ij 2 E ( G )) U

ij

= �

1

t � 1

�

ij 2 E

�

G

� �

X � 0 U

ij

� �

1

t � 1

( ij 2 E ( G ) )

U � 0 ; t � 2 :

(2.7)

Szegedy [36] sho w ed that the analogue of (2.2), (2.5) also holds for the pair ( #

0

; #

+

):

#

0

( G ) #

+

( G ) � j V ( G ) j ; with equalit y when G is v ertex-transitiv e. (2.8)

Th us one ma y see the pairs ( � ; �

�

), ( #; # ), and ( #

0

; #

+

) as `recipro cal' pairs of graph

parameters. W e will see in the pap er (see Theorem 3.1 (e)) that they are in fact part

of a more general hierarc h y of recipro cal pairs.

� Meurdesoif [27] de�nes the b ound #

+ 4

( G ) obtained b y adding the `triangle

inequalities' U

ij

+ U

j k

� U

ik

� 1 (for ij; j k 2 E ) to the minimization program de�ning

#

+

( G ) in (2.7).

The ab o v e parameters satisfy

� ( G ) � #

0

( G ) � # ( G ) � #

+

( G ) � #

+ 4

( G ) � �

�

( G ) � � ( G ) :

The inequalit y #

+ 4

( G ) � �

�

( G ) will follo w from Theorem 3.1 (c),(d) and the other

inequalities follo w directly using the de�nitions.

2.2. The op erator 	 . Using relation (1.2), w e see that the c hromatic n um b er

of a graph G can b e de�ned as the optim um solution of the follo wing program

� ( G ) = min

t 2 N

t s.t. � ( K

t

� G ) = j V ( G ) j : (2.9)

This fact motiv ates the follo wing de�nition.

Definition 2.1. Given a gr aph p ar ameter � ( � ) satisfying

min

�

� ( � ) ;

j V ( � ) j

! ( � )

�

� � ( � ) � � ( � ) ; (2.10)

de�ne the gr aph p ar ameter 	

�

( � ) by

	

�

( G ) := min

t 2 N

t s.t. � ( K

t

� G ) = j V ( G ) j : (2.11)

Lemma 2.2.

(a) The gr aph p ar ameter 	

�

( G ) is wel l de�ne d if � ( � ) satis�es (2.10).

(b) The op er ator 	 is monotone nonincr e asing; that is, 	

�

2

( � ) � 	

�

1

( � ) if �

1

( � ) ,

�

2

( : ) satisfy (2.10) and �

1

( � ) � �

2

( � ) .

(c) 	

�

( G ) = � ( G ) .

(d) 	

�

( G ) = ! ( G ) for � ( � ) :=

j V ( � ) j

! ( � )

.

(e) 	

��

( G ) = ! ( G ) .

(f ) 	

�

( G ) = � ( G ) for � ( � ) := min

�

� ( � ) ;

j V ( � ) j

! ( � )

�

.

(g) If � ( � ) satis�es (2.10), then

! ( � ) � 	

�

( � ) � � ( � ) : (2.12)
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Pr o of . (a) Assume � ( � ) satis�es (2.10) and let 1 � t � n := j V ( G ) j . As

! ( K

t

� G ) = max( t; ! ( G )), w e ha v e

j V ( K

t

� G ) j

! ( K

t

� G )

� t ; together with � ( K

t

� G ) � t , this

implies � ( K

t

� G ) � t . On the other hand, � ( K

t

� G ) � � ( K

t

� G ) � n . Therefore,

� ( K

n

� G ) = n , th us sho wing that 	

�

( G ) is w ell de�ned.

(b) If �

1

( � ) � �

2

( � ) satisfy (2.10), then �

1

( K

t

� G ) = n implies �

2

( K

t

� G ) = n ,

whic h giv es 	

�

2

( G ) � 	

�

1

( G ).

(c) The iden tit y 	

�

( G ) = � ( G ) follo ws directly from (2.9).

(d) F or � ( � ) :=

j V ( � ) j

! ( � )

, the iden tit y 	

�

( G ) = ! ( G ) follo ws from the fact that

! ( K

t

� G ) = max( t; ! ( G )).

(e) W e v erify that 	

��

( G ) = ! ( G ). As � ( � ) �

j V ( � ) j

! ( � )

, w e deduce using (b) and (d)

that 	

�

( G ) � 	

j V j =!

( G ) = ! ( G ). T o sho w the rev erse inequalit y , consider a clique C

in G of size ! ( G ) and let C

t

b e the subset of V ( K

t

� G ) consisting of all the copies of

the no des in C . Th us C

t

is co v ered b y t cliques of K

t

� G . As the remaining no des of

K

t

� G can b e co v ered b y n � j C j cliques, w e ha v e � ( K

t

� G ) � t + n � j C j . Therefore

� ( K

t

� G ) = n implies t � j C j = ! ( G ), whic h sho ws 	

��

( G ) � ! ( G ).

(f ) Consider no w the parameter � ( � ) := min

�

� ( � ) ;

j V ( � ) j

! ( � )

�

. As � ( � ) � � ( � ), w e

deduce using (b) that 	

�

( G ) � 	

�

( G ) = � ( G ) ; and equalit y holds since one can

easily v erify that � ( K

t

� G ) = n for t := � ( G ).

(g) Relation (2.12) no w follo ws directly using again (b).

Cor ollar y 2.3. If � ( � ) is a gr aph p ar ameter satisfying

j V ( � ) j

! ( � )

� � ( � ) � �� ( � ) , then

	

�

= ! . In p articular, 	

�

�

= ! .

Pr o of . Directly from Lemma 2.2 (b),(d),(e) and (2.2).

Therefore, the op erator 	 tak es a graph parameter � ( G ) (nested e.g. b et w een � ( G )

and � ( G )) and pro duces the in teger lo w er b ound 	

�

( G ) (nested b et w een ! ( G ) and

� ( G )) for the c hromatic n um b er � ( G ); �gure 2.1 illustrates ho w the op erator 	 acts

on v arious parameters. As � ( G ) �

�

( G ) � j V ( G ) j ,

� ( G ) � � ( G ) = ) � ( G ) � �

�

( G ) �

j V ( G ) j

� ( G )

:

The next lemma sho ws that, under the mild assumption (2.13), 	

�

( G ) is at least as

go o d as the ob vious lo w er b ound j V ( G ) j =� ( G ) for � ( G ). Ho w ev er, 	

�

( G ) ma y b e

equal to � ( G ) while

j V ( G ) j

� ( G )

alw a ys remains b elo w the fractional c hromatic n um b er

�

�

( G ). One can easily v erify that condition (2.13) holds for the graph parameters

considered in the pap er, e.g., for � ( � ) = � ( � ), � ( � ) ; �

�

( � ) ; # ( � ) ; #

0

( � ) ; and the parameter

las

( r )

( � ) de�ned later in (3.1) (see [12] for details).

Lemma 2.4. Assume the gr aph p ar ameter � ( � ) satis�es: � ( � ) � � ( � ) � � ( � ) and

� ( K

t

� G ) � t� ( G ) for al l t 2 N : (2.13)

Then, 	

�

( G ) �

j V ( G ) j

� ( G )

:

Pr o of . If � ( K

t

� G ) = j V ( G ) j , then j V ( G ) j � t� ( G ), i.e., t �

j V ( G ) j

� ( G )

.

Remark 2.5. If � ( � ) 2 [ � ( � ) ; � ( � )] , then 	

�

( G ) �

j V ( G ) j

� ( G )

� � ( G ) �

j V ( G ) j

� ( G )

, with

e quality e.g. when G is a p erfe ct gr aph (sinc e then � ( G ) = � ( G ) = � ( G ) and ! ( G ) =

� ( G ) = 	

�

( G ) ). Henc e the gap 	

�

( G ) �

j V ( G ) j

� ( G )

c an b e made arbitr arily lar ge. F or

instanc e, this gap is e qual to n �

2 n

n +1

= n

n � 1

n +1

when G is the disjoint union of a clique

of size n and n isolate d p oints.
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Fig. 2.1 . Converting gr aph p ar ameters by the op er ator 	

W e will in v estigate in the next section ho w the op erator 	 applies to the theta

n um b er # ( � ) and its strengthening #

0

( � ). W e no w presen t an easy but quite surprising

consequence of Lemma 2.2 concerning the complexit y of graph parameters nested

b et w een the fractional c hromatic and c hromatic n um b ers or, more generally , in the

in terv al [ j V ( � ) j =! ( � ) ; � ( � )]. The k ey observ ation is that the op erator 	 maps the whole

in terv al [ j V ( � ) j =! ( � ) ; � ( � )] to a single graph parameter (namely , the clique n um b er

! ( � )), whic h is hard to compute.

Theorem 2.6. If � ( � ) is a gr aph p ar ameter satisfying

j V ( � ) j

! ( � )

� � ( � ) � � ( � ) , then

ther e is no algorithm p ermitting to c ompute � ( G ) in time p olynomial in j V ( G ) j unless

P=NP. As

j V ( � ) j

! ( � )

� �

�

( � ) � � ( � ) , the same c onclusion holds if �

�

( � ) � � ( � ) � � ( � ) .

Pr o of . Applying Lemma 2.2, w e �nd that 	

�

( � ) = ! ( � ). Supp ose one can compute

� ( G ) in time f ( n ) where f is a p olynomial in n = j V ( G ) j . Then one can compute

	

�

( G ) = ! ( G ) in time

P

n

l =1

f ( l n ), th us p olynomial in n . As computing the clique

n um b er is an NP-hard problem [11], this implies P=NP .

Let us men tion a few graph parameters that are kno wn to lie within the `hard'

in terv al [ �

�

; � ]. Hence none of them can b e computed in p olynomial time unless

P=NP; suc h result w as kno wn already e.g. for the circular c hromatic n um b er �

c

( G )

([3]).

The cir cular gr aph chr omatic numb er (or star chr omatic numb er ) �

c

( G ), in-

tro duced b y Vince [37] and further studied e.g. in [3], [39], is de�ned as follo ws.

Giv en r 2 R , r � 2, a function f : V ( G ) ! [0 ; r ) is said to b e a r -coloring if

1 � j f ( u ) � f ( v ) j � r � 1 for all edges uv 2 E ( G ). Then �

c

( G ) is de�ned as the in�m um

of all r for whic h G has a r -coloring. The follo wing holds: � ( G ) � 1 < �

c

( G ) � � ( G )

and �

�

( G ) � �

c

( G ) � � ( G ) (see e.g. [39]).

Another graph parameter lying in the hard in terv al [ �

�

; � ] is the lo c al chr omatic

numb er �

lo c

( G ), in tro duced in [10] as the minim um o v er all prop er colorings of G of

the largest n um b er of colors used to color the neigh b orho o d N

G

( v ) = f w 2 V ( G ) j

v w 2 E ( G ) g of an y v ertex v 2 V ( G ). Ob viously , �

lo c

( G ) � � ( G ) (the gap b et w een

7



the t w o parameters can in fact b e arbitrarily large [10 ]) and K• orner et al. [18] sho w

that �

�

( G ) � �

lo c

( G ).

The indep endenc e r atio of a graph G is i ( G ) :=

� ( G )

j V ( G ) j

and its Hal l r atio is � ( G ) :=

max

H � G

j V ( H ) j

� ( H )

, where the maxim um is tak en o v er all subgraphs of G . F or an in teger

k � 1, let G

� k

denote the graph obtained b y taking the Cartesian pro duct of k copies

of G . Then the ultimate indep endenc e r atio I ( G ) and the ultimate Hal l r atio h

�

( G )

are de�ned resp ectiv ely as I ( G ) := lim

k !1

i ( G

� k

) and h

�

( G ) := lim

k !1

� ( G

� k

).

These graph parameters are studied e.g. in [15 ], [16], [35 ]. In particular, the follo wing

relations with fractional and circular c hromatic n um b ers are sho wn there:

�

�

( G ) �

1

I ( G )

= h

�

( G ) � �

c

( G ) � � ( G )

(see [39] for the inequalit y 1 � I ( G ) �

c

( G )).

2.3. Action of the op erator 	 on the theta n um b er. The next theorem

sho ws that the op erator 	 maps the theta n um b er # ( � ) to

l

# ( � )

m

, and its strengthening

#

0

( � ) to

l

#

+

( � )

m

. De Klerk et al. [5] consider a graph parameter closely related to 	

#

for whic h they can also sho w that it coincides with

l

# ( � )

m

:

Theorem 2.7. F or any gr aph G the fol lowing holds:

(i) 	

#

( G ) =

l

# ( G )

m

;

(ii) 	

#

0

( G ) =

l

#

+

( G )

m

:

W e �rst state t w o lemmas that w e need for the pro of of Theorem 2.7.

Lemma 2.8. L et X b e a t � t blo ck matrix, having an n � n matrix A as its

diagonal blo cks, and an n � n matrix B as nondiagonal blo cks, i.e.

X =

0

B

B

B

@

A B : : : B

B A : : : B

.

.

.

.

.

.

.

.

.

.

.

.

B B : : : A

1

C

C

C

A

:

| {z }

t blo cks

(2.14)

Then, X � 0 ( ) A � B � 0 and A + ( t � 1) B � 0 .

Pr o of . W e de�ne a t � t blo c k matrix U

t

ha ving the same blo c k structure as the

matrix X . F or p; q = 1 ; : : : ; t , let U

pq

t

denotes the ( p; q )th blo c k of U

t

, de�ned b y

U

pq

t

:=

8

>

<

>

:

1

p

t

I if p = 1 or q = 1 ;

�

1

p

t + t

� 1

�

I if p = q � 2 ;

1

p

t + t

I otherwise :

(2.15)

Here I stands for the iden tit y matrix of order n . Notice that U

t

is symmetric and

orthogonal, i.e., U

t

( U

t

)

T

= I . Let Y := ( U

t

)

T

X U

t

. Then, Y � 0 if and only if X � 0

and a simple calculation giv es

Y =

2

6

6

6

4

A + ( t � 1) B 0 : : : 0

0 A � B : : : 0

.

.

.

.

.

.

.

.

.

.

.

.

0 0 : : : A � B

3

7

7

7

5

; (2.16)
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whic h sho ws the lemma.

Lemma 2.9. F or a p ositive semide�nite n � n matrix X , n T r ( X ) � h J ; X i , with

e quality if and only if X = c J for some nonne gative sc alar c .

Pr o of . As X � 0, its en tries satisfy X

ii

+ X

j j

� 2 X

ij

for all i; j 2 f 1 ; :::; n g . Th us,

n

P

n

i =1

X

ii

�

P

n

i;j =1

X

ij

. Equalit y holds if and only if X

ii

+ X

j j

= 2 X

ij

for all i; j ,

whic h giv es X

ii

= X

j j

= X

ij

for all i; j .

Pr oof of Theorem 2.7. (i) As G has at least one edge, # ( G ) < n and th us

	

#

( G ) � 2. Let ( t; X ) b e a feasible solution for the program de�ning 	

#

( G ); that is,

X � 0 ; X

uv

= 0 ( uv 2 E ( K

t

� G )) ; T r( X ) = 1 ; h J ; X i = n:

(2.17)

Here the matrix X is indexed b y V ( K

t

� G ) = [

t

p =1

V

p

(recall (1.1)) and t 2 N , t � 2.

As the program (2.17) is in v arian t under action of the group Sym( t ), one ma y assume

that X is in v arian t under action of Sym ( t ). Then X has the blo c k form (2.14). Using

Lemma 2.8, (2.17) can b e rewritten as

A � B � 0 ; A + ( t � 1) B � 0 ; A

ij

= 0 ( ij 2 E ( G )) ; diag ( B ) = 0 ;

T r( A ) =

1

t

; h J ; A + ( t � 1) B i =

n

t

:

(2.18)

Lemma 2.9 implies A + ( t � 1) B =

1

nt

J . Setting U := nt ( A � B ), w e �nd

U =

1

t � 1

( nt

2

A � J ) : (2.19)

One can v erify that ( t; U ) is feasible for the program

min t s.t. diag( U ) = e; U

ij

= �

1

t � 1

( ij 2 E ( G )) ; U � 0 ; t � 2

(2.20)

de�ning the parameter # ( G ) (see (2.3)). As t 2 N this implies 	

#

( G ) �

l

# ( G )

m

.

Con v ersely , let ( t; U ) b e feasible for (2.20) with t in teger. De�ne the matrices A; B

via the equations

A � B =

1

nt

U and A + ( t � 1) B =

1

nt

J (2.21)

and let X b e the corresp onding blo c k matrix as in (2.14). One can v erify that (2.18)

holds and th us (2.17) holds to o. That is, ( t; X ) is feasible for (2.17). Th us w e ha v e

sho wn:

	

#

( G ) = min

t 2 N

t s.t. diag ( U ) = e; U

ij

= �

1

t � 1

( ij 2 E ( G )) ; U � 0 ; t � 2 :

(2.22)

W e no w sho w 	

#

( G ) �

l

# ( G )

m

. F or this, set t := # ( G ) and tak e an optimal solution

U to the program (2.20). Then, setting Y :=

t � 1

d t e� 1

U +

d t e� t

d t e� 1

I , the pair ( d t e ; Y ) is

feasible for (2.22) with ob jectiv e v alue d t e , whic h implies d t e � 	

#

( G ). Th us equalit y

l

# ( G )

m

= 	

#

( G ) holds.

The pro of of (ii) is analogous to that of (i). Simply note that adding the condition

X � 0 to (2.17) amoun ts to adding the condition A; B � 0 to (2.18) and th us, in view

of (2.19), to adding the condition U

ij

� �

1

t � 1

( i; j 2 V ) to (2.22). �
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2.4. Semide�nite programming form ulation for the new b ounds. W e

consider here issues related to the computation of 	

�

( G ). W e assume throughout

that � ( � ) satis�es (2.10). There is an ob vious w a y to �nd 	

�

( G ); namely , b y com-

puting � ( K

t

� G ) for eac h t = 1 ; : : : ; n . W e no w observ e that, when � ( � ) is monotone

nondecreasing (with resp ect to taking induced subgraphs), one can use binary searc h

and it su�ces to compute � ( K

t

� G ) for O (log n ) instances of t .

Lemma 2.10. Assume

� ( K

t

� G ) � � ( K

t +1

� G ) for al l t 2 N : (2.23)

Then � ( K

t

� G ) = n ( ) 	

�

( G ) � t .

Pr o of . The `only if ' part follo ws from the de�nition of 	

�

( G ). F or the 'if ' assume

t

0

:= 	

�

( G ) � t . Then � ( K

t

0

� G ) = n � � ( K

t

� G ) implies � ( K

t

� G ) = n , since

� ( K

t

� G ) � � ( G ) � n .

Under assumption (2.23) one can use binary searc h for computing 	

�

( G ). Namely ,

giv en t

0

2 [1 ; n ], compute � ( K

t

0

� G ). There are t w o cases:

� Either � ( K

t

0

� G ) < n . Then 	

�

( G ) � t

0

+ 1 (b y the ab o v e lemma) and w e can

no w restrict the searc h to t 2 [ t

0

+ 1 ; n ].

� Or � ( K

t

0

� G ) = n . Then 	

�

( G ) � t

0

and w e can restrict the searc h to t 2 [1 ; t

0

].

Therefore, one can �nd 	

�

( G ) b y computing � ( K

t

� G ) for O (log n ) queries of t .

Observ e that one ma y restrict the range of searc h for t . Supp ose w e kno w a lo w er

b ound t

1

and an upp er b ound t

2

on � ( G ); that is, t

1

� � ( G ) � t

2

. Then w e ma y

assume t � t

2

in the de�nition of 	

�

( G ) and if w e add the condition t � t

1

then one

still obtains a lo w er b ound for � ( G ). Therefore, w e ma y restrict the binary searc h to

t 2 [ t

1

; t

2

]. F or instance, one can c ho ose t

1

= 3 if G is not bipartite, or t

1

( G ) = ! ( G ),

and t

2

= �( G ) + 1 (or ev en �( G ) b y Bro ok's theorem (see [33]) if G is not a clique

or an o dd circuit); �( G ) b eing the maxim um degree of G .

Next w e sho w that 	

�

( G ) can b e form ulated via a single semide�nite program

when � ( � ) is giv en b y a semide�nite program satisfying certain assumptions. Namely ,

our construction applies to the case when the semide�nite program de�ning � ( � )

in v olv es at least one equalit y constrain t of the form h A; X i = 1 with A � 0. Then

one ma y assume without loss of generalit y that all other (in)equalit y constrain ts in

the program are homogeneous, i.e., of the form h B ; X i � 0. (W rite an y equation

h B ; X i = 0 as t w o opp osite inequalities h� B ; X i � 0 and h B ; X i � 0.) So let us

assume that, for an arbitrary graph H , w e can express � ( H ) as

� ( H ) = max h C ( H ) ; X ( H ) i s.t. h A ( H ) ; X ( H ) i = 1

B ( H )( X ( H )) � 0

X ( H ) � 0 ;

(2.24)

where C ( H ) and A ( H ) are constan t symmetric n � n matrices, B ( H ) : S

n

! R

d ( H )

is a linear op erator, and X ( H ) is the matrix v ariable. Note that d ( � ) dep ends on H ,

e.g. d ( H ) = 2 j E ( H ) j in the form ulation of # ( H ). Moreo v er w e assume that

A ( H ) � 0 ; (2.25)

h A ( H ) ; X ( H ) i = 0 = ) h C ( H ) ; X ( H ) i = 0 : (2.26)

Note that assumptions (2.23), (2.24), (2.25),(2.26) hold, e.g., for # ( � ), or for the

Lasserre hierarc h y considered in Section 3.1. Recall that our op erator 	 maps � ( � ) in
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the follo wing w a y:

	

�

( G ) := min t = min t

s.t. � ( G

t

) = n s.t. h C ( G

t

) ; X ( G

t

) i = n

h A ( G

t

) ; X ( G

t

) i = 1

B ( G

t

)( X ( G

t

)) � 0

X ( G

t

) � 0 :

(2.27)

Here w e use the more concise notation G

t

:= K

t

� G . Let us de�ne

�

�

( G ) := min

P

n

t =1

t h A ( G

t

) ; X ( G

t

) i s.t.

P

n

t =1

h C ( G

t

) ; X ( G

t

) i = n

P

n

t =1

h A ( G

t

) ; X ( G

t

) i = 1

B ( G

t

)( X ( G

t

)) � 0 ( t = 1 ; :::; n )

X ( G

t

) � 0 ( t = 1 ; :::; n ) :

(2.28)

Theorem 2.11. Under assumptions (2.24),(2.25) and (2.26), �

�

( G ) = 	

�

( G ) .

Pr o of . T ak e a feasible solution ( t; X ( G

t

)) for the program (2.27) and for k 6= t

set X ( G

k

) := 0. In this w a y one obtains a feasible solution for (2.28) with the

same ob jectiv e v alue as (2.27), whic h sho ws �

�

( G ) � 	

�

( G ). Con v ersely , let X ( G

t

)

( t = 1 ; :::; n ) b e a feasible solution for (2.28) and set a

t

:= h A ( G

t

) ; X ( G

t

) i . Th us

a

t

� 0 since A ( G

t

) � 0 (b y assumption (2.25)) and

P

t

a

t

= 1. Consider t for whic h

a

t

> 0. As

D

A ( G

t

) ;

X ( G

t

)

a

t

E

= 1,

X ( G

t

)

a

t

is feasible for (2.24) (with H = G

t

) whic h

implies

D

C ( G

t

) ;

X ( G

t

)

a

t

E

� � ( G

t

) � n ; moreo v er, equalit y

D

C ( G

t

) ;

X ( G

t

)

a

t

E

= n implies

� ( G

t

) = n and th us 	

�

( G ) � t . No w w e ha v e

n =

X

t

h C ( G

t

) ; X ( G

t

) i =

X

t j a

t

> 0

a

t

�

C ( G

t

) ;

X ( G

t

)

a

t

�

�

0

@

X

t j a

t

> 0

a

t

1

A

n = n:

(Here w e used assumption (2.26) for the second equalit y .) Therefore, equalit y holds

throughout whic h implies 	

�

( G ) � t whenev er a

t

> 0. Hence,

P

t

ta

t

=

P

t j a

t

> 0

ta

t

�

	

�

( G )(

P

t j a

t

> 0

a

t

) = 	

�

( G ) whic h giv es �

�

( G ) � 	

�

( G ).

Hence, under the assumptions (2.24),(2.25) and (2.26), the parameter 	

�

( G ) can

b e form ulated via the semide�nite program (2.28) whic h in v olv es a blo c k-diagonal

matrix with diagonal blo c ks X ( G

1

) ; : : : ; X ( G

n

), eac h X ( G

t

) b eing the matrix v ariable

in v olv ed in the program (2.24) for the graph H = G

t

. F or instance, if (2.24) in v olv es

a matrix v ariable of order f ( V ( H )), then (2.28) in v olv es a blo c k-diagonal matrix with

blo c k sizes f ( n ) ; f (2 n ) ; : : : ; f ( n

2

). As explained ab o v e one can reduce the size of the

program (2.28) b y restricting the range of t in program (2.28) to t 2 [ t

1

; t

2

] where

t

1

� � ( G ) � t

2

.

2.5. Cop ositiv e programming form ulation for the c hromatic n um b er.

The tec hnique used in Section 2.4 can also b e applied to deriv e (quadratically con-

strained) quadratic and cop ositiv e programming form ulations for the c hromatic n um-

b er. Recall that a matrix X is c op ositive if x

T

X x � 0 for all x � 0. A matrix X is

c ompletely p ositive if it b elongs to the dual of the cone of cop ositiv e matrices, i.e., if

it can b e written as X =

P

i

x

i

x

T

i

for some x

i

� 0.

Our starting p oin t is the theorem of Motzkin and Straus [28] whic h, for a graph

G with adjacency matrix A

G

, giv es the follo wing form ulation for its stabilit y n um b er:

1

� ( G )

= min x

T

( I + A

G

) x s.t. x 2 R

V ( G )

+

; e

T

x = 1 (2.29)
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or, equiv alen tly (see [6]),

� ( G ) = min t s.t. t ( I + A

G

) � J is cop ositiv e : (2.30)

Using (2.29), w e can rewrite the program (2.9) as

� ( G ) = min t s.t. x

T

t

( I + A

G

t

) x

t

=

1

n

; e

T

t

x

t

= 1 ; x

t

2 R

V ( G

t

)

+

:

(2.31)

Here and b elo w e

t

denotes the all-ones v ector in R

V ( G

t

)

. Using the idea from Section

2.4 let us de�ne

�

1

( G ) := min

P

n

t =1

t ( e

T

t

x

t

)

2

s.t.

P

n

t =1

( e

T

t

x

t

)

2

= 1

P

n

t =1

x

T

t

( I + A

G

t

) x

t

=

1

n

:

x

t

2 R

V ( G

t

)

+

( t = 1 ; : : : ; n ) :

(2.32)

Pr oposition 2.12. �

1

( G ) = � ( G ) .

Pr o of . T aking a feasible solution ( t; x

t

) for the program (2.31) and setting x

k

= 0

for k 6= t , w e obtain a feasible solution for (2.32) with ob jectiv e v alue t . Th us,

�

1

( G ) � � ( G ). Con v ersely , let x

t

( t = 1 ; :::; n ) b e feasible for (2.32). Then

1

n

=

X

t

x

T

t

( I + A

G

t

) x

t

=

X

t j x

t

6=0

x

T

t

e

T

t

x

t

( I + A

G

t

)

x

t

e

T

t

x

t

( e

T

t

x

t

)

2

�

1

n

X

t j x

t

6=0

( e

T

t

x

t

)

2

=

1

n

:

W e ha v e used

x

T

t

e

T

t

x

t

( I + A

G

t

)

x

t

e

T

t

x

t

�

1

� ( G

t

)

�

1

n

. Hence equalit y holds throughout,

whic h implies � ( G

t

) = n if x

t

6= 0 and th us � ( G ) � t if x

t

6= 0. Therefore,

X

t

t ( e

T

t

x

t

)

2

=

X

t j x

t

6=0

t ( e

T

t

x

t

)

2

� � ( G )

X

t j x

t

6=0

( e

T

t

x

t

)

2

= � ( G ) :

This sho ws �

1

( G ) � � ( G ) :

Up to rescaling, w e obtain the follo wing form ulation for � ( G ) in v olving only

quadratic constrain ts:

� ( G ) = min

1

n

2

P

n

t =1

t ( e

T

t

x

t

)

2

s.t.

P

n

t =1

( e

T

t

x

t

)

2

= n

2

P

n

t =1

x

T

t

( I + A

G

t

) x

t

= n

x

t

2 R

V ( G

t

)

+

( t = 1 ; : : : ; n ) :

(2.33)

It is not di�cult to v erify that the ab o v e program remains a form ulation of � ( G )

if w e replace the condition x

t

� 0 (for all t ) b y the condition x

t

is 0/1 v alued (for

all t ). Therefore this giv es a 0 = 1 (quadratically constrained) quadratic programming

form ulation for the c hromatic n um b er in v olving O ( n

3

) v ariables.

Starting from (2.33), w e can no w deriv e a cop ositiv e programming form ulation

for � ( G ). Namely , consider the program

�

2

( G ) := min

1

n

2

P

n

t =1

t h J ; X

t

i

s.t.

P

n

t =1

h J ; X

t

i = n

2

P

n

t =1

h I + A

G

t

; X

t

i = n

X

t

completely p ositiv e ( t = 1 ; : : : ; n ) :

(2.34)
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Pr oposition 2.13. �

2

( G ) = � ( G ) .

Pr o of . The form ulation (2.33) for � ( G ) implies directly �

2

( G ) � � ( G ). Con-

v ersely , let X

t

(1 � t � n ) b e a feasible solution for (2.34). Consider t for whic h X

t

6=

0. Sa y , X

t

=

P

i

t

x

i

t

x

T

i

t

where x

i

t

� 0, x

i

t

6= 0 for all i

t

. Th us �

i

t

:=

q

h J ; x

i

t

x

T

i

t

i =

e

T

t

x

i

t

> 0. Set y

i

t

:=

x

i

t

�

i

t

. By assumption, w e ha v e

P

t

h n ( I + A

G

t

) � J ; X

t

i = 0.

By (2.30), eac h matrix n ( I + A

G

t

) � J is cop ositiv e, since n � � ( G

t

). This implies

h n ( I + A

G

t

) � J ; X

t

i = 0 and th us h n ( I + A

G

t

) � J ; x

i

t

x

T

i

t

i = 0 for all i

t

. F rom

this follo ws that h I + A

G

t

; y

i

t

y

T

i

t

i =

1

n

for all i

t

. As e

T

t

y

i

t

= 1, y

i

t

is feasible for the

program (2.31), implying � ( G ) � t whenev er X

t

6= 0. No w, (1 =n

2

)

P

t

t h J ; X

t

i �

(1 =n

2

) � ( G )

P

t

h J ; X

t

i = � ( G ), giving �

2

( G ) � � ( G ).

Rewriting the condition

P

t

h I + A

G

t

; X

t

i = n as

P

t

h n ( I + A

G

t

) � J ; X

t

i = 0, the

dual conic program of (2.34) reads:

max

y ;z

y s.t.

1

n

2

( t � y ) J + z ( n ( I + A

G

t

) � J ) cop ositiv e for 1 � t � n: (2.35)

There is no dualit y gap since the program (2.35) is strictly feasible. Th us (2.35) is

y et another form ulation of � ( G ). This op ens the road to another t yp e of hierarc h y

of relaxations for � ( G ), obtained b y appro ximating the cop ositiv e cone b y tractable

sub cones as suggested b y P arrilo [29]. This t yp e of approac h based on cop ositiv e pro-

gramming has b een studied e.g. in [2 ] for standard quadratic optimization problems,

in [6, 13, 30] for the stable set problem and recen tly in [9 ] for the coloring problem.

W e will come bac k to it in Section 3.5.

3. Semide�nite Hierarc hies for (F ractional) Chromatic Num b ers. W e

ha v e seen in the previous section ho w to construct semide�nite programming lo w er

b ounds for the c hromatic n um b er of a graph from semide�nite programming upp er

b ounds on the stabilit y n um b er. Sev eral hierarc hies of suc h upp er b ounds for the

stabilit y n um b er ha v e b een prop osed in the literature; in particular in [6, 19, 24, 30,

34]. These hierarc hies w ere further studied and compared, e.g., in [13, 20]. It turns

out that Lasserre's hierarc h y , prop osed in [19], giv es the tigh test b ounds. F or this

reason w e fo cus in this section on this hierarc h y and w e sho w ho w it can b e used

and transformed to pro duce hierarc hies of lo w er b ounds for the (fractional) c hromatic

n um b er. W e will also discuss the link with another hierarc h y recen tly prop osed b y

Duk ano vic and Rendl [9] based on cop ositiv e programming.

3.1. Lasserre's hierarc h y to w ards the stabilit y n um b er. F or a subset S �

V and an in teger r � 1, de�ne the v ectors �

S

2 f 0 ; 1 g

V

with i th en try 1 if and only

if i 2 S (for i 2 V ), and �

S ;r

2 f 0 ; 1 g

P

r

( V )

with I th en try 1 if and only if I � S (for

I 2 P

r

( V )). Giv en a v ector x = ( x

I

)

I 2P

2 r

( V )

, consider the matrix:

M

r

( x ) := ( x

I [ J

)

I ;J 2P

r

( V )

indexed b y P

r

( V ), kno wn as the (c ombinatorial) moment matrix of x of order r .

Consider the program

1

:

las

( r )

( G ) := max

X

i 2 V

x

i

s.t. M

r

( x ) � 0 ; x

0

= 1 ; x

ij

= 0 ( ij 2 E ) (3.1)

1

One can easily v erify that, under the condition M

r

( x ) � 0, the edge condition: x

ij

= 0 for

ij 2 E , implies that x

I

= 0 for an y I 2 P

2 r

( V ) con taining an edge.
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with v ariable x 2 R

P

2 r

( V )

. As the feasible region is b ounded, the maxim um is in-

deed attained in program (3.1). Ob viously , las

( r +1)

( G ) � las

( r )

( G ) (since M

r

( x ) is

a principal submatrix of M

r +1

( x )) and, in view of (2.4), las

(1)

( G ) = # ( G ). In this

w a y one obtains a hierarc h y of semide�nite programming b ounds for the stabilit y

n um b er, kno wn as Lasserre's hierarc h y [19, 20]. Indeed, if S is a stable set, the v ector

x := �

S ; 2 r

is feasible for (3.1) with ob jectiv e v alue j S j , sho wing � ( G ) � las

( r )

( G ). F or

�xed r , the parameter las

( r )

( G ) can b e computed in p olynomial time (to an arbitrary

precision) since the semide�nite program (3.1) in v olv es matrices of size O ( n

r

) with

O ( n

2 r

) v ariables (see e.g. [38] for details on semide�nite programming). It is sho wn

in [20] that, for r � � ( G ),

x is feasible for (3.1) ( ) x =

X

S stable

�

S

�

S ; 2 r

; for some � � 0 ;

X

S stable

�

S

= 1 : (3.2)

This implies

� ( G ) = las

( r )

( G ) for r � � ( G ) : (3.3)

3.2. An analogous semide�nite programming hierarc h y to w ards the

fractional c hromatic n um b er. F or an in teger r � 1, de�ne the parameter

 

( r )

( G ) := min t s.t. M

r

( x ) � 0 ; x

0

= t; x

i

= 1 ( i 2 V ) ; x

ij

= 0 ( ij 2 E ) (3.4)

where the v ariable x is indexed b y P

2 r

( V ). Note that one can a v oid the v ariable t ,

simply b y replacing t b y x

0

in the ob jectiv e function. W e c ho ose this form ulation in

order to ha v e a uni�ed presen tation of the v arious b ounds; compare e.g. with (2.9),

(2.11), (3.9), (3.12), (3.14). Again the minim um is attained in program (3.4) and, for

�xed r , one can compute  

( r )

( G ) to an y arbitrary precision in p olynomial time.

Theorem 3.1. The p ar ameters  

( r )

( G ) satisfy:

(a)  

( r )

( G ) �  

( r +1)

( G ) ,

(b)  

(1)

( G ) = # ( G ) ,

(c) #

+ 4

( G ) �  

(2)

( G ) ,

(d)  

( r )

( G ) � �

�

( G ) ; with e quality if r � � ( G ) ,

(e)  

( r )

( G )las

( r )

( G ) � j V ( G ) j , with e quality if G is vertex-tr ansitive.

Pr o of . (a) is ob vious. F or (b), let M

1

( x ) =

�

t e

T

e M

�

b e a matrix optimal for (3.4)

with r = 1. Then  

(1)

( G ) = t � 2 (as G has an edge) and M

1

( x ) � 0 or, equiv alen tly ,

M �

1

t

ee

T

� 0. After setting U :=

t

t � 1

( M �

1

t

ee

T

) =

t

t � 1

M �

1

t � 1

ee

T

, w e can rewrite

the program for  

(1)

( G ) in the follo wing w a y

 

(1)

( G ) = min t s.t. U

ii

= 1

U

ij

= �

1

t � 1

( ij 2 E )

U � 0 ; t � 2 :

Th us, in view of (2.3),  

(1)

( G ) = # ( G ).

(c) Assume ( t; x ) is feasible for the program de�ning  

(2)

( G ). Consider the principal

submatrix X of M

2

( x ) indexed b y f k ; ij; ik ; j k g where i; j; k are distinct elemen ts of

V and the v ector w := (1 ; 1 ; � 1 ; � 1)

T

. Then, w

T

X w � 0 giv es x

ik

+ x

j k

� x

ij

� 1.

Setting U :=

t

t � 1

�

( x

ij

)

n

i;j =1

�

1

t

J

�

, one can no w v erify that ( t; U ) is feasible for the

program de�ning #

+ 4

( G ), whic h sho ws the result.
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(d) Let � b e an optim um solution for the minimization program de�ning �

�

( G ) (recall

(2.1)). That is, e

T

� = �

�

( G ),

P

S stable

�

S

�

S

= e and � � 0. F or r 2 N , the v ector

x :=

P

S stable

�

S

�

S ;r

is feasible for (3.4) with ob jectiv e v alue �

�

( G ), whic h sho ws

 

( r )

( G ) � �

�

( G ). Assume no w r � � ( G ) and consider an optim um solution M

r

( x )

for (3.4). Setting y :=

1

 

( r )

( G )

x , w e ha v e M

r

( y ) � 0, y

0

= 1, y

ij

= 0 ( ij 2 E ).

Using (3.2) w e deriv e y =

P

S stable

�

S

�

S ; 2 r

for some �

S

� 0 with

P

S

�

S

= 1.

Rescaling and taking the pro jection on to the subspace R

V

, w e �nd a decomp osition

e =  

( r )

( G )

P

S stable

�

S

�

S

with

P

S

�

S

 

( r )

( G ) =  

( r )

( G ), whic h sho ws �

�

( G ) �

 

( r )

( G ).

(e) T ak e again an optim um solution M

r

( x ) for (3.4) and let n = j V ( G ) j . Since

M

r

�

1

 

( r )

( G )

x

�

is feasible for (3.1) with ob jectiv e v alue

n

 

( r )

( G )

, w e get las

( r )

( G ) �

n

 

( r )

( G )

. Assume that G is v ertex-transitiv e. Then there exists an optim um solution

x for (3.1) whic h is in v arian t under action of the automorphism group of G . In

particular, x

i

= x

j

for all i; j 2 V and th us x

i

=

las

( r )

( G )

n

for all i 2 V . Then the

matrix

n

las

( r )

( G )

M

r

( x ) is feasible for (3.4), yielding  

( r )

( G ) �

n

las

( r )

( G )

.

Theorem 3.1 sho ws that the recipro cit y relations (2.5) and (2.2) for the pairs

( #; # ) = (las

(1)

;  

(1)

) and ( � ; �

�

) = (las

( r )

;  

( r )

) (for r large, r � � ( G )) extend to an y

order r pair (las

( r )

;  

( r )

) in the hierarc h y .

3.3. The hierarc h y 	

las

( r )

( G ) ( r � 0 ) to w ards the c hromatic n um b er. By

applying the op erator 	 to the hierarc h y las

( r )

( � ) in tro duced in Section 3.1, w e obtain

the follo wing hierarc h y of lo w er b ounds for � ( G ):

	

las

( r )

( G ) = min t s.t. las

( r )

( G

t

) = n

= min t s.t. y

0

= 1 ;

P

u 2 V ( G

t

)

y

u

= n;

y

uv

= 0 ( uv 2 E ( G

t

)) ; M

r

( y ) � 0

(3.5)

where the v ariable y is indexed b y P

2 r

( V ( G

t

)). As � ( G

t

) � n , w e deduce using (3.3)

that las

( n )

( G

t

) = � ( G

t

) for all t 2 N . Therefore, (1.2) implies:

Pr oposition 3.2. 	

las

( n )

( G ) = � ( G ) . �

In fact, this new hierarc h y 	

las

( r )

re�nes the hierarc h y  

( r )

.

Pr oposition 3.3. F or any inte ger r � 1 ,  

( r )

( G ) � 	

las

( r )

( G ) .

Pr o of . Let ( t; y ) b e feasible for the program de�ning the parameter 	

las

( r )

( G );

that is, y 2 R

P

2 r

( V ( G

t

))

satis�es y

0

= 1, y

uv

= 0 ( uv 2 E ( G

t

)),

P

u 2 V ( G

t

)

y

u

= n , and

M

r

( y ) � 0. W e ma y assume w.l.o.g. that y is in v arian t under action of the symmetric

group Sym( t ). The next claim determines y

u

for u 2 V ( G

t

).

Claim 3.4. y

u

=

1

t

for al l u 2 V ( G

t

) .

Pr o of . Let X denote the principal submatrix of M

r

( y ) indexed b y P

1

( V ( G

t

)).

With resp ect to the partition of P

1

( V ( G

t

)) � f 0 g [ V ( G

t

) in to f 0 g [ V

1

[ : : : [ V

t

(recall (1.1)), the matrix X has the blo c k form

0

B

B

B

B

B

@

1

a

a

.

.

.

a

a

T

a

T

: : : a

T

A B : : : B

B A : : : B

.

.

.

.

.

.

.

.

.

.

.

.

B B : : : A

1

C

C

C

C

C

A

| {z }

t blo c ks

(3.6)
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where a = diag ( A ), diag ( B ) = 0, A

ij

= 0 for ij 2 E ( G ), and e

T

a =

n

t

. By taking

the Sc h ur complemen t with resp ect to the left upp er corner and using Lemma 2.8, w e

ha v e A + ( t � 1) B � taa

T

� 0. This implies h J ; A + ( t � 1) B i � t ( e

T

a )

2

=

n

2

t

. On the

other hand, b y Lemma 2.9, h J ; A + ( t � 1) B i � n T r( A + ( t � 1) B ) = n T r( A ) =

n

2

t

.

Hence equalit y holds, implying A + ( t � 1) B =

1

t

J and th us a =

1

t

e . This sho ws

y

u

=

1

t

for all u 2 V ( G

t

).

De�ne the v ector x 2 R

P

2 r

( V )

with I th en try x

I

:= ty

f pi j i 2 I g

for I 2 P

2 r

( V ) n f 0 g

(where p is an y �xed in teger in f 1 ; : : : ; t g ) and x

0

= t . Then, M

r

( x ) � 0, since it

coincides with the principal submatrix of M

r

( ty ) indexed b y f 0 g [ ff pi j i 2 I g j I 2

P

r

( V ) nf 0 gg . Moreo v er, x

0

= t and x

i

= 1 for i 2 V . Th us, ( t; x ) is feasible for the

program (3.4), whic h implies  

( r )

( G ) � 	

las

( r )

( G ).

Summarizing w e ha v e sho wn the follo wing relations among the graph parameters

las

( r )

( G ),  

( r )

( G ) and 	

las

( r )

( G ):

j V ( G ) j

las

( r )

( G )

�  

( r )

( G ) � 	

las

( r )

( G ) � � ( G ) : (3.7)

Let us p oin t out again that, while  

( r )

( G ) remains b elo w the fractional c hromatic

n um b er �

�

( G ), 	

las

( r )

( G ) ma y reac h the c hromatic n um b er � ( G ).

3.4. V ariations of the second order b ounds. As observ ed in Theorem 3.1

and Prop osition 3.3, w e ha v e

#

+

( G ) � #

+ 4

( G ) �  

(2)

( G ) � 	

las

(2)

( G ) :

T o compute  

(2)

( G ) one needs to solv e a semide�nite program with matrix size O ( n

2

)

and with O ( n

4

) v ariables. W e no w in tro duce some v ariations of the parameters

 

(2)

( G ) and 	

las

(2)

( G ) whic h are less costly to compute but still at least as go o d

as #

+

( G ). The idea is to consider, instead of the full momen t matrix of order 2, some

principal submatrix of it. Namely , giv en h 2 V , let M

2

( h ; x ) denote the principal

submatrix of M

2

( x ) indexed b y the subset P

1

( V ) [ ff h; i g j i 2 V g of P

2

( V ). Th us in

order to de�ne the matrices M

2

( h ; x ) for all h 2 V , one needs only the comp onen ts of

x indexed b y P

3

( V ). F ollo wing [21], de�ne the follo wing upp er b ound for the stabilit y

n um b er � ( G )

` ( G ) := max

X

i 2 V

x

i

s.t. M

2

( h ; x ) � 0 ( h 2 V ) ; x

0

= 1 ; x

ij

= 0 ( ij 2 E ( G )) (3.8)

with v ariable x 2 R

P

3

( V )

. Ob viously ,

las

(2)

( G ) � ` ( G ) � las

(1)

( G ) = # ( G ) :

Next, de�ne the graph parameter

 ( G ) := min t s.t. M

2

( h ; x ) � 0 ( h 2 V ) ; x

ij

= 0 ( ij 2 E ( G ))

x

0

= t; x

i

= 1 ( i 2 V )

(3.9)

where the v ariable x is indexed b y P

3

( V ). Again one can a v oid v ariable t , b y replacing

t b y x

0

in the ob jectiv e function. W e �rst observ e that the pair ( `;  ) satis�es the

analogue of the recipro cit y relation from Theorem 3.1 (e) for the pairs (las

( r )

;  

( r )

).
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Pr oposition 3.5. We have

` ( G )  ( G ) � j V ( G ) j ; with e quality if G is vertex-tr ansitive, (3.10)

#

+

( G ) �  ( G ) �  

(2)

( G ) : (3.11)

Pr o of . The pro of for (3.10) is analogous to that of Theorem 3.1 (e) and the righ t

inequalit y in (3.11) is ob vious. F or the left inequalit y , let ( t; x ) b e feasible for (3.9).

Observ e �rst that x

hi

� 0 for all h; i 2 V , since x

hi

is the diagonal en try of M

2

( h ; x )

at the f h; i g th p osition and M

2

( h ; x ) � 0. Let A denote the principal submatrix of

M

2

( h ; x ) indexed b y V . Then A = ( x

ij

)

i;j 2 V

� 0 and A �

1

t

J � 0, whic h implies that

U :=

t

t � 1

( A �

1

t

J ) is feasible for the program de�ning #

+

( G ) (recall (2.7)).

By applying the op erator 	 to the parameter ` ( � ) (in tro duced in (3.8)), one ob-

tains the lo w er b ound 	

`

( G ) for � ( G ), de�ned as

	

`

( G ) = min

t 2 N

t s.t. ` ( K

t

� G ) = n

= min

t 2 N

t s.t.

P

u 2 V ( G

t

)

y

u

= n; y

uv

= 0 ( uv 2 E ( G

t

)) ;

y

0

= 1 ; M

2

( u ; y ) � 0 ( u 2 V ( G

t

))

(3.12)

where the v ariable y is indexed b y P

3

( V ( G

t

)). (Recall G

t

= K

t

� G .)

Pr oposition 3.6.  ( G ) � 	

`

( G ) � 	

las

(2)

( G ) :

Pr o of . The righ t inequalit y follo ws from Lemma 2.2 (b), and the pro of for the

left inequalit y is analogous to that of Prop osition 3.3.

Summarizing w e ha v e the follo wing analogue of (3.7) ab out ` ( G ),  ( G ) and 	

`

( G ):

j V ( G ) j

` ( G )

�  ( G ) � 	

`

( G ) � � ( G ) : (3.13)

Again,  ( G ) � �

�

( G ) since  

(2)

( G ) � �

�

( G ), but 	

`

( G ) ma y sometimes reac h � ( G ).

The b ound 	

`

( G ) can b e esp ecially useful when the gap b et w een �

�

( G ) and � ( G )

is large, e.g. when �

�

( G ) � ! ( G ) < � ( G ). W e refer to the follo w-up pap er [14]

where suc h graph instances will b e considered (e.g. Kneser graphs) with exp erimen tal

results. One can easily v erify that the graph parameter ` ( � ) is monotone nondecreasing

with resp ect to induced subgraphs. Therefore, as explained in Section 2.4, one can

compute 	

`

( G ) b y ev aluating ` ( G

t

) for O (log n ) queries of t . W e will sho w in the

follo w-up pap er [14] ho w to giv e a more compact reform ulation for the program (3.12)

when G is a v ertex-transitiv e graph. Namely w e will sho w there that eac h ` ( G

t

) can

b e computed via a semide�nite program with four LMI's in v olving matrices of size

2 n + 1, 2 n , n , n , resp ectiv ely .

3.5. Link with cop ositiv e programming based hierarc hies. W e ha v e just

seen one p ossible construction for hierarc hies of b ounds to w ards � ( G ) and �

�

( G ),

based on the metho d of Lasserre. As men tioned earlier in this section there are sev eral

other p ossible constructions for appro ximating the stable set problem. Ho w ev er, to the

b est of our kno wledge, suc h constructions w ere m uc h less in v estigated for the coloring

problem. Recen tly Duk ano vic and Rendl [9] in v estigated a hierarc h y of lo w er b ounds

for �

�

( G ), whic h is closely related to the hierarc h y of de Klerk and P asec hnik [6] for

� ( G ); b oth are based on cop ositiv e programming and some of its tractable relaxations
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in terms of sums of squares of p olynomials, prop osed b y P arrilo [29]. Let C

n

denote

the cone of n � n cop ositiv e matrices and C

�

n

its dual cone, consisting of the completely

p ositiv e matrices. Th us M 2 C

n

if and only if p

M

( x ) :=

P

n

i;j =1

M

ij

x

2

i

x

2

j

� 0 for all

x 2 R

n

. Ob viously if, for some r 2 N , the p olynomial p

M

( x )(

P

n

i =1

x

2

i

)

r

can b e written

as a sum of squares of p olynomials (s.o.s. for short), then M 2 C

n

. F ollo wing P arrilo

[29], for an in teger r � 0, de�ne the cone

K

( r )

n

:= f M 2 R

n � n

j p

M

( x )(

P

n

i =1

x

2

i

)

r

is s.o.s. g :

Th us, K

( r )

n

� K

( r +1)

n

� C

n

. F ollo wing [6], de�ne the graph parameter

#

( r )

( G ) := min t s.t. t ( I + A

G

) � J 2 K

( r )

n

:

In view of (2.30), � ( G ) � #

( r )

( G ). Moreo v er, it is pro v ed in [6] that #

(0)

( G ) = #

0

( G )

(de�ned in (2.6)) and b #

( r )

( G ) c = � ( G ) for r � ( � ( G ))

2

. Duk ano vic and Rendl [9]

prop ose an analogous hierarc h y to w ard the fractional c hromatic n um b er. T o start

with they sho w the follo wing cop ositiv e programming form ulation for �

�

( G ):

�

�

( G ) = min t s.t. X

ii

= t ( i 2 V ) ; X

ij

= 0 ( ij 2 E ( G ))

X 2 C

�

n

; X � J � 0 :

(3.14)

F or an in teger r � 0, let �

( r )

( G ) denote the graph parameter obtained b y replacing

the cone C

n

b y its sub cone K

( r )

n

in (3.14). Th us, �

( r )

( G ) � �

( r +1)

( G ) � �

�

( G ).

Moreo v er, it is pro v ed in [9] that �

(0)

( G ) = #

+

( G ) (de�ned in (2.7)) and that the pair

( #

( r )

; �

( r )

) satis�es the recipro cit y relation:

#

( r )

( G ) �

( r )

( G ) � j V ( G ) j ; with equalit y if G is v ertex-transitiv e, (3.15)

th us extending (2.8) for the case r = 0.

No w one ma y w onder what is the link b et w een the t w o hierarc hies las

( r )

and #

( r )

for � , and b et w een the t w o hierarc hies  

( r )

and �

( r )

for �

�

. Here is what w e can

sa y ab out this. In order to b e able the compare the v arious b ounds w e ha v e to add

nonnegativit y to the de�nition of las

( r )

and  

( r )

; namely , let las

( r )

� 0

( G ) (resp.,  

( r )

� 0

( G ),

`

� 0

( G ),  

� 0

( G )) denote the parameter obtained b y adding the condition x � 0 to

program (3.1) (resp., to (3.4), (3.8), (3.9)). The analogue of Theorem 3.1 (e) holds for

the pairs (las

( r )

� 0

;  

( r )

� 0

) and ( `

� 0

;  

� 0

) as w ell and w e ha v e las

(1)

� 0

( G ) = #

0

( G ) = #

(0)

( G ),

 

(1)

� 0

( G ) = #

+

( G ) = �

(0)

( G ). It is sho wn in [13] that, for an y graph G ,

las

( r )

� 0

( G ) � #

( r � 1)

( G ) for all r � 1

and the same pro of tec hnique also sho ws that `

� 0

( G ) � #

(1)

( G ) (see [12] for de-

tails). In view of the recipro cit y relations for the pairs ( `

� 0

;  

� 0

), (las

( r )

� 0

;  

( r )

� 0

), and

( #

( r )

; �

( r )

), this implies:

�

(1)

( G ) �  

� 0

( G ) ; �

( r � 1)

( G ) �  

( r )

� 0

( G ) ( r � 1) ; when G is v ertex-transitiv e.

It is an op en question to determine whether the ab o v e inequalities remain v alid when

G is not v ertex-transitiv e. See [9], [14 ] for instances of Hamming graphs (whic h are

indeed v ertex-transitiv e) ha ving a substan tial gap b et w een the t w o b ounds �

(1)

( G )

and  

� 0

( G ).
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