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Abstract

In a paper published 1978, McEliece, Rodemich and Rumsey im-
proved the 0 Lovasz’ bound for the Maximum Clique Problem. This
strengthening has become well-known under the name Lovasz-Schrijver
bound and is usually denoted by €. This article now deals with situ-
ations where this bound is not exact. To provide instances for which
the gap between this bound and the actual clique number can be ar-
bitrarily large, we establish homomorphy results for this bound under
cosums and products of graphs, and study the special class of circulant
graphs: here we show that for circulant graphs of prime order there
must be a positive gap between the clique number and the bound.

Keywords: Maximum clique problem, circulant graph, graph product, copos-
itive programming, semidefinite programming.



1 Introduction

The Maximum Clique Problem (MCP) amounts at finding a complete sub-
graph of largest possible size in a given loopless undirected graph G. This
size is called the clique number 1(G). We refer to [1] for a survey about
MCP. Many upper bounds have been proposed for 1(G), among them the
famous Lovész bound [10] which is usually denoted by (G). Some of these
bounds are based on the solution of a semidefinite program (SDP), including
a strengthening '(G) of (G), which goes back to McEliece, Rodemich, and
Rumsey [11], but is usually attributed to Schrijver [13]. This bound will be
shortly reviewed in Section 2. In Section 3 we study circulant graphs G and
prove that for this class ’(G) > 1(G) holds under certain conditions which
are satisfied, e.g., if the order of G is prime. In Section 4 we establish homo-
morphy results for this bound under cosums and products of graphs, in order
to obtain graphs with an arbitrarily large gap between ’(G) and the exact
clique number ¥(G). While the possibility of making the gap arbitrarily large
is already known in the literature, cf. also [7, 8], these specific constructions
give some examples where recently introduced cuts [3], added to the SDP

formulation for ’(G), allow for an arbitrarily large improvement over this
bound.

In the sequel, we employ the following notation: I, is the n £ n identity
matrix and J, is the all-ones n £ n matrix. Let S" denote the set of all
symmetric N £ N matrices. Then the cone of copositive N £ N matrices C" is
defined as

C"=FfA2S":x"Ax , 0 forallx2Rg:

The cone of positive-semidefinite N £ N matrices is denoted by P™ % C", and
the cone of symmetric N £ N matrices with no negative entries by N" % C".
We will also write A >” B to signify AjB2P", and A, Bfor AjB2N"
for two symmetric n£n matrices A; B. The Frobenius inner product for such
matrices is denoted by A T B := trace (AB). At places we denote by Ag =
Axn = Ank an (off-diagonal) entry of a symmetric matrix A if e = fk; hg. For
such e, we denote by E¢ the symmetric N £ n zero-one matrix having zero
entries except those at e = fk; hg, i.e., [Eele = [Ee]kn = [Ee]nk = 1.

2 Review of SDP bounds formulations

Consider a loopless undirected graph G = (Vg;Eg) with n £ n adjacency
matrix Ag where n = jVgj is the order of G. Let Qg = Jn i Ag and denote



by 1(G) the clique number of G, i.e., the largest size of a subset of vertices
inducing a complete subgraph.

A well-known result states that the maximum clique problem (which is NP-
hard) can be formulated as a copositive program [5]:

I(G) :=1=1(G) = maxf, : Qg i ,Jn 2C"g: (1)

A (zero-order) approximation of the copositive cone is K{ = P" + N". Re-
placing C" by K{ in (1) leads to the relaxation

I'(G) := maxf, : Qg i »JIn 2 KiQ: (2)

Obviously I'(G) = I(G).

The bound ’(G) is an upper bound on the clique number !(G) improving
upon the Lovész bound [10] which is usually denoted by (G). Both bounds
can be defined in various ways. One possibility is to put '(G) = 1=I'(G), i.e.,
using (2). For (2) strong duality holds, and the dual problem is given by

I'(G) =minfQg t X : JntX =1; X 2P"\ N"g: (3)

From (3) we can derive the following more direct formulation:

'G)=max JntX:(ln+Ag)TX=1; X 2P"\N" ; (4

with Az the adjacency of the complementary graph G of G. We can also give
the dual formulation of (4):

"(G) =minft: tQg i Jn 2 Kig : (5)

The following SDP formulation of ’(G) is most often used in the literature,
as pointed out in [5], and at first glance seems to be stronger than (4), but
is in fact equivalent:

‘G) =max JntX:IhtX =1; AzTX=0; X2P"\N" : (6)
The dual of this formulation is
> >
'(G) =minft: tlh+  YeEe+  ZeEe ™ Jn; Ze=0; alle 2Egg: (7)
eegg eEgG

For later reference we recall the (dual) definition of the Lovasz bound (G):

<
(G) =minft : thh+  YeEe *> Ing; (8)

eegg



and the dual formulation of a further bound, the Szegedy bound *(G) [14]:

>
T(G) =minft : tlh+  YeEe” JIn; Ve » 0; alle 2 E5Q: (9)

9656

From equations (7), (8), and (9), the following relation between the three
bounds is immediate. All are lower bounds for the chromatic number ~ (G) [14]:

1G)= '(6)= (6)= "(G) ="(6):

Thus, for perfect graphs G where 1(G) = “(G), all bounds above coincide.
On the other hand, there are graphs with large gaps between and I, e.g.,
(G)=1(G) > n2-vI9IN according to [7], and it has been shown that 1 is
NP-hard to approximate within a factor of n*=" for arbitrarily small " >
0 [8], so in the worst case we have to expect large gaps also between '
and Y. However, construction of concrete instances is not obvious by these
theoretical results, and this is the purpose for the subsequent sections.

3 Circulant graphs

A graph G is called circulant if its adjacency matrix A = Ag is a circulant
matrix, i.e., satisfies the Toeplitz condition Ajj = Ay;j_j+1 and, in addition,
Arj+1 = Agn_j+1 if 1 = J ® n j 1. This class of graphs is of general interest
in this context, because, as we prove in the following theorem, for most of
them ’(G) > ¥(G). The proof follows the ideas used for odd cycles in [12].

Theorem 3.1 If G is a circulant graph of size n with clique nun]@r 1 .=

1(G) , 2 and if there exists a maximum clique S Vg such that ~ » & 0
jes

for any n-th unitary root », then '(G) > I.

Proof. Assume that '(G) = ! and denote Q := Qg. Then by (2) we have

Qi %Jn 2 K§, i.e. we can write

Qi tJh=RR+N; R2S™MN2N":

If we could show that R = O, then Q j %Jn = N , O, which is clearly
a contradiction. To this aim let rj denote the j-th column of R. For any
maximum clique S Vg of size ! we have Q;;j =0, if i 6 j and fi;jg S.
Let “s be the characteristic vector of S. Then by computing the quadratic
form " (Q i +Jn)”s we obtain
> > >
0=k rik+ Nij .k 1k’

jes i;Jes jes
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and we conclude that rj = 0. In what follows summation over indices is
JES

maximum clique for 0 ® k < n, and we obtain n linear equations  rj+k = 0,
jes

by the characteristic vector of Sx. Now obviously if M has full rank then
we can conclude that R = O. But M is a circulant matrix, for which it is
well known that the eigenvalues can be calculated by using discrete Fourier

transform. Sl%eciﬁcally, the condition for an eigenvalue 0 is that there exists

k such that My; e = 0, which we do not allow for by assumption. O

i=1
The problem under which conditions the sum of unitary roots becomes 0
has been well studied in the literature (see, e.g., [4]). For our purposes it is
sufﬁcli_gnt to remark that if n is a prime number, then there is no solution to
»t = 0, where » is an N-th unitary root. So when n is a prime
0<j1<-<jw<n
number, for all 1 <1 <n we have '(G) > 1 = I(G). This makes the class
of circulant graphs ideal to evaluate procedures for improving the ’ bound.
The following section exhibits constructions where any positive gap can be
blown up to arbitrary size. After all, the improvement should also survive
truncation as of course also b ‘c is a valid upper bound for the clique number.

4 Sums and products of graphs

In this section we want to construct graphs with large gaps between the clique
number and the ’ bound by using cosums and various products. The idea
has been inspired by Knuth [9], who proved that the Lovasz number is an
additive homomorphism for the cosum and a multiplicative homomorphism
for the direct product and the direct coproduct. To the best of our knowledge,
analogous results for the ’ bound have not yet been established.

4.1 Cosums

The (direct) sum of two graphs G; = (Vg,;Eg,) and G, = (Vg,;Eg,) with
disjoint vertex sets Vg, of size n; is simply the graph G = (Vg, [Vg,; Eg, LEg,)-
This means no edges are added to the disjoint union, in terms of adjacencies
Ag O
A= 0 A



As we are dealing with cliques rather than stable sets, in the sequel we will
employ the cosum of two such graphs Gj, denoted by G; * Gy, which is the
complement of the sum of the complements of G; and G,. Again, the vertex
set here is Vg, [ Vg,, but now fu;vg is an edge in G; " G, either if it is an
edge of one of the graphs or if it joins vertices from different vertex sets.
Obviously, a vertex subset C with Cj = C \ Vg, is a clique in G; * G, if and
only if Cj is a clique in Gj for i = 1;2, so that 1(G; ™ G;) = 1(Gy) + 1(Gy).
We will show that the same holds for .

Theorem 4.1 If G; and G, are graphs with disjoint vertex sets then
(G 7 G2) = "(G1) + '(G2):
Proof. First we note that the claimed equality is equivalent to

i = I'(G)I'(G2)
"6 "6 = ey 116y

In [2] it was proved that bound (2) is equivalent to the best convex/vertex-
optimal decomposition (cvd) bound. A cvd decomposes a nonnegative sym-
metric square matrix Q as follows:

Q=P +N; P2P" N2N" with diag (N) =0:

The above decomposition gives a lower bound minyeq X' P X for the standard
quadratic problem minyc¢ X' QX and the best possible cvd is one for which
this lower bound is as high as possible.

Now, let us compute the best cvd bound for the cosum graph G = G; * G,
of order n = Ny + n,. We have, abbreviating Q; = Qg,, that

In, +Ag, O Q. O

Q¢ =In+Agzs = 0 I, +Az; O Q

Now, the cvds for such a Q matrix are as follows

P, iz,+ N, Z
iZ P> Z N

where we must have that Z , O, and necessarily Pj + N; are cvd for Q;.

First we note that the best bound is certainly obtained when Z = O. Indeed,
P, iz’
iZ P

P, O

n
o0 P, 2P

2 P" implies



and the bound given by the latter matrix is at least as good as the one given
by the former. It immediately follows that the bound given by the latter
matrix is obtained by solving the following simple one-dimensional problem

: 2 (1.7 w2 L 4 1
min  ,%q4+(1f,) 0= - +
-€[0;1] ! ' 2 w12 ! 2
with ..j = minyeq¢ X" PijX > 0. Thus, the best possible such bound is obtained

if Pij + Nj are optimal cvds for Qj, i.e., if
i=minX' Pix=1'(G;) fori=1;2;
xXe¢
wherefrom the result on the cosum follows. O

Note that, according to Theorems 3.1 and 4.1, we can build graphs with an
arbitrarily large gap between the ’ bound and the clique number by taking
the cosum of a sufficiently large number of circulant graphs of prime order.

4.2 Products

For products of the two graphs G; and G, we consider the vertex set of
N = NiNn; ordered pairs Vg, £Vg,. We will define several different products in
terms of adjacencies, using the Kronecker product >, which transforms any
two symmetric binary matrices of order nj (i = 1;2) into a symmetric binary
N £ n matrix. Again we write Q; :=Jn, i Ag,.

The direct or strong product Go~G, is defined via
Ag g, = In, > Ag, +Ag, > I, +Ag, > Ag, ; (10)
or, equivalently, I+ Ag g, = (In, +Ag,) > (I, +Ag,), which is the same as

Qziva; = Qg, > Qg (11)

The direct coproduct is G.="G, = G~G,. Complementation of (11) gives
Qg,z¢, = Q1 > Q2 or after some manipulations,

AgﬁQQ = Ql > Agz + Agl > ‘]n2 : (12)
The lexicographical product GG, is defined via

AQ1*92 = Inl > Agz + Agl > an : (13)



One may also consider another lexicographical product Jy, > Ag, +Ag, > In,,
leading to graphs with similar properties.

From (10), (12) and (13) it is immediately clear that
Ag g, = Agixg, = Agzg, (14)

Knuth [9] has proven for the Lovdsz number that (Gx~G;) = (GFG,) =

(G1) (Gp). It is easy to prove that for each of the three graph products
introduced above, the ' bound of the product graph is at least as large as
the product of the ' bounds of its factors. This is stated in the following
observation.

Observation 4.1 If G; and G, are graphs with disjoint vertex sets then
'(G1) '(G2) = (G G2) = (GrG2) = '(GFGy): (15)
Proof. If O« A« B and M N then
fX2M:BtX=0g fX2M:ATtX=0g:

Hence from the relations (14) and (6) it follows that '(Gx~G,) = '(G£G;) =
'(G#FG,), noting that complementation reverses the order in (14). Thus
it suffices to prove that ’'(G;) '(G2) = (G G,). To this end, we define
o := '(G1) '(Gz). Let X7 and X7 be optimal solutions of ’(Gy) and '(Gy)
respectively, according to formulation (6). Noting that the Kronecker prod-
uct of positive-semidefinite matrices is again positive-semidefinite it is easy

to see that X® := X7 > X7 is (6)-feasible for '(G~G,). Now, by exploiting
well known properties of the Kronecker product we have that

InTX® = trace (Jn, > Jn,)(X{ > XZ) = trace ((In, X7) > (In,X3))
= trace (Jn, X{)trace (Jn,X3) = p;

from which the inequality follows. a

As stated in the following theorem, under various assumptions the above
inequalities can be turned into equalities.

Theorem 4.2 Let G; = (Vg,;Eg,) and G, = (Vg,;Eg,) be two graphs with
disjoint vertex sets, and let G; — G, be the product graph, where — 2 #272-0.
In the following cases:

a) (Gj) = '(Gj) for both i = 1;2, and - 2 £2-7;
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b) (Gj)= '(Gj)fori=1ori=2,and - =-
c) (Gi)= '(Gj)fori=1lori=2,and -=~7
d) [ (G) i "(G)I[ "(G2) i (G)]=0and -=~

it holds that
'(G1-Gz) = (Gy) "(G2):

Proof. a) This is the simplest case. Indeed, it obviously holds that
'(G1-Gz) = (61-G2) = (G1) (Ga);

where the equality follows from the already mentioned properties of the
Lovéasz bound. Then, under the given assumption

'(61-6Gz) = (G1) (G2) = '(G1) "(G2);

which, together with Observation 4.1, proves equality. Note that the result

obviously holds also for — =7 but we will now see that for this case the
milder requirement b) is enough.
b) Let X7 be the optimal solution of (6) for graph Gj, i = 1;2, and let
M7 =t"1h, +  yEe+ 2z Ee;
eegq eGgGi

with zI? @ 0 for all e 2 Eg,, be the optimal solution of the dual problem (7).
As already remarked in Observation 4.1, X® = X7 > X is a feasible solution
of (6) for graph GG, with objective function value equal to '(G1) '(Gy),
while M® = M > M?? is a complementary solution to X%, possibly dually
infeasible. However, we will prove feasibility of M® w.r.t. (7), thus establish-
ing also optimality of X® and M® for the primal and the dual, respectively.
Consequently, we then arrive at

(G G2) = '(G1) '(G2):

In order to prove dual feasibility for M ® we first need to show that M® 7 J,,.
By dual feasibility of M"?, i = 1;2, we know that

M?>7 3, 770; i=1;2:

Since the Kronecker product of two positive-semidefinite matrices is still
positive-semidefinite, then

(MY §Jn,)>Jn, 70 and MY >(M?% jJ,,) " O:
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Therefore,
M].? > MZ’) 77 le) >\]n2 7 \Jnl )an2 — Jn

Next, we need to prove that all the entries of M® corresponding to edges of
G~ G, are nonpositive. In order to do that, we split each graph G;, i = 1;2,
into two subgraphs G;~ and G;~ with edge sets defined as follows:

Eg- =fe2Eg : z2'=09 and Eg- =fe2Eg : zi’ <0g:
Then, we have that Ag, = Ag= + Agf and consequently

Agig, = lIn, > (Ags +Ags) + (Ags + Ag<) > In, + (Age + Ag=) > (Ags
= |n1>Ag2:+|n1>Ag2< —|—Ag1:>|n2+Ag1< >|n2—|—Ag1: )Ag2:—|—
—I—Agl: > Ag2< +Ag1< > Ag2: +Ag1< > Ag2<:

In view of the definitions of G;~ and G;~, we notice that the only entries in

M® corresponding to edges of GG, which can be strictly positive (thus
violating dual feasibility) are those in Ag< > Ag<. Then, if either G~ or G5
are empty graphs, we have dual feasibility. But if, e.g., '(G;) = (Gy), then
there exists a solution M*? which is optimal both for (7) and for (8) and such
that z3? = 0 for all € 2 Eg,, i.e., G is empty, as we wanted to prove.

c) As in b) we are now only imposing a condition on one of the two graphs
but this condition is stronger than b) since it asks for equality between the
Szegedy and the ' bound in one of the two factor graphs. We remark that
such equality certainly holds if a factor graph is perfect. The proof will follow
an approach similar to the one employed in part b), wherefrom we take the
definitions of X® and M®. So let us assume that *(G;) = ’(Gy), but the
proof is completely similar if equality holds for G,. Under this assumption,
an optimal solution for (9) exists which is also optimal for (7). Basically, we
have the following matrix solution for G;:

Ml?_ 1? X 1?
=t"1y + Yo Ee

Equ

with y§7 , 0 for all e 2 Eg~. What we would like to prove is that M® is a
feasible solution of the dual (7) when the graph is G¢#G; (if this holds for
G£ Gy, it certainly holds also for G#ZG,). Since M® ”7 J,, has been already
proved in part b), we only need to prove that M® = 0 for each e 2 Eg 4q,.
The adjacency matrix of G¢& G, is

(Jm i Ag1) > Agz + Agl > ‘an :

Since z1? = 0 for all e 2 Eg,, the entries in Ag, > Jn, are all equal to zero,
while since t*7 , 0 and yg? , 0 for all e 2 Ez- and zZ° = 0 for all e 2 Eg,, it

9
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also holds that no entries in (Jn, § Ag,) > Ag, are positive, which concludes
the proof.

d) It is interesting to note that this is an asymmetric condition with respect
to Gy and Gy, asking for the same condition as in b) for G; and for the same
condition as in ¢) for G,. X® and M® are defined as above and we still
want to prove that M® is a feasible solution of the dual (7) when the graph
is G¥G,. Note that M® *7 J, has been already proved in part b). First
we assume that '(G;) = (Gi). Under such assumption we have that there
exists an optimal solution for (8) which is also optimal for (7), i.e., we have
the following matrix solution for Gj:

Ml?* 1? X 1? .
=71y + Yo Ee:

eegq

We only need to prove that M® « 0 for each e 2 Eg,»c,. The adjacency
matrix of G# G, is
Inl > Ag2 +Ag1 > ‘an :

Since t¥* , 0, z2° « 0 for all e 2 Eg,, and z¥’ = 0 for all e 2 Eg,, it
immediately follows that M® = 0 for all e 2 Eg,.g,.

Next we assume that '(Gz) = *(G;). Under such assumption we have that
there exists an optimal solution for (9) which is also optimal for (7), i.e., we
have the following matrix solution for Gj:

2?7 __ 427 = 2? .
M —t In2+ yeEe,01

eeS@

because y2° , 0 for all e 2 Eg; and t?? , 0. Since z1? @ 0 for all e 2 Eg, and
z2? = ( for all e 2 Eg,, it follows that M « 0 for all € 2 Eg, .g,. O

As for cosums, the above results allow to build graphs for which the gap
between the ' bound and the clique number is arbitrarily large. As an
example we will look at the special case where G; = K, the complete graph
of size n and G, = Cs, the 5H-cycle.

Example 4.1 It is well known that the S-ﬁy_cle is the smallest graph for
which '(G) > 1(G), with '(Cs) = (Cs) = 5, and 1(Cs) = 2. Now Ieblis
deflne G, := Kp=Cs. In view of Theorem 4.2 we have that ’(G,) = n 5,
while 1(G,) = 2n, so the gap between the ' bound and the clique number
becomes arbitrarily large with growing n.

We remark that the possibility of making the gap arbitrarily large is well-
known in the community, but instances like the one above allow to show

10



Figure 1: A small graph G; for which [ /(G1)]? < '(G£Gy):

a) Graph b) Adjacency
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superiority of bounds which satisfy multiplicativity like the ' bound, but
rather are exact on the factors, so that an arbitrarily large improvement of
the ' bound is established, see [3].

The proof of Theorem 4.2 also suggests that equality between the ’ bound
of the graph product and the product of the ’ bounds of its factors does not
always hold. Indeed, X® and M® as defined in the proof of the theorem are
complementary primal and dual solutions, with X® always primally feasible,
as proved in Observation 4.1, while M® is dually infeasible if the conditions
of Theorem 4.2 are not fulfilled. This suggests that the value of the primally
feasible solution X®, which is equal to the product of the ’ bounds of the
two factors, might be improved, thus leading to strict inequality between the

"bound of the graph product and the product of the ' bounds of its factors.
Therefore, we searched for a graph for which strict inequality holds between
the Lovasz and the ' bound, and considered the product of this graph with
itself, so that none of the conditions of Theorem 4.2 holds.

Example 4.2 The smallest circulant graph for which ' < ’ < has 16
nodes, but we individuated a smaller graph G; with only 11 nodes having this
property by removing the two edges f1;5g and 2;6g from a circulant graph
(compare Figure 1). It holds that (G;) = 5:265 > 5:239 = '(Gy), while

(G Gy) = 27:486 > 27:449 = | '(G1)]%;

thus giving an example for which strict inequality holds in Observation 4.1.
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