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 Abstract                                 

In this paper a survey and refinement of its recent results in the discrete optimal control theory are 
presented. The step control problem depending on a parameter is investigated. No smoothness of 
the cost function ϕ   is assumed and new versions of the discrete maximum principle for the step 
control problem are derived.  
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1. Introduction 

 

Some applied problems in fields such as economy, military defense, and chemistry are inherently 
multistage problems in nonsmooth optimization. In such problems, there are several stages which 
are characterized by their own equations, controls, phase coordinates, constants, etc. Usually these 
stages can be connected to each other by additional conditions. Here problems will be considered 
where these relations are given by switching points which are controlled by a given parameter. 
These multistage processes will be called step control systems or discrete systems with varying 
structure. 

Example 1 (see reference[ ]8 ): A car moves according to the law ,yx =& ),(1 yugy =&  Uu ∈  at the 

time interval [ ]101 ,tt=∆ , and according to ,yx =& ),(2 yugy =& ( )( )1tyu σ∈  at the time 

interval [ ]Tt ,12 =∆ . The initial and final time moments 0t  and T are fixed while instant 1t  is not 

fixed. The set  [ ]1,0=U  and the functions ,1g  ,2g σ are positive and differentiable in 1R . The 

car starts from the origin( ) ( )0,0, 00 =yx . The state variables x and y are assumed to be continuous 

on the whole interval [ ]T,0=∆ . It is required to maximize( )Tx . To find the necessary optimality 
conditions we have to build Hamilton-Pontryagin functions for each step and derive optimality 
condition at the switching moment 1t  and steps 1∆  and 2∆ In this example, switching moments 
are interesting for us because at the switching point we have to derive the optimality condition. By 
using increment formula and conjugate systems we can get the necessary condition for this step 
system. 

Example 2: Consider a rocket with two types of engines that work consecutively. With work of the 
second engine depends on the first one. Moreover, the rocket moves from one controlling area to a 
second one that changes all the structure (controls, functions, conditions, etc.).  For the smooth case 
some articles were published previously[ ]19,18,11,8,4,1 .  In [1, 6, 9, 10] the authors had gained 
necessary optimality condition of first order and investigated singular control, time with delay, 
sufficient optimality condition as a type Krotov for discrete switching optimal control problem. 

 In, [4] the author does not make any assumptions about the number of switches nor about the 
mode sequence, they are determined by the solution of the problem. Sufficient and necessary 
optimality conditions for optimality are formulated for the second optimization problem. If they 
exist, bang-bang-type solutions of the embedded optimal control problem are solutions of the 
original problem. Otherwise, suboptimal solutions are obtained via the Chattering lemma by the 
author. In [18] the author develops a computational method for solving an optimal control problem 
which is governed by a switched dynamical time system with time delay. Then, we derive the 
required gradient of the cost function which is obtained via solving a number of delay differential 
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equation forward in time. On this basis author solved this problem as a mathematical 
programming.All this results dedicated in the smooth case optimal switching control problem (in 
all these papers the cost functional is smooth).In the present paper, the author’s main aim is to 
formulate necessary optimality conditions for nonsmooth case and the switching points which 
depend on certain parameters, by using Mordukhovich cone (see, e.g.,[2,13,14]). To start our 
discussion, first we have describe certain points about nonsmooth analysis. 

 2. Tools of Nonsmooth Analysis 

Given a nonempty set nR⊂Ω , consider the associated distance  function   

( ) wxxdist
u

−=Ω
Ω∈

inf;  and define Euclidean projector of x to Ω  by  

( ) { }Ω=−Ω∈=ΩΠ ;(|:; xdistwxwx . 

If the set  Ω  is closed, then the set  ( )ΩΠ ;x  is nonempty for every nRx∈ . 

This nonconvex cone to closed sets and corresponding subdifferential of lower semicontinuous 
extended–real –valued functions satisfying these requirements were introduced by Mordukhovich 
in the beginning of 1975, who was not familiar with Clarke’s constructions at that time. The initial 
motivation came from the intention to derive necessary optimality conditions for optimal control 
problems with endpoint geometric constraints by passing to the limit from free endpoint control 
problems, which are much easier to handle. This was published in [15] (first in Russian and then 
translated into English), where the original normal cone definition was given in finite dimensional 
spaces by  

( )( )[ ]ΩΠ−=Ω
→

;sup:);( xxconeLimxN
xx

, via the Euclidean projector, while the basic 

subdifferential )(xϕ∂  was defined geometrically via the normal cone to the epigraph of ϕ .Here it 
is assumed that ϕ  is a real valued finite function and basic subdifferential defined is defined   

( ) ( ) ( )( )( ){ }ϕϕϕ epixxNxRxx n ;,1,: ∈−∈=∂ ∗∗ . 

Here ( ) ( ){ }xRxepi n ϕµµϕ ≥∈= +1,:  and is called the epigraph of given extended real valued 

function. Note that this cone is nonconvex (see, ref [ ]2 ) and for the locally Lipschitzian functions 

convex hull of subdifferential have a Clarke generalized gradient, ( ) ( )00 xcoxk ϕϕ ∂= .If  kϕ is 

lower semicontinuous around x, then its basic subdifferential can be shown 

by: ( ) ( )xLimx
xx

ϕϕ
ϕ

∂=∂
→

ˆsup0 .Here, ( ) ( ) ( )












≥
−

−−−
∈=∂

∗
∗ 0

,
min:ˆ 0

xu

xuxxu
fLiRxx n

ϕϕ
ϕ  

is the Frechet  subdifferential. By using plus-minus symmetric constructions, we can write  

( ) ( )( ),: 00 xx ϕϕ −−∂=∂ + ( ) ( )( )00 ˆ:ˆ xx ϕϕ −−∂=∂ +  

 which are called basic superdifferential and Frechet superdifferential, respectively. Here  

( ) ( ) ( )












≥
−

−−−
∈=∂

∗
∗+ 0

,
sup:ˆ

0

00

0

xx

xxxxx
LimRxx n

ϕϕ
ϕ .For a Locally Lipschitzian 

function subdifferential and superdifferential may be different. For example, if we take  ( ) xx =ϕ  

on R , then ( ) [ ]1,10 −=∂ϕ  but ( ) { }1,10ˆ −=∂ϕ . 
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If ϕ  is Lipschitz continuous around point 0x then, the   strictly differentiability of the function ϕ  

at 0x (see[ ]13,2 ) are equivalent to ( ) ( ) ( ){ }.000 xxx ϕϕϕ ∇=∂=∂ + If ( ) ( )00 ˆ xx ϕϕ ∂=∂  then, this 

function lower regular at 0x . Symmetrically we can give upper regularity of the function at the 
point by using definitions of superdifferential and Frechet  superdifferential. Also if the extended-
real-valued function is Lipschitz continuous around the  given point and upper regular at this point 
then the Freshet superdifferential is not empty. Furthermore it is equal to Clarke generalized 
subdifferential at this point (for proof, see [ ]16 ). By using all these nonsmooth analysis tools, we 
will try to find the superdifferential form of the necessary optimality condition for the step discrete 
system.   

3. Necessary optimality condition 

Consider a controlling process, which is described by the following discrete system with varying 

structure: Minimize     ( ) ( )( )∑
=

=
3

1

,
i

iii txvuS ϕ    (2.1) 

subject  to 

( ) ( ) ( )( ) { } ,3,2,1,1,...,1,,,,1 11 =−+=∈=+ −− itttTttutxtftx iiiiiiii                                           2.2) 

 





==
=

−−− 3,2),),(()(

)()(

111

1101

ivtxgtx

vgtx

iiiiii

                                     (2.3) 

( ) .3,2,1,, =∈⊂∈ iTtRUtu i
r

ii                                                                                               (2.4)  

.3,2,1, =∈ iVv ii                                                                                                                         (2.5) 

Here, 3,2,1, =ivi  are q-dimensional controlling parameters and q
i RV ⊆ , 3,2,1=i , 

i.е. .3,2,1, =∈ iVv ii                                                                                           

For these equations it is clear that the system’s conditions are described in 3 stages (for a 
rocket entering from space to the atmosphere and then into water). In any stage, the system 
is described by its equation, controls, switching points, and controlling parameters for 
switching points. In case  there are no  switching  points,  we  can  apply the Pontryagin’s  
maximum  principle  to any  part  of  the system,  but  in this case it  is difficult. For  this  
we  have  to  get  new  conditions  of  the  switching  points. In this problem, nq RRg →:1  
are assumed  to be at least twice continuously differentiable vector-valued functions, 

nqn
i RRRg →×:  are given at least twice continuously differentiable vector-valued 

functions, i=2,3, nrn
i RRRRf →××:  are given continuous, at least twice continuously 

partially differentiable vector-valued functions with respect to x, RRn
i →:ϕ are given at 

least functions. We don’t assume any smoothness on the cost functional iϕ   3,2,1=i  , 

iu (t): R � r
i RU ⊂   are controls and q

i RV ⊂∈iv  are  controlling parameters. The 

sets ii V,U , are assumed to be nonempty and bounded. The pair ( )( )o
ii vtu ,0  which take 

volume from these sets are called admissible control. A pair ( )( )o
ii vtu ,0  with the 

properties (2.4) and (2.5) is called admissible. The triple ( ) ( )( )txvtu i
o

ii
00 ,,  is an admissible 

process. For the fixed admissible control ( )( )o
ii vtu ,0  we introduce the following notation: 
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( ) ( ) ( )iiiiiii uxtftuxtH ,,,,,
/00 ⋅Ψ=Ψ , 

[ ] ( ) ( ) ( )( ) ( ) ( ) ( )( ),,,,,,, 00000 ttutxtHttutxtHtH iiiiiiiiu ii
Ψ−Ψ≡∆  

[ ] ( ) ( ) ( )( )
i

iiii

i

i

x

ttutxtH

x

tH

∂
∂=

∂
∂ 000 ,,, ψ

, [ ] ( ) ( )0
1111111

vgvgvgv −≡∆  

( )( ) ( )( ) ( )( ) 3,2,,,, 0
1

0
11

0
1

0
1

0
1 =−≡∆ −−−−−− ivtxgvtxgvtxg iiiiiiiiiiiivi

 

( )( ) ( ) ( )110
0

10
0

111 11,
/

vgttvL −Ψ=−Ψ , 

( ) ( )( ) ( ) ( )( )21121
0
21

0
22112 ,11,,

/

vtxgttvtxL −Ψ=−Ψ  

( ) ( )( ) ( ) ( )( )32232
0
32

0
33223 ,11,,

/

vtxgttvtxL −Ψ=−Ψ . 

Тhеоrem 1: Assume that  RRn
i →:ϕ  is finite at ( )ii tx 0

 and ( )( )0ˆ 0 ≠∂ itxϕ . If the sets 

( )( ) ( )( ){ } 3,2,1,,,:, 00 =∈== iUuutxtfUtxtf iiiiiiiiiii αα    

( ) ( ){ }11114411 ,: VvvgVg ∈== αα   

( )( ) ( )( ){ },,,:, 1
0

11
0

1 VvvtxgVtxg iiiiiiiiiii ∈== −−−− αα 3,2=i  

are convex, then for the optimality of an admissible control ( )( )00 ,vtu  in the problem described 

(2.1)-(2.5)  problem it is necessary that  for any  ∈∗
ix ( )( )itx0ˆϕ∂ the following conditions are 

true: 

 Discrete maximum principle for the control  

( ) [ ]∑
−

= −

≤
1

1

0
i

i

ti

t

tt
iu tH∆ ,  for all  ( ) ,ii Utu ∈  3,2,1=i , iTt ∈                                                (2.6)  

Discrete maximum principle for the controlling parameter ,0
iv  3,2,1=i  

( )( ) ( )( )1,1,max 0
0
1

0
10

0
111 1

11

−=−
∈

tvLtvL
Vv

ψψ
                                                                      (2.7)      

( ) ( )( ) ( ) ( )( ) 3,2,1,,1,,max 1
00

1
0

11
0

1
0

1 =−=− −−−−−−∈
itvtxLtvtxL iiiiiiiiiiii

Vv ii

ψψ                                  (2 .8)       

where ( ).ψ  is adjoin trajectory and satisfying  (2.11) systems. If the set ( )Uxtf i ,, 0   is convex, 

then the necessary optimality condition is global over all ii Uu ∈  

Proof: In the control problem, one of the methods to get the necessary optimality conditions is to 
use the increment formula. For this, we  have  to  calculate the increment  formula, to  find  a 
conjugate  system  for the corresponding problems  and  use an analog  of  needle  variations in the  
continuous case. The rest of  the  increment  formula can be estimated using the step method.     

For the optimal pair ( )( )00 ,vtu   we can write increment of the functional following form 

 ( ) ( )( ) ( )( )[ ]∑
=

ϕ−ϕ=∆
3

1

000 ,
i

iiiiii txtxvuS 0≥ . Using nonsmooth analysis tools we can write that, 

for any ( )( )iii txx 0ϕ+∗ ∂∈
)

 we can write 
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( )( ) ( )( )iiiiii txtx 0ϕ−ϕ ( ) ( )( )txtxx iii
00 0(, ∆+∆≤ ∗ . Then the increment of the functional 

takes the following form: ( ) ( ) ( )( )txtxxvuS i
i

ii
0

3

1

000 0,, ∆+∆=∆ ∑
=

∗ . 

Let multiply both sides of the equation (1) )(tiψ and summing up from i =1 to 3.By using this and 

nonsmooth analysis definition, Taylor’s increment formula after some calculation we can write the 
increment of the functional at an arbitrary admissible pair ( )( )ii vtu ,  as 

( ) ( )[ ] ( ) ( ) ( ) ( ) ( )( )[∑∑∑ ∑∑
=

−

== =

−

=

∗

−−

−−∆−′+∆=∆
3

1

1
0

3

1

3

1

1
000

11

,,,1,,
i

t

tt
iiii

i i

t

tt
iiii

i

i

i

i

ttutxtHtxttxxvuS ψψ  

( ) ( ) ( )( )] ( ) ( ) ( ) ( ) ( )×−′−∆−′−∆−′+− ∑
=

111,,, 1
0
2

3

1

0
110

0
1

0000

1
tvgttxtttutxtH

i
viiiiiiii ψψψψ

( )( )[ ( )( )] ( ) ( )( ) ( )( )[ ]=−−′−−× 0
32

0
2232232

0
3

0
21

0
122112 ,,1,, vtxgvtxgtvtxgvtxg ψ

( )( ) ( )( )[ ] ( ) ( ) [ ]∑∑∑∑∑
=

−

==

−

==

−∆−∆−′+ϕ−=
−−

3

1

13

1

1
0

3

1

0

11

1
i

t

tt
iu

i

t

tt
ii

i
iiiii

i

i

i

i

i

tHtxttxtx ψϕ

( ) ( ) ( )( ) ( ) ( ) ( )( )[ ] ( ) ( )∑∑∑
==

−

=

−∆−′+−−
−

3

1

0
3

1

1
00 1,,,,,,

1 i
iiii

i

t

tt
iiiiiiii txtttutxtHttutxtH

i

i

ψψψ  

( )( ) ( ) ( )( ) ( ) ( )( )−−∆−−∆−−∆− 1,,1,,1, 2
0
3

0
32

0
231

0
2

0
2

0
12

0
1

0
11 321

tvtxLtvtxLtvL vvv ψψψ  

( ) ( )( ) ( ) ( )( )[ ] ( ) ( )( )[ −−−−−−− 1,,1,,1,, 2
0
332231

0
221

0
121

0
22112 tvtxLtvtxLtvtxL ψψψ  

( ) ( )( )]1,, 2
0
332

0
23 −− tvtxL ψ .                                                                                        (2.9)                                                                        

where by definition 

( ) [ ] ( ) ( )( ) ( )( )∑∑
= =

−

−

−∆−∆−∆
∂

′∆∂
=∆∆

3

1
224113

00
1

1i

1

,;,
i

t

tt
i

u

i

i txotxotx
x

tH
vuvuη  

( ) ( )( ) ( ) ( ) ( )( ) ( )+∆
∂

−∆∂
−∆

∂
−∆∂

− 22
2

2
0
232

0
23

11
1

1
0
2

0
21

0
12 1,,1,,

32 tx
x

tvtxL
tx

x

tvtxL vv ψψ
 

( ) ( ) ( ) ( )∑ ∑∑
= =

−

= −

∆−∆+
3

1

3

1

1

21

1i i

t

tt
i

i
ii

i
i

i

txotxo .                                                                      2.10)                                                           

Here  ( ),⋅io  8,..,1=i  are defined by the expansions  

( )( ) ( )( ) ( )( ) ( ) ( ) ( )( )ii
i

ii
i

iii
iiiiii txotx

x

tx
txtx ∆+∆

∂
ϕ′∂=ϕ−ϕ 1

0

, 3,1=i  

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )×
∂

′∂=−
i

iiii
iiiiiiii x

ttutxtH
ttutxtHttutxtH

00
000 ,,,

,,,,,,
ψψψ  

( ) ( ) ( )( )totx i
i

i ∆+∆× 2 , 3,1=i  

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )+∆
∂

−′∂=−−− 11
1

1
0
221

0
12

1
0
221

0
121

0
22112

1,,
1,,1,, tx

x

tvtxL
tvtxLtvtxL

ψψψ  



 

 

 

6 

( )( )113 txo ∆+ ,

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )+∆
∂

−′∂=−−− 22
2

2
0
332

0
23

2
0
332

0
232

0
33223

1,,
1,,1,, tx

x

tvtxL
tvtxLtvtxL

ψψψ

( )( )224 txo ∆+ , 

Now take ( ),0 tiΨ  ,3,2,1=i  as solutions of the following linear difference equations 

( ) [ ]

( ) ( ) ( )( )

( ) ( ) ( )( )

( ) 















−=−Ψ
∂

−∂
+−=−Ψ

∂
−∂+−=−Ψ

∈=
∂

∂
=−Ψ

*
33

0
3

1

2
0
3

0
32

0
23*

22
0
2

1

1
0
2

0
21

0
12*

11
0

1

0

1

1,,
1

1,,
1

,3,2,1,1

xt
x

tvtxL
xt

x

tvtxL
xt

Tti
x

tH
t i

i

i
i

ψ

ψ
                                                                     (2.11)                       

the increment formula (14) reduces to a simpler one: 

 

( ) [ ] ( )( ) ( ) ( )( )∑∑
=

−

= −

−−∆−−∆−∆−=∆
3

1

1

1
0
2

0
2

0
120

0
1

0
11

00

1

21
1,,1,,

i

t

tt
vvu

i

i

i
tvtxLtvLtHvuS ψψ

( ) ( )( ) ( )vuvutvtxLv ∆∆+−∆− ,;,1,, 00
12

0
3

0
32

0
233

ηψ                                                          (2.12)                            

Let ( )( )o
i

o
i vtu ,  be an optimal pair, and assume that the sets of admissible velocities are convex 

along the process ( ) ( )( )txvtu iii ,, , i. e., the sets 

( )( ) ( )( ){ }iiiiiiiii UuutxtfUtxtf ∈== ,,,:,, 00 αα , ,3,2,1=i  

( ) ( ){ }11114411 ,: VvvgVg ∈== αα ,  

( )( ) ( )( ){ }iiiiiiiiiii VvvtxgVtxg ∈== −−++−− ,,:, 1
0

1331
0

1 αα , i=2,3, 

are convex. Let [ ]1,0∈ε  be an arbitrary number. Denote the increment of the optimal pair by    

( ) ( ) ( )tututu iii
0;; −=∆ εε ,  iTt ∈ ,  ,3,2,1=i                                   (2.13)                                    

(2.13) 

( ) ( ) 0
iii vvv −=∆ εε , 3,2,1=i , 

Then, by convexity, for each ( ) VvUtu iii ∈∈ , , iTt ∈ , 3,2,1=i , there are 

( ) ( ) iiii VvUtu ∈∈ εε ,, , 3,2,1=i  such that 

( )
[ ]

( )
[ ]tftf iuiu titi

∆=∆ ε
ε:

, 3,2,1=i , 

( )
( ) ( )0

11
0
11 11

vgvg vv ∆=∆ ε
ε

, 

( )
( )( ) ( )( ) 3,2,,, 0

1
0

1
0

1
0

1 =∆=∆ −−−− ivtxgvtxg iiiiviiiiv ii
ε

ε
. 

Equation   (2.10) introduces an increment of the solution ( )txi  which is denoted by 

( ){ } .3,2,1,; =∆ itxi ε Using the step methods, we can prove that ( ) εε 11; Ztxi ≤∆ , ii tTt ∪∈ , 
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3,2,1=i . Using these estimates in (2.12) it can easily be seen that the necessary optimality 

condition is ( ) .0, 00 ≥∆ vuS   

 Тhеоrem 2:  Assume that iϕ  is Lipschitz continuous around at ix0 , upper regular at this point 

and  the sets 

( )( ) ( )( ){ } 3,2,1,,,:, 00 =∈== iUuutxtfUtxtf iiiiiiiiiii αα    

( ) ( ){ }11114411 ,: VvvgVg ∈== αα   

( )( ) ( )( ){ } 3,2,,,:, 1
0

11
0

1 =∈== −−−− iVvvtxgVtxg iiiiiiiiiii αα  

are convex. Then for the optimality of an admissible control ( )( )00 ,vtu   in the problem given 

through (2.1)-(2.5), it is necessary that for any ∈∗
ix ( )( )itx0ϕ∂ the following conditions are true: 

 Discrete maximum principle for the control ( ) 3,2,1,0 =itui  

( ) [ ]∑
−

= −

≤
1

1

0
i

i

ti

t

tt
iu tH∆ , for all ( ) iii TtiUtu ∈=∈ ,3,2,1,                                                        (2.14) 

 Discrete maximum principle for the controlling parameter 3,2,1,0 =ivi                                (2.15) 

( ) ( )( ) ( ) ( )( ) 3,2,1,,1,,max 1
00

1
0

11
0

1
0

1 =−=− −−−−−−∈
itvtxLtvtxL iiiiiiiiiiii

Vv ii

ψψ                              (2.16)  

where ( ).ψ  is adjoin trajectory and satisfies the system described under                                 (2.11). 

It is easy to prove this theorem by using the tools of nonsmooth analysis given above. It 
should be noted that the system of linear difference equations (2.11) is the conjugate 
system for the problem (2.1)-(2.5). If we take smoothness on the cost functional iϕ  then 

we can get some following corollary and anologies of Pontryagin maximum principle. 

 

4. Necessary optimality conditions using the linearzing principle as an analogue of Euler 
equation in nonsmooth case. 

 

If the cost functional is differentiable, the functions ii gf ,  have also partial derivatives with respect 

to ii vu ,  , respectively, and the sets iU  and iV  are convex, then another necessary optimality 

condition can be obtained using the linearzing maximum principle of Pontryagin. The proof of the 
next following corollaries to a large extent similar to the proof of Theorem 1 and is omitted. For the 
proof the interested reader is referred to the thesis [12]. 

 

Corollary 1:(The superdifferential form of  linearzing maximum principle). If the sets iU , iV   are 

convex, then, for the optimality of the pair ( )( )00 ,vtu , it is necessary that the following 
inequalities hold. 

 
[ ] ( ) ( )( )∑

−

= −

≤−
∂

′∂1
0

1

0
i

i

t

tt
ii

i

i tutu
u

tH
         (3.1)  

for   all     ( ) ii Utu ∈ ,  iTt ∈ ,      3,2,1=i     



 

 

 

8 

( )( ) ( ) 0
1, 0

11
1

0
0
1

0
11 ≤−

∂
−′∂

vv
v

tvL ψ
,                                                                   (3.2)                         

  

for all 11 Vv ∈ ,      

 
( ) ( )( )( ) .3,2,,0

1,, 01
00

1
0

1 =∈≤−
∂

−Ψ′∂ −−− iVvallforvv
v

tvtxL
iiii

i

iiiiii                                         (3.3)        

  

In the case of openness of the sets 3,2,1,, =iVU ii  also using Euler’s equation one can derive the 

necessary optimality conditions: 

 

Corollary 2 (An analogue of Euler equation): If the sets  iU  , iV    are open, then for the 

optimality of the pair ( )( )00 ,vtu , it is necessary that following equations hold 

 

[ ]
i

i

u

tH

∂
∂ '

,   iTt ∈ ,  3,2,1=i     .                                                                                            (3.4) 

  

 
( )( )

0
1,

1

0
0
1

0
1

'
1 =

∂
−∂

v

tvL ψ
,                                                                                                           3.5)

  

 

( ) ( )( )
0

1,, 1
00

1
0

1
'

=
∂

−∂ −−−

i

iiiiii

v

tvtxL ψ
,  i=1,2,3                                                                                (3.6 )                              
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