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Abstract

We propose and analyze an “implicit” trust-region methothimgeneral
setting of Riemannian manifolds. The method is implicit ratt the trust-
region is defined as a superlevel set of thatio of the actual over predicted
decrease in the objective function. Since this method piaignrequires the
evaluation of the objective function at each step of the iintegation, we
do not recommend it for problems where the objective fumciscexpensive
to evaluate. However, we show that on some instances of astergtured
problem—the extreme symmetric eigenvalue problem, orvedgntly the
optimization of the Rayleigh quotient on the unit sphereedthbsulting nu-
merical method outperforms state-of-the-art algorithivisreover, the new
method inherits the detailed convergence analysis of thergeeRiemannian
trust-region method.
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1 Introduction

Trust-region methods are widely used in the unconstraipichization of smooth
functions. Much of the reason for their popularity is the engosition of strong
global convergence, fast local convergence, and ease dhingntation. In (Pow70),
Powell helped to establish a following for this family of rhetls. In addition to
proving global convergence of the method under mild cooagj the work showed
that the method was competitive with state-of-the-art @tigms for unconstrained
optimization. This launched a period of great interest arttethods (see (CGTO0O0)
and references therein).

Similar to Euclidean trust-region methods, the Riemaniiaist-Region method
(see (ABGO06c)) ensures strong global convergence preperthile allowing su-
perlinear local convergence. The trust-region mechanssmheuristic, whereby
the performance of the last update dictates the constraintse next update. The
trust-region mechanism makes it possible to disregardgbiitially expensive)
objective function during the inner iteration by relyingiaad on anodel restricted
to atrustregion, i.e., a region where the model is tentatively taistebe a suf-
ficienly accurate approximation of the objective functighidownside lies in the
difficulty of adjusting the trust-region size. When the treegion radius is too
large, valuable time may be spent proposing a new iteratenthg be rejected.
Alternatively, when the trust-region radius is too smdik tlgorithm progresses
unnecessarily slowly.

The inefficiencies resulting from the trust-region mechkancan be addressed
by disabling the trust-region mechanism in such a way as ¢sguve the de-
sired convergence properties. In (GSTO05), the authorgitesa filter-trust-region
method, where a modified acceptance criterion seeks to mg®e@onvergence to
first-order critical points. Other approaches adjust thsttregion radius according
to dynamic measures such as objective function improvearahstep size lengths
(see (CGTO00)).

Instead of relaxing the acceptance criterion, this papepgses that the trust-
region be identified as that set of points that would have laeeepted under the
classical mechanism. Therefore, as long as the updateneefidrom the model
minimization is feasible, i.e., it belongs to the trusticey then acceptance is au-
tomatic. In addition to avoiding the discarding of valuahjgdates, this method
eliminates the explicit trust-region radius and its heigisiechanism, in place of
a meaningful measure of performance.

The description of the algorithm and the analysis of coremecg consider the
optimization of a smooth real functioh whose domain is a differentiable man-
ifold M with Riemannian metrig. Briefly, we exploit the intrinsic property of
the manifold known as the tangent plane at the current @gtadenoted bylyM.




This space, coupled with, is an abstract vector space where most of the effort
of the solution occurs via a mappirigy from TyM to M (called a retraction). The
Riemannian setting is beneficial because many interestotggms are very easily
described in terms of optimizing a smooth function on a n@dife.g., the eigen-
value problem studied in this paper). Furthermore, as stésmore general setting
than that of unconstrained Euclidean optimization, allh&f material here is im-
mediately applicable to the latter. By identifyilgj= RY along with the canonical
identification TyM = RY, and choosingy as the canonical Euclidean dot product
andRy(h) = (y+ h), the approach described in this paper results in an implicit
trust-region method for functions defined BA.

Section 2 reviews the workings of the RTR and describes ti&IRodifica-
tion. Section 3 presents the global and local convergenogepties for the IRTR
method. Section 4 shows the feasibility of the IRTR methadHe symmetric gen-
eralized eigenvalue problem, and Section 5 presents noaheesults illustrating
the benefit of this approach.

2 Implicit Riemannian Trust-Region Method

This section briefly reviews the workings of the Riemannianst-Region (RTR)
method and introduces the Implicit Riemannian Trust-Re@iBTR) method. The
attempt is made to limit the amount of background mater@infdifferential ge-
ometry and Euclidean optimization. Interested readerseremmended to see
(Boo75; dC92) for theory on Riemannian manifolds. Trugfioa information
can be found in most books on unconstrained optimizatianexample (CGTOO;
NW99). Readers interested in optimization on Riemannianifolds and the RTR
are recommended (ABGO06c¢) and the upcoming (AMSO07).

The goal of the IRTR, like that of the RTR, is to find a local miiger of the
objective function

f:MU1R;

whereM is a differentiable manifold anglis a Riemannian metric dvl. Together,
(M;g) describes a Riemannian manifold. The RTR method, like Baal trust-
region methods, computes iterates by solving a minimingtimblem on a model
of the objective function. However, the RTR performs thisdelominimization,
not on the manifoldv, but on the tangent bundleM. This is achieved through the
use of a mapping calledratraction. The retraction maps the tangent burfdig
to the manifold. More specifically, a retractiBhmaps a tangent vector 2 TyM
to an elemenR,(x) 2 M. The retraction is used to define a “lifted” cost function

f=f R:TM I R:



At a single pointy 2 M, we can restrict the domain dfto yield fy =f Ry:TyM 1
R.

The benefit of this is that the tangent plane, coupled witlRigenannian met-
ric g, is an abstract Euclidean space, and therefore a more damild convenient
arena for conducting numerical optimization. The RTR métfadlows the exam-
ple of Euclidean trust-region methods by constructing aehwyl of fy and solving
thetrust-regionsubproblem usingy:

minimizemy(x); subject togy (X; X) D’ D)

whereDis thetrust-regionradius. We assume through the paper that the mmglel
is a quadratic model of, which approximatedy to at least the first order:

m(x)= f0)+ & xigradfy(0) + Sgy(x;H Ix]); @

whereH y[x] is a symmetric operator oijM and Q is the additive identity iffyM.
The tangent vectox is used to generate a new iterate, which is accepted de-
pending on the value of the quotient

fAy(Oy) fAy(X),
my(0y) my(x)’

The value ofry(x) is also used to expand or shrink the trust-region radius. The
RTR algorithm is stated in Algorithm 2.1.

®3)

ry(x) =

Algorithm 2.1. Require: Complete Riemannian manifol(d/;g); scalar eld f
on M; retraction R from TM to M.
Input: D> 0, Dy 2 (0;D), andr’ 2 [0; %1)- initial iterate yp 2 M.
Output: Sequences of iteratdgg.
1: fork=0;1;2;::: do
2. Model-based Minimization

3. Obtain hy by approximately solvingl)
4:  Evaluatery = ry,(hg) asin(3)
5. Adjust trust region
6 if re< then
7: SetDgs 1= 3Dk
8 eseif rie> 2 andkhgk = Dy then
9: SetDy+ 1 = min(2Dy; D)
10: €se
11: SetDy+ 1 = Dk
12:  endif



13:  Compute next iterate
14:  if re> r'then
15: Set 1= Ry, (hy)

16: €se

17: Sety+1 = Yk
18: endif

19: end for

The general algorithm does not state how (1) should be soMéxdhave pre-
viously advocated the use of the truncated conjugate graciethod of Steihaug
and Toint (see (Ste83) or (Toi81) or (CGTO00)). This method tee benefit of
requiring very little memory and returning a point inside tiust-region. It can
also exploit a preconditioner in solving the model mininiiga. Algorithm 2.2
states a preconditioned truncated conjugate gradientaaétin solving the model
minimization on the tangent plane.

Algorithm 2.2. Input: Iterate y2 M, gradf(y) 6 O; trust-region radiusD; con-
vergence criteriak 2 (0;1), g > 0; model ny as in 2; symmetric/positive de -
nite preconditioner M TyM ¥ TyM

1. Setho= 0y, ro= gradf(y), =M lrg,do= 2
2: for j=0;1;2;::: do
3:  Check k=g stopping criterion

if krik  krokmin k;krok? then
return h
end if

Check curvature of current search direction
if gy(Hy[d;];dj) Othen
Computet > Osuch thath = hj+ td; satis eskhk= D
10: return h
11:  endif
12:  Setaj = gy(zj;rj)=gy(H y[d;];dj)
13:  Generate next inner iterate
14:  Sethj+1= hj+ ajd;
15:  Check trust-region
16:  if khj+1k> Dthen

© o NGOk

17: Computet > Osuch thath = hj + td; satis eskhk= D
18: return h
19: endif

20:  Use CG recurrencesto update residual and search direction
21:  Setrsq1=rj+ ajH [dj]
22: Set 4+1: M 1rj+l



230 Setbj+1= 0y(zZj+1:rj+1) =0y (zj;r)
24 Set q+ 1= Zj+ 1+ bj+ 1d]
25: end for

The classical trust-region mechanism has many favoralaleirfes, including
global convergence to a critical point, stable convergemtg to local minimizers,
and superlinear local convergence (depending on the chbipeadratic model)(see
(ABGO06cC)). The trust-region heuristic is self-tuning, Bukat an appropriate trust-
region radius will eventually be discovered by the alganithn practice, however,
this adjustment can result in wasted iterations, as prapisetes are rejected do
to poor scores under.

We propose a modification to the trust-region method. Thiglifroation by-
passes the step size heuristic and directly addresses ttel performance. The
implicit trust-region is defined as a superlevel set of

x2TM:ryx) r": (4)

The model minimization now consists of

minimizem,(x); subject tory(x) r": (5)

The implicit trust-region contains exactly those pointatttvould have been
accepted by the classical trust-region mechanism. Thét rigsthat there is no
trust-region radius to adjust and no rejections. The IRT@g@thm is stated in
Algorithm 2.3.

Algorithm 2.3. Require: Complete Riemannian manifold/;g); scalar eld f
on M; retraction R from TM to M.
Input: D> 0, Dy 2 (0;D), andr? 2 (0;1), initial iterate yp 2 M.
Output: Sequences of iteratdgg.
1. fork=0;1;2;::: do
2. Model-based Minimization
3:  Obtain hy by approximately solvingp)
4:  Compute next iterate
5. Sety+1= Ry (hk)
6: end for

The new trust-region definition modifies the model minini@at and these
modifications must be reflected in the truncated conjugaaelignt solver. The
trust-region definition occurs in the solver in two casesewlesting that the CG
iterates remain inside the trust-region, and when movioggkearch direction to
the edge of the trust-region. The updated truncated cotguggadient algorithm is
displayed in Algorithm 2.4.



Algorithm 2.4. Input: Iterate y2 M, gradf(y) 6 0; trust-region parameter’ 2
(0;1); convergence criterigk 2 (0;1), g > 0; model ny as in 2; symmet-
ric/positive de nite preconditioner MTyM ¥ TyM

1: Setho= 0y, ro= gradf(y), =M 'rg,do= 2
2: for j=0;1;2;::: do
3:  Check k=g stopping criterion

4:  ifkrjk  krokmin k;krok? then

5 return h

6: endif

7 Check curvature of current search direction

8: if gy(Hy[dj];dj) Othen

9 Computet > Osuch thath = h; + td; satis es|ry(h) = 7Y

10: return h

11:  endif

12:  Setaj= gy(z;rj)=gy(H y[dj];dj)
13:  Generate next inner iterate

14: Sethj+1: hj+ ajdj

15:  Check trust-region

16:  if[ry(hjs1) < r’|then

17: Computet > Osuch thath = h; + td; satis es|ry(h) = 7Y
18: return h

19:  endif

20:  Use CG recurrences to update residual and search direction
21:  Setrsq1=rj+ ajH [dj]

22: Set:;+1: M 1rj+1

230 Setbj+1= 0y(zZj+1:rj+1) =9y (zj;r)

24: Set q+1: Zjy1t bj+1dj

25: end for

The benefit of the classical trust-region definition is thast-region member-
ship is easily determined, requiring only a norm calcutatid’he implicit trust-
region, on the other hand, requires checking the value ofipigate vector under
r. Furthermore, there are two occasions in the truncated CiBaaehat require
following a search direction to the edge of the trust-regiinthe case of the im-
plicit trust-region, this will not in general admit an antidyl solution, and may
require a search aof along the direction of interest. Each evaluationrofvill
require evaluating the objective functidnwhich will be unallowable in many ap-
plications. However, we show in Section 4 that in a specificvany important
application—the symmetric eigenvalue problem—the IRTgoathm can be im-



plemented in a remarkably efficient way, and yields an algorithat outperforms
state-of-the-art methods on certain instances of the @nobln addition to provid-
ing an efficient application of the IRTR, this analysis witbgide a new look at
an existing eigensolver, the trace minimization methodogethis, Section 3 will
show that the IRTR inherits all of the convergence propeiethe RTR.

3 Convergence Analysis for IRTR

The mechanisms of the IRTR method are sufficiently diffefemin those of the
RTR method that we must construct a separate convergenoey,thtbeit one that
is readily adapted from the classical trust-region theSpction 3.1 describes con-
ditions that guarantee global convergence to first-ordécalr points. Section 3.2
describes the local convergence behavior of the IRTR.

In the discussion that followgM; Q) is a complete Riemannian manifold of
dimensiond andR is a retraction oM, as defined in (ABG06c). We assume that
the domain oR s the whole ofT M. We define

f:TM ¥ R:x A f(R(X)) ; (6)

and denote by, the restriction off to T,M, with gradient grady(0,) abbreviated
gradfy. Recall from (2) thaimy has the form

N A 1
my(x) = fx(0x)+ gx x;gradfy + égX(X;H XD ;
with a direction of steepest descent at the origin given by

s_ gradf,

2T 7
Px kgradfyk "

Similar to the convergence proofs for RTR, we will utilizeethoncept of a
radially Lipschitz continuously differentiable functionThis concept is defined
here.

De nition 3.1 (Radially L-C* Function) Letf:TM ¥ R be as in(6). We say that
f is radially Lipschitzcontinuouslydifferentiable if there exist realbg. > 0 and
drL > Osuch that, for all X2 M, for all x 2 TyM with kxk = 1, and for all t< dg,
it holds

d - . d - .
Efx(tx)lt:t afx(tx)ltzo bret : (8)



3.1 Global Convergence Analysis

The main effort here regards the concept of the Cauchy pség (NW99)). The
Cauchy point is defined as the point inside the current tegibn which minimizes
the quadratic modefn, along the direction of steepest desceningf In trust-
region methods employing a spherical or elliptical defam# of the trust-region,
the Cauchy point is easily computed. This follows from thet fhat moving along
a tangent vector (in this case, the gradienngfwill cause you exit the trust-region
only once and never re-enter it. However, for the IRTR metllegending on the
function ry, it may be possible to move along a tangent vector, exitind) r@a
entering the trust-region numerous times. Therefore, it beedifficult to compute
the Cauchy point; in some cases, the Cauchy point may notesish

One solution is to restrict consideration to a local trugiior. Definition 3.2
defines the relevant segment along the direction of steeessent, and Defini-
tion 3.3 defines thdocal Cauchypoint. Theorem 3.4 describes the form of the
local Cauchy point, while Theorem 3.5 gives a bound on itgekese under the
modelm,. All of these results are analogous to theorems and confreptsclas-
sical trust-region theory (see (CGTO0O0; NW99)).

De nition 3.2 (Local Trust-Region) Consider an iterate 2 M, gradf, 6 0, and
a model m as in (2). Letry be de ned as in(3) and let [§ be the direction of
steepest descent of ngiven in(7). Thelocal trust-regionalong pg is given by the
following set:

tpy:0<t Dy ;
whereDy speci es the distance to the edge of the trust-region alopiggiven by
Dy=inf t>0:ry tpy <r’ : (9)

The local Cauchy point will fulfill the same role as the Cau@ont, except
that it is confined to the local trust-region instead of threty of the trust-region.
The formal definition follows.

De nition 3.3 (Local Cauchy Point) Consider an iterate 2 M, gradf} 6 0, and
a model m. Thelocal Cauchypoint g is the point

pk = txpy ; (10)

where
ty= argminmy(t pg) ;
0t D

and whereD, and [ are from De nition 3.3.



The local Cauchy point is easily computed without leaving tiust-region.
This makes it an attractive target when solving the trugiere subproblem using a
feasible point method (such as the truncated conjugateemtachethod discussed
in this paper). As such, the global convergence result faiRIRvill require that
every solution to the trust-region subproblem produceastlas much decrease in
my as the local Cauchy point. Therefore, we wish to descrileedbcrease. Before
that, we present some helpful properties of the local Capciit.

Theorem 3.4. Consider an iterate 2 M, gradfx 6 0, andr’2 (0;1). Then the
local Cauchy point takes the form

Pk = s
where
( .
, Ds n o fg O
= £ 1.3
X min DX;% otherwise

% ox gradfy; H «[gradfy]

Furthermore, iff, is bounded below, thefy < ¥.

Proof. Assume first thag, 0. Thenmy, monotonically decreases as we move
along pg, so that the minimizer along inside[0; Dy] is txp$ = Dyps.

Assume instead thak > 0. Thenmy has a global minimizer alongg att pg,
where ~

_ O« pooradfy _ kgradfyk®
ax (PR; H x[PR)]) %

If t 2(0;Dy), thenty= minfD;t g=t is the minimizer ofmy along p§ in
the local trust-region, antpy is the local Cauchy point. Otherwisg, t . Note
thatm, monotonically decreases alopg betweer[0;t ], so that the minimizer of
my along pg betweer[0; Dy] occurs aDy = minfDy;t g = ty, andtypg is the local
Cauchy point.

Assume now thaf is bounded below. We will show that < ¥ . First consider
wheng> 0. We have thaty = minft ;Dyg. Butt is finite, so thaty is finite as
well.

Consider now thay 0. Assume for the purpose of contradiction that ¥ .
ThenDy = ¥, and forallt > 0, ry(tpg) r'. Then

lim f(0)  fu(t pY)

limy r(tpy) md0)  my(t pY)

lim r® m(0)  my(tpy)
= ¥

10



But this contradicts the assumption tHais bounded below. Therefore, our initial
assumption is false ard is finite. O

The next theorem concerns the decreasgiassociated with the local Cauchy
point, as described above. The proof is a straightforwardification of the clas-
sical result; see (ABGO6c).

Theorem 3.5. Take an iterate 2 M, gradfx 6 0, andr'2 (0;1). Then the local
Cauchy point p (as given in Theorem 3.4) has a decrease jrsatisfying

kgradfyk

1 .
L L . )
m(0)  my(px) 2kgradkam|n Dy; KH &

The last result needed before presenting the global coemeegresult proves
that, under the radially Lipschitz continuous assumptiorﬁ,cnur local trust-region
in the direction of steepest descent always maintains ainesize. The following
lemmas guarantee this.

Lemma 3.6. Assume thaf is radially L-C'. Assume that there existy 2 (0;¥)
such thatkkH yk by for all X 2 M. Then forallr! 2 (0; 1), there exists dp> 0
such that, for all X2 M, gradf, 6 0, and all t2 (0;1],

ry tmin bpkgradfik; k. ps  r':

Proof. As a consequence of the radially@*property, we have that
R0 f(O) o gradfyx  Shrkek CEY
for all x2 M and allx 2 TyM such thakxk dg,.
Note that

(0 f(x) _ 1 () my(x) .
m(0)  mi(x) m(0)  my(x)

Lett 2 (0;1]. Let x be defined

rx(x) =

X = tmin bpkgradfk;dr. p;:

Then "
fx(x)  md(x) |

K= O M)

(12
Since
R0 m0= f0) KO o gradfix S8 0GHX)

11



it follows from (11) and from the bound diH sk that

fo(x)  my(x) %bRLtzminz bpk gradfyk; dri

1 A (13)
+ ébH t?min? bpkgradfik; dre
Also note that
m(0) my(x) = tmin bpkgradfik; cr. kgradfk gy (x;H x[x])
and
imd(0) myx)j tmin bpkgradfyk;der. kgradfk s

t?min? bpkgradfyk; dr. by
Then combining (13) and (14), we have

fu(x)  my(x) 1 (br.+ by )tmin bpkgradfik; dke
im(0)  my(x)j 2kgradfyk tmin bpkgradfyk;dri by
1 (br.+ by )bpkgradfik

2kgradfyk  bpkgradfykby

1(brL+ by )bp |

2 1 bDbH '

becauseémin bpkgradfik;dr.  bpkgradfik. Then it is easy to see that there
existsbp > 0 such that

1(br+ by )bo _

0.
2 1 bopy 1T

O

Corollary 3.7 (Bound onDy). It follows from Lemma 3.6 that, under the conditions
required for the lemma)y, min bpkgradfik;dg. .

The convergence theory of the RTR method (see (ABGO6c))igesviwo re-
sults on global convergence. The stronger of these redaltsssthat the accu-
mulation points of any series generated by the algorithncatieal points of the
objective function. Theorem 3.8 proves this for the IRTR moelt described in
Algorithm 2.3.

12



Theorem 3.8(Global Convergence)Let fxg be a sequence of iterates produced
by Algorithm 2.3, eachyradf, 6 0, with r’ 2 (0;1). Suppose that there exists
by 2 (0;¥) such that eactkH , k by . Suppose that eacfy, is C!, and thatf

is radially L-C* and bounded below on the level set

x: f(x) f(xp)g:

Further suppose that each upddig produces at least as much decrease jp as
a xed fraction of the local Cauchy point. That is, for somastant g > O,

M (0) mg(hy) cikgradf, kmin Dﬂ;% ;
H
where the terms in this inequality are from Theorem 3.5.

Then
dlﬂ kgradf (x )k = 0:

Proof. Assume for the purpose of contradiction that the theorens cat hold.
Then there existe > 0 such that, for alk > 0, there existk K such that

kgradf(x)k > e:

From the workings of Algorithm 2.3,

f)  fe1) = 0 fi(h) = re(m)(me(0)  mg(hy)
r'(me(0)  my(hi)
r"cik gradfy kmin ka;%

H
kgradfy k

by ’
where the last inequality results from Corollary 3.7. Therdll K > 0, there exists

k K such that

r'cikgradf, kmin  bpkgradfyk; dri ;

f(x) f(x1) r'ciemin bDe;dRL;bi > 0
H

But becausef is bounded below and decreases monotonically with theté@gra
produced by the algorithm, we know that

lim (f(6) 104 2)= O

and we have reached a contradiction. Hence, our originahgstson must be false,
and the desired result is achieved. O

13



3.2 Local Convergence Analysis

The local convergence results for the IRTR require signitiydess modification
from the RTR than did the global convergence results. Fosdke of brevity, only
original proofs will be provided. Neglected proofs may berfd in (ABGO6c;
ABGO06a).

First, we ask one additional constraint be placed upon tin@ateon, in addition
to the definition of retraction from (ABGO6c). This is thaatithere exists some
m> 0 andd, such that

kxk nd(x;R«(x)); forallx2 M; forall x 2 TiM;kxk dy (15)

For the exponential retraction, (15) is satisfied as an @gualith m= 1. The
bound is also satisfied wheéhis smooth andV is compact.

We will state a few preparatory lemmas before moving on tHedal conver-
gence results.

Lemma 3.9(Taylor). Let x2 M, let V be a normal neighborhood of x, and et
be a C tangent vector eld on M. Then, for all2 V,
Z,

PO 1z,= z+ Nyz+ PO
0

; Yy ‘Ngyz Nyz dt;

whereg is the unigue minimizing geodesic satisfyigi@) = x andg(1) = y, and
x = Exply= ¢(0).

Lemma 3.10. Let v2 M and let f be a € cost function such thagradf(v) = 0
andHesd (V) is positive de nite with maximal and minimal eigenvaldgsy and

I min. Then, giveng< | nin and g > | nax there exists a neighborhood V of v such
that, for all x2 V, it holds that

codist(v;X)  kgradf(x)k cidist(v;X):

The first local convergence result states that the nondegtenimcal minima
are attractors of Algorithm 2.3/2.4. This theorem is unrfiedifrom the same
result for the RTR.

Theorem 3.11(Local Convergence to Local MinimimaConsider Algorithm 2.3/2.4—
i.e., the Implicit Riemannian Trust-Region algorithm wééne trust-region sub-
problem(1) is solved using the modi ed truncated CG algorithm-withthk as-
sumptions of Theorem 3.8 (Global Convergence). Let v be degmmerate local
minimizer of f, i.e.gradf(v) = 0 andHesd (V) is positive de nite. Assume that

x ¥ kH, kis bounded on a neighborhood of v and t(#) holds for somen> 0

and d,> 0. Then there exists a neighborhood V of v such that, forg ¥, the
sequencdxg generated by Algorithm 2.3/2.4 converges to v.

14



Now we study the order of convergence of the sequences thaeige to a
nondegenerate local minimizer. This result is the samerabhéoRTR, though the
proof is modified somewhat. The new effort concerns the pifwattfthe trust-region
eventually becomes inactive as a stopping condition onrthreated CG.

Theorem 3.12(Order of Local Convergence)Consider Algorithm 2.3/2.4. Sup-
pose that R is Eretraction, that f is a @ cost function on M, and that

kHy, Hess (0y)k by kgradf(x)k; (16)

that is,H , is a suf ciently good approximation dﬂess‘;k(oxk). Letv2 M be a
nondegenerate local minimizer of f, (i.gradf(v) = 0 and Hesd (V) is positive
de nite). Further assume thatless,(0y) is Lipschitz-continuous & uniformly
in a neighborhood of v, i.e., there exigt,, d; > 0 and db > 0 such that, for all
X2 By (v) and all x 2 By, (0x), there holds

kHess(x) Hesd(00)k bokxk: (17)

Then there exists ¢ 0 such that, for all sequencdsg generated by the algorithm
converging to v, there exists X 0 such that for all k> K,

dist(xe 1;V)  c(dist(x;v)) ™I 120

Proof. We will show below that there exifD, Co, C1, Cp, C3, cO3 C4, andcs such
that, for all sequencebg satisfying the conditions asserted,a M, all x with
kxk D, and allk greater than somi€, there holds

codist(vixc)  kgradf(x)k — cadist(v;x); (18)

khik — cakgradmy (O )k D (19)
kgradf(Rg(x))k cskgrad ka(x) K; (20)
kgradmy (x) gradf, (x)k cskxk?+ cikgradf (x)kkxk; (21)
kgradmy (h)k  cokgradm, (0)k9*2; (22)

wherefhyg is the sequence of update vectors correspondingxm. With these
results at hand, the proof is concluded as follows. FdealK, it follows from (18)
that

codist(v;xr 1)  kgradf(xw 1)k = kgradf (R (h))k;
and from (20) that

kgradf (R (m)k  cskaradfy (hk;
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and from (19) and (21) and (22) that
kgradfy (h)k kgradm, (hy) gradfy (h)k+ kgradm, (h)k
(cac3 + cyeq)kgradmy, (O)k?+ cokgradm,, (0)k9* L
and from (18) that

kgradm,, (O)k = kgradf(x)k cidist(v;X):
Consequently, taking larger if necessary so that digtx) < 1 for all k> K, it
follows that
Codist(Vixk+ 1) kgradf (X 1)k
cs(CaC3 + caca)kgradf (x)k? + cscokgradf (x)kd+?
Cs (€3G + ) CE(dist(vixi)) >+ cocd " H(dist(v %)) ¥ )
Cs((CaCh+ CaCa)CE + Cocd ™t )(dist(v; ) ™A+ 19
for all k> K, which is the desired result. It remains to prove the bout8}-(22).
Equation (18) comes from Lemma 3.10 and is due to the facutisa nonde-
generate critical point. Equations (19)-(21) are prove@hNBGO06C).

It remains only to prove (22). Leaj denotekgradf(x)k. It follows from the
definition ofry that

1= M) fu(ho) .

r = : 23

< 1T (0 My ®9
From Taylor's theorem (3.9), there holds
Z,

fu (M) = i (0) + O (gradf (x); hi) + o G Hessh (th)[hl;he (1 t)dt:

It follows that

M () fi(h) = Zol O (Hulhdi i) g Hessh(thlhdihe (1 t)dt
20; ?xk (Hy Hessh (O ))Mdihe (1 t)dt
t O (Hesdy (0) HesS(th))[h;he (1 t)dt

%bH gkhik® + %bl_zkhkk3:

It then follows from (23), using the bound on the Cauchy dasee that

(3by g+ bLokhgk)khik?

kric 1k 6gc minfDy; g=bg
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whereb is an upper bound on the normidfy, . SinceDx  minfbpg; dr g (Corol-
lary 3.7) and limsy g = O (in view of Theorem 3.8), we can choogelarge
enough thaDx  bpg, for all k> K. This andkhyk  caq yield

(3by - bL2C42’C421Q§ _

krk 1k
6min bp; i &

Since limey g = 0, it follows that limcsy r= 1.

Therefore, the trust-region eventually becomes inactiva stopping criterion
for the truncated CG. Furthermore, becatizgg) converges tor and Hes$(v) is
positive definite, it follows thatd 5, is positive definite for alk greater than a
certainK. This eliminates negative curvature of the Hessian as gstgriterion
for truncated CG.

This means that the truncated CG loop terminates only aftécient reduction
has been made igradm,, (hy)k with respect tk gradmy, (Oy, ) k:

kgradmy (h )k  kgradm, (0y )k9* %,

(choosingK large enough thatgradmy, (0x, )k? < k for all k> K), or the model
minimization has been solved exactly, in which case gsgthy) = 0. In either
case, we have satisfied (22). O

4 Application: Extreme Symmetric Generalized Eigenspaces

We will demonstrate the applicability of IRTR for the sotutiof generalized eigen-
value problems. Given twa n matrices,/ is an eigenvalue if there exists a
non-zero vectov such that

Av= BVl :

If Ais symmetric and is symmetric/positive definite then the generalized eigen-
value problem is said to be symmetric/positive definite. His tase, the eigen-
values are all real and the eigenvectors Brerthogonal (and can be chosen
orthonormal).

Let the eigenvalues of the pen€i;B) bel1 [, ::: [, Consider the

will assume below, though it is not strictly necessary, thak [ p+ 1. Itis known
that then p matrix containing the leftmost eigenvectors is a globaliminer of
thegeneralizedRayleighquotient

f:R" P ¥ R:Y 7 trace (Y'BY) Y(YTAY) ;
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whereR" Pisthe setoh pmatrices of full column rank.

Itis easily shown that the generalized Rayleigh quotiepedes only on colgY).
Therefore,f induces a real-valued function on the sepedimensional subspaces
of R". This set is the Grassmann manifold G(gs8), and it can be endowed with
a Riemannian structure. The Riemannian trust-region nadtlas previously been
applied to finding extreme eigenspaces of a symmetricipesiefinite matrix pen-
cil (in (ABGO06b; ABG06¢c; ABGSO05; BAG06)). The manifold optization prob-
lem is stated as follows.

As in (ABGO06¢c; AMSO04), we will treat the Grassman manifolda&€p; n) as
the quotient manifoldR" ID=GLp of the non-compact Stiefel by the set of transfor-
mations that preserves column space. In this approach,spacd in Gragp;n)
is represented by any p matrix whose columns span the subspace. A real func-
tion h on Grasép;n) is thereby represented by its lifi:(Y) = h(colsp(Y)). To
represent a tangent vectorto Grasgp;n) at a pointY = colsgY), we will de-
fine a horizontal spackly. Thenx is uniquely represented by its horizontal lift
X=v, which is in turn defined by the following conditions: @) 2 Hy and (ii)
Dh(Y )[x] = Dh:(Y)[x+y] for all real functionsh on Grasép;n). In this way, the
horizontal spacély represents the tangent spalceGras$p;n). For more infor-
mation, see (ABGO6¢c; AMS04).

To simplify the derivation of the gradient and Hessian of Reyleigh cost
function, we define the horizontal space as

Hy= Z2R"P:ZTBY=0 : (24)
We will employ a (non-canonical) Riemannian megidefined as
gy (x;2)= trace (Y'BY) x\zv ; (25)
and a retraction chosen as
Ry (x) = colsgY + X+y) (26)

The objective function is the the generalized Rayleigh igmbt defined from
this point forward as follows:

f:Gras¢p;n) ¥ R:colsgY) A trace (Y'BY) (YTAY) : (27)

The retraction is used to lift this function from the manifdab the tangent plane,
yielding A
f:TGrasgp;n) ® R:x A f(R(X)); (28)

and, as beforefy is this function restricted t&y Gras§p;n).
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We denote bysy = | BY(YTB?Y) 'YTB the orthogonal projector onto the
horizontal spacély. An expansion offy yields:

fy ()= trace  (Y+ xoy)TBY + Xoy) (Y + xoy) TACY + Xoy)

trace (Y'BY) YTAY + 2trace (Y'BY) xLAY
+ trace (YTBY) x5, Axw Bxw(YTBY) YTAY +HOT
trace (Y'BY) YTAY + 2trace (Y'BY) x[ PsyAY

+ trace (Y'BY) x5 Pay Axw Bxwy(YTBY) YYTAY + HOT;
(29)

where the introduction of the projectors does not modify éxpression since
PsyX+y = X+y. Then using the Riemannian metric (25), we can make theWollp
identifications:

(gradf(Y ). = gradfy (Oy) ., = 2PsyAY: (30)
Hessfy (Oy )[X] ., = 2Psy Ax~y Bx~(YTBY) 'YTAY : (31)

An efficient implementation of the implicit RTR requires anderstanding of
the improvement ratio , repeated here:

fy (oy) fv(x) .
my (Oy) my(x)’

ry (x) =
wheremy is the quadratic model chosen to approximfte

my (x) = f(Y )+ gy (gradf(Y );x)+ %QY (Hy [x;x): (32)

Note that the model Hessidhy has been left unspecified, as its effectnon, and
therefore orry , may cause us to prefer one form over another. In the dismussi
that follows, we will examine two choices for the model Hassi

4.1 Case 1.;TRACEMIN Model

We assumed above the matriceandB are both symmetric and thBtis positive
definite. Consider the case now whéres positive semi-definite, and that we have
chosen for the model Hessian the operator

(Hy [X])wy = 2PsyARsyX-y:
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Note that this operator is symmetric/positive definite, st the model minimiza-
tion problem is well-defined. Assume also that the basigpresentingr is B-
orthonormal (this is easily enforced in the retraction).isTdssumption simplifies
many of the formulas. Take some update ved¢td@® Ty Grasgp;n) produced by
(approximately) minimizingny . We assume nothing a@f except that it does pro-
duces a decreaseiny ,i.e.my (Oy) my (h)> 0.

Consider the form of :

f(y) f(Ry(h) _ f(Y) Tf(Rv(h).
my (Oy) my(h)  f(Y) my(h)

The following developments allow us to say more about thaee/a} (h):

ry (h)= (33)

f(Ry (h)) = f(colsp(Y + h=y)) = f-(Y+ h-y)
trace (Y+ hw)TB(Y+ hey) “(Y+ ho)TAKY + hoy)  (34)
trace (1+ hX,Bhuwy) (Y + hwy)TA(Y + hey)

1
my (h) = f(colsp(Y))+ gy (gradf(Y );h)+ Sgv (Hy [h]: )
= trace YTAY + 2trace hL AY + trace h\ Ah.y (35)
= trace (Y + hw)TA(Y + hw) -

BecauseB is symmetric/positive definite, theln+ h..TYBh--Y is also symmet-
ric/positive definite with eigenvalues greater than or éqaaone. Then(l +
h..TYBh--Y) L is symmetric/positive definite with eigenvalues less thaequal to
one. SinceA is symmetric/positive semi-definite, thé¥ + h-)TAY + hwy) is
symmetric/positive semi-definite. Then we know that

trace (I + h,Bhw) Y(Y+ hy)TA(Y + hey)  trace (Y + hey)TA(Y + huy) -
This, along with (34) and (35), yields:

f(Ry (h))  my (h): (36)
Substituting this result back into (33), we obtain the failog:

f(y) f(Rv (h))
f(y) my(h)
This means that for amy’ 2 (0; 1) and any tangent vectdr 2 Ty Gras$p; n) which

produces a decrease in the model (35), we haverthéh) 1> r’ ie., hisin
the implicit trust-region.

y (h) =
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The truncated CG iteration (Algorithm 2.4) computes itesavhich are mono-
tonically decreasing under the quadratic model. Therefihrese iterates are all
member of the trust-region. This, combined with the positiefiniteness of the
chosen Hessian, ensures that the truncated CG will terenvayy after reaching
the desired residual decrease. It is, in effect, an inexagitbh iteration with an
approximate Hessian.

The resulting algorithm is nearly identical to the trace imigation algorithm
(see (STOO; SW82))TRACEMIN computes the leftmost eigenpairs of a symmet-
ric/positive definite matrix penc{lA; B)) by minimizing the function

tracY ' AY)

for YTBY = Ip. The proposed iteration seledds. 1 as aB-orthonormal basis for
Y« D, whereD (approximately) solves the following:

minimize(Yc D)TA(Yx D); subject toY BD= O: (37)

The significant difference betweamrRACEMIN and the RTR/IRTR algorithm
described above involves the solution of the model minitiors (32) and (37),
and this difference illustrates an easily overlooked ottersstic of the IRTR/truncated
CG approach: while the model minimization for the chosemeggntation can be
written as a system of simultaneous linear equations

PeyARsyhwy = PayAY;

the RTR/IRTR computes a solution using a single-vectoaiien. This is equiva-
lent to applying CG to solving the linear system

2 32 3 2 3
PeyARsy heye; PeyAY e
E PavARsy z gh"Yezz B EPBYAY% _
PeyARsy  h-vep PevAY g

This is because the p matrix h-y represents a tangemectorh. This should be
contrasted against theindependent equations solvedliRACEMIN.

Another consequence of the Hessian ch¢lde [x])., = 2PsyARsyXwy is that
it does not adequately approximate the actual Hessidn A$ a result, the method
yields only a linear rate of convergence. This result wasaknby the authors of
TRACEMIN, due to the relationship between optintf’lACEMIN and the subspace
iteration method (see (ST00; SW82)). The approach in tHewolg subsection
addresses the slow convergence by using a more accuraté fexéan.
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4.2 Case 2: Newton Model

Consider the case where the quadratic madgelis chosen as theewtonmodel,
i.e., the quadratic Taylor expansion ff:

my (x)= f(Y )+ gv (gradf(Y );x)+ %gv Hessfy (Oy )[X];x :

We wish to perform an analysis of, for the Newton model just as we did for
theTRACEMIN model. Assume as before thatis represented byB-orthonormal
basis, i.eYTBY = |. Take some tangent vectbr2 Ty Grasgp;n). Consider the
denominator of vy (h):

1
my (Ov) my (M= gy (gradi(Y );h) Sav (Hy[h]:h)
2trace h,AY  trace h\ Ah-y hLBh~YTAY

trace h\ Bh-yYTAY 2hJAY hL ARy
trace M :

(38)
for M = hX,Bh~YTAY 2hLAY hl Ah.. Consider the numerator:

fy (Oy) fy(h)= f(colspY)) f(colspY + h))
trace YTAY (Y + hoy)TB(Y + hoy)  “(Y + hoy)TACY + hoy)

trace |+ hLBhw © hLBhYTAY 2hLAY hLAh-y
trace (I + h,Bhwy) M :

(39)

This formula, to our knowledge, does not in general admitwssful informa-
tion aboutry (h). However, in the specific case pf= 1, we see that

1

ry(h)= ————:
v ()= AT By

(40)

This formula forry enables the two actions required to efficiently implement
the IRTR: an efficient method for evaluatimg (h); and the ability to efficiently
move along a search direction to the edge of the trust-regiime result is an
inexact Newton iteration along with stopping criterion ttieamsure strong global
convergence results and a fast rate of local convergence.

This technique, like that resulting from applying the RTRthis problem,
has many similarities to the Jacobi-Davidson method (swegXample, (SV96)).
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In (Not02), the author developed an analysis which (inegjpeity) provides knowl-
edge of the residual of the outer (eigenvalue) iteratiorethas the conjugate gra-
dient coefficients used to solve the Jacobi-Davidson cboreequation. Notay
suggests exploiting this information as a stopping coteffor the inner iteration.
His suggestion involves stopping the inner iteration whea marginal decrease
in the outer residual is less than some fraction of the mafglacrease in the in-
ner residual. The implicit trust-region, on the other hasd;omprised of strictly
those points where the decrease under the objective funigtisome fraction of
the decrease of the quadratic model. In this regard, botfoappes strive to stop
the inner iteration when it becomes inefficient or irreldvaith regard to the outer
iteration, though the IRTR does this in a way that yieldsrgirglobal convergence
results.

The next section examines the performance of the IRTR forpeimg the
leftmost eigenpair of a symmetric/positive definite mapeqcil.

5 Numerical Results

This section illustrates the potential efficiency of the RRinethod over the RTR
method for the problem of computing the leftmost eigenplérsymmetric/positive
definite matrix pencil. The IRTR is also compared againstutherPcG method
from (Kny01), as implemented in (HLO6). This method was @mbecause it
implements a state-of-the-art optimization-oriented,-l@4Sed eigensolver. Both
methods were implemented in the Anasazi eigensolver packéghe Trilinos
package (see (BHLTO05) and (HBI93)). Tests were conducted using a single
processor, on a PowerMac with dual 2.5 GHz G5 processors @&l memory.

The pencil used for experimentation derives from a finitenelet discretization
(with linear basis functions) of a one-dimensional La@aci The parameten
refers to the number of elements in the discretization. Taameterr' is the
acceptance parameter. IRTR was evaluated for multipleesaddir ’, to illustrate
the effect of the parameter on the efficiency of the methodleTa lists the results
of the comparison.

This testing shows that the IRTR has the potential to exdezgérformance of
the RTR, while maintaining competitiveness against metlumsigned specifically
for solving this class of problems.
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