SYMMETRY IN SEMIDEFINITE PROGRAMS

FRANK VALLENTIN

ABSTRACT. This paper is a tutorial in a general and explicit procedure to sim-
plify semidefinite programming problems which are invariant under the action
of a group. The procedure is based on basic notions of representation theory
of finite groups. As an example we derive the block diagonalization of the Ter-
williger algebra in this framework. Here its connection to the orthogonal Hahn
and Krawtchouk polynomials becomes visible.

1. INTRODUCTION

A (complex) semidefinite programming probl&yan optimization problem of
the form

(1) min{(C,Y) : (4;,Y) <b;,i =1,...,n,andY > 0},
where 4; € CX*X andC e CX*X are Hermitian matrices whose rows and
columns are indexed by a finite s&, (b1,...,b,)" € R" is a given vector and

Y e CX*X is a variable Hermitian matrix and wher& “> 0" means that”
is positive semidefinite. HeréC,Y) = trace(CY) denotes the trace product
between matrices.

Semidefinite programming is an extension of linear programming and has a wide
range of applications: combinatorial optimization and control theory are the most
famous ones. Although semidefinite programming has an enormous expressive
power in formulating convex optimization problems it has a few practical draw-
backs: Robust and efficient solvers, unlike their counterparts for solving linear
programs, are currently under heavy development. So it is crucial to exploit the
problems’ structure to be able to perform computations.

In the last years many results were obtained if the problem under consideration
has symmetry. This was done for a variety of problems and applications: inte-
rior point algorithms (Kanno, Ohsaki, Murota, Katoh[16] and de Klerk, Pasechnik
[5]), polynomial optimization (Parillo and Gatermann[10] and Jansson, Lasserre,
Riener, Theobald [14]), truss topology optimization (Bai, de Klerk, Pasechnik,
Sotirov [3]), quadratic assignment (de Klerk, Sotir@¢v [7]), fast mixing Markov
chains on graphs (Boyd, Diaconis, Xiad [4]), graph coloring (Gvozdenovic, Lau-
rent [13]), crossing numbers for complete binary graphs (de Klerk, Pasechnik,
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Schrijver [6]) and coding theory (Schrijver [20], Gijswijt, Schrijver, Tanaka [11]
and Laurent[18]).

In all these applications the underlying principles are similar: one simplifies the
original semidefinite program which is invariant under a group action by apply-
ing an algebra isomorphism mapping a “large” matrix algebra to a “small” matrix
algebra. Then it is sufficient to solve the semidefinite program using the smaller
matrices. The existence of an appropriate algebra isomorphism is a classical fact
from Artin-Wedderburn theory. However, in the above mentioned papers the ex-
plicit determination of an appropriate isomorphism is rather mysterious. The aim
of this paper is to give an algorithmic way to do this which also is well-suited for
symbolic calculations by hand.

The paper is structured as follows: Secfipn 2 recalls basic definitions and shows
how the Artin-Wedderburn theorem stated[ih (4) can be applied to simplify a semi-
definite program invariant under a group action. Segtjon 3 contains a proof of the
Artin-Wedderburn theorem giving an explicit isomorphism. In Sedtjon 4 we apply
this to the Terwilliger algebra.

This paper is of expository nature and probably few of the results are new. On
the other hand a tutorial of how to use symmetry in semidefinite programming
is not readily available. Furthermore our treatment of the Terwilliger algebra for
binary codes is new. Schrijver [20] treated the Terwilliger algebra with elementary
combinatorial and linear algebraic arguments. Our derivation has the advantage
that it gives an interpretation for the matrix entries in terms of Hahn polynomials.
In a similar way one can derive the block diagonalization of the Terwilliger algebra
for nonbinary codes which was computed by Gijswijt, Schrijver, Tanaka [11]. Here
products of Hahn and Krawtchouk polynomials occur.

2. BACKGROUND AND NOTATION

In this section we present the basic framework for simplifying a semidefinite
program invariant under a group action.

Let G be a finite group which acts on a finite sétby (a, x) — z® witha € G
andz € X. This group action extends to an action on pairsy) € X x X
by (a, (z,y)) — (z* y*). In this way it extends to square matrices whose rows
and columns are indexed by: for an X x X-matrix M we haveM®(x,y) =
M (2%, y*). A matrix M is calledinvariant underG if M = M foralla € G.

A Hermitian matrixY” € CX*X is called afeasible solutiorof (@) if it fulfills
the conditions(4;,Y) < b, andY > 0. It is called anoptimal solutionif it is
feasible and if for all other feasible solutiol’s we have(C,Y") < (C,Y").

We say that the semidefinite program (1)rigariant underG if for every fea-
sible solutionY” and for everya € G the matrixY® is again a feasible solution
and if it is satisfiegC,Y?) = (C,Y) for all a« € G. Because of the convexity of
(1) one can find an optimal solution ¢f (1) in the subsp&e# matrices which are
invariant undeiG. In fact, if Y is an optimal solution of (1), so i%‘ Yoacc YO
Hence,[(1) is equivalent to

(2) min{(C,Y) : (4;,Y) <b;,i=1,...,n, Y = 0andY € B}.
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The setX x X can be decomposed into the orldits, . . ., Ry by the action of7.
For everyr € {1,..., N} we define the matrix3, € {0,1}**X by B,(z,y) =1
if (z,y) € R, andB,(x,y) = 0 otherwise. TherB, ..., By forms a basis oB.
We call By, . .., By thecanonical basi®f B. If (z,y) € R, we also writeB,
instead ofB,. Note that we havé, ,; = (B, )"

So the first step to simplify a semidefinite program which is invariant under a
group is as follows:

If the semidefinite prograrfi)) is invariant underG, then(l) is equivalent to

min{clyl+"'+CNyN Coapyr +o+Hanyny < b, i=1,...,n,
(3) y; = Ui if B; = (By)',
y1B1+---+ynBn i0}7

wherec, = (C, B,), anda;, = (4;, B,).

The following obvious property is crucial for the next step of simplifyipg (3):
The subspacé is closed under matrix multiplication. S8 is a (semisimple)
algebra over the complex numbers. The Artin-Wedderburn theory (¢f. [17, Chapter
1]) gives:

There are numberg, andm, ..., mg SO that there is an algebra isomorphism

d

4) QDZB—)@(kaxmk.
k=1

This applied to[(B) gives the final step of simplifyiig (1):
If the semidefinite prograrfi]) is invariant underG, then(T) is equivalent to

min{clyl+"'+CNyN Coapy+cHainyny < b, i=1,...,n,
(5) yj = Uk if Bj = (By)",
y19(B1) + -+ + ynp(By) = 0.

Notice that sincep is an algebra isomorphism between matrix algebras with
unity, ¢ preserves eigenvalues and hence positive semidefiniteness. In accordance
to the literature, applying to a semidefinite program is callédbck diagonaliza-
tion.

The advantage df[5) is that instead of dealing with matrices of &ize | X| one
has to deal with block diagonal matrices witlbblock matrices of sizenq, ..., mg,
respectively. In many applications the swm + - - - + mg4 is much smaller than
| X | and in particular many practical solvers take advantage of the block structure.

3. DETERMINING A BLOCK DIAGONALIZATION

In this section we give an explicit construction of an algebra isomorphisth
has two main features: One can turn the construction into an algorithm as we show
at the end of this section, and one can use it for symbolic calculations by hand as
we demonstrate in Sectigh 4.
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3.1. Construction. We begin with some basic notions from representation the-
ory of finite groups. Consider the complex vector sp@ce with inner product
(f,9) = 3] Laex f(@)g(x). The groupG acts onC¥ by f*(x) = f(=*").
Note that the inner product o8¥ is invariant under the group action: For all
f,g € CX and alla € G we have(f%,¢%) = (f,g). A subspaced C CX is
called aG-spaceif H C H whereH® = {f*: f € H,a € G}. ltis called
irreducible if the only proper subspacH’ C H with H'® C H'is {0}. Two
G-spacest and H' are calledequivalentf there is anG-isometry¢ : H — H’,
i.e. a linear isomorphism witkh(f*) = ¢(f)* for all f € H anda € G and
(@(f),0(9)) = (f,g) forall f,g € H.

By Maschke’s theorem (cf. [12, Theorem 2.4.1]) one can decom@dser-
thogonally into irreducibl&z-spaces:

(6) CX=(Hyp L... L Hymy) L. L(Hgy L... L Hyp)),

where Hy; with k& = 1,...,dandl = 1,...,mg is an irreducibleG-space of
dimensionk;, and whereH;,; and Hy, ;» are equivalent if and only if = &’

Let A be the subalgebra X *X which is generated by the permutation matri-
cesP, € CX*X with ¢ € G where

(7) Pa(xay) = {

Because of (6) the algebr& decomposes as a complex vector space in the follow-
ing way

1 ifze =y,
0 otherwise.

d
8 Az pchie g, .
k=1
By B we denote theommutanof A:
9) B = Comm(A) = {BcCX*X.BA= ABforall A c A}.

Note that a matrixl/ € C**¥ is invariant undet if and only if it lies in the com-
mutant. The double commutant theorem [12, Theorem 3.3.7] gives the following
decomposition oB3 as a complex vector space:

d
(20) B = EBI’% ® CMkXmi
k=1
Letey 1, withr =1,..., hj be an orthonormal basis of the spdég;. Choose
G-isometriespy; : Hy1 — Hy;. Then,ex;, = éxi(ex1,) IS an orthonormal
basis ofH ;. Define the matrixty, ; ; € CX*X with i, = 1,...,my by
1
(11) Eyig(@,y) = X Y erii@)erji(y)-
1=1

The definition of these matrices depend on the choice of the orthonormal basis,
on the choseit7-isometries and on the chosen decomposifign (6). The following
proposition shows the effect of different choices.
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Proposition 3.1. By Ej,(x, y) we denote then;, x my, matrix (Ej ; ;j(z,y))s ;-

(a) The matrix entriedr;, ; ;(x, y) do not depend on the choice of the orthonor-
mal basis off}, ;.

(b) The change ofy; to agy; with a € C, |a| = 1, simultaneously changes
thei-th row andi-th column in the matrix, (x, y) by a multiplication witho and
@, respectively.

(c) The choice of another decompositionféf ; L ... L Hj ,,, as a sum of

my, orthogonal, irreducibleG-spaces changeBy (z, y) to U Ey(x, y)Ut for some
unitary matrixU € U(C™*).

Proof. This was proved iri[2, Theorem 3.1] with the only difference that there only
the real case was considered. The complex case follows mutatis mutandig]

The following theorem shows that the map

d

(12) ) B— e

k=1

mappingFEy, ; ; to the elementary matrix with the only non-zero eritrgt position
(i,7) in the k-th summandC™+*"+ of the direct sum is an algebra isomorphism.

Theorem 3.2. The matricedy;, ; ; form a basis of3 satisfying the equation
(13) ErijErir g0 = Ok k05 B g

Proof. The multiplication formula[(13) is a direct consequence of the orthonormal-
ity of the vectorse,, ;;. ThatEy ; ; is an element oB3 follows from [2, Theorem
3.1 (c)]. From[(IB) it follows that the matricds;, ; ; are linearly independent, they

span a vector space of dimensipri,_, mi Hence, by[(I]0), they form a basis of
B. O

Now the expansion of the basi. in the basidyy, ; ; with coefficientsp, (k, ¢, j)

d
(14) Br=3 "> pe(ki,j)Brije

gives the desired algebra isomorphism fr8nto the direct sumﬂagzl Ce XM ;

d mg

(15) e(Br) =Y > prlki, )y (B ),

k=11i,j=1

wherey was defined in(12).

3.2. Orthogonality relation. For the computation of the coefficients(k, , j)
the following orthogonality relation is often helpful.
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If we expand the basisX|E} ; ; in the basisB, we get a relation which after
normalization is inverse t¢ (14)

N
(16) | X| Bk = Z ki, (1) Br.
r=1

So we have a orthogonality relation betweendhe;:

Lemma 3.3. Letv, = |[{(z,y) € X x X : (z,y) € R, }|. Then,

N
(17) Z Uqu,i,j (T)Qk’7i’7j/ (’/‘) = |X|26k,k’5j,j’ trace Ek‘,iﬂ"-

r=1

Proof. Consider the su__ .y Ey; jEw j (2, ). On the one hand itis equal to

(18) > Okk0y g Erir (0, ) = O g trace By .
rxeX

On the other hand it is

1 <« —_—
(19) Z Z B j(w,y) By oo (y, x) = W Z UrQ,i,j (1) aw 5 (1),
r=1

zeX yeX

which proves the lemma. O

In the case thatrace E,; » = 0 wheneveri # ¢/, the orthogonality relation
gives a direct way to compuig (k, i, j) oncegy; ;(r) is known.

SinceE}; ; = Ey, the trace ofFy ; ; equals its rank. Because one can write
Ey;;as

hy
(20) Brii =Y enij(@rig)
j=1
andey; j, j = 1,..., hy, are linearly independent, the rank®f ; ; is hy,.
We have
o UG g(T)
21 r k72) = TviL
since by Lemmg 3|3 and the previous remark
N e —
(22) D 0rh (1) arrir o (1) = | X POk o606 4o
r=1
and by [(1#) and (16)

N
(23) > oelkyiy f)aws i o (r) = | X6k 4105065
r=1
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3.3. Algorithmic issues. We conclude this section by reviewing algorithmic is-
sues for computing. To calculate the isomorphism one has to perform the fol-
lowing steps:

(1) Compute the orthogonal decompositiph (8) into irreducibleG-spaces

HkJ.

(2) For every irreducibl€-spaceH}, ; determine an orthonormal basis.

(3) FindG-isometriespy,; : Hy 1 — Hy.

(4) Express the basB, in the basisty, ; ;.

Only the first step requires an algorithm which is not classical. Here one can

use an algorithm of Babai anddRya [1]. It is a randomized algorithm running
in expected polynomial time for computing the orthogonal decomposition (6). It
requires the permutation matric&s given in [7) as input, where runs through
a (favorably small) generating set 6t The other steps can be carried out using
Gram-Schmidt orthonormalization and solving systems of linear equations.

4. BLOCK DIAGONALIZATION OF THE TERWILLIGER ALGEBRA

The symmetric groug,, acts on the seX = {0, 1}" of binary vectors with
lengthn by (21,...,2,)7 = (To1)s---»Tom))- IN [20] Schrijver determined
the block diagonalization of the algebfof X x X-matrices invariant under
this group action. The algebi is called theTerwilliger algebra of the binary
Hamming schemeNow we shall derive a block diagonalization in the framework
of the previous section. In this it is possible to work over the real numbers only
because all irreducible representations of the symmetric group are real.

Under the group action the sét splits inton + 1 orbits X, ..., X,, where
X, contains the elements 0, 1}"™ having Hamming weight:. So we have the
orthogonal decomposition of th,-spaceR ¥ into

(24) RX =RX0 | ... | R¥».

It is a classical fact (cf[[8, Theorem 2.10]) that tfig-spaceRX" decomposes
further into
(25) RXm _ { Hopm L ... L Hypm, when0 < m < [n/2],

Hop L ... L Hypm, oOtherwise.

where H;, ,, are irreducibleS,, -spaces which correspond to the irreducible repre-
sentation of5,, given by the partitiorin — k, k) (cf. [19, Chapter 2]). Its dimension
ishu = () — (,"0)-

Thus, the matrice®, ,;, with & = 0,..., [n/2], which correspond to the iso-
typic componentd. ;. L ... L Hy,_ of RX of type(n — k, k) are conveniently
indexed bys,t = k,...,n — k.

To determinef’;, ; +(x,y) we rely on the papers|[8] andl[9] of Dunkl. We recall
the facts and notation which we will need from them. Igt: S,, — O(R"*) be
an orthogonal, irreducible representationsyf given by the partitionn — k, k).
Letk < s <t <n-—k. By H K we denote the subgrougs = S, x S,,_s and
K =5, xS,_; of S,,. LetV;, C RS~ be the vector space spanned by the function
Tij, with 1 < 4,5 < hy, which are the matrix entries af: T;;(w) = [T'(7)]ij. A
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functionf € Vj is calledH-K-invariantif f(hrk) = f(r)forallh € H, 7 € S,
k € K. In[8, §4] and [9,54] Dunkl computed the7- K -invariant functions ol
These are all real multiples of

(=)t — )i
(=t)r(s — )i
where(a)o =1, (a)y = ala+1)...(a+ k — 1), and where,

@7 Qulas—a—1,=b—1m)= (731) jio(_l)j (bé)ﬂ) @: ; ) @

are Hahn polynomials (for integers, a, b with a > m,b > m > 0), and where
(28) v(m) =s—|{1,...,s}7 N{L,... t}.

The polynomials)y(z) = Qk(x; —a—1,—b—1,m) are the orthogonal polynomi-
als for the weight functior{) (,.* ), = = 0,1,...,m, normalized byQ(0) = 1.
For more information about Hahn polynomials we refel td [15].

We will need the square of the norm#f  ; which is given in|[9, before Propo-
sition 2.7]:

(26) wk,s,t(’fr) = Qk(v(ﬂ); _(n - t) - 17 —t— 17 5)7

~ Ypsa(id)  (=s)p(t —n)g

(29) (ﬂ)k’,s,ta ¢k,s,t) - hk - (—t)k(s — n)khk .
Letersi....,ersn, e an orthonormal basis @, ;. We get an orthogonal,
irreducible representatidfy, ; : S, — O(R"*) by
h
(30) (ersi)™ = D _[Ths(m)]ji€hosj-
j=1

Consider the function
(31) 2.5, (T) = By s0((1°50"7%)7, 170"77).

This is anH - K-invariant function becausk},  ; € B. It lies in V}, because vector
spaces spanned by matrix entries of two equivalent irreducible representations co-
incide. Thusyy, s, is a real multiple ofy)y, ;. By computing the squared norm of
21,5, We determine this multiple up to sign:

1
(ks 2hst) = > Zhaa(T) 285 (m)
’ TI'GSn

1 o

= (n) on Z:(ek,t,i(1t0nﬂ€))2

=1

1
— 7Ek7t,t(1t0n_t7 1t0n—t).

(%)
S
Here we used that, , ; is an orthonormal basis df;, ; where the inner product is

(f,9) = 55 Zpex, f2)g(x).
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All diagonal entries belonging t&; x X; of E},, coincide and all others are
zero, so(’}) By (10", 110" ") is the trace off, ¢, which equals its ranky,.
Hence,(zk,s¢, 2k,5) = hi((7) (7)) . So we have determines; ., up to sign.

To adjust the signs it is enough to ensure that the multiplication forriula (13) is
satisfied.

So putting it together, we have proved the following theorem.

Theorem 4.1. For z,y € X definev(z,y) = {i € {1,...,n}:x; = 1,y; = 0}].
Fork=0,...,|n/2] ands,t = k,...,n — kwiths < ¢t we have

e (st
(32) Ek,s,t(x,y) = ((2) (?))1/2 <(—t)k(s _ n)k)
Qk(v(xay); _(n - t) —1,—t— 175)>

whenz € X, y € X;. Inthe caser ¢ X ory ¢ X; we haveEy s (z,y) = 0.
Furthermore By, s, = (Ej.s4)*.

Finally, to find the desired algebra isomorphigm (4) we determine the values
of p,(k,4,j) by formula [2]). This is possible becausece Ej, s; = 0 when-
evers # t. We represent the orbitBy, ..., Ry by triples (i, j,d): Two pairs
(z,y),(z',y) € X x X are equivalent whenever,z’ € X;, v,y € X;, and
v(z,y) =v(z',y’) = d. Then,

idEk s (T,
(33) pi,j,d(kas,t) = W7
k

where

(34) Vigid = (Z) <Tzl: ccli) <j - ;jr Z>

Remark 4.2. In a similar way one can give an interpretation of the block diago-
nalization of the Terwilliger algebra for nonbinary codes which was computed in
[11]. Using[8, Theorem 4.2bne can show the matrix entries are, up to scaling
factors, products of Hahn polynomials and Krawtchouk polynomials.
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