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Abstract

In this paper a survey and refinement of its recestlts in the discrete optimal control theory are
presented. The step control problem depending parameter is investigated. No smoothness of
the cost functionp is assumed and new versions of the discrete mamiprinciple for the step

control problem are derived.
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1. Introduction

Some applied problems in fields such as economltamyi defense, and chemistry are inherently
multistage problems in nonsmooth optimization. uiats problems, there are several stages which
are characterized by their own equations, contghlase coordinates, constants, etc. Usually these
stages can be connected to each other by addiwonditions. Here problems will be considered
where these relations are given by switching poivitéch are controlled by a given parameter.
These multistage processes will be called stepralogystems or discrete systems with varying
structure.

Example 1 (see referer{@): A car moves according to the law=y, y =ug,(y), ulJU at the
time intervalA; = [to,tl], and according toXx=Yy, y=ug,(y), u Da(y(tl)) at the time
intervalA, = [tl,T]. The initial and final time moments and T are fixed while instant; is not
fixed. The setU = [0,1] and the functiong,, g,, 0 are positive and differentiable iR*. The
car starts from the orig(lxo, yo) = (0,0) . The state variables x and y are assumed to l&aons

on the whole interval = [O,T] . It is required to maximizle(T). To find the necessary optimality
conditions we have to build Hamilton-Pontryagin dtions for each step and derive optimality
condition at the switching momeit; and stepsA; and A, In this example, switching moments

are interesting for us because at the switchingtpeé have to derive the optimality condition. By
using increment formula and conjugate systems weged the necessary condition for this step
system.

Example 2: Consider a rocket with two types of aagithat work consecutively. With work of the
second engine depends on the first one. Moredvendcket moves from one controlling area to a
second one that changes all the structure (confroistions, conditions, etc.). For the smoothecas

some articles were published previOL[§1‘,4,8111819]. In [1, 6, 9, 10] the authors had gained

necessary optimality condition of first order amyastigated singular control, time with delay,
sufficient optimality condition as a type Krotowfdiscrete switching optimal control problem.

In, [4] the author does not make any assumptidimaitathe number of switches nor about the
mode sequence, they are determined by the solefidhe problem. Sufficient and necessary
optimality conditions for optimality are formulatédr the second optimization problem. If they
exist, bang-bang-type solutions of the embeddedmnaptcontrol problem are solutions of the
original problem. Otherwise, suboptimal solutiome abtained via the Chattering lemma by the
author. In [18] the author develops a computation@ihod for solving an optimal control problem
which is governed by a switched dynamical time esyswith time delay. Then, we derive the
required gradient of the cost function which isaitéd via solving a number of delay differential
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equation forward in time. On this basis author edlvthis problem as a mathematical

programming.All this results dedicated in the srhoocdse optimal switching control problem (in

all these papers the cost functional is smoothihén present paper, the author's main aim is to
formulate necessary optimality conditions for noosth case and the switching points which
depend on certain parameters, by using Mordukhovime (see, e.g.,[2,13,14]). To start our
discussion, first we have describe certain poibtaianonsmooth analysis.

2. Tools of Nonsmaooth Analysis

Given a nonempty seé® [1 R", consider the associated distance function

dist(x; Q) = irDlLHx— V\,ﬂ and define Euclidean projector of x €@ by
N(xQ):={woQ||x-w|=dist(xQ}.

If the set Q is closed, then the sdfl (x; Q) is nonempty for every 1 R".

This nonconvex cone to closed sets and correspgrsiibdifferential of lower semicontinuous
extended-real —valued functions satisfying thesgirements were introduced by Mordukhovich
in the beginning of 1975, who was not familiar w@harke’s constructions at that time. The initial
motivation came from the intention to derive neaeg®ptimality conditions for optimal control

problems with endpoint geometric constraints byspagsto the limit from free endpoint control
problems, which are much easier to handle. This puddished in [15] (first in Russian and then
translated into English), where the original normahe definition was given in finite dimensional
spaces by

N(x; Q) = Lim§udcone(x—l'l(x;§2))], via the Euclidean projector, while the basic

subdifferentiald@(X) was defined geometrically via the normal conentoepigraph ofp .Here it
is assumed thap is a real valued finite function and basic sulmtéhtial defined is defined

0¢G<) = {XD OR" (XD,—I)D N ((;¢(;<)) epi¢)} .
Here epig := {(x u)OR™
function. Note that this cone is nonconvex (seé[ZﬂQ and for the locally Lipschitzian functions

convex hull of subdifferential have a Clarke getieea gradient,@, (x°)= coa¢(x°).lf @, is
lower semicontinuous around X, then its basic dtdrdintial can be shown

oy 00(i¢) = Limsupdgls). Here, 35 (1¢)= e peimin 1 277000

u=x
is the Frechet subdifferential. By using plus-nsisymmetric constructions, we can write

9 ¢(x°):= -a(- 4)(x°), 87 8(x°):= -0(- #)(x°)

which are called basic superdifferential and Fe¢sluperdifferential, respectively. Here

¢ (x)-¢ (xo)—<xD, X— x°>

x>

Y7 ¢(X)} and is called the epigraph of given extended vehled

>0

A

0¢* (xo):= x“0R"Limsup

>0p.For a Locally Lipschitzian

function subdifferential and superdifferential nizg different. For example, if we tak¢(x) = |x|

on R, thendg(0) =[- 11] but 34(0) ={-11}.



If ¢ is Lipschitz continuous around poinfthen, the strictly differentiability of the furich @
at x°(seq 213)) are equivalent taﬂ¢(x°)= 6+¢(x°) = {D¢(x°)}. If 6¢(x°) = 3¢(x°) then, this

function lower regular ax’. Symmetrically we can give upper regularity of foection at the

point by using definitions of superdifferential aRcechet superdifferential. Also if the extended-
real-valued function is Lipschitz continuous aroudhd given point and upper regular at this point
then the Freshet superdifferential is not emptyitfewmore it is equal to Clarke generalized

subdifferential at this point (for proof, 5&6]). By using all these honsmooth analysis tools, we

will try to find the superdifferential form of theecessary optimality condition for the step diseret
system.

3. Necessary optimality condition
Consider a controlling process, which is descrilidthe following discrete system with varying

3
structure: Minimize S(u,v) = z¢i (xi (ti )) (2.1)
i=1
subject to
x (t+2)=f,(t,x (t)u @), tOT ={t_.t_, +1...t, -1, i = 123 2.2)
X (t_y) =9 (X4 (tiy),Vv), 1=23
u (t)OU, OR,tOT, i =123 (2.4)
v, OV, 1=123. (2.5)
Here, Vv,,i=123 are ¢-dimensional controlling parameters ang O R%, =123,

ie.v OV, i=123

For these equations it is clear that the systemrglitions are described in 3 stages (for a
rocket entering from space to the atmosphere agmitiio water). In any stage, the system
is described by its equation, controls, switchir@nfs, and controlling parameters for
switching points. In case there are no switchpmnts, we can apply the Pontryagin’s
maximum principle to any part of the systebut in this case it is difficult. For this

we have to get new conditions of the switghpoints. In this problemg,:R? - R"
are assumed to be at least twice continuousherdifitiable vector-valued functions,
g :R"xR" - R" are given at least twice continuously differebléa vector-valued

functions, i=2,3, f, :RxR"xR" —~ R" are given continuous, at least twice continuously
partially differentiable vector-valued functionstivirespect to xg. : R" — Rare given at
least functions. We don’t assume any smoothnesthercost functionaly, i= 123 ,
u(): R-> U OR" are controls and. OV, OR" are controlling parameters. The
sets,,V,, are assumed to be nonempty and bounded. Thelp¥ir),v°) which take
volume from these sets are called admissible cbn#opair (uio(t),vi") with the
properties (2.4) and (2.5) is called admissibles Triple (uio(t),vi",xio(t)) is an admissible
process. For the fixed admissible contﬁm;?(t),vi") we introduce the following notation:
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H, (£ u,w0) =W (@) (tx,u),
A, H [ = H (6 x00),u, (1) we ) - H (6 xR () ul (), we )

ag;[t] oH, [t/ “IO (hyrt) A, 0, M]=0,(1)-0,()

Awgixﬂ@ﬂlw)fgirﬂﬁi) )00 t) v )i= 23

L, (v, w2 (t, -2)) = ¥ (t, ~ 1), (v).

Lo (% (t) v, Wo (e, ~1)) = w2 (& - 2)g, (x, (). v,)

Lo (t,) v, W2, —1) = W2 (t, ~ 1) (%, (t,). vs)-

Theorem 1: Assume thatg, : R" — R is finite at x°(t; ) and dg(x°(t; ) # 0). If the sets
£t (), )={a, e, = £, xCE).u )y, DU}, i =123

a,() ={a, 1@, = g,(v) v, DV}

0, (% (60 ) ={a ray = 9 (v Jv OV, =23

are convex, then for the optimality of an admissitntrol (uo '[) ) in the problem described

(2.1)-(2.5) problem it is necessary that for angFD 3¢(x (t )) the following conditions are
true:

Discrete maximum principle for the control

Z4i(t)Hi[t] <0, forall u(t)OU,, i=123, tOT (2.6)
t=tq
Discrete maximum principle for the controlling paraterv’, i =123

T&xLl(vl,gaf (to -1)= L (v (t, - 1)) 2.7)

maxt, (%, (6 1) 2 ~1)= L G b 2t 1) = 23 @8
where l//() is adjoin trajectory and satisfying (2.11) sys¢ert the setf, (t,xO,U) is convex,
then the necessary optimality condition is globagroall u, LU,

Proof In the control problem, one of the methods to betriecessary optimality conditions is to
use the increment formula. For this, we have ctadculate the increment formula, to find a
conjugate system for the corresponding problemd use an analog of needle variations in the
continuous case. The rest of the increment ftaroan be estimated using the step method.

For the optimal pail(uO (t), VO) we can write increment of the functional followiform

AS(UO,V ) Z[d) ( ( ))] > 0. Using nonsmooth analysis tools we can write that,

forany x”' 00" ¢( x0(t I)) we can write



o, (x () -0, (xi0 (t )) < <xiD, (AxP (t )> + O(A x? (t )) Then the increment of the functional

3
takes the following formAS(uO,vo) = Z<xiD,Axi° (t)> + O(Axi0 (t))
i=1
Let multiply both sides of the equation (@) (t) and summing up from i =1 to 3.By using this and

nonsmooth analysis definition, Taylor’'s incrememinfiula after some calculation we can write the
increment of the functional at an arbitrary adnhihispair( (t) v) as

3 -1 3 -1

AS(°v°)=i[<xiD,Ax ]ZZ‘/’ (t-2)ax (¢ ZZ[H % (0.0 ()0 () -

=1 t=t;_ =1 t=t;_

3

- o @P @l S -0 (608,002 L)

=1

I 400080, b2l €, -3l (ki) %) - 0.6 () 2] =
:Zgl‘,[ % (t,))- 0, (< t]+231:t w't A (t)_gt;t,_A”iH‘[t]_
_gti[Hi(t’z(t)'Ui(t)'l/lio(t))_Hi(t X,(t) U(t) ())]+Zsl:(//°’ (t 1)AX|( )

_AvlLl(VO 7\ ( )) (Xlo t) V W, (t 1)) (X (tz) V s (tz _1))_
_l_l— ( V lﬂz(t 1) 2 Xf WV, ‘//2 t, 1)] |.L ( 2(t2 Vv, ‘/le?(tz _1))_
- Ls( 2( 2),V3,lﬂ3 (tz 1))] (2.9)

where by definition
)= 3 4, 00, H [t]

7,(0° v B, Av 2 z

i=1 t=t;_

5, (£) - 0 1% (1))~ 0, (% (1)) -

Can, L) 2wl - 1)) a ) 2ol () v 50, 1) A (t,)+

7 0X,
3. 3 41
+Z:l:ol(l)||AXi (t )ﬂ _Z:l:t;og)”Axi (t)|| 2.10)

Here O, ([)1 i =1,..8 are defined by the expansions

6,00, ()) = 22D a0 )+ o0 a0 )). 1= 3

X

H, (6% (0.0 ()20 0) - H, (0.0 @00 ()= oM/ (6, (1). T (1) (1),

0X;

< @)+, (), 1 =13

)26 -)- L) vt -0) I )
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+ o, (| 1, ),
()0t ~0)- L), 02, 1) - 5bE D sty

0X,
+ 0, (“sz (tz )") ’
Now takelPiO(t), I = 1,23, as solutions of the following linear difference atians
ofp _q)= Ml
Wo(t-1)= o ( =123 t0OT, )

0___*a|-2 ()sz(_)
Wt -1)=-x + ax, (2.12)
Wo(t, —1)= . + 2sb2l) B2t -1)

*aX1
qJ‘v(,)(ts - ):_

the increment formula (14) reduces to a simpler one

aslu® v°)= ZZA HI -2, L (22 (1) -2, L (02 92, -1) -

-4, Ls(xg (tz), v§,w§ (t, —1)) +/71(u°,v°; Au, Av) (2.12)

Let (uio(t),vio) be an optimal pair, and assume that the sets ofisgible velocities are convex
along the proces(ssli (t),\/i ' X% (t)) i. e., the sets

f (t,xio(t),Ui):{ai a, =1, (t,xio(t),ui ),uDUi}, i=123

g,())={a, 1@, = g,(). v, OV},

gi( 'O—l(ti—l)’vi):{ans iz = (Xn 1(| 1) )VDV} =2,3,

are convex. LeED[O,l] be an arbitrary number. Denote the increment@bitimal pair by

Au (t;e)=u,(t;e)-ul(t), tOT, i=123 (2.13)
(2.13)

v (g)=v(e)-v0, =123,

Then, by convexity, for each ui(t)DUi, v, oV, tOdT, 1=2123, there are
u,(t,£)0U;,v,(€)0V,, i = 123 such that

p,., tltl=a,, ). i =123,
A, 0)=a,0,(2).
A, 9( 1(|1) ) AW g( 1(|1) )'_23

Equation (2.10) introduces an increment of thdutsmn Xi(t) which is denoted by
{ox (t;:€),i = 123} .Using the step methods, we can prove i (t;€)|< Z,., tOT, Ot;,



i =123. Using these estimates in (2.12) it can easilysben that the necessary optimality
condition isAS(uO,vo)Z 0.

Theorem 2: Assume tha®, is Lipschitz continuous around a’i , upper regular at this point
and the sets

f, (tixio(t),Ui):{ai a, = f, (tixio(t),ui ),ui DU}, i=123
0,(v)={a: 00 = 9y(v,). v, OV}

gi( '0—1(ti—1)’vi):{ai 4 = (Xio—l(ti—l)’vi)’vi DV}’ =23

are convex. Then for the optimality of an admigsitbntrol (UO('[), VO) in the problem given
through (2.1)-(2.5), it is necessary that for axﬁ/D 5¢(x° (ti )) the following conditions are true:

Discrete maximum principle for the contrq? (t),i =123

-1

IZAJi(t)Hi[t]s 0, forall u,(t)0U, i = 123 tOT (2.14)
1=ti4

Discrete maximum principle for the controlling pmeterv =123 (2.15)
maxL, (3 (t v 2t =) = L O (b ) V0,0t — 1) = 23 (2.16)
Wherel//(.) is adjoin trajectory and satisfies the system dbsed under (211

It is easy to prove this theorem by using the ta@flsonsmooth analysis given above. It
should be noted that the system of linear diffeeerquations (2.11) is the conjugate
system for the problem (2.1)-(2.5). If we take sthoess on the cost functiong| then

we can get some following corollary and anologieBantryagin maximum principle.

4. Necessary optimality conditions using the linearzing principle as an analogue of Euler
eguation in nonsmooth case.

If the cost functional is differentiable, the fuioets f,,g; have also partial derivatives with respect

to u;,V, , respectively, and the set$, and Vi are convex, then another necessary optimality

condition can be obtained using the linearzing maxn principle of Pontryagin. The proof of the
next following corollaries to a large extent simila the proof of Theorem 1 and is omitted. For the
proof the interested reader is referred to theisH&g].

Coroallary 1:(The superdifferential form of linearzing maximpnmnciple). If the setdJ,,V, are

convex, then, for the optimality of the pai(uo(t),vo), it is necessary that the following
inequalities hold.

SO 0)-we)<o o)

. oy,

for all u(t)OU,, tOT, i=123



oL w2 =2, _ )<, (3.2)

ov,
forall v, LV,
{0 0 0 _
aLi (Xi_l(ti—l)’a\/i ILIJi (ti—l 1))(\/| _ViO)S O, for a" \/I D\/I ,i - 2’3' (33)
\/i
In the case of openness of the ddtsV, ,i = 1,23 also using Euler's equation one can derive the

necessary optimality conditions:

Corollary 2 (An analogue of Euler equation): If the sets U, .V,

are open, then for the

optimality of the pair(u0 (t), VO), it is necessary that following equations hold

ou,

,tOT, i=123 . (3.4)

oL, (v 5t -1) _ 3.5)
ov, ’ |

"(y,0 0,0 -
al—i (Xi—l(ti—l)’a\\/; ’wi (ti—l 1)) - O, i:1,2,3 (36 )
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